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Puc. 1.

3orpad II.I'. Tay-pyHKIIUE ¥ KOTOMOJOTHHX IIPOCTPAHCTB MOIY-
JIen

TTérp Teopruesua 3orpad, 27 dpespans 2014

A xouy pacckasaTb 0 TOM, Kak OOBEKT, KOTOPBIA BO3HUKAET B Teopun AuddepeHnnatbHbIX yPaB-
HEHUU, 3 UMEHHO Tay-(DYHKIWUIA, HAXOAUT NPUMEHEHUE B aireOpamdecKou reOMeTPUn s HAXOXK [eHUs
COOTHOIIEHNN MEXKAy KIaCCAMU KOTOMOJOTuU. B MaTeMaTuke TepMuUH may-GynKkyus TPUMEHIETCA KO
MuOTUM OO0BekTaM. Camasn sHaMeHuTas Tay-QyHKIUa — dTO Tay-pyHknua Pamanymkana. JTa QyHKINA
NPUHUMAET 3HAYCHUSA HA HATYPATBHBIX YUCJAAX, U MPEJACTABIAET COO0U KOBDPUINEHTHI 3HAMEHUTON MO-
OYIAPHOU (POPMBI — MOLYAAPHOTO JUCKPUMUHAHTA. B TEOpUM MHTErPpUpPyeMbIX CUCTEM Tay-(PYyHKIUAMEI
HA3BIBAIOT, B YaCTHOCTU, PEIIEHUSI MHTErPUPYEMBIX uepapxuil. fl ke Oyny umersb [eJ0 ¢ TaK Ha3biBa-
€MBIMI M30MOHOJAPOMHBIME Tay-(YHKIUAMEI, KOTOPbIE CBA3AHBI ¢ M30MOHOIPOMHBIMU TeQOPMAIUIME
CUCTeM JTUHENHBIX ud@EpeHINATLHBIX YPABHEHUN.

Pacemorpum cuctemy auHenHBIX 1ud@epeHINATbHBIX YPABHEHUN HA KOMILIEKCHOU TUIOCKOCTH: % =
A(z)w, rae w — BEKTOP B M-MEPHOM IpPOCTpaHcTBe, A — KBagpaTHas MaTpuua mnopsaaka n. Byxem
CIMTATH, 9TO 3TA CUCTEMA (PYKCOBA, T.€. CHHTYJAAPHOCTH MaTpunbl A — mpocteie nomockr: A(z) =
Dy Z’f—;i, rae z; — 0COOBIe TOYKM, A; — MOCTOSHHBIE MATpUILL. Kpome Toro, 6ygeM CIUTaTh, 9TO
yDABHEHMe PEryIapHO Ha OeckoHedHoCcTH, T.€. » v A; = 0.

DTO ypaBHEHUE MOXKHO MEPENUCATH KAK YPABHEHUE HA (DYHIAMEHTAILHYI CUCTEMY DPElIeHUN: % =
Z?:l zi‘iz,- U, rge ¥ — marpuna, cToabnamMu KOTOPOU ABIAIOTCA JUHENHO HE3ABUCUMBIE PEIEHU; MbI
Oynem mpeanonaratk, 9To W(oo) = [ — eauanvnHas maTpuna.

MoHOApOMIUS OTIPEeIseTCsa CASAYIONIM 06pa3oM. MBI pelaeM 3Ty CUCTeMY JOKATBHO, & TOTOM MPO-
IOJIKAEM DEIIeHne BOKPYT 0cob6ou Touku 2; (puc. 1). U Korga Mbl BO3BpamaeMcs B HAYAIBHYIO TOUKY,
maTpuna ¥ 1oMHOXKAETCA CIpaBa HA HEKOTOPYIO MaTpuiy M;, He 3aBucaniyio oT z: ¥ ~» WAM,;. MaTpuna
M; HaspIBaeTCA MATPUIEN MOHOAPOMUU BOKPYD TOYKHU 2;. MaTpUIBI MOHOAPOMUM 33 JaI0T IIPENCTaBIe-

HHUe (byH,aneHTa.anoﬁ TPYHIIBI IINMIOCKOCT! C N TPOKOJOTHIMUA TOYKaAMU Z; B .III/IHGI?IHYIO Tpymniy:

M: 7 (C\{z,...,2n},20) — GL(n,C).

Hac wnTepecyeT Takas 3agada: Mbl XOTUM ABACATH OCOOBIE TOYKM YPABHEHUs U OJHOBPEMEHHO Me-
HATH KO3 duimeHTsl A; Tak, 9T00BI MOHOAPOMHUS MPU DTOM HE MEHAIACH, a OCTABAJIACH MOCTOSHHOU.
DTa 3a1ava 06 M30OMOHOAPOMHBIX MPEOOPAZOBAHUAX TECHO CBaA3aHa ¢ 21-u mpobaemon I'masbepra. B 21-
u npobuaeme ['mabbepT nmocraBua Takou Bonpoc. Ilycrs 3amanbl 0cOOBIE TOYKU U MOHOADPOMUS BOKPYT
aTux Touek. Tpebyercsa noxkasaTh, YTO BCErga HAUAETCA PEIIeHUE C TAKOU MOHOIPOMUEU U (PYKCOBHI-
MEU OCOOEHHOCTSAMU B 3TUX TOUYKaxX. ['mipbepT chopmyaumposBan cBou mpobiaembl B 1900 rogy, a yxe B
1908 roay mosiBmiack crarbs llmemens, rge oH OyaTo OBl JOKasaa DTy rumoresy. B Tedenume moiarmx
JIET CUUTAIOCH, YTO BTO MPABUIBLHOE JOKA3ATENLCTBO, BCE OBLIU MOBOJBLHBLI, U K DTOU 3ajade OOIbIIe
HUKTO HE BO3Bpamaacsa. lem ne menee, B 70-€ robl, KOrja HAYAACA COMUTOHHBI OyM, OOHAPYKUIOCH,
aT0 21-1 npobaema ImisbepTa (u, Gomee 06mo, npobaema Pumana—Tuas6epTa) €CTECTBEHHO BOZHUKAET
B TaK HA3BIBAEMOM METO/e OOPATHOU 33441, C IOMOIIBI KOTOPOT'0 MOXKHO UHTET PUPOBATEH HEJUHENHBIE
ypaeHenus. U Torga cranu nosBAsSTHCA COMHEHUS [0 TIOBOAY CIPABENINBOCTY JoKasaTeabcTa [liemers.
B 5Ty nearenbHOCTH CYIMIECTBEHHBIM BKJAJ BHECAW MAaTeMAaTUKU MOCKOBCKOU 1koabl, FO.C. Mabsamenko
u A.A.Bomubpyx. FO.C. Mabsmenko o6HApy)uWia, 9TO B IeUCTBUTEILHOCTH lLiemMens nokasas JUIlb TO,



9To prKCOBOCTI) MOXKET BBIIIOTHATHCA BO BCEX TOYKAX, 3a UCKIIYCHUEM Or[[HOI‘/)I.‘ T.€. YTO MOXKHO HaI';ITI/I
TAaKOW MOTEHINAT U Takoe AuddepeHnaib-Hoe ypaBHeHNe, KOTOpoe Oy AeT (PyKCOBBIM BO BCEX TOUYKAX,
KpOME OHOU, U MOHOAPOMUsA OyIeT Takasd, Kak TpeGyeTca. KpoMe Toro, O 3aMeTwiI, 9T0 eI XOTa ObI
OJHA M3 MATPUI MOHOAPOMUU IUATOHAIM3UPYETCs, TO AOKasareabcTro Ilnemens mpoxogut; a B o0meM
caydae ono me npoxoant. 3arem A.A.Bomubpyx mamén kourprnpumep k 21-u npobaeve I'minbepra.

A mpomomxy pacckas 06 M3OMOHOAPOMHBIX MPEOOPA30BAHUAX. ECTh Pa3HBIE TOCTAHOBKU 3a1a9U
Pumana—Tuns6epta. HyXHO TpaBUIBHBIM 00pa3oM CTABUTHL OTY 3aAady. XOTEIOCh OBl UMETH TAKYIO
MIOCTAHOBKY, YTOOBI PEIIeHne CYIIeCTBOBAIO U OBLIO €IUHCTBEHHBIM, HO TaKOe HeBO3MOxkHO. OauuH u3
€CTECTBEHHBLIX CHOCOOOB MOCTAHOBKU 33,131 duKCHpPOBATHL HE TOJBKO MOHOAPOMUIO, HO U IVIABHBIE
gactu ¥ B 0COOBIX TOYKAX. YCJIOBUE HA IMOCTOSHCTBO MATPUIL MOHOAPOMUK MOXKHO 3aINCATH KaK Aud-
depennmanpaOoe ypaBuenue Ha U:

8_\11 + L\Il =0 (1)
0z 2z — z;
(ycaoBue m30MOHOAPOMHOCTH). DTa CUCTEMa YPABHEHUN HE BCETJa UMEET DEIIeHUe, OHA JOIKHA ObITh
coBMecTHA. U HETPYAHO BHIBECTH YCJIOBUE COBMECTHOCTU. DTO yCJIOBUE HOCUT HasBauwue cucmema [lae-
suneepa. lllnesunrep nepseiM ero Beimucan. OHO UMeET CJAeIYIONA BUL:
o4, [l npu i # j;

— —ZzZj
- Ai A . .
0z = D kot 7[Zi_zi] upu i = j.

Bripaxasch COBPEMEHHBIM A3LIKOM, DTO O3HAYAET, 9TO CBA3HOCTD, 3aaaBaeMas ypasuenuem (1), — mioc-
Kafd.
Tay-dyukunsa onpeaenseTcs KaK pelleHne CIeIyomero mmd@epeHnnagibHoro YPaBHeHU:

alogr _ Z tI‘(AZ'Aj)
621' i<i Zi — Zj

Omna ObL1a BBEJEHA, BUAUMO, ATOHCKUMY MaTeMaTudeckumu usukamu (Jimbo, Miwa u ap.). leomeTpu-
YeCKUN CMBICT Tay-pyHKkiun obHapyx)ui Mansrpanxk. O 3aMeTwi, 9To 3aHyaeHne Tay-QyHKIUA O3HA-
JaeT Hepas3pemmMocTh 3anadu Pumana—I minbepra. [uBu3op Tay-GyHKINN TOBOPUT O TOM, MPU KAKUAX
smaveHuax z; u A; coormercTRymoman 3anava Pumana-Tuanbepra paspemmma. To ecTh KpuTepun He-
paspemnmocTn 3agadu Puvana-Tuns6epra Takon: {7 = 0} (mpm 5TOM MBI HTHOpUpPYEM “TpUBHAILHBIE”
HyJIM T Ha JUATOHAIAX {z; = z;}).

Cambiil mpocTon mpuMep Tay-QyHKIUYN IoaydaeTcs, korga A(z) — ckanapras ¢ynkuums, a Bce A; —
equannst. Torga Tay-dyskuus — 270 onpegemntenst Bangepmonga. Kpove kak wva gunaronamax {z; = z;},
OoH HuTJe OosbIne B Hy b He obOpamaercs. [looromy 3amada Pumana—I'misbepTa B 2TOM Caydae BCera
paspemuMa (9TO U TaK OUYEBUIHO).

Kak 5 yxke cxasan, uHTEpeC K M30MOHOAPOMHBIM Ae(OPMAIUAM BEPHYJCT OJATOIAPS COMUTOHHOMY
o6ymy. Ho Tay-QyHKINM TOABIAIOTCA HE TOJABKO B CBA3M ¢ WHTEIPUPOBAHUEM HEIVMHEUHBIX YPABHEHUN.
Ta Tay-QyHKums, 0 KOTOPOU s OyAy CErOHS PACCKA3BIBATH, BOHUKIA B HECKOJBKO MHOU 3ajade. JTa
3aga4a Obuia pemena B.A. [lyOGpoBUHBIM; OHA COCTOUT B OCTPOeHUU (PpOOEHNYCOBOU CTPYKTYPHI HA MIPO-
CTPAHCTBE MEPOMOPMHBIX (DYHKIIUN HA PUMAHOBEIX MOBEPXHOCTAX. DPOOEHNYCOBA CTPYKTYPa, WK (ppo-
OEHNYCOBO MHOTOOOPA3Ne,  ATO HEKUU TOAXO] K TOMY, YTO HA3ZBIBAETCA KBAHTOBBIMU KOTOMOJOTUAM,
I PellleHrneM YPaBHEeHNA aCCONMATUBHOCTU  ypapHeHusa Burrena [Juukrpaada Bepaunme Bepaumae
(WDVYV). Ecau rosoputs rpy60o, To ppobeHnycoBo MHOrooGpasue — 3T0 MHOrooGpasue (BelecTBeHHOe
WM KOMILIEKCHOE) C ILIOCKOM MeTpukon (, ). Merpuka GuinHenHa, T.e. TO HEBLIPOXKAEHHAs GopMa B
KacaTeabHOM pacciaoerun. [Ipu 5TOM B KaxX I0M CJI0€ KACATEIBHOIO PACCAOEHUI €CTh CTPYKTYpa (ppobde-
HUYCOBOU ANreOpHI, T.€. KOMMYTATUBHON ACCONMATUBHON aareOphbl, YMHOKEHNE B KOTOPOU COTIACOBAHO
co ckanapubiM npoussegeruem: (XY, Z) = (X, Y Z); 5T0 riaBHOE CBOICTBO, KOTOPOE OIpexenseT Gppode-
uuycoBy aare6py. (IIpumep ppobernycoBon aare6per 1a8T KOIbLO KOTOMOJOTUH IVIAIKOI'O0 KOMIAKTHOI'O
MHOT000pasus, Tae YyMHOXKEHUE — BTO OOLIYHOE —-TIPOU3BENEHNE, a METPUKA ONPenensieTcsa (popMon
mBoucTBeHHOCTH [lyankape.)

CymecTBoBanme (hpOOEHNYCOBOU CTPYKTYPHI CBA3AHO C PEIICHNEM YPABHEHUA aCCOMUATUBHOCTH, KO-
TOPOE A TIOKA CIIE He BHIMKUCAI. A DEIlleHne 3TOr0 ypaBHEHNUs — COBCEM HETPUBUAILHAA Belllb. Hanpuwmep,
HA KacaTeJbHOM mpocTpancTBe K R™ B Touke () MOXKHO 3a1aThb CTPYKTYPY (PpOOEHUYCOBOU anreGphl, a
Jagblie eé TPUBUAJLHO pasHecTu 1o Bcemy R™. Ho 510 He unrepecunin npumep. MHTepecHse mpumeps
BO3HUKAIOT B Teopuu mHBApuaHToB ['pomoBa—BurTena.



YcenoBue ppoGEeHnyCOBOCTY DKBUBAIEHTHO CyIIECTBOBAHWIO TAK HA3BIBAEMOrO IIpenoTeHnuana. IIpe-
TMOTEHIINAT — DTO TIagkas pyHKIua F' co cleqyrommM CreruaibHbIM CBOUCTBOM. [[aHHOU TIOCKOU Me-
TPUKE KAHOHUIECKUM OOpPA3OM COOTBETCTBYET CBA3HOCTH JleBn Yumsura V. C mOMOMBIO 5TOU MLIOCKOH
CBA3HOCTH KOBAapWAHTHO npoaudpdepennupyem F Tpu paza mo X, Y u Z; 5T0 HOMKHO OBITH PABHO
(XY, Z), 1.e. VxVyVzF = (XY, Z). Eciu Mbl BBeéM II0CKUE KOODAUHATHL HA MHOIO00OPA3uM, TO TPe-
ThU NMPOU3BOAHBIE MOTEHIUANA AAAYT CTPYKTYPHBIE KOHCTAHTHI, KOTOPHIE OyAyT ONPEAeNaTh yMHOXKe-
Hue B >Tou anreope. KoMMyTaTuBHOCTE aareOphl OU€BUIHA, & ACCOMUATUBHOCTD UMEET MECTO JATCKO He
Bcerga. s Toro 9To6B yMHOXKEHUE, 3a0aBAeMOe TPETHUMI TIPOU3BOAHLIMI pyHKINU F', 6LLI0 acconm-
ATUBHO, HYXKHO, YTOOBI BEIIOMHAIOCH ypaBHeHUE accounaruHocTu (ypaBHenue Burrena [lunkrpaada
Bepuaunge—Bepaunge, uiu WDVV)

F; 'mgmanln = Filmgmnijn-

Meur npeamnosaraeM, 9TO BBIOPAHBI HEKUE ILUIOCKUE KOOPAMHATH (IMIOCKOCTH KOOPAWHAT O3HAYAET, UTO
METPHUKA B 3TUX KOOPAUHATAX NOCTOsAHHA); F; 0603HaIaeT IPOM3BOAHYIO IO COOTBETCTBYIOMIEN KOODAU-
Hare; g"" — TEeH30DP, OOPATHBEIN K METPUIECKOMY.

YMHOXKEHIE MBI MOXKEM ONPEIEIATh ClefyIommuM 06pasoM: e;e; = Fi]-kgklel; MBI PA3JIOKWUIN TPOU3BE-
neHre DA3MCHBIX BEKTOPOB TI0 TEM K€ CAMBIM 0A3UCHBIM BEKTOPAM. Y TBEPK IEHNE TAKOE: €CIN BBITOIHA-
eTCA YPABHEHUE ACCONUATUBHOCTH, TO ONPEIEJIEHHOE TAKUM 00PA30M YMHOXKEHUE ACCOIUATUBHO.

CaMbIll 3HAMEHUTHIN TPUMEP — KBAHTOBLIE KODOMOJOTUU. KBAHTOBBIE KOTOMOJOrUHA — 3TO 1edop-
Manus OOBIYHBIX KOTOMOJOrui. Bo3abMéM Kakoe-HuOy b KOMILIEKCHOE asrebpandeckoe MHOrooopasue V' u
PACCMOTPUM €ro KOrOMOJOTr UK. B KavecTBe METPUKHY HA 3TOM IPOCTPAHCTBE BO3bMEM (hOPMY JIBOUCTBEH-
Hoctu Ilyankape (, ). YMHOXKeHUE B KOTOMOJOTHAX — 5TO 00BIUHOE —-TpousBefenne. A B kadecrse F,
¢ TMOMOIIBK KOTOPOTO OHO OyaeT aedhOpMUPOBATHCA, HYXKHO B3ATh moTeHnual ['pomoa Burtena. On
crpouTcsa u3 maBapuanToB ['pomoBa Buttena. UuBapuanTel ['pomoBa BurTena cBs3aubl ¢ mpocTpas-
CTBOM MOZyJen cTabuabHbIX oToOpaxkenun. [IycTs f — IByMEPHBIN KIACC TOMOJOTUE IPOCTPAHCTBA V.
TIpocTpancTso Mg’n(V7 f) cTabmIbHBIX OTOGPAXKEHNN POA § C 7 OTMEYEHHBIMYA TOYKAMU — 3TO MHOXKE-
CTBO JOMYCTUMBIX OTOOPAKEHUN KOMILIEKCHBIX KPUBBLIX (PUMAHOBBIX MOBEPXHOCTEN) B V| pearusyoomux
knacc romosorunt . C 53TUM HIPOCTPAHCTBOM CBA3AHBL N M0 OTOOPAKEHUN B V', YCTPOEHHBIX CJIEIYI0-
nmm o6pasom. Touka mpoctparcta M, ,(V, 3) a10 kpuBaag C ¢ OTMEYEHHBIMU TOYKAMU T1, ...,
Ty, oToOpaxkaemas B V mocpencTBoM HEKOTOPOro p. B kadecTse i-ro oTo6paxkenus Mbl OepéM 3HAUEHUE
p(z;) n nomysaem orobpaxenne p; : M, ,(V,3) — V. 3atem ansa xraccor koromonoruit 8 V Mer Gepém
UX IPOOGPa3bl OTHOCUTENBHO p; ¥ MOTydYaeM Kaaccsl koromonoruit B M, ,,(V, §). Janbiie MBI MOXEM X
MEPEMHOKATD B JIOOOM KOJIUYECTBE, BHIYUCIATH DTU MPOU3BEICHUA HA (DYHIAMEHTATILHOM IUKJIE U TO-
JydaTh HEKUE YUCaa. DTHU YUCAa HABBIBAIOTCA WHBapuaHTamMu ['poMoBa Butrena. U ecam MBI cocTaBUM
npousBo Ay GyHKINO nHBapuaHTOB ['pomoBa BurTena, To oHa Kak pa3 u GygeT MpPenoTeHIUAIOM:
oHa OyJeT yIOBJIETBOPATH YPABHEHUIO ACCOMUATUBHOCTH.

[ly6poBuH xoTes 0600 ThL 1 (POPMATUIOBATE 3TY NOBOJIBHO CIOXKHYIO KOHCTPYKIuio. [Ipumep dhpo-
6eHnycoBa MHOr006pasnsi, 0 KOTOPOM s XOUy CErOIHs PACCKa3aTh, — DTO MPOCTPAHCTBO MEPOMOP(hHBIX
dyHKIIUN PUKCHPOBAHHOTO poja u cTenenn. PpobeHnycoBa CTPYKTYpa HA 3TOM MPOCTPAHCTBE ObLIA TO-
crpoera /[[yGpOBUHBIM UMEHHO € MTOMOIIBI0 M30MOHOAPOMHON 3agadu. Q603HAYNM depes 7:{,179 TpPOCTpaH-
cTBO MepoMOpdHLIX pyHKIME f poga g (3TO O3HAYAET, 9TO OHU 3aJAaHBL HA KPUBOU POJA ¢) CTENEHU
d obmero Buaa (31€CH ATO O3HAYAET, UTO BCe MOMIOCH f mpocThie, T.e. |f~'(00)| = d, n Bce xpuTn-
qeCKNe 3HAYEeHUsA TOXKEe MPOCTHIe, T.€. BETBJICHUE HAJ KPUTUIECKNUM 3HAYEHUEM MMEEeT BUT [1d_22} — B
mpoo6pase KaxJ0ro KPUTUIeCKOr0 3HaUeHus d — 2 IPOCThIe TOUKY U OJHA KPUTUIECKAs TOUKA MOPsAIKA
2; »T0 ycaoBue o6mero monoxenus). Taxue GyHKuuM 06pasyoT IVAIKOEe KOMILIEKCHOE MHOI000pasue
pasmepHOCTEH N = 2d + 29 — 2, KOTOPOE 9aCTO HA3BIBAIOT MPOCTpaHcTBOM ['ypBuna. [lybpoBun mocTpouna
GpobEeHNYCOBY CTPYKTYPY Ha MTPOCTPAHCTBE ﬂd,g. Ou cBén npobaeMy perienus ypaBHeHUa acCOInATUB-
HOCTU K PEIIEHUI0 HEKOU U30MOHOAPOMHON 3aaa4u. OH ABHO onucan MaTpuibl A; 11s cooTBeTCTBYIOIEN
M30MOHOIPOMHOU 3aa%M, PEIIeHe KOTOPOU NaBaJI0 NCKOMYIO ILIOCKYIO METPUKY .

Bo BTOpou wactu gokaaga s 6yay COBOPUTH O TOM, KaK Tay-(yHKINK, COOTBETCTBYIOIIYI U30MO-
HOAPOMHOU 3ajgade [yOpoBuHA, MOXKHO NMPUMEHUTH K U3YYEHUIO COOTHOIMEeHuU B rpymme [lukapa xoM-
NAKTUGUITPOBAHHOrO TpocTpancTBa L'ypeuna. CHavaza s HEIOCPEACTBEHHO ONUIILY U30MOHOIPOMHYTO
Tay-gyukunio [lybposuna. /s 37010 MHE MTOHAI0OATCA TOMOMHUTEABHBIE TOHATHA. Hapsany ¢ mpocTpan-
CTBOM MePOMOPGHBLIX (PYHKIUNA OMPEAeIuM emé KOH(MUTYPAIMOHHOE MPOCTPAHCTBO KPUTUICCKUAX 3HA-
venunt Z, = {(z1,...,2n) € C" | z; # z;}. Y Hac eCTb KOMIUIEKCHO AHAJINTHYECKOE OTOOPAKEHUE
ﬂd,g — 2, (kax 101 MepOMOP(MHON (DYHKIMU MBI CONOCTABIsAEM €€ HAOOP KPUTUYIECKUX 3HAUCHUN; KPU-
TUYECKUE TOYKU MPU DTOM 3aHYMEPOBAaHbI U B IPOOOPA3€e KaXK 0N KPUTUIECKOU TOYKHU €CTh POBHO OHO



KPUTUIECKOE 3HAYEHME). JTO OTOOPAKEHUE ABIACTCA HAKPBITAEM; KOOPANHATHI KDUTHIECKUX 3HAIEHUN
UrPAIOT POJTh JMOKATBHEIX KOODIUHAT Ha MpocTpamcTBe ypuma Hy,. DTO 0TOGDAKEHHE HA3BIBACT-
¢ MOP(MUIMOM BETBJICHUA, 4 CPEIH MOCICIOBATENCH MIKOIE ADHOTBIA OHO HA3LIBAETCA OTOOPAKEHIEM
Jlsuko—Jlonenrn.

[aranTe 3adukcupyem cummiekTudecknn 6asuc o = {a;,b;} C H;(C). Croro “cummrexTudeckni’”
O3HAYAeT, 9TO HMUKIbI 4; MEXIy COO0U He TepeceKaroTcs, IUKILL b; Toxke caMu ¢ co60U He mepeceKkaroT-
€S, 4 HETPUBUMAMLHBLIC TIEPECETCHNA €CTh TOALKO v a; ¢ b;. Toraa MoxHO onpenennTs 6uauddepeHnna
Beprmana B(z,y) va C' x C. OH 0OIHO3HAYHO XapaKTepU3yeTcs caefyromumu coucTsamu: (1) oH cum-
MeTpudecku; (2) y Hero moaiocC BTOPOrO MOpAAKA Ha AuaroHaau (npu z = y) ¢ O6uBbraerom 1; (3)
fa,- B(z,y)dx = 0. B6uusu auaronamu takon audQepeHnuanl B JOKAJIbHBIX KOODAUHATAX MOXKHO 3allu-
caTh B BUZE

1 1
B(z,y)dz dy = < 5 +ESB(-T)+O($_?J)) drdy, © —y.

(z —y)
3mecs Sp — BTO MPOEKTHWBHAA CBA3HOCTH, KOTOPAsA MpM 3aMeHe kKoopamHaT w = w(z) mpeobpasyercs
caeayromuM 06pa3om:

S(Bw)wIQ + 8, = S(;),

2
S w/l/ 3 wl/
= — — = [ —
w'’ 2\ w

— npoussoguas [eapua. (Ecau 661 He GbLIO CIaraeMoro, COOTBETCTBYyIOmEro npoussoanon IIsapua
oT w = w(2), TO BTO GBLT 6B OOBMHEIN KBAaAPATHIHEIN nuddepennuan.) [pyruMu CIOBaMU, TPOCK-
TWBHAA CBA3HOCTD ONUCHLIBACT NHBAPUAHTHO ONPENEIEHHBIN TOTEHIMAT ypasHeHna Dykca Ha PUMAHOBON
nosepxuoctu: y” + 1Sy = 0.

rae w' — TPOM3BOLHAA MO 2, A

C nomMonIpI0 NPOEKTUBHON CBA3HOCTH MOXKHO (JIOKATBHO) ONMPENeNnuTh CBA3HOCTL beprmana dg B Tpu-
BHAJIBHOM JMHEWHOM PACCIOEHNM Ha mpocTpancTse ['ypeuna Hg 4

n
dB =d+ 42 (Res M) de
i—1 N df
3gecs f — mepomopduan dynkunsa Ha kpuson C, x; — e€ kpuruydeckune touku. Paswocrts Sp — Sy —
KBaIpATUIHBEIN Aud hepeHinan; Ml [eJuM ero Ha auddaepeniman MepoMophHon GyHKIUN f U noaydaem
MepOMOPQHBIT TUDGPEPEHINAT, ¥ KOTOPOTO KOPPEKTHO OMPENEIEH BHIYET. JTa CBA3HOCTH 3ABUCUT HE
TOJBKO OT KPUBOU ¥ MepOMOP(pHON (PYHKIUU — OHA €IIE 3aBUCUT U OT BLIOOpa 6Gasuca rOMOJOTUN (¢ HA
C.

Haxonen Mbr gonuiu g0 onpeneneHus Tay-PyHKIAA. DTO M0 ONPEIEJEHUI0 KOBADUAHTHO TOCTOAHHOE
CevueHre TPUBMAILHOTO JUHEMHOTO pacciaoenusa: dgT = (. JlokanbHO »Ta (PyHKIUA ONpeneseHa Ha Mpo-
crparcTBe ['ypBuIa, a nI06ATILHO OHA HE ABIAETCS OJHO3HAYHOU, HO €€ MOXKHO MHTEPIPETUPOBATEH KAK
ceveHne roJoOMOpPGHOTr0 PACCIOCHUS HA, 7’:{,1’9. A onpenennn eé B repmunax kpusou C, HO €6 MOKHO OIpe-
nenuTh u Ha cdepe Pumana ¢ n orMedeHHBIME TOYKaMU, KaK 3TO gesnast [[yOpoBuH, TOTQa OHA JIydIle
BIUCKIBAETCA B TEOPUIO M3OMOHOAPOMHBIX aedopmanmi. Urax, ray-pynkuma 7 = 7(C, «, f) 3aBucur
otr xpusou C, oT BEIOOpa 6asuca a u 0T MepoMopdHOn GyHKIMYU f. MBI XOTUM U3y9IUThL, KAK OHA MpE-
oOpasyeTrcd Ipy 3aMeHe CUMILIEKTHIECKOT0 6a31ca 1 Py AP0OHO-IMHENHEIX IPeo0pa3oBaHuax (hyHKIIT
-

Maue emé monago0uTCA OnpeleJeHre TaK Ha3bIBAaeMOrO JIMHENHOI'O PacCJoeHns XoaxKa. PaccmoTpum
g-MepHOe paccnoerune E, — M, Hal IPOCTPAHCTBOM MOJy/Ied KPUBEIX POJa §; CION PACCIOCHUSI HAJ
kpusoit C — 570 mpoctpancTeo ), roromopduex 1-popm ma kpusoit C. MOXHO paccMOTPeTh je-
TEPMHUHAHT TOCO PACCIOCHU (MAKCUMANBHYIO BHEMIHIOW cTemeHb): A = det E, = AYE,. OTo u ecTb
JUHEnHOEe paccioenne Xoaxka. JTO PACCIOSHHe MOXKHO MOAHATEH HA npocTparcTso ypsumna Hg .. IIpo-
cTpancTBo Hy 4 — 9T0 npocrparcTso nap suia (C, f), rge mepoMopdHbe GYyHKINN PACCMATPUBAIOTCI
€ TOYHOCTBIO 4O APOOHO-TMHENHON SKBUBAJEHTHOCTH, T.€. Hy, = ﬂd’g/PSL(Q,(C). [MaganTe 3a0ymem
mpo MepoMOopdHYI0 (YHKINIO, TOTAA MOIydnM OToOpaxkeHue 3abbBanud m: Hy, — M,. C momommpio
0TOOpaXKeHUd T JIUHEHHOE paccioeHne Xo[xkKa A MOXKHO [MEPeTAIINTb Ha Hg , U MOLYyUINTb PACCIOCHHE
7"\, koTopoe OyaeM masg NPOCTOTH 0O03HAYATEL TEM K€ CHMBOJIOM .

Emé mam nomagoburcsa onpemerutens Bamgepmonga V. = H17<j (2; — 2j) KpUTHYECKNX 3HAYEHUN

dyukuu f.



X ~ [IajKas KpuTudeckas To4Ka (W1 3HAYCHHE)

N = J[BOHAS KPUTHYECKAs TOUKa (M1 3HAYCHHUE)

Puc. 2.

OxasblBaeTCs, YTO eciu HOCMOTPeTh, Kak Mensercs Tay-pyuxuusa 7(C,a, f) npu 3aMeHe CUMILIEK-
TUYECKOrO 0a3uca v U npu APOOHO-TMHENHOM NPe0Opa30BaHUM PYHKIUU [, TO MOJYyIAETCA CIEIYIOMAL
JeMma.

JIEMMA. 7 = 7" 'V~ — 510 murge me obpamaromeecsa B Hy.Ib TOJI0MOP(PHOE CeYeHHe IMHEHHOTO
paccroerns 241,

[Mlectas crenens onpeaeaunTens Banaepmonna npeobpasyeTcs nNpu ApOoOHO-IMHENHEIX IPeo0pa3oBa-
HUAX Tak ke, Kak n (n — 1)-aa crenens Tay-gysxunm. [loaromy mpomssegenne 77V~ yupapuanTro
OTHOCHUTEJIBHO IPOOHO-TMHENHBIX TpeoOpa3oBanun. A npu 3amene 0asuca a Tay-pyHKIus npeodpasyeTrcs
Tax xe, kKax \24.

Tenepb HAM HYXKHO KOMOAKTUDUIUPOBATH NpocTpaHcTBa ['ypBuma. DTo geiaeTcs ¢ MOMOIIBI Tak
HA3BIBAEMBIX [OMYyCTUMBIX HAKPHITUU. /[0 DTOro MBI paccMaTpuBaiu HakKpeiTusa cdepbl Pumana ruan-
KAMU KPUBBIMU. Tenepsb HaBanTe HECKOABLKO PACIIMPUM KIACC HAKPBITUN, KOTOPHIE Mbl PACCMATPUBAEM,
u OyZemM paccMaTpuUBAThL HAKPBITUSA HAJ KPUBBIMU, KOTOPBIE MOI'YT UMETH ABOUHBLIE TOYKu. Hac Oymer
UHTEPECOBATh TOMBKO CAydan, KOraa chepa Pumana pacnanaeTcsa HA IBE pAlMOHANBHBIC KPUBLIE, TIEpe-
CEKAIOIINECA 0 OTHOU TOUKe. [[0MycTUMOe HAKPBITHE — ATO HAKPBITUE KPUBOU C ITBOMHBIMU TOYKAMMU,
[pU DTOM IBOUHBIE TOYKU OTOOPAKAIOTCA B ABOMHBIE TOUKY (PUC. 2), KDUTUIECKUE TOYKH PACIONOKEHBI
Ha IONOJHEHUAX K IBOMHBLIM TOYKAM, M IJIA KAXKJIOU TOYKHU, JEXKAIleld Hal IBOMHON TOYKOU, NHIEKC Be-
TBJIEHUS JOKEH ObITh ONMHAKOBBIM 1711 00enx BeTBen. [lonycTumoe HakpeITHe, n300paKEHHOE HA PUC. 2,
— BTO CUMMETPUA OTHOCUTEILHO TIPAMON [; PO ¢ HAKPLIBAOIIEN KPUBOU paBeH 1, n =4 u d = 2, a m1a
KaxXJOU U3 BETBEH, JeXKAIINX HAJ ABOMHOU TOYKOW, MHIEKC BETBJICHUA PABEH 2.

B o6mem caydae cutyanusa cxoxkasa. Kputudeckue sHAYEHUA PACTIPEIEAAIOTCA IO ABYM KOMIIOHEHTAM
5TOHU IPUBOIUMON KPUBOU Pa3sHBEIMU criocobamu. BymeM cauTarhb, 9TO cIeBa k KPUTUIECKUX 3HATCHUN,
a cupaBa n — k KpuTuveckux 3HadeHur. Hag TBOMHOU TOYKOU JIEKUT T TOYEK HAKPBITUA C UHIEKCAMU

BETBICHUA M1, ..., M, (puc. 3).
OueBngro, uT0 Y, m; = d (cTeneHb 0OTOOPAKEHNsA), T.€. TUCIA M1, . . ., M, 33JAT pa30UeHNe TuCIa
d. 9o pazbuenue Oygem 0603HAYATH 4Uepe3 (= [my, ..., m,|. llpu GukcupoBaHHbIX k U y MHOKECTBO

TAKWX AOIMyCTUMBIX HAKPBITUH 00pasyeT MHOrOOOpasue (TOUHee TOBOPs, KOMILIEKCHOE IIPOCTPAHCTRO),

Pa3MepHOCTh KOTOPOTr'O HAa 1 MEHbIe Pa3sMEePHOCTY MPOCTPAHCTBA | ypBuLia. DTO NPOCTPAHCTBO MBI Oy-
k

meM 0603HAYaTh Iepe3 AEt ), OxaswiBaeTcs, 9TO ecau K npocTpaHcTBy L'ypeuna Hg, MBI 106aBUM BCe

(k) /2 A (F)

Taxue pocTpancTra Ay, T.e. paceMoTpuM Hy 4 Uu,_d Uplo Ay, TO momyumm KOMIAKTHOE (XOTS ¥ OCO-

60e) arrebpamdeckoe MHOTOOOpasne Hy 4. DTO MHOrOOOpA3MeE JETKO IeCUHIYISPU30BATE U CAETATh I3
HET0 MIAIKOE KOMILIEKCHOE MHOT000pasue. CUHTYIAPHOCTY MOABIAIOTCA 38 CIET JEUCTBUA IUKINICCKUX



S
=~

Puc. 3.

TPYII HA BETBACHUAX € UHIEKCAME My, . . . , My FCAM MBI TOCMOTPUM, KaK YCTPOEHO DTO MPOCTPAHCTBO B
HANPABJIEHUY, TPAHCBEP CAJBHOM AUBU30DY Aflk), TO OHO OYI€T BHITVIAAETH KAK OKPECTHOCTH HYJIS KPUBOU

™M =" == (™. 9Ty 0COGEHHOCTD JerKo paspemuTsb. MHOroo6pasme mMeeT caMonepecedeHns,
KOTOPBIE JIETKO MOYXXHO PA3BECTH.

Ects xommakTHOE MEHOrOOOpa3me ﬁd,m U HA €r0 OTKPBITON YaCTHU KUBET TOJOMOP(HOE CEIEHUE 1), HE
oOpamaroreecsa B Hy1b. MBI XOTUM MOCMOTPETH, KaK OHO ce0s BelIET HA IUBU30PE KOMIAKTU(DUKAINN.
OTO MOXHO CHEJATh, U3ydas acuMnTOTuKu. Hy»XHO BBISICHUTB, To€ CedeHue 7) 3aHyJseTcs, rae obpa-
m@AETCA B OECKOHEYHOCTD, U TMOCIYATATH KPATHOCTU. DTO OBLIO CAETAHO B HAIIEU COBMECTHOU paboTe C

A . Koxoroeemv u [I.Koporkuaeiv. Mbl nony<dnin ciegyouyo GopMyIy:

n/2 r

k(n —k 1 "1 )
=33 (T]m S((n_liu A=) ) [aP].

k=2 pkd \i=1 i=1

3necs [\] — wmace paccroerns Xoaxka (€ro MOXKHO MOHMMATH KaK ABYMEPHBIN KJIACC KOTOMOJOTHH).
DTO paBeHCTBO BepHO u B rpymnme [lukapa (mepson rpynne oy B rpynme aire6panvdeckux IUKIOB
KOpasMepHOCTH 1). DTO yxKe ducras airedpanveckas DeOMeTPUs.

Dra GopMyaa A0 HAIErO AOKA3ATEAbCTBA HE ObLIA M3BECTHA. BBLIM M3BECTHBI JUIIL HEKOTOPHIE €8
crienmanbHbe ciydan. Hanpumep, ota ¢popMyna ObLIa N3BECTHA, A TUTEPRIIANTTHICCKAX KPUBBIX, HO DTO
OYeHb CnenuaabHbn cayydan. [loxoxyio 3agady B cayuae g = 0 paccmarpuaau C.Jlango u /[.3BoHKUH, 1
HAmu pe3yabTaThl cornacywTcsa. [locae Toro kak Mer BeiBeau 5Ty dopmyay, van der Geer u Kouvidakis
HAIILIA €€ 9UCTO ANreOpO-TeOMETPUIECKOE TOKA3ZATEIBCTBO € TIOMOIILI TeopeMbl ['porenanka Pumana
Poxa u ucnonszosanu eé nas orseTa Ha crapsiu Bonpoc Xappuca—Mamdopaa (Harris—-Mumford) o knac-
cax auBu30poB ['ypBuia Ha NpoCcTpaHCTBAX MOAYJIEN KPUBBIX.

I/ICHO.HBByﬂ IATY XK€ aHAIUTUICCKYIO TEXHUKY, MOXKHO BBIBECTU IMOXOXKNE COOTHOIICHNA B I'DYIIIAX HI/I—
Kapa MpOCTPAHCTB MOLYJEH TOJOMOPMHBIX Aud(EPEHIInaIOB, He TOJBKO A0€MeBbIX, HO U KBAIPATUIHBIX
U JTI06OT0 TOpAAKA. [ TPOCTPAHCTE MOAYJIEN A0EMEBBIX U KBAIPATUIHLIX Au(dEepEHIInAIOB 3TU GOPMY-
JIBI TPEACTABIAIOT UHTEPEC U ¢ TOYKYU 3PEHUA KOMIUIEKCHOU IUHAMUKU. DTHU MPOCTPAHCTBA TMOMABIAIOTCA
TaM B CBA3U C U3YYEHUEM IIOCKUX PANMOHAIBHBIX OMIIUADIOB U MOTOKA TenxMiomiepa.

Onucassbl B QOKJAAJAE MOAXO[] C WCIONB30BAHUEM Tay-(DYHKIUU NPUMEHUM U [ APYTUX 3a1ad.
Hampumep, ¢ ero moMmoImbio MOXKHO M3yd9aTh COOTHONIEHWsA B Ipynmax llukapa MpOCTPAHCTB MOIY.JIeH
CTIMHOPHBIX KPUBLIX U T.II.



