TTPOTPAMMA KYPCA “MATEMATUYECKHUIT AHAJIN3” (1 CEMECTP) B HMY,
OCEHBL 2021

CrepskeHb Kypca COCTABJIseT HADOP JIMCTOYKOB C 3aa9aMU JIJIsT CAMOCTOSITE -
Horo upogymbiBanug. (IIpumepnsiii cocras 3azad upusejeH Huxke, oH Oyzer 06-
HOBJIATHCH.) B CBA3U € OTHOCUTEIBHO MAJbIM KOJMYECTBOM JIEKIMOHHBIX 4aCOB,
JIEKIINY HE COAEP’KAT 3aMKHYTOTO W TOJHOTO W3JIOXKeHus. HampoTus, B JIEKIUSX
OyIyT MCIOIF30BAHBI PE3Y/IBTATHI 331a49. MOXKHO CINTATH, YTO JIEKIIUU — BCIIOMO-
raTeIbHbI WHCTPYMEHT, MO3BOJISIONHI COPUEHTUPOBATH YIACTHUKOB, CIAEJATh UX
CaMOCTOATETbHYI0 paboTy Oosee 3(PEKTUBHOM, 0KA3ATh KOHCYIBTAIIMOHHYIO TOI-
JIEPXKKY B UHTEPAKTUBHOM DPEXKUME.

IlepBoiit cemecTp BKIIIOYAET CJIEAYIONINE OCHOBHBIE TEMBI:

e Akcmoma Apxumesna ¥ NPUHIUN BJIOXKEHHBIX OTPE3KOB, TOMOJOTHYECKHE
CJIeZICTBAA U3 ITUX AKCUOM.

o Ilpenennl nocienoBaTe bHOCTEN 1ECTBUTEIbHBIX YUCEs, TOYHbIE BEPXHUE
¥ HUYKHUE TDAHMU.

e MeTpuueckue MpOCTPAHCTBA, CXOAUMOCTh OTHOCUTEIHHO METPUKH.
QyHmaMeHTaAIbHBIE TIOCIEI0BATEIHHOCTH, TOAHOTA,. [IpUHIINT CKUMAIOTIAX
OTOOpAKEHUIA.

o OTKpPBITHIE U 3AMKHYTHIE TIOJAMHOXKECTBA METPUIECKOr0 pocTpancrsa. Un-
JyIUPOBAHHAS METPHUKA.

CBsi3HbIE METPUYECKUE TTPOCTPAHCTBA.

o KommakTHbIe MeTpUUIecKre MpocTpaHcTBa. Kpurepun kommakTaocTr. Met-
puka Xaycmopda.

e HempepoiBable oTOOpazkeHnsi, TOMEOMOP(MU3MBIL.

e Pasrnomepnas cxomumocts. KanTtopoBo MHO)KeCTBO, KpuBas [leano.

e 3a/aun MHTEPHOJANNYA U annpokcuManuu. Vurepnossiunonnas GhopMysia
Jlarpam:xa ¢ OCTaTOYHBIM YJIEHOM.

o JIuddepennuposanne GyHKIHA OT OAHON mepemennoit. aTepnonsannsa ¢
KPaTHBIMHA y3JIAMHU.

o Dopwmysa Teitnopa Kak gactublil ciay4dait hbopmyuibt Jlarpanka ¢ KparHbIMU
y3J1aMHu.

e AnmpokcuMmaIys HenpepbIBHBIX (hyHKIWH. OmpeIe/leHHbIi HHTErpajI OT Helpe-
PBIBHOHN (DyHKITHH.

o Dopmyna Heorona—Jleitbuuna ams GyHKIUit OMHON TepeMenHoil.

Kommenrapuu. B coorBerctBum ¢ Tpagaunueit HMY, Kypc He 3aTparuBaeT Tpe-
HUPOBKY MHCTPYMEHTAJIBHBIX (B T.9. BHIYMC/IATEIbHBIX) HABBIKOB, HECMOTDS HA TO,
49TO TaKas TPEHUPOBKA HEOOXOAUMA JIOOOMY CTYIEeHTY (IPEeroaraercs, 4To CTy-
JIEHT 3TO MOJIYYUT B CBOEM By3e). Ba3oBble NOHATHS ¥ TEPMUHOJIOIUS TEOPUH MHO-
JKECTB [PEJIIOJIAraloTCs U3BECTHLIMU (CTYAEHTaM, KOTOPbIE C THM HE 3HAKOMBI,
OyIyT MPEIJIOKEHBI MATEPUAJIBI JJIsi CAMOCTOATEILHOrO u3ydenus). B Tom uucie,
MbI Oy/IeM MOIb30BATHCs MOHATUIMHU CIETHOIO U HECYETHOrO MHOXKECTBA (Ompese-
JieHue HarmoMHuM). PaccyurbiBas Ha TO, YTO MNOHITUE TOIMOJOIMYECKOrO POCTPAH-
cTBa OyZeT BBEIEHO B KypPCe TOMOJIOrUHU, MbI He OyaeM 0OCYKIaTh 3TOrO MOHATHS,
OrPaHUYACh TOIOJIOIHeH U AHAJIM30M METPUYECKUX IPOCTPAHCTB.



MATEMATUYECKUYN AHAJIU3: JUCTOK O (AHOHUMHBIN TECT)

1. 3uaere jiu Boi, uro Takoe (orBevaiiTe Ja WM HET):
(1) moKa3aresbCTBO 1O MHIYKIMUT

MpeIesT YUCJIOBOM MMOC/IeI0BATEILHOCTU?

CYETHOE MHOKECTBO?

MOIIHOCTh KOHTHHYyMa?

JIEIEKUHIOBO CEYEHIE MHOXKECTBA BCEX PAIMOHAIBHBIX UHCET!

KOMILJIIEKCHOE YHCJIO0T

OTHOIIIEHNE HAa MHOMKECTBE?

OTHOIIIEHNE 3KBUBAJICHTHOCTH?

OTHOIICHAE YACTHYHOTO HOPAIKAT

nenHast apoon?

BIIOJTHE YIIOPAIOYEHHOE MHOXKECTBO?

) upuHUML TPAHCHUHUTHON MHIAYKIUKUT

U =~ W N

O © o (=2
N2 NN AN AN AN AN AN

A
N~~~ o~~~

—~
—_

—
N

(

. VKasKuTe SBHO TaKoe HATYpaJbHOE THCcyIo n > 1, aro 27 > nl000,

2

3. YkaxuTe Takoe HATypaJabHOe amcjio n > 1, gyro 1,0001™ > 1000000.

4. Ykaxure Takoe HaTypasabHOe duciao n > 1, aro 1000™ < nl.

5. Hoxaxure, uro '%/2 < 1,01.

6. Haiimmre 101 BepHbIi 3HaK MOCTE 3anmaToil y ancaa 1/0,99...9 (cro neBarok).
7

2
. IIpu KaxkoM HATypaJIbHOM k BETHIHHA “’)CW MakCHMaJjbHa?!
:

8. Yro taxoe v/2, u modemy omo cymectsyer? (OTBeTbTe KPATKO — JOCTATOYHO
OPUBECTU ODIIYIO CXEMY PACCYXKIEHHUsl, OIYCTUB JIETAJIN).

9. Bepubi s Hepasencrsa (n/2)™ < nl, nl < n™ nus Besakoro narypasbaoro n > 17
10. Jlokaxkure, 9T0 (DyHKIUS sin(xz) HE ABJAETCA MEPUOINYIECKON.

11. Haiiaure mpemes mocsie10BaTe/ IbHOCTH
1 1 1

- = 44—
T o n(n+1)
12. Cymecrsyer jim ipeen lim,, o, sinn?

13. Kakue u3 clreayommx TOXK/IeCTB BEPHbI:
f(AUB) = f(A)Uf(B), [TY(AUB)=f""(A)Uf(B),
fAANB) = f(A)Nf(B), [T (ANB)=f"HA)nf(B),
f(A=B)=f(A) = f(B), [HA-B)=f"A)~f1(B)?

3mece AUB, ANB u A— B 0603HA9aI0T TEOPETUKO-MHOKECTBEHHBIE 00beIMHEHNE,

nepecedenue u pa3noCTb, COOTBETCTBEHHO.

14. TlocTpoiiTe sABHYI0 OUEKIUIO (B3aMMHO-OJHOZHATHOE COOTBETCTBHE) MEYKIY WH-
repsasiom (0, 1) u auciosoit npsamoii R.

15. CyuecrByer s ciopbekius (orobpaxkenue Ha) u3 R B Z (MHOXKECTBO BCex
UeJibix yuces)?



MATEMATUYECKHWI AHAJIN3: JIMCTOK 1

MozKHO TIO/TE30BATHCA M3BECTHBIMHU CO MTKOJIBI CBOMCTBAMU JAeHCTBUTENHHBIX UH-
CeJl, OTHOCSIIUMUCS K aarebpamvecKuM OMepalusM W OTHOIIEHWIO mopsaka. Eime
[TOHATO0ATCS CJIeAYIONINE AKCHOMBI:

Axcuoma Apxumesa: 118 BCIKOTO JeHCTBATENIHHOTO Uncya € > 0 Haiinercs
HATypaJbHOE YUCIIO N, TaKOe, IYTO Ne > 1.

IIpuHIINTT BJIOXKEHHBIX OTPE3KOB: MMepecedeHne 000 MOCIeI0BaTe/TbHO-
CTHU BJIOKEHHBIX OTPE3KOB HEIyCTO.

16. Hdoxaxwure, uto (1+a)* > 1+nampua>—-1lun=12,....

Yepes R 0603HauMM MHOXKECTBO BCEX JI€HCTBUTEIbHBIX dmces. MHuoxkecrBo A C
R Ha3BIBAETCS 02PAHUYEHHDLM, ECTH CYIIECTBYeT AeficTBATebHOe Yucyao M, Takoe,
qr0 |a| < M ans Beex a € A.

17. OrpaHudeHHBI 1 CIIeaytomue MHOKecTBa: N (MHOKECTBO BCEX HATYPAJIbHBIX,
TO €CTH IEJBIX MOJOKUTENbHLIX, dncen), {a™ | n € N}, {a"/n! | n € N} (a € R)?

18. Ilpm KakuxX o MHOZKECTBO CYMM
1 1 1
1_},_720‘ _’_730‘ +-“+7no¢

(rze n upoberaer muoxkecrso N) orpanuyeHHO?

19. Byzner nu orpaHUYeHHBIM MHOXKECTBO CYMM
1 1 1
I+-+-+-+ -
2 3 n
€CJIU U3 HUX BBIYEPKHYTH BCE APOOU, B 3aMIMCU 3HAMEHATE I KOTOPBIX €CTh XOTs ObI

onHa 1udpa 97

20. Y BCSKOTO HEMyCTOrO OrpaHwYIeHHOro MuoxkectBa A C R cymecrByer mounas
6EPIHAA 2PAHD, TO €CTh TaKoe 4ucjo sup A, uro a < sup A gisa scex a € A, u sup A
— HaWMeHbINee JefiCTBUTEIbHOEe YHUCJIO C TAKUM CBOMCTBOM.

Haszosem e-oxpecmmnocmovio uucna a € R marepsan (a — €,a + €). Byzmem roso-
PUTH, 9TO 9HCHI0 a € R aBusteTcss npedesom MOCTENOBATETBHOCTH A1, G2, - . . , €CITIN
st mioboro € > 0, 9meia a, TPUHAIIERAT £-OKPECTHOCTH YHCIA 0 HAYWHAS C
HEKOTOPOro HOMepa (3aBUCHILETO OT £).

21. Bcgkasg orpanndeHHast HEyOBIBAIOIIASA IOCIEI0BATETLHOCTD AE€HCTBATEILHBIX
qHUCesT CXOJUTCS.

22. Y BCAKOI OTpAHUYEHHON TIOCJIEIOBATETLHOCTH JEeHCTBUTETLHBIX TUCETT €CTh CXO-
AAMAACA TOAIOCIEIOBATEIbHOCTD.

IIpedeavroti moukotli 1OC/IeI0OBATEILHOCTH HA3BIBAETCS IIPeIeT JiF000ii ee IOoaIIo-
CJIeJOBATEIbHOCTH.

23. CymecTByeT Jiu TaKast MOCIEI0BATENHHOCTD, /I KOTOPO# BCSIKOE AeHCTBUTE b
HOE YHCJIO SBJISIETCS MPEIETbHON TOYKOM?

24. CymecTByer i Takasi MOCIEIOBATETBHOCTD, MTPEIETbHBIMI TOYKAMH KOTOPO
SBJIAIOTCS BCe uucaa Buga 1/n, n € N, u Toibko onu?



MATEMATUYECKUI AHAJIN3: JIMCTOK 2

Mempuxot (nnu gynryued paccmosnus) Ha MHOKecTBe X Ha3bIBAETCH PYHKIUS
p: X x X — R, rakas, uro p(z,y) = p(y,x) > 0 mua Becex © € X, paBEHCTBO
p(x,y) = 0 mOCTHTAETCS €CIU U TOJBKO €CIU T = Y, U BBINOJEHO HEPABEHCTNEO
MPEY20ALHUKG

p(x,2) < p(x,y) + p(y, 2).
Yuciio p(z,y) HA3BIBAETCI PACCMOAHUEM MEKIY TOYKAMUA T U Y.

25. Hokazkure, 4ro Ha J11000M MHOXkKecTBE X MOXKHO 33JaTh METPUKY, IIOJIOXKUB
plx,y) =1mpu x # yn p(z,y) = 0 mpn & = y. DTa METPUKA HA3BIBAETCS JucKkpem-
HOU.

26. TIposepbre, uro dyuruma p(z,y) = |r — y| aBiserca METPUKOI HA MHOXKECTBE

R.

27. Ilpocrpancreo R™, Mo onpeneseHnio, COCTOUT W3 YIOPSTOYEHHBIX HADOPOB 7
JeficTBUTENbHBIX duces. [IpoBepbre, uT0 DyHKIMSA

ompesesisier MmeTpuky Ha R"™. 31ech x; 0003HAYAET 3-yI0 KOOPAUHATY TOUKH & € R™,
AHAJIOTUYHO JIJId Y-

28. Bepno s, 9T0 111 AI000# METPUKH p, DYHKITHS

_ p(z,y)
€T =

Az, y) T+ pz.9)

CHOBA SIBJISIETCS METPHUKON?

29. Paccmorpum cieayroniyo (hyHKIUIO HA MIIOCKOCTH

p(@,y) = max(|z1 — y1|, |z2 — yal).
JlokaxkuTe, 9T0 370 MeTpuka. Kak BBIMIAIUT B 9TOW METPUKE OKPYYKHOCTH C IEH-
TpoM B TOuKe 07

PaccMoTpruM IOCIEZ0BATEILHOCTL TOYEK T, METPHYeCKOro IpocTpaHcTsa X.
IMocsie10BaTENBHOCTD T, Ha3bIBACTCHA CTO0AUETCH, €CII CYIIeCTBYeT npedea T I110-
CJIEeIOBATETLHOCTH T, TO €CTh TOYKA, CO CACAYIOMNM CBOWCTBOM: JIJIsT JTI060TO € > 0
Hafigercs takoit Homep N, urto p(x,,z) < & pu Beex n > N.

30. [loxaxkuTe, 9TO MOCIEIOBATEILHOCTh TOYEK METPUIECKOTO MPOCTPAHCTBA HE
MOKEeT uMeTh 00Jiee OHOTO MPEeIEea.

31. Bo BcKOM MeTpPUYECKOM IPOCTPAHCTBE, COCTOAIIEM OOJIee 4YeM U3 OJHOM TOYKH,
€CTh TOCJIe0BATEIPHOCTD, KOTOPAs HUKYIA HE CXOIUTCH.

32. JlokaxXuTe, 94TO B IPOCTPAHCTBE C JTUCKPETHOW METPUKOM MOCJIeJ0BATEIHHOCTD
CXOIUTCS TOLJA U TOJILKO TO/A, KOr/a OHa cTabuiu3upyercs (TO eCTh CTAHOBUTCS
HOCTOAHHON HAYUHAS C HEKOTOPOI'O HOMEPA).



MATEMATUYECKHNI AHAJIN3: JINCTOK 3

IToce 10BATENBLHOCTD Ly, TOUEK METPHIECKOTO IPOCTPAHCTBA, X HABBIBACTCS (ByH-
damenmanvrotl, eciu s moboro € > 0 Haifiercsa takoe HaTypaabHOe 4ucio N,
910 (T, Ty) < € UpH Beex n,m > N.

33. Eciu dbyngamenTagbHas MOCIEI0BATEIHHOCTh UMEET XOTSI ObI OIHY MPEIesIb-
HYIO TOYKY, TO OHA CXOIWTCs K 3TON Touke. B yacrHocTn, HuKakas GpyHIaMEHTATIb-
Has TIOCJI€I0BATEILHOCTD HE MOYKET UMEeTh 00jiee OIHON MpeaeabHOM TOUKH.

34. Bcesakasg dyHmamMeHTasbHAS TOCIEI0BATEIBHOCTD Ly € X 02paHuverHa, T.e. Cy-
wiecrByer Takas koucranra M > 0, uro p(z1,2,) < M nas Becex n € N.

MeTpudeckoe TpOCTPAHCTBO HA3BIBAETCS TOAHbIM, €CJIA B HEM CXOIWTCS JII00ast
dbyHIaMeHTATBHAS TOCIEI0BATEIHHOCTD.

35. Jokaszkute, uro mpocrparncrso R?, d € N, mosso.

IIycrs (X, p) — MeTpudecKoe IMPOCTPAHCTBO. 3AMEHYMbLM UWEPOM C TEHTPOM
a € X n pagnycom R > () Ha3bIBAETCS MHOYKECTBO BCEX TOYEK ¥ € X, TaKWX, UTO
p(z,a) < R.

36. Omummre, Kak BBIISIIAT TIAPHI JIJIsI TAKOTO METPUIECKOTO TPOCTPAHCTBA: €11~
HUYHBIA 3aMKHYTBII KPYI' HA IJIOCKOCTH C WHIyHMPOBAHHOI METPUKOIL.

37. * B MeTpUUYECKOM MTPOCTPAHCTBE AP OOJIBIIETO PAIUYCa MOXKET CTPOTrO COIEP-
KaThCSA B Iape MeHbIero pajawnyca. lIpuseanre mpumep.

Juamempom mogMHOKECTBA A METPHYIECKOTO TPOCTPAHCTBA X HA3BIBACTCS YHUC-
a0 sup{p(a,b) | a,b € A}. IlonmuOKeCcTBO A HA3BIBACTCS 3AMKENYMbLM, €CITU IS
npeen Jirboil CXOUAIeics I0Cae10BaTe/IbHOCTY a,, € A comepxkurca B A.

38. Tlycts A,, — NOCIEIOBATEIBHOCTH HEMYCTHIX BJIOYKEHHBIX 3aMKHYTHIX MHOYKECTR
B TIOJTHOM METPHUYECKOM MPOCTPAHCTBE, JIUAMETPBl KOTOPBIX CTPEMATCS K HYJIIO.
Torna nepeceyenue || A, COCTOUT POBHO U3 OHON TOUKH. BIIOKEHHOCTH O3HAYAET,
aro Apy1 C Ap.

39. * TlpusenuTe MpUMep TIOJTHOTO METPUYECKOTO TIPOCTPAHCTRA W TMOCICIOBATE -
HOCTU BJIOZKEHHBIX 3aMKHYTHIX MMIAPOB B 3TOM IIPOCTPAHCTBE, IepeceveHne KOTOpOfI
IyCTO.

40. 3aMKHYTOE OJMHOKECTBO MOJHOIO METPHIECKOTO IPOCTPAHCTBA SABJISIETCS TTOJI-
HBbIM METPUYECKUM IHIPOCTPAHCTBOM.

Orobpazkenne F' : X — X HA3bIBACTCS COHCUMAHOUUM, €CJTA CYIIECTBYET YHCIIO
q, Takoe, uto 0 < ¢ < 1, m jyis m00bIx x,y € X, BINOJHEHO HEPABEHCTBO

p(F(z), F(y)) < qp(x,y)

41. IlpuBemure mpumep orobpaxkenus F : R — R 6e3 HenOaBUAKHBIX TOYEK, TAKOTO,
qro |F(z) — F(y)| < |z — y| ansg mobsix x # y.

42. JlokaxkuTe, 4TO ecjid KakKasd-To mrepauus f°" oroOpazkenus [ IIOJHOIO IPO-
crpancTBa X B ceOst ABJISIETCS CKUMAIOINEH, TO [ WMEET HENONBUMKHYIO TOUKY.
MozkeT Jin Tpu 3TUX YCJIOBHUSAX OTOOparkeHwe [ WMeTh HECKOJIbKO HEIOIBUKHBIX
TOUYEK?

43. *IIycrs 1 < A <3 u f(x) = Az(1l — ). Jokaxkure, 910 [t BCAKONH TOUYKU T €
(0,1), nocienoBaresbHocTb [ () CXONUTCS K HELOABUKHON TOYKE OTOOPaXKEHUst

7.



MATEMATUYECKNI AHAJIN3: JINCTOK 4

Iloamuo)kecTBO U METPUYIeCKOTO MPOCTPAHCTBA X HA3BIBAETCS OMKPbLITbIM, €CITH
I Begakoit Touku ¢ € U cymecrByer map (II0JI0KUTEIBHOIO PaJMyca) € HEHTPOM
B TOYKE T, MEJUKOM comepzkamuiics B U.

44. Tlycroe MHOXKECTBO W BCe MPOCTPAHCTBO X OTKPBIThL. OObesuHeHne Jod0ro
(koneyHoro uiau GecKoHEeYHOro) Habopa OTKPLITHIX MHOXKeCTB OTKpbITO. Ilepeceue-
HU€ KOHEYHOTO YUCJIA OTKPBITHIX MHOXKECTB OTKPHITO. JloKaskuTe.

45. Ilycrs U C X — orkpbiToe MHOXkKecTBO, & € U, a 1nocjienoBaTeabHOCTb Ty € X
cxoauTes K x. Torma Haimercs Takoit Homep N, uto x, € U amasa Bcex n > N.

46. okarkure, 4TO OIMHOKECTBO METPUIECKOIO IPOCTPAHCTBA ABJISAETCH 3AMKHY-
TBIM TOT/Ia W TOJBKO TOT/A, KOTJIa €0 JIOTIOJIHEHNE OTKPHITO.

IIycrs A — noamHo)kKecTBO MeTpudeckoro npocrpancrsa X . Orpanuvenue QyHK-
MU PACCTOsIHUS B X Ha MHOXKeCTBO A 3amaer Ha A METPUKY. 9TAa METPUKA, HA3BI-
BaeTcst undyyuposarnnoli mempukot. MeTpruieckoe MpOCTPAHCTBO A Ha3bIBaeTCs
METPUYIECKUM TOAMPOCTPAHCTBOM METPUIECKOrO MpocTpancTBa X .

47. Ecmm nmoampocTpaHcTBO Z C X TOJHO OTHOCUTEIHHO WHIYIIMPOBAHHON METPU-
KM, TO Z 3aMKHYTO B X.

[TommHOXKECTBO A METPHIECKOTO TPOCTPAHCTBA X HA3BIBACTCS 6C100Y NAOTIHbIM
B X, ecsin 1100001 mwap B X IOJOXKUATENHHOIO paguyca Iepecekaercs ¢ A.

48. (a) MHOXKeCTBO palUOHAIBHBIX YUCEJI BCIOAY ILJIOTHO BO MHOXKECTBE J€CTBU-
resbHbIx gucest. (b) MuoxecTBo TOouek B R"™, Bce KOODAMHATHI KOTOPBIX — DPAIMO-
HAJIbHBIE YUCJIIA, BCIOLY IIOTHO B R™.

49. * Ilycts X mommo. JlokazkuTe, 9TO mepecedenune J06OH MOCTEI0BATETBHOCTH
OTKPBITHIX BCIOJY IJIOTHBIX MHOYKECTB BCIOZY ILJIOTHO.

Merpudeckoe mTPOCTPAHCTBO HA3BIBAETCH CBA3HBIM, €CJIA €r0 HEeJIb3sd IMPEeCTa-
BUTb B BHJE OObeJUHEHUS JABYX 3aMKHYTHIX MHOXKECTB, KOTODbIE HEILyCTbl U HE
IIepeceKaroTCs.

50. TIoaMHOKECTBO METPUYECKOTO TTPOCTPAHCTBA CBA3HO B WHIYITMPOBAHHON MET-
pUKe TOTIa M TOJIBKO TOrA, KOTJA €r0 HeJIb3s MPEJICTaBUTh B BUIE 00bEIUHEHUS
JBYX HEMYCTBIX HeNepeceKaronXcsd MHOXKECTB, KaK/l0e U3 KOTOPBIX HE COJEPIKUT
TOYeK, NPeJeNbHbIX /I JAPYTOro MHOXKECTBA.

51. Orpesok [0, 1] csa3en.
52. Ommimure BCe CBA3HBbIE MOAMHOXKECTBa B R.

53. Ilycts S' — OKPY’KHOCTL €IWHHYHOTO PAJAMNYCa HA TIJIOCKOCTH C IIEHTPOM B
Touke 0. 3aduxcupyeM Touky a € S'. Touxy x € S! BKIIOUaeM B MHOXKECTBO X,
ecau yrosi Zxoa HecousMepum ¢ 7 (TO €CTh He IPEJICTAB/IIeTcsd B BUIE T'T, TIe T —
PALMOHAIIBLHOE YUCJIO0); uHTEPBaAJ (6€3 KOHIOB), COEJIUHSIONIMIA 0 U Y, BKIIOYAEM B
X, ecnu yron Zyoa condmepum ¢ . MuoxkectBo X HazbIBaeTcs koaecom Maprosa.
Crs3u0 1 KOJ1eCO Mapkosa?

54. Ilycre X C R”™ cBa3uo u orkpuiro. Torma sobbie gBe Toukm B X MOXKHO
COeINHUTH JIOMAHOM, MeINKoM Jjexkarreit B X .

55. Ilycre X — cBa3uoe merpudeckoe npocrpancrso. Torna s aobbix x, y € X
u J1060r0 £ > 0 HAWIETCS €-14enouka, COSTUHSAIONIA X C i, TO €CTh TaKas KOHEUHAS
[OCJIEI0BATEILHOCTD TOYEK (g = &, A1, - -+, Ap_1, Ap = Y B X, 9r0 p(a;,a;11) < €
angt=1,...,n—1.
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Merpudeckoe mpoOCTPAHCTBO X HA3BIBAETCH 6MOAHE 02PAHUYEHHDIM, €CITA I
qmoboro € > 0, B mpocrpancTBe X HaieTcs KOHEYHAsS £-CeMmb, TO €CTh KOHEYHOEe
muoxkectBo A C X, Takoe, 4TO PacCrOsHHE OT JiIo0OM TOYKM mpocTpaHcrsa X 10
Gsinzkaiiineit Touku u3 A MeHblIe €.

. Beskoe orpannyuenHoe MOIMHOMKECTBO B BIIOJTHE OTPAHUYIEHHO.
56. B P T R™ P

57. Bo Bmosine OrpaHUYE€HHOM METPUYECKOM MPOCTPAHCTBE, Y BCAKON TOCTIEI0BA-
TeTLHOCTH €CTh (pyHIaMeHTATbHAS MOAIOCTEI0BATEIHFHOCTD. Haobopot, eciu y Bes-
KO [TOCJIe/I0BATEIBHOCTH €CTh (DYHTAMEHTAJIbHAS O/IIOCIEI0BATEIbHOCTD, TO PO~
CTPAHCTBO BIOJIHE OMPAHUYEHHO.

MeTpI/I‘IeCKOG IPOCTPAHCTBO X HasbIBaeTCS KOMNAKMHM, €CJIN OHO IIOJIHO H
BIIOJTHE OT'DAaHUYEHHO.

58. IloamuO)kecTBO B R KOMIIAKTHO TOTAA M TOJIBKO TOI/A, KOT/IA OHO 3aMKHYTO
W OTPaHWYEHHO.

59. Merpuieckoe TpocTpaHCTBO X KOMMAKTHO TOT/Ia W TOJBKO TOTJIa, KOT/IA Y
BCSIKOM TOC/IeI0BATEIbHOCTH U3 X €CTh CXOJSAIIASCS TTO/IIOC/IEeI0BATEIbHOCTD.

MmuoxxecTtBO U OTKPBITHIX MOJMHOXKECTB MPOCTPAHCTBA X HA3BIBAETCI NOKPLL-
muem mpocTpaHcTBa X, ecau X COJAEPNKUTCH B OObEJIMHEHUU BCEX MHOXKECTB W3

u.

60. Metpudueckoe mpocTpaHCTBO X KOMITAKTHO TOT/Ia M TOJIBKO TOT/A, KOTJA Yy
BCSIKOT'O TIOKPBITHS MPOCTPAHCTBA X OTKPBITHIMU TTOAMHOYKECTBAMU €CTh KOHETHOE
[IOJIIIOKPBITHE.

61. * PaccMoTpuM TIPOCTPAHCTBO X MOCIEIOBATEILHOCTEH T, € R, Takux, 4TO
|z, | < 27™ naa Becex n = 1,2,. ... Paccrosgunem Mexy JAByMsi TAKUMH TOCTIEI0BA-
TeJIbHOCTSAMY HA3bIBAETCS YUCJIO

oo N
= — 2 — 1 —_ 2
p(x,y) ngl(xn Yn) ngnoongl(xn Yn)?.

Hoxkaxkute, 910 X FBIAETCA KOMTAKTHBIM METPUYECKUM MPOCTPAHCTBOM OTHOCH-
TEJIbHO 3TOM (DYHKIINK PACCTOSTHUSA.

62. B xomnakTHOM mpocTpancTBe J1I00ast BIOKEHHAS TOCIeI0BATETbHOCTD 3aAMKHY-
TBHIX IIOJIMHOKECTB UMeeT HEllyCToe liepecedeHue.

63. ITomMHOXKECTBO METPUYECKOTO TMPOCTPAHCTBA, KOMIAKTHOE OTHOCUTEIHLHO WH-
JYIIMPOBAHHON METPUKHU, 3aMKHYTO.

64. * IIycts A m B — 3aMKHyTbIe MOAMHOXKeCTBa B R™. Oupenenmm paccTOSHAE IO
Xaycaopdy mexay A u B Kak TOUHYIO HUXKHIOIO IPaHb BeeX quces € > () Takux, 9T0
A comepKuUTCS B E-OKPECTHOCTH MHOXKeCTBA B, a B COmep)KUTCH B E-OKPECTHOCTH
vuokecTtBa A. Tak ompenesiennass (DYHKIWS PACCTOSHUS SBJISETCS METPUKON Ha
MHOKECTBE BCEX 3aMKHYTBIX ITOAMHOXKeCTB B R"™.

65. * MHOXKeCTBO BCeX 3aMKHYTLIX MOAMHOMKECTB eMHITHOrO KBaapaTa B R? KoM-
MAKTHO OTHOCHUTEIHHO METPUKH Xaycaopda.

66. Ilyctr X — KOMIAKTHOE METPUYECKOE TTPOCTPAHCTBO, a F': X — X — orobpa-
JkeHne, Takoe, uto p(F(x), F(y)) < p(z,y) nmas mo6oi mapbl pa3indHbIX TOYEK I,
y € X. [lokaxkure, 910 F MMeET €IMHCTBEHHYIO HETOABUKHYIO TOUKY.
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IIycts X, Y — merpudeckue mpoctpancTBa. Oxpecmuocmosto TOYKU o € X Ha-
3BIBAETCH JII0O0E MMOAMHOXKECTBO B X, COZEPIKAIIEe HEKOTOPBIN ITap MOJIOXKHATETHHO-
ro pajamyca BOKpYr Touku zo. Orobpaxkenue f: X — Y Ha3bIBAe€TCA HENPEPOIEHHLM
6 mouke xo € X, eciiu mpoobpas a6l okpectHOCTH TOUKE f(Z() IpU OTOOPazKe-
HUU f COMEPKUT OKPECTHOCTHh TOUYKU To. OTOOparkenne f Ha3BIBAETCS HENpPEPHLG-
HOLM, €CTTH OHO HEPEPBIBHO B KaXKJO0U TOUYKe mpocTpaHcTBa X. Pynkyuel Ha X
MBI OyZeM Ha3bBaTh oroOpaxkenme n3 X B R.

67. IlpuBenure npumep GpyHKIUU, PA3PHIBHOI B KaXK/ION TOYKE.

68. Ilycts f: X - Y ug:Y — Z — orobpakeHnusi METPUIECKUX MTPOCTPAHCTE.
Ecnu f HenpepbBHO B TOUYKE X, & ¢ HENPEPBIBHO B TOYKe f(Zg), TO KOMIO3UIUS
go f HempepbIBHA B TOYKE (. B 9acTHOCTH, KOMIIO3UIINS IBYX HEIMPEPBIBHBIX OTOD-
paKeHuili HEIIpepPbIBHA.

69. Ilpuseamre mpumep ynrmmu Ha orpeske [—1,1], menpepeiBHO# B TOuke 0 u
Pa3PBIBHON BO BCEX OCTATBHBIX TOUYKAX.

70. IlpuBegure mpumep QyHKIUN HA MPSIMOii, HEIPEPHIBHON BO BCEX MPPAIUOHAb-
HBIX TOYKaX U Pa3PbIBHOHM BO BCeX pallMOHAJIBHBIX TOYKaX.

71. CymecrByer jin (pyHKIUsS HA OPAMOIl, HEIPEPBIBHAS BO BCEX PAIMOHAJIbHBIX
TOYKAX ¥ PA3PBIBHAS BO BCEX MPPAIMOHATHHBIX TOYKAX !

72. * Haiigure Bce nenpepbiBable Gynkimuu f : R — R, takue, uro f(z + y) =
f@) + f(y) ana Beex z, y € R. CymwecrBytor jiu pa3pbiBable (DYHKIMU C TAKUM
cBoiicTBoM?

73. * Cymecryer s nenpepbiBaasg Gynknus f : R — R, takag aro f(f(2)) = —=z
st Bcex © € R? CyIiecTByrOT i pa3pbiBHbIE (DYHKIUKA C TAKUM CBOWCTBOM?

74. Ilpenmosioxkum, uTo Jiobast HenpepbiBHAsA (GyHKIus Ha MHOKecTBae X C R”
JIOCTHTAET CBOEro HamOObINero 3uadenns. Jlokaxunre, 910 X KOMIIAKTHO.

75. IIpennosnozxum, uro f(X) cBa3HO Jyis 11060il HelpepbiBHOI QyHKIUMY HA MeT-
pudeckoMm mpoctpancTBe X. lokaxkure, 9To X CBSA3HO.

76. Ilpusemure mpuMep paspbiBHOM dynkmua f : R2 — R, orpanmienne KOTOpOIl
Ha KaxKIyio mpamyio B R? HempepoIBHO.

77. Cymecrsyer mu dyukius f : R? — R, paspblBHas B KaxKJI0H TOUYKE ILIOCKOCTH
u rakast, 9ro byHKIMs g, (y) = f(z,y) HempepbIBHA KaK (QYHKIMS OT Yy TPU KaXkK-
oM GUKCHPOBAHHOM 3HadeHuu z, a yukius hy(z) = f(r,y) HempepbIBHA Kak
byHKIESA 0T T Tpu KaxkA0M (DUKCHPOBAHHOM 3HAYEHUU Y7

Henpeproisaoe, obpatnmoe oTobparkeHne METPHIECKUX ITPOCTPAHCTB, OOPATHOE
K KOTOPOMY TOKE€ HEIPEPBIBHO, HA3BIBACTCSH 20MEOMOPHUIMOM.

78. Cymecrsyer jiu romeomopdusm Mexy: (1) uarepsajgom u npsamoii, (2) uarep-
BaJIOM U IOJIyUHTEPBAJIOM, (3) NpAMON U IMJIOCKOCTHIO, (4) MpAMOl U OTKPBITHIM
JiydoM, (5) OKPYKHOCTBIO U IBYMEPHOIl cdepoii?
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IIycts X u Y — merpudueckue mpocrpancTsa. [locaenoBareibHOCTh OTOOparke-
auii fp, : X — Y pasnomepro crodumcsa x orobpaxkennto f : X — Y, ecam mis
Jioboro € > 0 Haiijiercs Takoil HoMep, HaYrHAasA ¢ KOToporo py (fn(x), f(x)) < € BHe
3aBucumMocTu oT T € X.

79. Jlokaxkure, 9TO €CJIU TOCIEI0BATEHHOCTh HEPEPBIBHBIX OTOOPAXKEHUIl CXO-
JINTCsI PABHOMEDPHO, TO IIPEJIeSI 3TOW IIOCJIE/IOBATEILHOCTH TOXKE SIBJISIETCS HEIpe-
PBIBHBIM OTOOparKeHUEM.

80. KanToposo muO)kecTBO K ToMeomopdHO mpocrpancty K x K.

81. CymecTByer Takoe HermpepbiBHOE oTobpaskenne h : [0, 1] — [0, 1], koTopoe stBiisi-
eTcsa HeyObIBAIOIMM, TO ecThb u3 = < y ciaexyer h(x) < h(y), 1 KOTOPOE NOCTOTHHO
HA KaXKJOM MHTEPBAJE, He MePeceKarlleM KAaHTOPOBO MHOXKECTBO. Takoe oToGpa-
JKEeHME Ha3bIBaeTCs kanmoposol secmuuyed (devil’s staircase).

82. * CymiecTByeT HEMpEphIBHOE OTOOPAsKEHNEe OTPE3KA Ha BECh KBAAPAT (Kpueas
Hearo).

83. i KaxKI0Tro HATYypaJbHOTO N CyllecTByeT MHOrouwaeH 1, : R — R, Takoii,
g0 T, (cos x) = cos nx. Muorowienst T,, HA3bIBAIOTCH MHO2OUAEHAMY Tebbiuiesa.
Tlocauraiite T, To, T5.

84. Haiimnre koaddunment mpn 2" y mHorouseHa T, (x).
85. Ilposepbre, uto T}, 0 Ty = Thup-

86. Ecm z € [-1,1], ro T5™(x) € [—1,1] ansa Beex m. Ecnu xe x ¢ [—1,1], T0
TS™(x) — oo upu m — 00, T0 ecrb s Beakoro M > 0 umeem |T5™(z)| > M pna
BCEX JOCTATOYHO OOJIBIIUX M.

87. * Cpemn BCeX MHOTOWJIEHOB CTEMEHM 72 CO cTapimuM KoagdumuenTtom 1, MHO-
rouwnen fp(x) = T, (z)/c, MeHbie Bcero ykjaoHaercs oT Hyuas Ha orpeske [—1,1],
1O ectb paccrosinue or f, no uyia B C([—1,1],R) camoe masnenbkoe. 3uech ¢, —-
crapiuit K03 duimentT MaOroYIeHa, 17, .
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IIycts f : R — R — mekoropas dyuknus. Pasdesennvie pasnocmu GyHkmum f
ONIPEJIESAIOTCS CJIETYIOIUM 00Pa30M:
f(z1) — f(x2) flz1, 2] — flzo, 23]

f[$1,$2]:77 f[$1,$2,$3}: ,
xr1 — T2 Tl — I3

f[$1,$2,133,$4] = f[1‘1,$2,.133] — f[x27x37x4]7

T1 — T4
a T.J. Unmepnossvuortsm mHuozouserom Jlazpanotca ¢ y3JaaMu WHTEPIIOJIATIAT
Ty < 1 < -++ < X, HA3BIBAETCA MHOIOYJEH [ CTemeHW He BBIIIE 1, TAKOH, 4TO

L(z;) = f(z;) nnsa Becex i =0,...,n.

88. Haiinure nareprnosanuoOHHbiil MHOrOY/IeH Jlarpanxka i GyHKnun sin ¢ y3ia-
mu wHTepnoasyn 0, w/2, m, 2w, 3.

89. JlokaxkuTe, 9TO

- (i)
flzo, - xn] = Lo, ..., xn) = _
= (i — @)

90. Hoxaxkure (opmyay HbioTOHA 1715 MHTEPTIOISIIHOHHOIO MHOTOYIeHa, L:
i—1

L(z) = Zf[xo,...,xi] H(x—xj).

j=0
Baech flxg] — 9r0 npocro 3navenue GyHkuuu f B TOYKE Xg.

91. Hoxaxkure (HhopMysy IJisi OCTATOYHOTO UJIEHA,

n

£(2) = L(z) = fla, 0, ) [[ (& — ).
i=0
92. IlycTb y37bl HATEPNOIANNAA Xg, ..., Ly — ITO B TOYHOCTU BCE KOPHU MHOTO-
gnena 1. Torna

2 T(x
L(z) = ; f(xl)T’(xl)((x) i)’

IIycts h > 0. Onpenenum omepaTop KOHEYHON pasHoCTu Ay, HEHCTBYIONHA HA,
dbyukimpm f : R — R, n comocraBasionuii Kaxx10# Takoit GyHKIUH HOBYIO (DYHK-
o Ay, f, onpenenennyio hpopmyaoit

Apf(x) = f(z+h) = f(z).

IIpumensis 9TOT OLEPATOP HECKOJIBKO pas, nosydaem dyukuun A2 f, A3 f u 1.1,

93. HaiimnTe Takue AefiCTBUTENIHHBIE YUCTA Ag, - . . , Ay, 9TO

nf(@) =" arf(z+kh)
k=0

amst moboit pyakmun f : R — R.

94. Ilpenmosnoxkum, 910 ) = X9 + kh 14 Bcex k = 1,...,n. IIposepwre, uTo

f[$0,...,xn] — w
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95. Ilycrs f: [—1,1] — [-1,1] — dyukuus, mnddepeniupyemas B HyJie U Takas,
gro f(0) = 0. Cuenyer sm orciona, 4ro rpaduru dyukuuii f,(z) = nf(z/n),
n=1,2,..., cxogarca B Merpuke Xaycraopda?

96. Ilycts f: [—1,1] — [—1, 1] — byskuns, npax e inddeperipyemas B Hyie n
rakas, uro f(0) = f/(0) = 0. Cnexnyer nu orciona, uro rpadukn byukunii f,,(z) =
n2f(z/n), n=1,2,..., cxonarca B Mmerpuxe Xaycaopda?

97. Ilpusemure npumep byukiuu f : R — R, Bciogy HempepbiBHO, HO HUTIE HE
nuddepeHnupyemMoit.

98. JlokaxkuTte, 9TO MHOXKECTBO HUTAE He muddepenHnupyemMbrx MyHKINA HA, OTPe3-
Ke [a,b] IMeeT HemyCcToe mepecedeHue ¢ JTIOOBIM OTKPBITHIM IOJMHOMKECTBOM IIPO-
crpaucrea C([a, b],R).

99. Ilycrs dynuus f: R — R nuddepennupyema seogy (n + 1) pas. Jokaxure,
YTO CYIIECTBYET TPEIe

lim flzo,x1, ...,z
(20,215 3%0 )= (20,%0,--,T0)

100. TIpuBemure npumep dyuknuu f : R — R, npousBoaHas KOTOPO# CyIecTByeT
BCIOZy, HO HE SIBJII€TCH HEIPEPBIBHON (DyHKIHEHH.

101. CymectByer qu qud depennupyemast Bciogay dbyukmusa f : R — R, npoussos-
Has KOTOPO# pa3pbIBHA B KarKI0i TOUKE?!

102. Jokaxkure, uro npousBonnas gauddepennupyemoii Beioay dyskmuu f: R —
R npuHMMaeT BCe MPOMEXKYTOYIHBIE 3HA4YeHud, TO ecTh ecau f'(a) = A, f'(b) = B,
TO 111 JII000TO AeiicTBuTeNbHOTO yncia C' Mexxay A u B HaliZeTcs Yucao ¢ MeXKIy
a u b, takoe, uaro f'(c) = C.
103. Ilycre F,, — uncno @ubonaddu ¢ HOMEPOM N

Fo=1 F =1 F,=2 F;=3, F,=5, Fy=8, F;=13, ...

Haitnnre muOXRecTBO uncen x € R, 115 KOTOPBIX CXOINTCS DA

o0
E F,x".
n=0

Haitinure dopmysy mis cymMmbl 3TOr0O psiga. Yka3anue: HAYHATE CO BTOPON YaCTH.

104. Ilycrs T),(z) — muOrowmen Yebwimesa ¢ HomepoM n. is kaxkmoro xz € R,
HalIMTEe MHOXKECTBO JIEMCTBUTENBHBIX uucesa t € R, 1719 KOTOPBIX CXOIUTCS PSIT

Z T (2)t™.
n=0

Haﬁ,ZII/ITe d)OpMyJ'Iy A1 CYMMBI 3TOTO PAa.
sinx

105. Haiigure pasnoxenune GbyHKIAA € 110 CTENEeHAM X ¢ TOYHOCTBIO JI0 9JI€HOB
Nops/iKa O U BBIIIIE.

106. Ilpu kakux = € R cxoaurcs rumepreoMeTrpudecKuii P

—~ala+1)...(a+n-1)BB+1)...(6+n—-1) ,
1+Z; ny(y+1)...(v+n—-1) z",

B KOTOPOM (v, 3 ¥ 7y — TOJOKHUTENbHBIE JTeHCTBUTEIbHBIE YUCTa?
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107. IIycrs [a,b] — npoM3BOJBHBIN OTPE30K, comepKarnuiics B (0, 00). Jokaxknre,
910 QYHKIHIO log £ MOKHO CKOJIb YTOIHO TOYHO PABHOMEPHO MPUOIU3UTH MHOTO-
4YjleHaMU HA OTpPe3Ke [a, D).

108. Hoxakute, uro orpannvenne GbyHKnn || Ha orpe3ok [—1,1] MOXKHO CKOJb
YTOJHO TOYHO MPUOJU3UTH MHOTOYIEHAMU. YKa3aHue: PACCMOTPHUTE IMOC/IEI0BA-
TEJIbHOCTh (DYHKITH

fi1(nx) .

n

fi(z) =log(L +¢”) +log(1 +e7%),  fu(x) =

—1/z

109. Joxkaxkure, 9YTO BCE MPOU3BOAHBIE (DYHKIIUU € , orpanndenHoii Ha (0, 00),

cTpeMATrcd K Hymo npn & — 0.

110. Cymecryer i 6eckonedno auddepennupyemast Gyukmus 7 : R — R, rakas,
gro n(x) = 0 upu Becex = < 0, u n(z) > 0 npu Beex x > 07

111. Joraxkwure, 9o a5 006X a,b, A, B € R, Takux uTo a < b, Haiigercsa 6ecko-
Heuno guddepennupyemas dyuaknug ¢ : R — R, Takas, uro ¢(x) = A npu Beex
x € (—00,al, ¢(x) = B npu Bcex x € [b,00), u BCe 3HaYeHUs DYHKIUN ) HA OTPE3KE
[a,b] nexar mexkny A u B. Ykasanue: paccmorpure dynkmumio n(n(l) —n(l — x)).

112. CymecrByior au 6eckonedno juddepennupyembie Gyskmun ¢, @ R — R,
TaKWe, UTO MHOMKECTBO TOUYEK (,y) Ha TIOCKOCTH, 3aJaHHOE MapaMeTpUIeCKUM
ypaBHeHneM x = ¢(t), y = ¢(t), copnagaer ¢ rpadurom dyskmn y = |x|?

113. Hokaxwure gopmyary Cumncona
b _ _ 5
[ s =220 (@ +ar (S5) +s0p) - Ol

3mecs f: R — R — npousBonbHas dyuknus, muddepeniupyemas 4 paza, a ( —
HEKOTOpas TOYKa Ha OTpe3Ke [a,b] (3aBucsamas ot f, a u b).




