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dorpad II.I'. Tay-pyHKIINET 1 KOTOMOJOTUH IIPOCTPAHCTB
MO AyJIen

[IeTp 'eopruesuya Sorpad, 27 despana 2014

A xouy pacckazaTb 0 TOM, KaK 0OBEKT, KOTOPLI BO3HUKAET B
Teopun nuddepeHInaIbHbIX YPaBHEHNN, a UMEHHO Tay-(pyHKITAA,
HaXOIUT MPUMEHEHNE B aIrebpanieckor NeOMEeTPUN AT HAX0XK Je-
HUA COOTHOIIEHUN MEX Y KJaccaMit KoroMoaorui. B maTemaTuke
TEePMUH May-PyHKyus TPUMEHAETCI KO MHOTUM oObekTaM. Ca-
Masd 3HaMeHnTad Tay-GpYHKINA — 5T0 Tay-QpyHKIIA Pamanymka-
Ha. JTa PYHKINUA TPUHAMAET 3HAYEHUA HA HATYPATbHBIX UNCIAX,
1 TIPeCTaBIAT co60n KOd(DPUIIMEHTH 3HAMEHUTON MOIYIAPHON
hOpPMBI — MOIYIAPHOTO AUCKPUMUHAHTA. B Teopnn mHTErpmpy-
eMBIX CUCTeM Tay-pyHKIUAMUI HA3BIBAIOT, B YaCTHOCTH, PENIeHNA
MHTErPUPYyeMbIX nepapxuil. f1 ke Oyny mMeThb JeI0 ¢ TaK Ha3bl-
BaeMbIMU M30MOHOAPOMHBIMI Tay-PyHKIUAMEI, KOTOPHIE CBA3aHbI
C M30MOHOJIPOMHBIMI AepOpMAlUAMA CACTEM JUHENHBIX Judde-
PEHIINATBHBIX YPaBHEHU.

PacemoTpnM cuctemy TuHENMHBIX AddepeHInaTbHbIX YpaBHe-
HAU HA KOMILIEKCHOW TLIOCKOCTH: % = A(z)w, rge w — BEKTOP
B N-MEPHOM IPOCTPaHCTBe, A — KBajapaTHasg MaTPHUIA ITOPIIKA

n. bygem cunTaTh, 9TO 3Ta cucTeMma (PyKcoBa, T.e. CUHTYIAPHO-

) A;
et Matpuisl A — mpocteie momockr: A(z) = Y7 =L rae z;
)

— 0coOble TOUKN, A; — MOCTOAHHBIE MATPUIILL. Kpome Toro, Oy-

IeM CUYATaTh, YTO ypaBHEHUE PEryaaApHO Ha OECKOHEIHOCTH, T.e€.
n

2.1 Ai = 0.

OJTO ypaBHEHIE MOXKHO ITEPEeNncaTh KaK ypaBHeHne Ha (PyHIa-

o dP N A -
MEHTATBHYIO CUCTEMY PeIleHmi: & = » =, =V, rae ¥ — wma-
TpUIa, CTOIOIAMI KOTOPOU ABIAIOTCA JUHEMHO HE3aBUCUMEIE Pe-
MeHnA; Mbl OyeM mpeamnorarats, 9ro V(oo) = [ — equHndHas

MaTpUIIA.



Puc. 1.

Mownogpomusa onpenenserca creayiommm obpazoM. Mer permaem
5Ty CHCTEMY JOKAJIBHO, a TMOTOM TPOJOMKAEM DEIIeHNe BOKPYT
ocobon Touku z; (puc. 1). U korga Mbl BO3BpaaeMcsa B HAGaIbHYIO
TOUKY, MaTpuiia W TOMHOKAETCA ClIpaBa HA HEKOTOPYIO MATPHUILY
M;, me zapucamryio oT z: ¥ ~» WM, Marpuna M, rasbiBaeTca
MaTPUIEN MOHOPOMUN BOKPYT TOYKE Z;. MaTpuiibl MOHOAPOMUN
3aa10T TpeCTaBIeHre (HYHIAMEHTATLHON TPYIITE IOCKOCTH C
N TPOKOJOTHIMUA TOYKAMY 2; B TUHEWHYIO TPYIIITY:

M:m(C\A{z,...,2.},20) — GL(n,C).

Hac maTepecyeT Takas 3amada; MbI XOTUM IBUTATH 0COOBIE TOY-
KI YPaBHEHUA M OJHOBPEMEHHO MeHATH KodpduimenTrs A; Tax,
ITOOBI MOHOAPOMUA MIPK DTOM HE MEHANACh, a 0cTaBaJach IMOCTO-
AHHON. JTa 3aJaxa 00 M30MOHOIPOMHBIX TTPE0OPa30BAHIAX TECHO
cBa3ana ¢ 21-n mpobaemon ['manbepra. B 21-m nmpobaeve ['mik-
6epT MOCTaBWI TaKoW Bompoc. [IycTs 3a1aHBEl 0COOBIE TOYKI I MO-
HOAPOMUA BOKPYT DTUX TOUeK. TpedyeTca JoKazaTh, UTO BCErma
HAJIETCA PEIIeHre ¢ TaKOW MOHOJIPOMUEN 1 (PYKCOBBIMU 0COOEH-
HOCTAMU B 3TUX TOUYKaX. [ mab0epT chopMyanpoBa CBOU MMPoo.Ie-
Ml B 1900 roxy, a yxe B 1908 roay noaBunachk ctaTha [Liemend,
rae oH OyaTo OBl JOoKasad Ty TUMoTe3y. B TedeHme mOATUX JeT
CIUTAJOCH, ITO 2TO MPaBAIBHOE JOKA3aTEeIbCTBO, BCe OBLIA 10-
BOMBHBI, U K 2TON 3ajade OOJbIle HUKTO He BO3BpaImmaacda. Tewm
He MeHee, B 70-e rofbl, KOT/Ja HaYaICA COMUTOHHBLIM OyM, OOHAa-
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pyRuiock, 9ro 21-a npobaema ['misbepra (u, Goxee 0610, MPO-
omema Pumana-['mib6epTa) eCTeCTBEHHO BO3HUKAET B TAK HA3BI-
BaeMOM MeTofe O0OpaTHOU 3aJady, ¢ MOMOIIBI0 KOTOPOTO MOXK-
HO MHTErPUPOBaThH HEIMHENHBIe ypaBHeHus. VM Torpa cramm mo-
ABIATHCA COMHEHUA TIO TIOBOAY CIIPABELIMBOCTU JOKa3aTeTbhCTBA
[Lremena. B Ty meATenbHOCTE CYIIECTBEHHBIN BKIA BHECT MaTe-
MaTUK MOCKOBCKOM mIKOIBI, HO.C.Wnsamenko n A.A.Bombpyx.
O .C.Unpamenko oOHaApPYXKWI, UTO B JeUCTBUTEIBHOCTH [laemerns
TOKazaI UMb TO, YTO (PYKCOBOCTH MOYKET BBITTOTHATHCA BO BCEX
TOYKAX, 38 UCKIIOUYEHNEM OTHOU, T.€. ITO MOXKHO HAUTU TaKOU T10-
TeHIraI 1 Takoe muddepeHnnalbHoe ypaBHeHne, KOTopoe Oy aeT
(PYKCOBBIM BO BCEX TOYKAX, KPOME OTHOW, U MOHOIPOMUA OyIeT
Takas, Kak Tpebyerca. Kpome Toro, o 3aMeTuI, 9TO €CIU XOTA
OBI OTHA W3 MATPUI] MOHOAPOMUM AUATOHAIUBUPYETCA, TO JOKa-
3aTeIbCTBO [laemend mpoxo uT; a B 00IIeM CIydae OHO He IPOXO-
muT. 3arem A.A.Bommbpyx Hameén Kourpapumep K 21-u mpobaeme
['minbepra.

A mpogomxy pacckas 06 M30MOHOIPOMHBIX ITPeoOpPa30BaHIAX.
FEcTh pasHble mocTaHOBKY 3a a9 Pumana [ misbepTa. Hy»)Ho0 mpa-
BIJILHBEIM 00pa3oM CTaBUTH ATy 3ajady. XOTeloCh Obl UMETh Ta-
KYIO IOCTAQHOBKY, YTOOBI pEIIeHNe CYIIeCTBOBAIO U OBLIO €IUH-
CTBEHHBIM, HO TaKO€ HEBO3MOKHO. OJUH 13 eCTECTBEHHBIX CII0CO-
00B MOCTAHOBKM 3a a9y — (PUKCAPOBATH HE TOJBKO MOHO IPOMUIO,
HO U IIaBHEBIE YacTU W B 0COOBIX TOYKAX. YCIOBUE Ha IIOCTOAHCTBO
MaTPUIl MOHOAPOMHUM MOXKHO 3aIucaTh KakK guddepeHnnatbHoe
ypaBHeHne Ha W:

oV A;
+ U =0 (1)

0z, 2z — z;

(yeaIoBUe M30MOHOIPOMHOCTH ). DTa CUCTEMa YPABHEHUN HE BCET 1A
MMeeT pellleHne, OHa JOMKHA OLITL COBMeCTHA. U HeTpyIHO BEIBe-

CT! yCJIOBUE COBMECTHOCTMN. ITO YCIOBME HOCUT HA3BAHUE CUCITE-



ma Ilre3unzepa. lnesurrep nepeiM ero Beimmcaa. OHO mMeeT
CIeTYIONIN BT
0A; _ ey npu ¢ # J;
J ki P napm 17 = j.

Breipaxaach COBpeMEHHBIM A3BIKOM, 3TO O3HAYAET, ITO CBA3HOCTD,

3amaBaeMas ypasaerueM (1), — miockas.
Tay-pyHKIIA onpeaendeTca Kak pelleHne creIyiomero mdde-
PEHIVAJIBHOIO YPABHEHUA:

0z 2 — 2
! j<i J

Owna ObLTa BBeleHa, BUAUMO, ATTOHCKAMYA MaTeMaTUIeCKIMI (PU3H-
kamu (Jimbo, Miwa u ap.). [eomerpudeckuit cMbICT Tay-QyHKINN
obuapyxu1 Manbrpamk. OH 3aMeTII, YTO 3aHyIeHne Tay-(yHKIINN
O3HaYaeT HEpPas3pemmMocTh 3a a4 Pumana—Iunn6epra. ususop
Tay-QyHKIIII TOBOPUT O TOM, IIPU KAKNX 3HAUEHUAX 2; U A; COOT-
BeTCTBYIOIMAaA 3amada Pumana-[nibbepTa paszpemmma. 1o ecThb
KPUTepUI Hepas3pemmMocTn 3ajadn Puvana—ImipbepTa Takon:
{r = 0} (mpm >TOM MBI UTHOpUPYEM “TpUBMANLHBIE” HYJIU T Ha
AUAroHALAX {2, = 2 }).

CaMBbIil IPOCTOU TTpUMEp Tay-(hyHKIUY TTOTy9aeTcs, Koraa A(z)
— cranApHaa pyaxnmd, a Bce A; — equnnnbl. Torga Tay-pyHKIN
—— 270 ompenemnTeab Bangepmonga. Kpome kak Ha auaroHaIax
{z; = z;}, on Hurge Goxbine B HyIb He obpamaeTca. [loaToMy 3a-
nava Puvana—Tmis6epra B 9TOM ciydae Beerga paspermma (4To
1 TaK OYEBU/IHO).

Kax a yx)e ckaszan, nHTepec K M30MOHOIPOMHBIM medopMalin-
AM BepHY.JICA 6arogapsa comnTonHomy 6ymy. Ho Tay-dpyHKmm mo-
ABAAIOTCA HE TOJBKO B CBA3M C MHTErPUPOBAHWEM HEINHENHBIX
ypaBHeHUN. Ta Tay-QpyHKINA, 0 KOTOPOH A OyIy CeromHA paccKa-
3bIBATH, BO3BHMKJIA B HECKOJIHKO MHOM 3ajade. OJTa 3ajada ObLia
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pemtena B.A./lyOpoBUHEIM; OHA COCTOUT B MOCTPOeHN (PPOOEHN-
YCOBOU CTPYKTYPHI HA MIPOCTPAHCTBE MEPOMOP(HBIX (PYHKITUN HA,
PUMAaHOBBIX TIOBEPXHOCTAX. PpobeHnycoBa CTPYKTypa, Ui Gppo-
6EHNYCOBO MHOI000pasne, — DT0 HEKUN TTOAX0 ] K TOMY, YTO Ha3bl-
BaeTCA KBAHTOBBIMU KOTOMOJOTWAME, WM PeNleHneM ypaBHEHNA
AcCOMMAaTUBHOCTY — ypaBHeHna ButTena—/Iunkrpaada—Bepaunge—
Bepaunge (WDVV). Eciu roBoputs rpy60, T0o hpoGeHmnycoBo MHO-
roobpasue — 5TO MHOr00Opasue (BEIeCTBEeHHOE WM KOMILIEKC-
HOE) ¢ TWIOCKOU MeTpukou (, ). MeTpuka GuiuHensa, T.e. 5TO He-
BBIPOXK IeHHAA popMa B KacaTerbHOM paccioenun. [Ipn aTom B Ka-
XKIOM CJI0€ KacaTeTbHOTO PaCCIOEHUA eCTh CTPYKTypa PppobeHn-
YCOBOU aJarebphl, T.e. KOMMYTATUBHON aCCOIMATUBHOM alTeOpHI,
YMHOXKEHIE B KOTOPOM COTMIACOBAHO CO CKAJIAPHBIM ITPOU3BEIEHN-
em: (XY, 7Z) = (X, Y Z); 570 n1aBHOE CBOUCTBO, KOTOPOE OTIPE/TE-
asgeT gppobernycoBy aaredpy. (IIpumep dppobenmycoBon aare6pe
JAET KOJBLIO KOTOMOJOIMU TIAKOI'0 KOMIIAKTHOI'O MHOT'000pa-
3WA, TIe YMHOXKEHHE — 2TO 0OBIIHOE —-TIPOU3BeJeHNe, a METPUKA
ompenenseTcsa (hopMon gBoncTBeHHOCTH lyamkape.)

CymecTBoBaHre (GPoOEHNYCOBOM CTPYKTYPHI CBA3AHO C Pelle-
HIEM YPaBHEHUA acCOIMMATUBHOCTH, KOTOPOe A TOKa eIle He BbI-
mucat. A pelleHnre >TOT0 YpaBHEHMA — COBCEM HETPUBUAILHAA
Benrh. Hanpumep, Ha kacarenbHOoM npocTpaHcTBe K R™ B Touke ()
MOXKHO 3aJaTh CTPYKTYPY (hpoOeHnycoBor aarebphl, a Jajblile ee
TPUBUAILHO pasHecTu 1Mo BceMy R”. Ho 5T0 He mHTepecHBIN Ipu-
Mmep. VHTepecHble mpuMepbl BOBHMKAIOT B TEOPUM WHBAPUAHTOB
['pomoBa-ButTena.

YenoBue ppobeHTYCOBOCTY SKBUBATEHTHO CYIIECTBOBAHIIO TaK
Ha3bIBAEMOI'0 IpernoTenuaia. [Ipernorennman — >To raagkas PyHK-
A [ co craemyiommM crenmuaIbHBIM CBOMCTBOM. JlaHHOM ILIOC-
KO MeTpUKe KAHOHUYIECKNM 00Pa3oM COOTBETCTBYET CBA3HOCTH
Jleenm—Hupura V. C noMompio 3TON MJIOCKON CBA3HOCTU KOBApU-



aHTHO nmpomuddepenmpyem F tpu pazamno X, Y u Z; 3T0 10IK-
HO ObITh paBHO (XY, Z), T.e. VxVyVzF = (XY, 7). Ecin mbt
BBENIEM TLTOCKWE KOOPAMHATHI Ha MHOT000OPa3nu, TO TPETHU MPO-
M3BOIHBIE TTOTEHINAIA 1AYT CTPYKTYPHBIE KOHCTAHTHI, KOTOPHIE
Oy Iy T ONpenenaTh YMHOXKEHNE B 3Ton anredpe. KoMMyTaTUBHOCTD
anreOphl OYEeBUIHA, 8 ACCOIMATUBHOCTH MMEEeT MeCTO AaneKo He
Bcerga. [Ina Toro 4Tobkl yMHOXKEHUE, 3a,1aBAEMOE TPETHUMU MPO-
3BOJHBIMI (PYHKIIN [ OBIIO acCOIMATUBHO, HYXKHO, ITOOBI BHI-
TIOJHATOCH YPABHEHUE acCOIMATUBHOCTH (ypaBHeHne Burtena—/lunkrpaada—
Bepaunge-Bepaun e, wmr WDVV)

Fiimg"" Frin = Fimg™" Fign.
Mg nmpennosaraemM, 9TO BBIOPAHBI HEKUE TLIOCKUE KOOPIWMHATHI
(ITOCKOCTB KOOPAUHAT O3HAYAET, UTO METPUKA B 3TUX KOOPINHA-
Tax MoCTOAHHA); F; 0003HATAET MPOU3BOHYIO MO COOTBETCTBYIO-
men KoopanHate; ¢"" — TeH30p, 0OpATHBIN K METPUIECKOMY.

YMHOXKEHe MbI MOXKEM OTIPeIe/IUTh CAeLYIOMNM 00pa3oM: ;e =
Fijkgklel; MBI Pa3IOXKUIN TPOU3BeJeHNe OA3MCHBIX BEKTOPOB IIO
TeM Ke CaMbIM 0a3MCHBIM BEKTOpaM. Y TBepXKIeHNe TaKoe: eCln
BBHITIOJNHAETCA YpaBHEHNE aCCOIMATUBHOCTHU, TO OMPENETEHHOe Ta~
KM 00pa3oM YMHOXKeHWe acCOIMaTUBHO.

CaMBbIN 3HAMEHUTHIA TPUMEP — KBAHTOBBIE KOT'OMOJIOTUN. KBaH-
TOBBIE KOTOMOJOTUN —— 3TO AeOpMaIia 0OBITHBIX KOTOMOJOT L.
BosbpMméM KaKoe-HIOY Ib KOMILIEKCHOE aJarebpandeckoe MHOI00Opa-
3ue V' 1 pacCMOTpUM ero KOrOMOJOTHWH. B KavecTBe MeTPUKN Ha
DTOM TTPOCTPAHCTBE BO3BMEM hopMy nBomcTBeHHOCTH [lyankape
(, ). YMHOXKEHTE B KOTOMOJOTHAX — 9TO OOBITHOE “—-TTPOU3BEICHIE.
A B kadectBe F', ¢ MOMOIIBIO KOTOPOT'O OHO GyaeT aedhOpMUpO-
BaTKCA, HYKHO B3ATH nmoTernuant ['pomosaBurtena. Ou cTrpout-
caA m3 mHBapuaHTOB ['pomoBa-Burtena. uBapmanTsl ['pomoBa—
BuTTena cBA3aHBI ¢ MPOCTPAHCTBOM MOTYJIEN CTAOUIBHBIX OTO-
opaxenun. [lycts [ — IBYMEPHBIN KIACC TOMOJOIMHA TPOCTPAH-
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crea V. Tpocrpancteo M, ,(V, ) cTa6uabhbix oToOpakeHumit
pola g ¢ M OTMEYEHHBIMU TOYKAMU — DTO MHOXKECTBO JOMYCTH-
MBIX OTOOPaKEHNN KOMILIEKCHBIX KPUBBIX (PUMAHOBBIX TOBEPXHO-
cren) B V, peamusyrormux kracc romogoruu 3. C oTuMm mpocTpan-
CTBOM CBA3AHBI 7 €70 0TOOPaXKeHN B V', yCTPOEHHBIX CJIe Y IOIIM
o6pazom. Touka mpoctpanctea M, ,(V, 3) — »1o kpusasa C ¢
OTMEYEHHBIMI TOYKAMU X1, ..., T, OToOpaxkaeMasa B V mocpes-
CTBOM HEKOTOPOTO p. B kKadecTBe ¢-T0 0TOOpaxKeHWA MBI OepeMm
sHadenne p(x;) u nomydaem otobpaxenue p; 1 M, ,(V,8) — V.
3aTeM 119 KJIACCOB KOTOMOJOTUN B V' MBI OepéM mX ImpooOpasbl
OTHOCHUTEJIBHO p; U MOJyYaeM KJIACChl KOTOMOJOTUN B Mg,n(v, B).
[laapIne MBI MOXKEM UX TIEPEMHOXKATD B JTI0OOM KOJIMYECTBE, BHIUU-
CIATH 3TU NPOU3BEAEHNA Ha (DYHIAMEHTATHEHOM UKJIE 1 TOJYIaTh
HEKWe Yncia. JTU IUCIa HA3BIBAIOTCA MHBapuanTamu ['pomoBa—
ButTena. VI ecmm MBI cocTaBUM MPOM3BOIAIIYIO (DYHKIIMIO MHBA~
puanToB ['pomoBa-ButTena, To oHa Kak pa3 u OygeT MpernoTeH-
LIMAJOM: OHa, OyIeT yIOBIETBOPATH YPABHEHMIO aCCOMUMATIBHOCTH.

[ybpoBuH XoTea 0600mMUTE 1 (POPMAIN30BATE 3TY JOBOJBLHO
CIOXKHYIO KOHCTPYKImio. [Ipumep gppobenmycoBa MHOI00Opasus,
0 KOTOPOM f XO4Yy CErOJHA PaccKas3aTh, — dTO MPOCTPAHCTBO Me-
POMOP(MHBIX QPYHKINN PUKCUPOBAHHOIO PoJa U cTerneHn. Ppobe-
HIYCOBa CTPYKTYPa Ha 3TOM IPOCTPAHCTBe OBLIA mocTpoeHa [y-
OPOBUHBIM UMEHHO C TIOMOIIIBIO M30MOHO ApoMHON 3a a4, O6o3Ha-
UM Yepes 7:ld,g IIPOCTPAHCTBO MEPOMOPMHBIX GyHKINKA f poaa ¢
(3TO O3HAMAET, UTO OHM 3aMaHBI HA KPUBOW POJA ¢) CTemneHu d
06I1Iero Bua (3/7€Ch 9TO O3HAUAET, ITO BCE TOMIOCH f TMPOCTHIE,
T.e. |f7'(00)| = d, n Bce KpuTHUeCKMe 3HAYMEHUA TOXKe IPOCTEIE,
T.e. BeTBICHNE HAJ KPUTHICCKUM 3HadeHmeM mMeeT Buf [19722)]
— B MpooOpase KaxJ0r0 KPUTIIECKOT0 3HaMeHNA d — 2 TPOCThIe
TOYKU U OfHA KPUTUYECKasA TOYKA MOPAIKA 2; 3TO yCIOBUE 00IIIe-
ro nogoxenus). Takue GyHKIIE 06pPA3yIOT TIATKOE KOMILIEKCHOE



MHOT'000pasue pasMepHocTH . = 2d + 2¢g — 2, KOTOpOe YacTo
HA3LIBAIOT IPOCTpaHCcTBOM ['ypBuia. [yopoBuH mocTpoun ¢Gppo-
OEHIYCOBY CTPYKTYPY Ha IPOCTPAHCTBE 7:((1,9. Omn cBén npobaemy
peIenns YpaBHEHNA aCCOIMATUBHOCTY K PEIIeHNI0 HEKOU M30MO-
HopoMHON 3agadn. OH ABHO OMUCAI MATPHUIEL A; 114 COOTBET-
CTBYIOIIEN W30MOHOAPOMHON 3aJaxu, PeEIeHrne KOTOPOM TaBafo
MNCKOMYIO TLIOCKYIO METPUKY.

Bo BToponm wactu gokaazga A Oyoy TOBOPUTH O TOM, KaK Tay-
(PYHKITNIO, COOTBETCTBYIONIYIO M30MOHOAPOMHON 3amade [Iybpo-
BIHA, MOXXHO TPUMEHUTH K M3YIEHUIO COOTHOIIEHUU B TPYIIIE
[lukapa xoMmakTuguIIpoOBaHHOTO nMpocTpancTBa ['ypeuma. CHa-
JaJa g HEMOCPEJICTBEHHO OIUINY M30MOHOIPOMHYIO Tay-(hYHKIINIIO
[ybposuna. [ aToro MHE MOHAJ00ATCA TONOTHATETHHBIE TTOHA-
tuA. Hapagy ¢ npocTparcTBoM MepOMOPMHBIX (GYHKIIIN OIIpeIe-
JUM €eII€ KOHGUTYPAIMOHHOE TPOCTPAHCTBO KPUTUIECKIX 3HAYe-
ot Z, = {(21,...,2,) € C" | z; # 2z;}. Y HaC ecTb KOMILIEKCHO
AHAJIUTUIECKOE OTOOpaXKEeHUe ﬂd,g — 2, (xaxgon MepoMopd-
HOU (PYHKIIMM MBI COTOCTABIAEM €€ HAaOOp KPUTUYECKUX 3HAe-
HUWN; KPUTUIECKIE TOYKHU P DTOM 3aHYMEPOBAHBI 1 B IIPO0OOPa-
36 KaXXJOM KPUTUIECKON TOYKU €CTH POBHO OJHO KPUTUUECKOE
3HAYEHHE). DTO 0TOOpAKEHNE ABIACTCA HAKPHITHEM; KOOD IUHATHI
KPUTUIECKUX 3HAYUECHUN UTIPAIOT POJb JOKAIBHBIX KOOPAMHAT Ha
npocTpaHcTBe [ 'ypBuiia 7:(d7_q. DTO 0TOOPaXKeHre Ha3bIBAETCA MOP-
GU3MOM BETBIECHUA, a CPeIu IMOCAeOBATENCN IIKOIL APHOIHIA
OHO Ha3bIBaeTCsA oToOpaxkenueMm Jlamko—/lonenrn.

[laBarre 3adukcnpyem cuMIIeKTuaecKui 6asuc o = {a;, b;} C
H{(C). CroBo “crMIIeKTHHeCKAN O3HAYAET, 9TO TUKIBL (; MEXK-
Iy coO0M He TIepeceKaloTCs, UKk b; ToXKe caMu ¢ cCOO0M He TIepe-
CEKaloTCA, a HeTPUBUAJIbHBIE TIEPECEYeHNA eCTh TOJIBKO Y a; C b;.
Torna mox#O onpenennts 6ununddepentmar Beprvana B(x, y) Ha
C' x C. OH 0HO3HAYHO XaPAKTEPUIYETCA CITYIOMNIMEA CBONCTBA-



vu: (1) oH cummeTputdecknir; (2) y HEro Mmogoc BTOPOTO MOPAIKa
Ha muaroHau (mpu x = y) ¢ 6uBkraeToM 1; (3) fai B(x,y)dx = 0.
Bomusn amaronann Takon auddpepeHiman B JOKATLHBIX KOOP/IU-
HATaX MOYXKHO 3aICATh B BUJIE

1 1
5+ 653(:17) +O0(x —vy) | dedy, x — y.

(r —y)

31ech Sp — 9TO MPOEKTUBHAA CBA3BHOCTH, KOTOpad MPU 3aMeHe

KOOpUHAT w = w(z) mpeobpasyerca CAepyomuM 06pa3oM:
Sgl))w/Q + Sy = S](BZ)v
rie w' — Ipou3BOAHAA 1O Z, a

w/// 3 w//

Sw = w2\ w
— npomssoguas [Isapua. (Ecim 661 He 6110 claraemMoro, cooT-
BeTCTByIOMEero npoussogaon lBapua ot w = w(z), T0 370 OBLT
OBl OOBIMHBIN KBapaTUIHbIN guddepentuan.) /[IpyruMu croBa-
MU, TPOEKTUBHAA CBA3HOCTH OMMMCHIBAET MHBAPUAHTHO OTPENENCH-
HBI TIOTeHIMaa ypaBHeHNA PyKca Ha PUMAHOBOU TTOBEPXHOCTH:
y" + 1Sy = 0.
C MOMOIIBIO TPOEKTUBHON CBAZHOCTY MOYXKHO (JIOKAIBHO) OITpe-
NIEeIUTh CBA3HOCTH beprmana dp B TPUBUAIBLHOM JUMHEMHOM Pac-
CJOEHUM Ha TIPOCTpaHcTBe [ 'ypBuiia ﬂd,g:

- Sp— S
dB:d+4Z Res 28— 2/ dz;;
i=1

e df
31eck [ — MepomopdgHasa GyHKIMA Ha KpuBon C', T; — €€ KPUTH-
Jeckne ToIKU. PazHocTe Sp— S — kBaapaTnanbm muddepenim-
aJI; MBI 1M ero Ha nquddepeHnual MepoMopdHon PYHKIMN | 1
ToydaeM MepoMopdHBI audgdeperIral, y KOTOPOro KOPPeKTHO
OIpPENENEH BhIYET. JTa CBAZHOCTH 3aBUCUT HE TOJBKO OT KPUBOU 1
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MepPOMOP(MHON (PYHKIIMN — OHA, €IIE 3aBUCUT 1 OT BbIOOPa Oasuca
romojornut « Ha C'.

Hakonerr Mb1 gomumm 1o ompeneneHna Tay-pyHKIUU. OTO TIO
ONpeIeIeHnIo KOBAPUAHTHO ITOCTOAHHOE CeYeHre TPUBUATHLHOTO
auHenHoTo paccroeHud: dgT = 0. JlokaabHO BTa QyHKIIUA OIpe-
neJeHa Ha TpocTpaHcTBe ['ypBuila, a Tmo6aJbHO OHA HE ABIAECTCA
OIHO3HAYHOM, HO €€ MOXKHO MHTEPIPETUPOBATEH KaK CEYIeHUE TO-
JOMOPGHOTO PACCTOCHUA HA ﬂd,g. A ompenemun eé B TepMmHAX
kpuBou C', HO €€ MOXHO OIpeenuTh 1 Ha chepe Pumana ¢ n o1-
MEYeHHBIMEI TOYKaMU, KaK 3T0 genan [yOpoBuH, TOrqa OHa Jyd-
ITIe BIIUCHIBAETCA B TEOPHUIO M30MOHO IPOMHBIX nedopmanmi. MTax,
Tay-pyuxiua 7 = 7(C, «, f) saBucur ot xpusou C, 0T BEIGOpA
6asuca o n oT Mepomopduon GyHKImMA f. MBI XOTUM M3y9IUTH,
KaK OHa MpeobpasyeTcsa IMpU 3aMeHe CUMILIEKTIYeCKOro H6asuca u
Ipu APOOHO-TMHENHBIX TPe0obpa30oBaHmuAX (PYHKIUK f.

Mue emé moHa oO0UTCA onpeneneHne Tak Ha3bIBAEMOI'O JUHEeN-
HOT'0 paccl1oeHnd Xo1xka. PaccMoTpuM g-MepHoe paccioerue £, —
M, Haj IPOCTPaHCTBOM MOJYyJIeM KPUBBIX pOfa ¢; CIOM PacclIo-
enna Haj kpuBol C' -~ 3TO MPOCTPAHCTBO )5 TOJOMOPQHBIX 1-
dopm Ha KpuBon C. MoxXHO paccMOTPeTh AeTEPMUHAHT DTOTO
paccroenusa (MaKCUMATBHYIO BHEIIHIOI CTeleHb): A = det B, =
NE,. OT0 1 ecTh IMHENHOE PACcCIOeHre XOIKa. JTO PACCIOCHHE
MOXKHO IOIHATH Ha npocTpaHcTBO ['ypBuna Hg,. [IpocTpancTBoO
Hg, — »To nmpocrpancTso nap suga (C, f), roe MepoMopdHEIe
DYHKIIUM PAcCCMaTPUBAIOTCA C TOYHOCTHIO 1O IPOOHO-IMHENHON
SKBUBATCHTHOCTH, T.e. Hy, = Ha,/PSL(2,C). [lasaiire 3a6y-
JIeM TIPO MEPOMOPMHYIO (PYHKIINIO, TOTA TOJIYIAM 0TOOpaKeHIe
3abbBanud m: Hy, — M,. C nomompio 0TOOpaKeHNA T JIrHEN-
HOEe paccIoeHre XoIKa A MOXKHO IIepeTallluTb Ha H g , 1 HOIyUUTh
paccioerne 7\, KoTopoe OyaeM IId IPOCTOTH 0003HAYAThL TeM
YK€ CUMBOJIOM .
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Enté nam noxanoburca onpegenurens Bangepmonga V = [[._ j(zi—
%;) KpUTUIECKUX 3HadeHn QyHKIun f.

OxasbIBaeTCs, 9TO €CIU IOCMOTPETh, KAK MEHACTCA Tay-(DyHKIIA
7(C, o, f) npu 3aMeHe CUMILIEK TUYIECKOT0 Oa3nca (v U Tpu IPOGHO-
JUHENHOM TIpeoOpa30BaHuy (BYHKINU [, TO HOMYIAETCA CACIVIO-
IIAs JEMMA.

JIEMMA. n = 7771V — 570 mUrge He o6pamaromeeca B
HYJIb DOJOMOPpHOE cederne IHHeHHOro paccaoerns N2 —1).

[llecTrasa crenent ompeneauTens BamaepMmonga mpeobpasyeTcs
mpu IpOOHO-TMHENHBIX TPe0OPa30BAHMAX TaK XKe, Kak u (1 — 1)-ad
cTerneHb Tay-gyHKIME. [losToMy mpomsseserne 71V ~0 uaBapn-
AHTHO OTHOCUTEIHLHO APOOHO-TMHENHBIX MPeoOpa3oBaHun. A Ipn
3aMeHe 6asnca o Tay-hyHKINA IpeobpasyeTcd Tak ke, Kak A2+,

Tenepb HaAM HYXKHO KOMIAKTH(PUIIMPOBATEL MPOCTPaHCcTBa ['yp-
BUIIA. DTO JETAETCA C IMOMOIIBIO TaK HA3BIBAEMBIX JOMYCTUMBIX
HAKPBITUN. [l0 3TOr0 MBI paccMaTpuBaIn HaKphITUA cdepbl Pu-
MaHa IVIaIKAMI KPUBLIMU. Ternepb JaBanTe HeCKOIBKO PACIITPUM
KJTaCC HAKPBITUN, KOTOPBIE MBI pacCMaTpuBaeM, 1 OyIeM paccMa-
TPUBATH HAKPHITUA HAJ KPUBBIMU, KOTOPBIE MOI'YT UMETH [[BOU-
Hble TOUKK. Hac 6yneT nHTEepecoBaTh TOIBKO CIydan, Koraa cdepa
Pumana pacnajgaeTca Ha IBe pallOHAJbHBIE KPUBBIE, MIEPECEKATO-
MIECA 110 OHON TOYKe. /[OmycTuMOe HAKPHITAE — 3TO HAKPHITHE
KPUBOU C IBOMHBIMI TOYKAMU, IIPY DTOM JBOMHLIE TOUKI 0TOOPa-
KAIOTCA B TBOUHBIE TOYKHU (PHUC. 2), KPUTUIECKUE TOUKH PACTIONO-
YKEHBI Ha JOMOJHEHUAX K JBOMHBIM TOYKAM, W A KAXK 0N TOIKH,
JeXKalen HaJ JBOMHOW TOYKOU, UHIEKC BETBJICHUS JOXKEH OBITH
OJIMHAKOBLIM 714 00emX BeTBen. [JomycTumMoe HaKphITHE, 1300pa-
YKEHHOE Ha, PUC. 2, — 3TO CUMMETPUA OTHOCUTENBLHO TTPAMOMN [; PO
g HAKPHIBAOIIEN KpUBOK paBeHd 1, n = 4 u d = 2, a 114 KaXK 0N 13
BEeTBeN, JEeXKAIINX Had TBOMHON TOYKOMW, WHIEKC BETBICHUA PaBeH
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X ~ [IajKas KpuTudeckas To4Ka (W1 3HAYCHHE)

N = J[BOHAS KPUTHYECKAs TOUKa (M1 3HAYCHHUE)

Puc. 2.

B obmem ciydae cuTyanma cxoxkasd. KpmTuieckne 3HAYeHNA
pacrpenenaoTcsa 10 IBYM KOMIIOHEHTaM 3TOW IPUBOAUMON KPU-
BOM PasHbBIMU crocobamu. bynem cumrTaTh, 9TO clIeBa k KPUTHU-
JeCKUX 3HAYeHWH, a CIpaBa n — k KPpUTUIeCKNX 3HadeHnn. Hag
TBOMHOW TOYKOW JIEXKUT I TOYEK HAKPBITHA C UHIEKCAMU BETBJIE-
HIA My, ..., M, (puc. 3).

OueBuanO, 9TO Y m; = d (CTerneHb OTOOPAKEHNUA), T.€. TUCIA
my, ..., M, 3a1a10T pasbueHue 4ucia d. ITo pasdbueHue Oygem
0603HAYATH Yepe3 (= [myq, ..., m,]. [lpu ¢puxcupoBauubix k u
MHOYXECTBO TaKIX JOIMYCTUMBIX HAKPBITUN 0Opa3yeT MHOr0oOpa-
3ue (TOWHEe TOBOPsA, KOMILIEKCHOE TIPOCTPAHCTBO), PA3MEPHOCTE
KOTOPOTO Ha 1 MEHBIIEe pa3sMepHOCTH TPOCTPaHcTRa [ 'ypBuiia. 1o
ITPOCTPAHCTBO MBI OyaeM 0003HAYATH Hdepes A,ﬁ . OkasbIBaeTcH,
9TO0 ecIu K mpocTpaHcTBy ['ypsuiia H,, MBI 106aBUM Bce Takue
IPOCTPAHCTBA Agﬂ), T.e. paccMorpuM Hy g Uukd UZ/ZQQ Agﬂ), TO TO-
JYSIUM KOMITAKTHOE (XOTA 1 0c000€) arrebpanieckoe MHOT000pa-
sue H,y 4. DTO MHOTOOOpA3Ue JeTKO J€CUHTYIAPU30BAT U CIETATH
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Puc. 3.

13 HEro IJIaJKOe KOMILIEKCHOE MHOT00Opasue. CUHTYIAPHOCTH T10-
ABJIAIOTCA 32 CUET JEUCTBUA MUKINIECKUX TPYIIT Ha BETBICHUAX
C WHIEKCAMU M1, ..., M,. ECIm MBI TOCMOTPUM, KaK YCTPOEHO
DTO TPOCTPAHCTBO B HANPABICHUN, TPAHCBEPCAIHLHOM IUBU30PY
A,(f), TO OHO OyJeT BBIMIALETH KaK OKPECTHOCTb HYJA KPUBOU
=G = - = (M. DTy 0CO6EHHOCTE JETKO PA3pPEInTh.
Muoroobpasue nMmeeT camornepecedeHns, KOTOPbIe JEerKO MOXKHO
pa3BecTn.

EcTb KoMImaxTHOE MHOT00Opasue ﬁd’g, 1 Ha €ro OTKPBITON Ya-
CTU YKUBET TOJOMOPQHOEe cedeHue 1), He oOpallatorieecsa B HYJb.
MpI XOTUM TOCMOTPETH, KaK OHO ce0A BeJET Ha INBU30PE KOMITAK-
TUPUKAIIIA. DTO MOXHO CJeJaTh, n3ydasd acuMaToTuku. HyxHO
BBIACHUTH, I'Jle CeYeHue 7) 3aHyJadeTcda, rae obpalaeTca B 6€CKO-
HEYHOCTDb, W MOCYATATh KPATHOCTHA. DTO OBLIO CAETaHO B HAIen
comecTtHou pabore ¢ A.Kokoroseim un /I.Koporkuneim. Mbl mo-
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JYUIAIN CAeYIOMYIO (POPMYTY:

n/2 r r
=22 (1L Sm—1) 12\ 2 [Aﬂ}'
k=2 pkd \i=1 i=1 "

3mechb [A] — krace paccioenus Xomxka (ero MOXKHO TIOHIMATD KaK
JIBYMEPHBIU KIACC KOPOMOJOTHHN ). DTO PABEHCTBO BEPHO U B I'PYTI-
e [luxapa (mepsou rpymme “hxoy — B rpymie arredpandecKux
MIAKJIOB KOPA3MEPHOCTH 1). DTO yKe IucTas arrebpandeckas Teo-
MEeTPHA.

OTa GopMyIa [0 HAIIEro JOKa3aTelbCTBa He OBbLIa M3BECTHA.
BBl M3BECTHBI JUIIL HEKOTOPHIE €€ cIlelnaabHble caydan. Ha-
npuMep, dTa GopMmyaa ObLIa U3BECTHA [JIA TUIEPIIATTIIECKIX
KPUBBIX, HO 2TO O4YeHb CHeNMaJbHBIN caydan. [loxoxyio 3amgatdy
B ciydae ¢ = 0 paccmarpuBamu C.Jlango m /I.3BoHKUH, 1 Ha-
1 Pe3yabTATHl coryacyiorcda. [locme Toro Kak MBI BBIBEIN DTY
dopmyay, van der Geer n Kouvidakis nammm eé€ uucro anrebpo-
reOMETPUIECKOE JOKA3ATEIbCTBO C IIOMOIIBIO TeOpeMbl [ poTen iuka
Pumana—Poxa 1 UCIONIB30BaIN €€ [Id OTBETa Ha CTaphId BOIPOC
Xappuca—Mamdopaa (Harris-Mumford) o kraccax gusuzopos ['yp-
BIIIA HA IIPOCTPAHCTBAX MOIYJIEN KPUBBIX.

Ncnonwsaya aTy Ke aHAIUTUYEeCKYI0 TEXHUKY, MOXKHO BBIBECTH
TIOXOXKIEe COOTHOINEeHMA B rpynnax [lmkapa nmpocTpaHcTB MOy IeN
roMOMOPQHBIX AuddepeHInanoB, He TOJIBKO adeleBbIX, HO 1 KBa-
TPATUIHBIX 1 JI000T0 TopAgKa. /114 MpoCcTpaHCTB MOy Ten abere-
BbIX U KBAJPATUIHBIX NU@depeHnansoB 3Tt (GOpMYabl TIpencTa-
B/IAIOT UHTEPEC W C TOYKM 3PEHUA KOMILIEKCHOU NUHAMUKU. OTH
TTPOCTPAHCTBA TOABAAIOTCA TaM B CBA3M C M3YUEHNEM TITOCKIX Pa-
IIMOHATHLHBIX OMIIMAPIOB U MOTOKa TenmxMiomLtepa.

OnucaHHBIN B JOKJIA € TOAXO0 C UCIOIB30BaHIEM Tay-(YyHKIINN
IPUMEHNM 1 1A APYTHUX 3a1a4. Hampuvep, ¢ ero moMoIIbio MOXKHO
n3ydaTh COOTHOIIEHNA B rpynmnax [lnkapa mpocTpaHcTB MOy IEN
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CIIMHOPHBIX KPUBBIX 1 T.II.
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