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Óíèâåðñàëüíûå ïðåäñòàâëåíèÿ
àëãåáðû òîêîâ ìíîãèõ ïåðåìåííûõ

Ñåðãåé Ëîêòåâ

Ïðîåêò, èññëåäîâàíèÿ â ðàìêàõ êîòîðîãî áûëè ïîääåðæàíû ãðàíòîì êîíêóðñà Ï.Äåëèíÿ,
áûë ïîñâÿù¼í êîíå÷íîìåðíûì ïðåäñòàâëåíèÿì àëãåáð òîêîâ ìíîãèõ ïåðåìåííûõ, â îñíîâíîì
ìîäóëÿì Âåéëÿ.

Ìîäóëè Âåéëÿ äëÿ òîêîâ îäíîé ïåðåìåííîé áûëè îïðåäåëåíû â ðàáîòå [CP] êàê ñðåäñòâî
äëÿ èçó÷åíèÿ ïðåäñòàâëåíèé êâàíòîâûõ ãðóïï êëàññè÷åñêèìè ìåòîäàìè. Â ðàáîòå [FL2] (ñ ó÷à-
ñòèåì ñîèñêàòåëÿ) îïðåäåëåíèå è ÷àñòü ðåçóëüòàòîâ [CP] áûëè îáîáùåíû äëÿ àëãåáðû òîêîâ
íà ïðîèçâîëüíîì àôôèííîì ìíîãîîáðàçèè. Â ýòîé æå ðàáîòå ðåçóëüòàòû [H] áûëè ïðèìåíå-
íû äëÿ âû÷èñëåíèÿ õàðàêòåðà è ðàçìåðíîñòè ìîäóëåé Âåéëÿ íàä òîêàìè äâóõ ïåðåìåííûõ.
Ðàáîòû [FL3] è [FKL] (ñ ó÷àñòèåì ñîèñêàòåëÿ) ïðîäîëæàþò èçó÷åíèå äâóìåðíîãî ñëó÷àÿ, à
â ðàáîòå [Ku] èññëåäóþòñÿ ìîäóëè Âåéëÿ íàä òîêàìè â ïðîñòåéøóþ îñîáåííîñòü - äâîéíóþ
òî÷êó êðèâîé.

Òàêèì îáðàçîì, èìååòñÿ çàäà÷à, êîððåêòíî ïîñòàâëåííàÿ äëÿ òîêîâ ïðîèçâîëüíîé ðàçìåð-
íîñòè, ïðàêòè÷åñêè ðåø¼ííàÿ äëÿ òîêîâ îäíîé ïåðåìåííîé è ñîäåðæàòåëüíàÿ äëÿ äâóõ ïåðå-
ìåííûõ.

Ïóñòü g � ïðîñòàÿ àëãåáðà Ëè. Ðàññìîòðèì ñëåäóþùèé êëàññ ïðåäñòàâëåíèé àëãåáðû Ëè
g⊗ C[x1, . . . , xd].

Áóäåì ãîâîðèòü, ÷òî ïðåäñòàâëåíèå ìàêñèìàëüíî â ñâî¼ì êëàññå, åñëè âñÿêîå ïðåäñòàâëåíèå
ýòîãî êëàññà ðåàëèçóåòñÿ êàê ôàêòîðïðåäñòàâëåíèå äàííîãî. Çàôèêñèðóåì êàðòàíîâñêóþ è
áîðåëåâñêóþ ïîäàëãåáðó h ⊂ b ⊂ g, ïîëîæèì n = [b, b] ⊂ b. Ïóñòü çàäàí âåñ λ : b → h → C.

Îïðåäåëåíèå 1. Íàçîâ¼ì ëîêàëüíûì ìîäóëåì Âåéëÿ Wλ ìàêñèìàëüíîå êîíå÷íîìåðíîå ïðåä-
ñòàâëåíèå, ïîðîæä¼ííîå âåêòîðîì vλ, òàêèì ÷òî

(g ⊗ P )vλ = λ(g)P (0)vλ äëÿ âñåõ g ∈ b, P ∈ C[x1, . . . , xd].

Íåòðóäíî äîêàçàòü (ñì. [FL2]), ÷òî Wλ êîððåêòíî îïðåäåë¼í è îòëè÷åí îò íóëÿ äëÿ äîìè-
íàíòíîãî λ. Åñòü ó ýòîãî ïðåäñòàâëåíèÿ è áåñêîíå÷íîìåðíûé àíàëîã.

Îïðåäåëåíèå 2. Íàçîâ¼ì ãëîáàëüíûì ìîäóëåì Âåéëÿ W g
λ ìàêñèìàëüíîå g⊗1-èíòåãðèðóåìîå

ïðåäñòàâëåíèå, ïîðîæä¼ííîå âåêòîðîì vλ, òàêèì ÷òî

(h⊗ 1)vλ = λ(h)vλ äëÿ âñåõ h ∈ h, (g ⊗ P )vλ = 0 äëÿ âñåõ g ∈ n, P ∈ C[x1, . . . , xd].

Â ïðèíöèïå, âìåñòî C[x1, . . . , xd] ìîæíî ðàññìîòðåòü àëãåáðó ôóíêöèé íà ëþáîì àôôèí-
íîì ìíîãîîáðàçèè (ñ âûáðàííîé òî÷êîé äëÿ îïðåäåëåíèÿ vλ). Íî åñëè ýòà òî÷êà íåîñîáà, òî
îïðåäåë¼ííûé òàêèì îáðàçîì ìîäóëü áóäåò èçîìîðôåí Wλ.

Îïðåäåëåíèå 3. Íàçîâ¼ì ëîêàëüíûì ìîäóëåì Âåéëÿ W k
λ óðîâíÿ k ïîäïðåäñòàâëåíèå W⊗k

λ ,
ïîðîæä¼ííîå v⊗k

λ . Â ÷àñòíîñòè, W 1
λ = Wλ.

Çàìåòèì, ÷òî ãðóïïà GLd ëèíåéíûõ çàìåí ïåðåìåííûõ, äåéñòâóþùàÿ íà C[x1, . . . , xd], äåé-
ñòâóåò è íà ìîäóëÿõ Âåéëÿ, êîììóòèðóÿ ñ g⊗ 1. Òåì ñàìûì, ìîäóëè Âåéëÿ ÿâëÿþòñÿ g⊕ gld �
ìîäóëÿìè, è, ÷òîáû îïèñàòü èõ êîìáèíàòîðíî, åñòåñòâåííî ðàññìîòðåòü õàðàêòåð ýòîãî ïðåä-
ñòàâëåíèÿ g⊕ gld.
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Çàìåòíàÿ ÷àñòü ïîñòàâëåííûõ â ïðîåêòå çàäà÷ áûëà ðåøåíà ñîèñêàòåëåì ([L],[GHL]), òàêæå
èìåþòñÿ çíà÷èòåëüíûå ïðîäâèæåíèÿ äðóãèõ èññëåäîâàòåëüñêèõ ãðóïï, ÷òî îòðàæåíî â ðàáîòàõ
[BCGM], [CFK], [N]. Â 2011 ãîäó ñîèñêàòåëü ïëàíèðóåò çàíèìàòüñÿ ñëåäóþùèìè çàäà÷àìè,
îðãàíè÷íî ïðîäîëæàþùèìè ñòàðûé ïðîåêò.

1) Õàðàêòåðû ìîäóëåé Âåéëÿ è ìíîãî÷ëåíû Ìàêäîíàëüäà. Äëÿ d = 1 è ïðîñòîé
g ñ ïðîñòûìè ñâÿçÿìè â [FoLi] äîêàçàí èçîìîðôèçì ëîêàëüíûõ ìîäóëåé Âåéëÿ è àôôèííûõ
ìîäóëåé Äåìàçþðà óðîâíÿ 1. Ïðè ýòîì â [I] äîêàçàíî, ÷òî õàðàêòåð òàêèõ ìîäóëåé Äåìàçþðà
ïîëó÷àåòñÿ ïîäñòàíîâêîé t = 0 â ìíîãî÷ëåí Ìàêäîíàëüäà. Ïëàíèðóåòñÿ îáîáùèòü ýòîò ðå-
çóëüòàò íà ïðîèçâîëüíóþ g, èñïîëüçóþÿ ôåðìèîííûå ôîðìóëû [N] âìåñòî îòîæäåñòâëåíèÿ ñ
ìîäóëÿìè Äåìàçþðà, à â äàëüíåéøåì îáîáùèòü ýòîò ðåçóëüòàò íà A = C[x, ξ], ãäå ξ � íå÷¼òíàÿ
ïåðåìåííàÿ (à àëãåáðó òîêîâ ñëåäóåò ðàññìàòðèâàòü êàê ñóïåðàëãåáðó Ëè).

2) Äâîéñòâåííîñòè òèïà Õàó è Áåðíøòåéíà-Ãåëüôàíäà-Ãåëüôàíäà. Â íàñòîÿùèé
ìîìåíò îáíàðóæåíû äâå êîíñòðóêöèè èçâåñòíûõ îáúåêòîâ â òåðìèíàõ ìîäóëåé Âåéëÿ äëÿ
d = 1. Ïåðâîå � ðàçëîæåíèå ñèììåòðè÷åñêîé àëãåáðû S∗(V ⊗ W ⊗ C[t]), ãäå V è W � âåê-
òîðíûå ïðåäñòàâëåíèÿ gln è glm, â ïðÿìóþ ñóììó ïðîèçâåäåíèé ìîäóëåé Âåéëÿ äëÿ gln è glm.
Âòîðîå � ôèëüòðàöèÿ ïàðàáîëè÷åñêèõ ìîäóëåé Âåðìà Mλ äëÿ gln⊗C[t], ïðèñîåäèí¼ííûå ôàê-
òîðû â êîòîðîé èçîìîðôíû ãëîáàëüíûì ìîäóëÿì Âåéëÿ W g

µ , à êðàòíîñòè âõîæäåíèÿ W g
µ â ýòó

ôèëüòðàöèþ ñîâïàäàþò ñ ðàçìåðíîñòüþ èçîòèïè÷åñêîé êîìïîíåíòû íåïðèâîäèìîãî ïðåäñòàâ-
ëåíèÿ gln ñòàðøåãî âåñà λ â ëîêàëüíîì ìîäóëå Âåéëÿ Wµ. Ïëàíèðóåòñÿ îáîáùèòü è äîêàçàòü
ýòè óòâåðæäåíèÿ â ìàêñèìàëüíî âîçìîæíîé îáùíîñòè.

3) Êîìáèíàòîðíûå ñòàòèñòèêè, îïèñûâàþùèå ãðàäóèðîâêè ïî ñòåïåíè. Ïóñòü òå-
ïåðü d = 2. Â [FKL] ñòðîèòñÿ êîìáèíàòîðíàÿ ìîäåëü äëÿ ìîäóëåé Âåéëÿ ïðîèçâîëüíîãî óðîâíÿ
äëÿ g = gln â òåðìèíàõ íàáîðîâ âëîæåííûõ äèàãðàìì Þíãà. Ýòà ìîäåëü îïèñûâàåò äåéñòâèå
gln ⊗ 1 è ãðàäóèðîâêó ïî ñòåïåíè îäíîé èç ïåðåìåííûõ. Íåäàâíî îáíàðóæèëîñü, ÷òî â ýòó
ìîäåëè ìîæíî îïèñàòü è ãðàäóèðîâêó ïî îáåèì ïåðåìåííûì. Ïëàíèðóåòñÿ äîêàçàòü ýòî óòâåð-
æäåíèå è ñâÿçàòü åãî ñ ãåîìåòðèåé ñõåì Ãèëüáåðòà.

4) Ãåîìåòðè÷åñêèå êîíñòðóêöèè ñ ïîìîùüþ "ñëèÿíèÿ"ïðåäñòàâëåíèé. Èç ðàáîò
[CP], [CL], [FoLi], [Na] èçâåñòíî, ÷òî äëÿ d = 1 ëîêàëüíûå ìîäóëè Âåéëÿ ìîãóò áûòü ïîëó÷å-
íû "ñëèÿíèåì"[FL1] ïðîñòåéøèõ ìîäóëåé Âåéëÿ. Êîíñòðóêöèþ [FL1] ìîæíî îáîáùèòü è íà
áîëüøåå ÷èñëî ïåðåìåííûõ, íî ïðè ýòîì âîçíèêàåò çàâèñèìîñòü îò ïàðàìåòðîâ. Äëÿ ñëèÿíèÿ
âåêòîðíûõ ïðåäñòàâëåíèé gln ïðè d = 2 ïîëó÷åííîå ñåìåéñòâî ïðåäñòàâëåíèé ïàðàìåòðèçó-
åòñÿ ñïåöèàëüíûì ñëîåì ñõåìû Ãèëüáåðòà, è ëîêàëüíûå ìîäóëè Âåéëÿ äëÿ gln è λ = nω1

ìîãóò áûòü ðåàëèçîâàíû â ñå÷åíèÿõ ñîîòâåòñòâóþùåãî ðàññëîåíèÿ. Â îáùåì ñëó÷àå ìíîãî-
îáðàçèå ïàðàìåòðîâ ìîæåò áûòü åù¼ ñëîæíåå. Ïëàíèðóåòñÿ èçó÷èòü âîçìîæíîñòü îáîáùåíèé
ýòîé êîíñòðóêöèè.

5) Êîíñòðóêöèè äëÿ áîëüøåãî ÷èñëà ïåðåìåííûõ. Â [L] èìååòñÿ ãèïîòåçà î ðàçìåðíî-
ñòè è õàðàêòåðå ëîêàëüíûõ ìîäóëåé Âåéëÿ äëÿ g = gln è d = 3. ×àñòü èíôîðìàöèè äëÿ d > 3
ìîæåò áûòü èçâëå÷åíà èç íåäàâíèõ ãèïîòåç Ô.Áåðæåðîíà. Õîòåëîñü áû ïîñòðîèòü ïðåäñòàâëå-
íèÿ ñî ñòàðøèì âåñîì è òàêèìè õàðàêòåðàìè, ÷òî äàñò ãèïîòåòè÷åñè òî÷íóþ íèæíþþ îöåíêó
íà ðàçìåðíîñòè ìîäóëåé Âåéëÿ.

Ñïèñîê ëèòåðàòóðû
[BCGM] Matthew Bennett, Vyjayanthi Chari, Jacob Greenstein and Nathan Manning, On

homomorphism between global Weyl modules, arXiv:1008.5213v2.pdf
[Ch] I. Cherednik, Double a�ne Hecke algebras, Knizhnik-Zamolodchikov equations, and

Macdonald's operators, Internat. Math. Res. Notices 1992, no. 9, 171�180.
[CFK] Vyjayanthi Chari, Ghislain Fourier, Tanusree Khandai, A categorical approach to Weyl

modules, arXiv:0906.2014
[CL] V. Chari, S. Loktev, Weyl, Demazure and Fusion modules for the current algebra of slr+1,

math.QA/0502165.



3

[CP] V. Chari, A. Pressley, Weyl Modules for Classical and Quantum A�ne Algebras, Represent.
Theory 5 (2001), 191�223, math.QA/0004174.

[I] B. Ion, Nonsymmetric Macdonald polynomials and Demazure characters, Duke Math. J. Volume
116, Number 2 (2003), 299�318.

[GKV] V. Ginzburg, M. Kapranov, E. Vasserot, Langlands Reciprocity for Algebraic Surfaces, Math.
Res. Letters 2 (1995), 147-160, math.q-alg/9502013.

[H] M. Haiman, Vanishing theorems and character formulas for the Hilbert scheme of points in the
plane, Invent. Math. 149 (2002), no. 2, 371-407, math.AG/0201148.

[FL1] Feigin B.L, Loktev S.A., On generalized Kostka polynomials and the quantum Verlinde rule,
Di�erential topology, in�nite-dimensional Lie algebras, and applications, Amer. Math. Soc.
Transl. Ser. 2, Vol. 194 (1999), p. 61�79, math.QA/9812093

[FL2] B. Feigin, S. Loktev, Multi-dimensional Weyl Modules and Symmetric Functions, Comm.
Math. Phys. 251 (2004), no. 3, 427�445, math.QA/0212001

[FL3] B. Feigin, S. Loktev, Deformation of Weyl Modules and Generalized Parking Functions,
International Math. Res. Notes 51 (2004), 2719�2750, math.QA/0312158

[FKL] B. Feigin, A.N. Kirillov, S. Loktev, Combinatorics and Geometry of Higher Level Weyl
Modules, math.QA/0503315

[FoLi] G. Fourier and P. Littelmann, Weyl modules, a�ne Demazure modules, fusion products and
limit constructions, math.RT/0509276

[GHL] Nicolas Guay, David Hernandez, Sergey Loktev, Double a�ne Lie algebras and �nite groups,
Paci�c J. of Math. 243 (2009), no. 1, 1�41 , arXiv:0901.3205

[Ku] T. Kuwabara, Symmetric coinvariant algebras and local Weyl modules at a double point,
math.RT/0407429

[L] S. Loktev, Weight Multiplicity Polynomials of multi-variable Weyl Modules , Moscow Math. J.
, 10 (2010), no. 1, arXiv:0806.0170

[N] H. Nakajima, Quiver varieties and �nite-dimensional representations of quantum a�ne algebras,
J. Amer. Math. Soc. 14 (2001), no. 1, 145238, math.RT/0308156.

[Na] K.Naoi, Weyl modules, Demazure modules and nite crystals for non-simply laced type,
arXiv:1012.5480

[PiSt] J. Pitman, R. Stanley, A polytope related to empirical distributions, plane trees, parking
functions, and the associahedron, Discrete and Computational Geometry 27 (2002), 603�634.

[R] S. E. Rao, On Representations of Toroidal Lie Algebras, Proceedings of Functional Analysis
VIII held at Dubrovnik, Croatia, in June 2003, math.RT/0503629

[STU] Y. Saito, K. Takemura, D. Uglov, Toroidal actions on level 1 modules of Uq(ŝln), Transform.
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