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Ilpoxopor HO.I'. I'pynnbl 6upanmoHAILHBIX aBTOMOP(PU3IMOB M
MUHUMAIbLHBIE MO €U

IOpunu l'ennaawsesud [Ipoxopos, 4 anpens 2013

A mauny ¢ Toro, ¥yTo caenain 0630p TEOPUU MUHUMAILHBIX MOJEJEN U BOOOIIE OMPAIIMOHAILHON Te0-
verpun. Ilycts X — menpuBoammoe anrebpamdeckoe MHOTOOOpasme Ha TOMeM KOMILIEKCHBIX HUCe
C. BupanuonaibHas reoOMeTPUs 3aHUMAETCA KIaCCU(UKALMEN TAKUX MHOI000PAa3uu ¢ TOYHOCTHIO 10
OUPANNOHATBLHON SKBUBATCHTHOCTH. JIBa MHOrO06pasusa X u X' MBI HA3BIBAEM OUPAUUOHAALHO IKEUBH-
ACHMHBLMU, €CTU B HAX €CTh OTKPBITEE MO 3apucckomy moamaokectsa U C X n U’ C X', xoTopsie
M30MOP(HBI, T.€. IMEETCA B3AMMHO OTHO3HAIHOE OoToOpaxkenue ¢ : U — U', koTopoe 3amaéTca panmo-
HAJBbHBIMU aiareOpamdeckuMu PYyHKIUAMEA, U €ro 0OpaTHOEe 0TOOpaKeHne TOXKe 3a1aETCsA PAllnOHATbHBI-
MU anredpanvecKkuMu (PYHKIUAMU. DKBUBAJIEHTHAA anrebpandeckas GopmyanpoBka Takas. C xax qbiv
anrebpandeckuM MHOrOoOpasuem X MOXHO cBa3aTh ero mosne C(X) panuoHatbHBLIX (QYHKIUN, U MBI
otoxaectsisieM MHOroo6pasusas X u X', ecim noas C(X) u C(X') msomopduer. Takoe oToGpaXkeHnue
p: X --» X', onpenenéHHOe HE BCIOMY, HABBIBACTCA OUPAYUOHAADHBLM.

IIpeanonoxum Tenepsb, 910 MHOrooOpasume X MPOEKTUBHO W HEOC0OO, T.e. BKIanbiBaeTcsa B P, 3a-
JaéTcsa TaM KaK MHOXKECTBO HYJEUd HEKOTOPOU anrebpamveckOr CUCTEMBI YPDABHEHUU UM PA3MEPHOCTh
KACATEIBHOIO TPOCTPAHCTBA B KAXKIOU TOYKE PaBHA pa3MepHOCcTH MHOT000pasusa. Eciu dim X = 1, To
2TO — anarebpamdecKkas KPUBasA WM, €CIU TOMb30BATHCA AZBIKOM KOMILIEKCHOU TeOMETPUN, KOMITAKTHAA
PUMAHOBA TIOBEPXHOCTE. B 5TOM ciydae 0OTBET MPOCTON: MHONOOOPAa3usa OUPAIMOHATBHO U30MOPQHBI TO-
DA W TOJBKO TOIJA, KOTA OHU M3OMOP(MHBI KAK PUMAHOBBLI MOBEPXHOCTY; HUKAKOU OUPAIMOHATILHOU
reomeTpun 31ech HeT. Ho yxe B pa3zmMepHOCTH 2 CUTyalns HETPUBUAMBLHA: HATPUMED, HEM3OMOPQHLE
muor006pasua P2 u P! x P! cogepwxar oTkpriToe mogmuoxectBo A2 — aduHEy0 MIOCKOCTH (OHR
Hem30MOP(HEI TIOCKOIBKY Hem30MOp(HLI UX rpymmsl kKoromonormin H2 (X, Z)).

OnuH U3 MEePBBIX BOMPOCOB, KOTOPHIN BOZHUKAET B CBA3U ¢ OUPAIMOHAILHON DKBUBAJCHTHOCTBIO,
BOIIPOC O panuoOHAIBHOCTH. MHAYE TOBOPs, BOMPOC O TOM, KOTJa y MHOTOOOpPa3us €CTb OTKPHITOE B
TOMOJONUH S3APUCCKOTO MOAMHOXKECTBO, KOTOPOE MOXKHO AIre0panvdecKu 3amapaMeTpU3OBaTh COOTBET-
cTByOIMM ducjaoM KoopauaaT. Eciu dim X = 1, To y aarebpanveckon kpueou X €CThb NUCKPETHBIN
nHBapuaHT — €€ pon g. Kpueas panuonasbHa TOrIa U TOJILKO TOTA, KOUAa €€ poa g paBeH Hy.x0. Ho
YK€ B PA3MEDPHOCTH 2 OTBET HETPUBUAJEH.

s HE0CO60r0 MPOEKTUBHOIO KOMILIEKCHOT'O MHOrO00pasms X MOXKHO PACCMOTPETH IIYyYOK TOJIO-
mopdubrx k-bopum QF . Takum o6pasom, HO(X, Q% ) — rmo6amsuo onpenenéansie romoMopdubie hopMbL.
PasamepHoCTh 3TOr0 mpoCcTpaHcTBa — 6UPAUUOHAALHBIE UHEapUArm. Boree TOro, ecim ecTh GUPAINO-
HatbHOE oTob6paxenue X --» X'/, TO OHO MHAYIUPYET U30MOPMUIM

HO(X, Q%) = HO(X',Qk).

Moxkuo 3ameHuTs k-popMbl HA TOAUMOPMEL, T.e. BMECTO Qﬁ( paccMaTpUBaThH TEH30PHBIE IPOU3BEICHNU;
daxT ocTaHeTCA BEPHBIM:

0 1\®@k\ ~ 70/ v/ (Ol \®Fk
HA (X, (%)) = H (X7, (2x)™7).
B gactrocTn, g n = dim X paccmorpum wx = 0% — my4ok crapmmx GOpM, W €CI MBI PACCMOTPUM
rI06aTBHEIE CeMeHns ero TeH30pHbIX cTemeren HO (X, w%m), TO Pa3MEPHOCTH

P (X) = dim H(X,w{™)

HaswBaeTCA naopupodom. Hanpumep, nus kpuson g = Py (X). Illpu m — oo, ecan qucaa P, (X) uwenyie-
Bbl€, TO OHU PACTYT HPUOIU3UTENBHO KAK M ™ 11 HEKOTOPBIX MOJOKUTENBHBIX ¢ U 3. ducao » = »(X)
— nenoe. OHO Ha3BIBaETCA K00auposoti pazmeprocmuto X . TpanunmonHO CANTALTCA, 9TO ¢ = —00, €CIN
Bce uncia P, (X) myaesbie. Kogauposa pasMepHOCTH — CaMbI MEPBLIA U CAMBIA TPYOLI NHBAPUAHT.
st KpUBBIX UMeeM
—o0  ecau g = 0,
=<0 ecan g = 1,
1 ecam g > 1.

Hakouer, anre6pa
R(X) =P H(X,wi™)

m>0



TAKKE ABIACTCA OUPANUOHANBHBIM UHBApUaHTOM. QHA HABBIBAETCA KAHOHUUECKOT aa2ebpotl.
Teneps s Mory chopmyaupoBaTh kpurepun KacTensHyoso.

TEOPEMA. Heocobas mpoeKTHBHAA MOBEPXHOCTH X paIMOHAJIBHA TOTJA M TOJBKO TOrAa, KOIIA

P(X)=0um H'(X,0%) =0
Panumonansaoe oToGpakeHne HA3BIBACTCA JOMUHAHMHBLM €CIU ero 00pa3 IIOTEH.

CaeaCTBUE. Ilyctes X — anrebpamdeckas IOBEPXHOCTh, AJA KOTOPOU €CTh JOMUHAHTHOE OTOODaXKe-
mme P2 --» X. Torga moBepxHOCT: X DAIOHATBHA.

Ecau mBr mepengéM B BBICIINE PA3MEPHOCTHU, TO CUTyalWsa CTAHOBUTCA TOPa3g0 00Jee CIOKHOU.
OKa3LIBAETCA, 9TO HUKAKUMY YUCICHHBIMEU IuddepeHInaIbHO-TeOMeTPUYeCKIMY UHBAPDUAHTAME Pa-
[UOHAJBHBIE MHOT000OPA3UA HEIB3S OTIAYATH OT HEPAIMOHAIBHBIX. Hampumep, M3BECTHO, 9TO J00asd
KyOmdIeckas TpExMepHas MOBEPXHOCTH X3 C P* mepammoHamhHA [1], ograxo Bce eé nuddepeHunanbHO-
reomerpuieckne nnsapuantst HO(X, (Q4)®™) = 0 sanynsores; To ke caMoe BEPHO I KBapTUKU
X, C Pt 2.

Bonee mpocTo maydaeMBIMU ¢ 3TOU TOYKYU 3PEHUA ABJAAITCA CBOUCTBA YHUIMHEUIATOCTH U PAIUO-
HAJIBHOU CBa3HOCTU. MHOrOOOpasue X ynudunetivamo, ecau 9epes ero o0y TOYKYy P mpoxomuT pa-
umonaabuas kpusas C. Muoroo6pasue X payuonaibho 64310, €Cau 1is ABYX o0mux Todexk P; u P
5TOr0 MHOT000pAa3us CyMIECTBYET panuoHatbHas kKpusas C, npoxoasamias depe3 Hux. B pasmepnoctu 2
PALIMOHANIBHOCTE TTOBEPXHOCTY DKBUBAJCHTHA PAIMOHATLHOU CBA3HOCTH.

OHUM U3 BAXHBIX TEXHUYECKUX CPEACTB I U3YUEHUA aareGpamtdeckoro MHOroo6pasua X aBid-
eTCA ero KAaHOHMIEeCKUH AuBU30p. Paccmorpum mepoMmopdryio auddepernnanbayo GopMy w CTaplien
creneHu u paccMorpuM e€ nuBu3op Hyaen u mouocoB div(w) = Kx. OH HasweBaeTcsa KaHonUuveCKuMm Ju-
8U30POM. ITOT IUBU30D BLIOMPAETCS HE OJHOZHAYHO, OH BBIOMPAETCs C TOYHOCTHIO 10 AUBU30DA HYJIEN U
MOJIIOCOB HEKOTOPOU panuoHaabHOu (pyHKIuu. COOTBETCTBYIOMUNA KIACC SKBUBAJIEHTHOCTY HA3BIBAETCS
KAHOHUUECKUM KAACCOM.

Ha npoexTuBHOM aareGpan<deckoM MHOTOOOPA3UN UMEETCA €CTECTBEHHOE CIAPUBAHUE MEXK Y TUBU-
30paMU U KPUBBIMU: I/ JH000ro aususopa D u mwo6ou xkpuou C onmpenenéH mxX WHAEKC MepeceueHus
D - C. Tlpm sTom or nuemsopa D Tpebyercs, 9TOOR OH (mam XOTA OBl HEKOTOPOE ero kpaTHoe nD)
o1 aquBusopom Kapree m TorgaD - C' — panmonanbuoe uucao. [oBopsaT, uto auBuzop D wucaenmo
afpdexmueen, eciu D - C > 0 nasa mobou xkpuson C'.

Tenepb 1 pacckaxy O TEOPUH TEOPUM MUHUMAILHBIX Mogeren C. Mopu. Wpes sTou Teopum cocTo-
UT B TOM, 9TOOBI B KAXKJIOM KJIACCE OUPAIMOHAIBHOU SKBUBAJICHTHOCTU HAUTUA KAKOU-HUOYIb BHIIEJICH-
HBII (HO, BO3MOXKHO, HE €[UHCTBEHHLIN) DIEMEHT, KOTOPBIU HA3bIBA€TCA MUHUMAALHON Moneabio. Teopus
Mopu yTBepKIaeT, 9TO CTAPpTysA C JHOO0r0 HEOCOOOr0 MPOEKTUBHOIO MHOr00Opasus X KaKOU-TO SB-
HOU TIOCIEA0BATEILHOCTHIO DIEMEHTAPHBIX OUPAIMOHATLHEIX TPEOOPA30BAHNN MOKHO TPUUTHA K HOBOMY
MHOTOO06pasnio X', KoTopoe nMeeT, BOOGIIE TOBOPA, TTIPOCTEUIIE 0COGEHHOCTA  OHWM HA3BBIBAIOTCA mep-
MUHAALHBIMU 0COOeHHocmamu. TIPU DTOM BBIOJHEHO OJHO U3 ABYX, UCKIIOYAIONINX IPYT APYra yCIOBUU:

(a) muBumsop Kx/ uuciaenno sdpdextuser (torga X' HA3BIBACTCA MUHUMAALHOT MODEABIO);

(b) cymectByer Takoe orobpaxkenue f: X' — Z, 0 < dim Z < dim X, uro gusuzop —K x+ obuses (T.e.
cTporo nonoxkuTeneH) Ha cnoax (torga X'/7 masweaerca modeavto Pano mmm mogenpo Pano—
Mopmn).

S He Oyay BOABATHCA B TEXHUYECKUE JETAJU ONPEIEJCHUA TEPMUHATLHBIX OCOOEHHOCTEW, CKAXKY
JIWIIB, 9YTO UX KOpasMepHOCThb He Menbiie 3: codim Sing(X) > 3. Takum 06pa3oM, Ha HOBEPXHOCTAX UX
HET; B PA3MEPHOCTHU 3 3TO — M3O0JUPOBAHHBIE TOYKU. ITOOBI MOCTPOUTH MPUMEDP TPEXMEPHOU TepMU-
HATBHOW OCOOEHHOCTHU, MBI MOJKHBI B3ATEL ypasHenue f(x,y,z) = (0 1ByMEpHOU TIOBATEBCKON OCOOEHHO-
ctu (mpocrenmen ocobennoctn tuna Ay, Dy, Fp) 1 HEMHOXKKO €r0 BO3MYTHTh:

FEcan sra ocobennocTs n3omuporana, OHa Oy1eT TePMUHAILHOU. JTO MEPBBIA TUM TEPMUHATLHBIX OCO-
6ennocren. Bropou tun noayvaeTcsa kak (pakTop 0COOEHHOCTEN MEPBOI0 TUMA TI0 HUKJINIECKOU IPYIIIE,
IEMCTBYIOIIEN OMpenenéHusIM oopasoM. [Ipocrenmun caydan, Korga GyHKIUA ¢ He 00pallaeTCsa B HYJIb
B HAYAJE KOOPIUHAT; B DTOM CJIYYae MBI TIOIYIAEM CEPUI0 TEPMUHAILHBIX (aKTOPOCOOEHHOCTEN — (haK-
TopoB C? IO MUKIMYIECKUM T'PYIIaM, JeHCTBYIOMAM 110 IPABILIY

(z,y,2) — (e%z,ey,e '2), e =-exp(2mi/r), (r,a)=1.



Bosepamwasacs Kk nporpaMMe MUHUMAABHBIX MOAenen u aeneHuio Ha caydau (a)-(b), ormerum, 9To
KJIaCcC MHOr000pasui1 (a) odens 6oabimon. BoapMéMm, HApUMEp, TIATKYH0 TUNEPIOBepXHOCTE X = X4 C
P" crenenn d. Kanonnueckun nusuzop K x jerko seraucants: Kx = (d—n—1)H,rge H  runepmiockoe
ceuenne. Ecim d > n+1, To X — MurnMaibHas Mogenb. Takne MHOrooOpasusa JaHHOU Pa3MEePHOCTH IIa-
pameTpusynTca 6eCKOHEYIHBIM YucioMm cemencTs. Hao6opor, muaoroobpasus X = X; C P", 11 KoTOphIX
1 <d < n+ 1, npuragiexar KOHEYHOMY YUCIY CEMEUCTB; 3TO MHOT000pasus DaHo, OHM MPUHALIEKAT
knaccy (b).

IIepBoe naOmI0 IeHUE TaKOe.

IIPEANTOKEHUE. Ilycte X Heoco60e MPOEeKTUBHOE MHOroobOpasme. Torma caeayromiue ycJIOBUA
SKBUBAJEHTHBI:

1) muoroo6pasue X yHUINHEHIATO;

2) cymecTByeT OTAMIHOe OT KOHCTAHTHI oTobpaxernue f: P! — X, gra xoroporo f*Tx (mpoo6pas
KaCaTeIbHOIO PACCAOCHUA) HOPOXK AACTCA II0OAIBHBIMEA CEICHUAMY;

3) X ornocmresa k kaaccy (b), r.e. y Hero cymecrByer mogeas Pano—Mopu f: X' — Z.

OTMmeTnM, 9TO SKBUBATCHTHOCTD (1) <= (2) He 3aBUCHT OT HPOrpAMMbl MUHUMAJIBHBIX MOZEJeH (HO
3/1€Ch IO CYIIECTBY XapaKTEPUCTUKA Hy b ). V3 yrmmmaenuaTocTn MmEOroo6pasus X caeayer, ato »(X) =
—o0. Ecte runoresa, nokazannas B caygae dim X < 3, aro BepHO m o6paTHoe: ecm »x(X) = —o0, TO
MHOT000pasune X yHUINHETIATOE.

AHanorudHbIe yTBEPXK ACHUA €CTh U 11 DAIMOHAIBHON CBA3HOCTH:

MPEANOKEHUE. Cregyrommue yCI0BAA SKBUBATCHTHEL:
1) muOroo6pasue X panmoHAJIBHO CBA3HO;
2) cymectByet otobpaxenne f: P — X, g1a kotoporo myaox f*Tx o6mrer (cTporo moaoxuTeen);

3) y mmoroo6pasua X cymectByer mogeas Panmo Mopu f: X' — Z, gna koropon 6aza Z Toxe
DALHOHAJBHO CBA3HA (MU ABIACTCA TOIKOH).

W3 parmuonambHOR cBI3HOCTH caeayet, ato HO(X, (Q1)®") = 0 naa Beex n > 0. EcTb TunoTesa, 10Ka3aH-
mas npu dim X < 3, uro Bepua u o6parnas nMmminkanus. Bomaee Toro, nas dim X = 3 HyxHO HIpoBEepUTH
TomBKO, UTO 2 = —oo, HO(X,QY) = 0 u HO(X,S5%Q%) = 0; goctaTodso 5TUX TPEX PABEHCTB.

Tenepsb st IpeAnonoKy, 9T0 MHOroo6pasue X OHpefeneHo Haj MPOU3BOIBHBIM mojaeM k xapakrepu-
cruku chark = 0, u mpegnonoxky Takxke, 9To Ha X NenCTByeT KoHeuHas rpynna G. TexHuky, 0 KOTOpOu
A WIAHUPYIO cendac 06cyuTh, passuau FO. Y. Mauun u B. A. Uckorckux B 70-e TOAbI B ¢BA3U ¢ apud-
meTmdeckumu Bonpocamu [3], [4], [5], [6]. Teopus Mopu B ciyuae MHOr0OOpPa3uil ¢ JEUCTBHEM KOHEIHOU
CPYIOBL TPAKTUYECKN HUYEM HE OTAMYAeTCA OT CTAHJAPTHOW: CYNIECTBYET TAKOE SKBUBAPUAHTHOE OU-
parmonanbHOe oToOpakenue X --+» X’ onpenenéuanoe vHan K, 9TO BBIMOJIHEHO OMHO U3 ABYX yCJIOBUE (a),
(b) Beme. B cayuae (b) umeeTca BaxHBIN MO nCTyIan

(b%) dim Z = 0, T.e. Z — Touka. Torga X — 5T0 MHOTOOGpazne PaHO C TEPMUHATHHEIMEI 0COGEHHO-
ctamn, y xotoporo Pic(X)¥ = Z.

Pacemorpum moacayuan (b?) moapo6ree. Toraa mpm dim X = 1, X cxema Cesepu Bpayspa, T.e.
X®k~P aogpndimX =2, X TaK Ha3LIBaeMas MOBEPXHOCTHL Aeb Ilemmo; ux B JaHHOU CUTYa-
Uy CymecTsyeT 8 Tunos (B obmeM cay4dae). B pasmeproctu 3 ma X MOryT mOABIATHCSA OCOOGEHHOCTH U
CUTyalus CTAHOBUTCA FOPA310 CIOKHEE, HO BCE PABHO YUCJI0 TUNOB MHOr00Opasuun Pano ¢ TepMuHaib-
HBIMU OCOOEHHOCTAME TOXe KOoHedHO. Ecaum dim X > 4, TO KOHEYHOCTh YMCIa TUMOB — DTO TUIOTE3A
Bopucosa—Anexceera—Bopucora:

I'mnoTE3A. Muoroob6pasua dano (puKCUpOBAHHOU Pa3MEPHOCTH N ¢ TEPMUHAILHBIMEA OCOOCHHOCTA-
MU OPUHALIECKAT KOHEIHOMY 9HCIY AJANeOPAMICCKHX CEeMEUCTB.

DTO yTBEPKIEHUE TIPABAOMTOIOOHO, IOTOMY YTO OHO BEPHO B PA3ZMEPHOCTH N < 3 U A HEOCOOBIX
MHOroo6pasuu Pano B J0OON PA3MEPHOCTH.
7K. TI. Cepp 3aman Takou BOIpPOC.



Bonroc. Pacecmorpum nore K, koropoe konedHo nopoxaeHo Hang Q, m paccMoTrpum rpynmy ero
aBromopdusmos Aut(K). Bepro ju, 910 5Ta rpymnmna 06Ja1aeT CBOUCTBOM

BFS: koHeYHEBIE ITOATDYIIBI UMEIOT OTDAHUICHHBIN MTOPAJOK.

B namen copmectron padore ¢ K. Illpamoseim [7] 1okasaHo, 1TO OTBET MOJOKATENBHBIN B CIydae, KO-
raa cTenenb TpauciengeaTaoct K Han Q ve npesocxoaut 3. Waes nokaszareanctBa  caenyomas. s
nons K cymecTByeT MOIeIb — HEOCOO0e IPOEKTUBHOE MHOroo6pasue X (Haq KAKMM-TO IUCJAOBBIM IO-
nem k), y koTroporo none panmoranbuex pyuknni k(X)) mzomopdro K. Mer MoxeM canTaTh, 9TO rpynna
G C Aut(K) mnencreyer ma X OuperyaspHO, NeNCTBYET HACTOAIMMHU aBTOMOpGdu3Mamu. /lencTBurens-
HO, TMOCKOJLKY T'PYIHa KoHedHa (G, TO MOXKHO HpPeIbABUTL Kakoe-TO adgduuroe MHOrooOpasme X°, ma
KoTopoM G JeHCcTByeT GHpEryIapHO, 3aTeM MPABIILHO 3aMKHYTh X' 1 paspemmTs ocobernocTn. Ipu
ATOM HYKHO CyIIECTBOBAHUE DKBUBAPUAHTHOTO PA3PENIEHUA OCOOEHHOCTEN, OHO JOKA3AHO B HACTOALICE
BpeMa. [lajgee IpUMeHAETCA 3KBUBAPUAHTHAA MPOrpaMMa MUHAMAILHEIX Mogeden: X --» X', Iomygaem
aea caydas: (a) u (b). B caygae (a) mEOroo6pasue X' — muauManbaas Mmoges (qususop Ky 9ucieHHO
apdexTusen) u rpynna G gencreyer ma X (6uperyaspuo). MuHUMATBHAA MOLEAL HE €MUHCTBEHHA, HO
M3BECTHO, 9TO JI00BIE IBe MAHUMATLHLIX Mogemn X' u X m3omopdHEl B KOpasMmepHOCcTH 1, T.€. cyme-
CTByeT OupanumoHaTbHOE oTo6paxenne X' --» X orpanmderne KOTOpOro HA OTKPBITHIE TTO 3APUCCKOMY
vuoxectBa U’ C X' m U” C X" — m3omopduam, a TOMOJHEHUA STUX MHOKECTB HE COAEPKAT AUBA3OPOB
(mns pasmeprOCTH 3 3TM gomOTHEHUS — Kpupsie). B wactroctn, H?(X',Z) = H*(X",7Z). Dra rpynma
KOrOMOJIOrui — (PUKCUPOBaHHAA pemérka; Ha Hen geucreyer rpynna G. Kosaapo umeer orpanuvenusin
HNOPAJOK 1Mo Teopeme MUHKOBCKOTO: KoHeunbie noarpynnsl B GL, (Q) orpanudens:, T.e. MOPAI0K TaKuX
PPy OTPAHWYEH KOHCTAHTON, 3ABUCAIIEH TOJIBKO OT 1. TakuM 06pasoM, mepexona K HOATPYIINe KOHEY-
HOIO MHIEKCA, MOXKHO CINTAThL, 9TO (G TPUBMANBLHO NEACTBYET Ha Koromoaorusax. [lamee paccMaTpusa-
I0TCA 1Ba CIydas B 3aBUCUMOCTH OT TOTO DaBHA WIM HET HyJio upperymsprocts q(X) = HO(X,QY).
B neprom crywae peméria Huxapa Pic(X') sxragemaerca B H2(X',Z), nosTomy Tpymma puKcupyeT
obunbHEbI K1acc. CreqoBaTenbHO, MOKHO CIATATE, YTO MHOrOOOpasme X' SKBUBAPMAHTHO BJAOKEHO B
P". OT0 BIOXKEHWE ONPEIEICHO HAJ YUCAOBLIM TIOJIEM, TIOATOMY CHOBA 1O TeopeMe MUHKOBCKOrO Mmops-
1ok rpynnsl orpanudes. Caydan, korga ¢(X) # 0, 6onee Toukun. CoriacHo apryMeHTaM, IPUBEIEHHBIM
BBILIIE, MBI MOXKEM CuuTaTh, 4T0 G sdpdextusno geucrsyer Ha Pic(X’). Paccmorpum, manpumep, ciy-
gan, korga X — abeneso muoroot6pasue. Torga TpefyeMoe yTBEPK JeHIE — 3TO CJAeICTBAE 3HAMEHUTON
Teopembl Mopaemna: rpymnma k-Touek abereBa MHOT000Opasus, OMPENEIEHHONO HAI IUCIOBBIM moreM K,
KOHETHO TOpOXkaeHa. B 00IeM caydae HYKHO pacCMOTpPETh 0TOOpaxkenue Anbbanese.

Bropoe npunoxenune  3ro Toxe onpoc K. II. Ceppa [8], [9] 0 xop 1aHOBOCTH Iy GUPAIMOHATb-
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HbIX aBTOMOpPdu3MOB. Ilycts gamee k = C. Hanomuum knaccuveckyio teopemy 2Kopaana.

TEOPEMA. Paccmorpum rpynmy GL,(C) u aw6yio eé koneunyio noarpymmy G. Torga cymectByer
HOpMaabHas abeneBa noarpynna A C G orpanmdennoro nagexca [G : A] < const(n).

B.JI. onog [10] cdopmyaupoBal Takoe oupeeieHue:

OnprEJAEJAEHUE. Pacemorpum rpynmy . Hasosém eé acopdanosoti, ecau awobas €€ KOHEIHAs TMMO[-
rpynna G coIep:KnT HOpMATbHYIO abeaeBy MOArpynny A orpaHudeHHoro mujexca, [G : A] < const.

Y a1060r0 anrebpandeckoro MHOrooOpasusa X eCTh DPYINa OUPAIMOHANILHBEIX OTOOPAKEHUN B 01
Bir(X). B wactrOocTH, rpynna Bir(P") masesaetca epynnot Kpemonst u dacto obosznadaerca Cry,(C).
ZK. II. Cepp [8] mokasax xkopaanosocts rpymnsl Cro(C) u 3aman BOIpoc 0 TOM, BEPHO I 3TO TO K€
camoe mas Cr,(C), n > 2. Bonpoc moxHO 06006mmTh, cipocus, korga rpynna Bir(X) 6upanmonanrbabIx
u30MOPGU3MOB aIredpanydeckoro MEHOroobpasus xkopaanosa? B pasmepuoctu 1, musa arobou kpuson X,
JIETKO MpOoBepsAeTca, 4To rpymnna Bir(X) xopaanosa. B pasmeprocTu 2 oTBer yxke He TpuBmaieH. Oxa-
samocsk [10], aro rpynmna Bir(X) mouTu Beerga xopAaHOBa, 32 OQHAM HUCKIIOYEHUEM. VICKIIOUATEIBHBIN
cIyuail — HOBEPXHOCTB, OMpanuoHaIbao m3omopduas P! x E, rae £ — samnTudeckas KpuBag., DTOT
npumep nocrpout ). 3apxun [11].

B cosmecTron pabore asropa ¢ K. Illpamoseiv [12] gokazaHo, 9T0 4151 PALMOHAIBHO CBA3HOI'O MHOI'O-
obpasus X rpynma Bir(X) xkopgaHosa, mpu yCIOBUU BBIIOJHUMOCTH TUNOTE3H Bopucosa—AsekceeBa—
Bopucosa. Bosee Toro, rpynna Bir(X) paBHOMEpHO XOpIaHOBA: KOHCTAHTA CONSt B ONPEICNCHUN HE
3aBUCUAT OT MHOT000pasusa X, a 3aBUCUT TOJIBKO OT pasMepHOcTu. Mges nokasaTeabCcTBa — MOXOXKAs.
Y106l IPUMEHUTH UHAYKIUIO 110 PA3MEPHOCTHU, MBI [TOJKHBEI HEMHOI'O YCWINTH yTBEpKaeHwue. [lomoi-
HUTENBHO HAIOKUM Takoe ycaoBue: X COAEPKUT COOCTBEHHOE PALMOHAMBLHO CBA3HOE TI0IMHOr000pasne



V', uHBapuaHTHOE OTHOCUTEJbHO abeseBoun moarpynnbl A, koropas dgurypupyer B onpeneinenun. Kak
U BBIITIE, MOXKHO CIUTATh, 9TO rpynna G AencTByeT GUPEryaapHO Ha MPOEKTUBHOM MHOrOOOpasunm X .
[lagee mpuMeHNM SKBHBAPMAHTHYIO IPOCpaAMMy MUHMMAJBHEIX Mogenerm: X --» X'. Ilockoapky X pa-
[IMOHAJBLHO CBA3HO, MBI HE MOXKEM IMOJIYIATH B DTOM CIydae MUHUMAIBHYIO MOmenb. [lostomy X' mveer
ctpykTypy Mogenn Pano—Mopu f: X' — 7, rae 6aza 7 Toxe palMoOHATRLHO CBA3HA. Benm 7 — Towvka,
10 X' — muOTro06pasue Pano. Iunoresa Bopucosa—Anekceesa—Bopucosa gaér vam, ¥ro X' npunaiie-
KUT K KOHETHOMY 9IHUCTY ATreOGpamvdecKuxX CeMerCTB, mosToMy X' JOTyCKAeT SKBUBAPUAHTHOE BIOKECHNE
X’ — P" nas mekoToporo orpasudensoro n. Caegosarensuo, rpynna G BkaagsiBaetca B PGL,11 u MBI
MOXKeM IPUMEHUTH CTaHAapTHYIO Teopemy zKopgaHa. DTOT caydai mpocTon (IO MOAYJIH KOHEYHOCTH
cemercTB MEHOroo6pasunt Pano).

Bropou cayuan rexuudecku 6osee CI0xkeH, HO He(OPMATBLHO — 3TO MPOCTO UHIYKTUBHBIU IIAT.
T'pynna G genctByeT Ha 6ase 7, U MO MPEATIONO0KEHNAI0 UHIYKIIUU €CTh COOCTBEHHOE OTKPBITOE TOIMHO-
xkecTBO W C Z, MHBApUAHTHOE PAIMOHAIBLHO CBA3HOE MHOrOOOpasme. TeXHUIeCKN CJAOKHBIM HJIEMEHT
NOKA3ATEIBCTBA  ATO TO, 9TO MBI MOKeM mogHATL W B X' 1 noTy9InTh TaM COOCTBEHHOE PATMOHATLHO
CBA3HOE MOAMHOrooOpasue. [Janee MBI eraeM Iar MHAYKIUM U PA0OTAEM C MHOMOOODA3UAMY MEHBIIEH
pasmepuocTu. [lomumo runoressr BopucoBa—AnekceeBa—Bopucosa 316Ch BaXHBI 1BA MOMEHTA:

1) panmoHanLHO CBA3HBIE MHOTOOGPaA3uWa BEIYT ce6a XOPOIIO MPU MOP(MU3MAX: €CIM €CTh PACCIOEHUE
V — W,y koToporo 6a3a u CI0U PAIUOHAIBHO CBA3HBI, TO U MHOT00Opa3ue V Takike paluOHAIBHO
cesasHo [13];

2) ceasuocts lokypora.

IponntocTpupyeM MocIeIHee Ha IpocToM mpuMmepe. IIpexnonoxum, uro Z = P! u dim X = 3. Torga
o6muil cI0H  HOBEPXHOCTL Jeab Ilemmo. Ipymma G geiicteyer ma P!, moarpymna G/ C G KOHEIHOT'O
HHJIEKCA IMeeT HEeloIBIKHYI0 Touky W € Z = P'. Dra noarpymnna geiicTByet Ha cioe F majg Touxon W.
Caou MOXKET He OBITH PAIMOHAIBLHO CBA3HBIM MHOroOOpasueM. Ho Torga muoxkecTtBo V' ocobeHHOCTER
napwt (X, F), KoTOpbie XyXe, 9eMm Jor-TepMuHanbebie, HenycTo. 1o npuanumny [lloxyposa ono cBasHO.
Bosee Toro, oHO MHBAPMAHTHO W PAIMOHATHLHO CBI3HO. JTO W €CTh KOHCTPYKmua moabéma V C X,
f(V) = W. Hanpumep, nycts obmuin caon [ Kybumdaeckas moBepXHOCTh. OHA MOXKET BBIPOXK IATHCA
B KyOumdeckun kouyc. Ky6udeckunn KOHyC He ABIAETCA PAIUOHAIBLHO CBA3HOU MOBEPXHOCTHIO, HO Y HETO
umeercs Bepiumaa. OHA OJHA U TO3TOMY WHBAPUAHTHA.

IMocnenuee, 9T0 1 X049y OTMETHUTH, — 3TO HECKOJBKO MPUMEPOB B PA3MEPHOCTH 3, CBA3AHHBIX C IBY-
Meprou curyanuen. Teopema 2KopmpaHa HABOAUT HA MBICAbL O TOM, 9YTO KOHEYHBIE MOATPYIILI B IPYIIIE
Kpemonnt Cr,(C) mamoro panra mMoryT OBITH KiaccuduuupoBasbl. [pu n = 2 5TO goaras UCTOPU,
HAUMHAIOWAACA ¢ Kiaaccuiaeckux pabor Bepruau (Moxer GbiTh, emé pambiue). HegaBuo ona B pabore
Joaraguésa u Uckosckux [14] Gbuia Gosee wiu MeHee 3aBepiieHa (HO BCE PABHO TaM OCTANACH MACCA MPO-
6aem). IIpu n = 3 BOIPOC OTKPHIT, OAHAKO U 34ECh €CTh HAAEXK 1A HOLYyIUTh UHTEPECHBIE Pe3yJbTaThL.
Haburo gaercsa ananiorus ¢ KOHEIHBIMU JUHENHBIE TPYIIILI: B MAJBIX PA3MEPHOCTAX X MOXKHO KJIACCU(U-
IIIPOBATH, & B BBICIINX PA3MEPHOCTAX 3TO TEPSIET CMBICI.

B MamoMepHBIX CIy4YasX BO3ZHUKAET 3aMEYATEILHAS TeOMETDHUA, CBA3AHHAA C JEUCTBUEM HA MUHU-
manbubx Mogeaax. lycrs G C Cr,(C)  xonewnas moarpynna. Kaxk u BbIme, MbI MOXKEM CIATATD, 9TO
G GuperyJaspHO NeNCTBYeT HA MPOEKTUBHOM MHOrooOpasum X. Boaee Toro, X pamuoHAILHO, TO3TOMY
MBI MOXKEM CIUTATh, 9T0 X mmeeT cTpykTypy momnemn Pano—Mopu X — Z. Ecmu 7 — me TOUKa, TO
mama rpynna G ABIAETCA PACIINpPEHUEM

1—-Gr —G— Gz — 1.

Waydenne BO3MOXKHOCTEN I TAKAX PACIIUPEHUN  TOBOJBHO CJIOXKHBIM BOmpoc. Hampumep nromy mo-
cBsmena Goubuias dacTb paborer Jomrauésa u Uckosckux [14]. Opuako, HECMOTDsA HA TEXHUIECKYIO
CIOXKHOCTH BOTIPDOCA, HET HﬂeﬁHbIX prrﬂHOCTeﬁ B U3YyYE€HUU 3TOTO CayYasd.

IMosToMy cambil mHTEpECHBIN Ccayydan, korga Z — rouka. [lpu dim X = 2; X — noBepxHOCTH n€/1b
Temmo, ux 8 TunoB (MOABAAIIMXCA B HAMIEH cuTyanun). s Tex, KTO 3HAKOM ¢ apud)MEeTUIECKON CHU-
Tyauuen [5], crepyomas KOHCTPYKIUA HE ABAAETCA HOBOU. HamoMHUM, 9TO CTEmeHb MOBEPXHOCTHU JA€db
[emo 5To KBagpaT KaHOHAYECKOro auBmzopa d := K%. [IByMepHEIE HEJOYUCICHHBIE KOTOMOJIOTHH
H?*(X,7Z) ssamorca peméTkoit parra r := 10 — d. B 5To# peméTke eCTh BLIICICHHLIN DJIEMEHT — Ka-
nonnveckunn knace [Kx]. Ero oproronansuoe gononnenue K; B mpoctpanctee H?(X,R) yxe Gymer
BEIIECTBEHHBIM MPOCTPAHCTBOM PA3MEPHOCTH I — 1, HA KOTOPOM (GopMa TIepeCceueHrnsa OTPUIATEILHO



onpegenena. TaM eCTh BEIICICHHBIE DIEMEHTHI (r, JIA KOTOPHIX a2 = —2, m OHE OOPa3yloT CHCTEMY

kopHen A (B KIaCCUIeCKOM CMBICIE). B 3aBucuMocTu OT cTenenu d CUCTEMBI KOPHEN TIOLYYaloTCA TaKue:

d 1 2 3 4 b) 6
A Eg E7 E(; D5 A4 Al X AQ

Ilpu d < 5 mobas nmoarpynma rpynnsl aBroMopduamoB G C Aut(X) ecrecTBeHHBIM 06pPA30M BKJIAIBI-
Baerca B rpynmy Bemnsa cucremsr kopren: G — W (A). D1o nepsoe ycaosue, apudpmerudeckoe. MoxHO
paccMOTpeTh TaKXkKe reoMeTpudeckue yeaoBusa: Hanpumvep, npu d = 1 wa X mmeeTcs HEKOTOPas BhIIe-
JIeHHasa TOYKa. [JelcTBUTeNbHO, AaHTUKAHOHNYIECKaA JTUHENHAA CUCTeMa | — KX| — MYyY0K DJIMOTAICCKUX
KPUBLIX C OJHOU GA3UCHOU TOYUKOU, KOTOpas MOMKHA OLITH MHBapuaHTHA. | pynma G OEUCTByeT B Ka-
CATEIBHOM TPOCTPAHCTBE 3TOU Touku. CleqoBATENILHO, OHA UMEET TOYHOE IBYMEPHOE MPEACTABJICHUE.
KoMGuHaupys 3T ABa yCJIOBUS, MOXKHO HMOLYIUTD IOJHOE onucanue Beex nmoarpynn G C Aut(X).

B maeane xorenocs 6vI moayduTs 4TO-TO NO0A00HOE B pasmepHocTn 3. MHOroe 3gecs mepectaér pa-
60TaTh, HO KOe-4TO U HeT. Paccmorpum takou npumep. [lycrs X — Tpéxmeproe muOrootpasue dauno
Takoe, UT0 Kx — muBm3op Kaptwe, T.e. ocobennoctu X — runepnoBepXHOCcTHBIE. Kak 1 BBIE, pac-
emotpum pemérky H2(X,Z). flcno, uTo MB1 MoxeM 3amucaTh —Ky = TH 118 HEKOTOPEIX r € Z u
H € H?(X,Z). MakcumaJbHOE r' ¢ TAKUM CBOHCTBOM Ha3blBaeTcA umderxcom MHOrooGpasua damo X.
Jlunennas cucrema |H| Hemycra u cogepXKuT HEOCOOYI0 MOBEPXHOCTh, KOTOPYIO MbI Takke 0003HATUM
qepe3 H.

Torga r = 1, 2, 3 nmm 4, npuuem r = 4 Toapko B caydae X = P3. Ecim r = 3, 1o X = Q5 C
P* — xBagpuka (Bo3moxkHO, ocobas). Takum o6paszom, mpu r > 3 COAEPKATEIBHONO B BOIPOCE 00
aBToMOpduaMax X HeT. IlepBbIH comepxkaTelnbHBl cayuait: r = 2. Henoe uucao d = H? HasbBaeTcs
cmenewvto X. llpu r = 2 ono npuaumaetr 3uadenus 1 < d < 7. Hecaoxuo Bugers, uyro Torga H —
MMOBEPXHOCTH Jeab llemro.

Hac momxken maTepecoBars caydau oco6oro X mo asym npuydmHam. Bo-mepsbix, MEOr006pasus Pa-
HO mHAeKca 2 crenenu d < 3 HEPAUMOHAMBHEI, & /A NPUIOKEHUU K rpymnmne KpeMOoHBI BaXHBI TOJILKO
PaIMOHATBHEIE MHOT00GPasus. Bo-BTOPEIX, 3a AByMA UCKmodeHuaMu, peméTka H2(X,7) ogHoMepHa 1
€CTECTBEHHOE TMPEACTABICHAE ABTOMOP(MU3IMOB B DTOU PEIMIETKE TPUBUAABHO. 110 HEKOTOPBIM TPUYIMHAM,
5TO OPUBOAUT K TOMY, 9TO rpynna asroMopdusmos Aut(X) gosoabHo «vaaay. B ocobom xe caydae Mbl
MOXKEM PACCMATPUBATHL APYTy0, 6ombiyto pemérky Ho (X, Z) (rpynmy xraccos gususzopos Benns). Ha
Hel nMeeTcs ckausapHoe npoussegenue (D, Dy) = Dy-Dy-H curnatypst (1, p—1). 3a HeGOABINM 9UCIOM
TPUBUAIBHBIX UCKIHOUYeHUN, B TpocTpancTee Ho (X, R), Kak U B AByMEPHOM CJIy4dae, BOSHUKAET CUCTEMA
KOpHen A U eCTeCTBEHHOE MpeNCTaBICHUe TPYINEI ABTOMOPGU3MOB B rpynne Bemasa. Bee BoaMoxHOCTH
st A knaccudunuposansl [15] B 3aBucumoctu ot crenenu d. Paccmorpum, Hanpumep, ciydan, Koraa
pasmeprocTh Hj (X, R) — makcumanbro Bo3MOoxHas (paBra 9 — d).

d 1 2 3 4
A E; | Dg A5 A1 X A3
ZSing(X) | 28 | 16 | 10 6

Ilpu d = 4 muoroo6pasue Pauno X ABIAETCA MEPECEUECHUEM ABYX CHEIUAIBLHBIX KBAIPUK

2 2 9 2 9 2
Ty — Ty = T3 — Ty =I5 — Tg
B P T X6
. I'pynma aBToMOpdu3MOB €CKOHEYHA U COJEDPKUT HEMPEPBIBHYI IaCTh.
ITpu d = 3 muOroo6pasue X — snamenutas kybuka Cerpe

{ZTZ :Z’I’? :0} C P,

Eé rpynma aBroMopduaMoB uzoMopdHa cummeTpudeckon rpymmne Sg.

Ipu d = 2 X peamusyercsa Kak ABYINCTHOE HAKPEITHE PP pa3BeTBICHHOE B KyMMEPOBOI IIOBEPXHOCTHI
B, C P3. NMeeTca TpEXMEPHOE CEMERCTBO TAKAX MHOTO0OPA3Mil 1 IPYIIIA aBTOMOP(UIMOB 3aBUCAT OT
BEIOOpPA KOHKPETHOTO TPEICTABUTENA, HO B JHOOOM CIydae OHA COAEPKUT MHBOMIONNK [anya TBOMHOTO
HAKPBITUA. AHAJIOTHYHOE onucanue umeercsa aas d = 1.

[l1a maoroo6pasuu Pano nHgeKca 1 cUTyanus CTAHOBUTCA elné OoJee MHTepecHOu. B nToM caydae
obmmy anTukanonwydeckunn ausuzop H € | — Kx| apasercs nosepxuoctsio tuna K3 u, xak u Bbime,
MMeeTcs TPUMUTHRHOE BaoKerwe pemérok Hy(X,Z) < H2(H,Z). HecmoTpsa ma To, aT0 pemérra K3



H?(H,7) uay«ena o4eHb XOPOIIO, 3TOT CIyHYal MOKa He uccaegopan. Takum 06pa3oM, TeXHUKA, U3y IeHUs
KOHEYHBIX TIOATPYTIN B TPOCTPAHCTBEHHOU TpyTne KpeMOHBI B HAXOIUTCA B TMPOIECCE aKTUBHOTO PA3BU-
Tus. Tem He MeHee, MHTEePECHbIE KIACCH MOATPYNI MOIYT U3y9eHBl U B HACTOALIEE BpeMs (HAIpUMEp, B
pa6ore [16] kaaccudumuposans: npoctsie noarpynnsl B Crz(C)). HeconpsxénnocTs moarpynn B rpym-
nax Kpemonbl MOXxkeT OBITH JOKA3aHA CPABHUBAHMEM MHOXKECTB HEMNOJABUKHBEIX TOUeK [17], Beraucienuem

koromosorun [18] mim MeTo10M MakcuManIbHBEIX 0coOenHocTen [19].
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