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IIpoxopor FO.I'. I'pynnel 6mpanunoHaJIbHBEIX aBTOMOP-
$dU3MOB 1 MUHUMAJILHBIE MO €I

FOpun I'eananbesud IIpoxopos, 4 anpens 2013

A HaYHY ¢ TOrO, YTO CcHeran 0630p TEOPUU MUHUMAJIbLHBIX MO-
nerenn W BooOme 6mpammoHaabHou reoMerpuu. Ilycts X — He-
TPUBOIUMOE aarebparmdeckKoe MHOT00Opa3ue Ha,T MoJeM KOMTLIEKC-
uerx gucen C. BrupamnnonanbHas reoMeTpus 3aHUMAETCI KIACCH-
uKaImen Takux MHOIOOOPa3uMl ¢ TOYHOCTBIO N0 OMpalrOHAIb-
HOU DKBUBaIeHTHOCTHU. /IBa MHOro06pasua X u X' Mbl HasbIBaeM
OUP AYUOHAALHO IKBUBAAEHMHBIMU, ECTU B HIX €CTh OTKPHITHIE
1o 3apucckomy moamuoxkecTsa U C X u U C X', xoroprie
M30MOP(HBI, T.e. UMEETCA B3aWMHO OMHO3HAYHOE OTOOpaKeHue
¢ : U — U, xoropoe 3a1aéTca palyoHAILHBIME alrebpantie-
CKUMU (PYHKIUAMHU, 1 er0 0OpaTHOE 0TOOpaKeHue TOXKe 3a,1aETCsA
PAlOHATHLHBEIMI alreOpamdecKuMn GyHKINAMEA. ODKBUBATEHTHAA
anredbpanveckas gopmyaupoBka Takad. C KaxkIbIM anaredpamte-
ckuM MHOT0OOpasmeM X MoxHO cBa3aTh ero note C(X) parnm-
OHANBHBIX (DYHKIMHU, W MBI OTOXKAECTBAAEM MHOrooOpasma X u
X', ecm moia C(X) u C(X') mzomopdubr. Takoe oTobpaxkenne
¢: X --» X' onpenenéHnoe He BCIOAY, HA3LIBACTCA OUPAYLO-
H A HBIM.

[IpennonoxumM Tenephb, 9TO MHOroobpasme X MTPOEKTUBHO 1
Heoco0o0, T.e. BKIagbIBaeTca B P") 3amaeTca TaM KaK MHOYXKECTBO
HYJIeI HEKOTOPOH aareOpamvdeckon CUCTEMEBI YPABHEHUN 1 pa3Mep-
HOCTh KacaTelbHOrO MPOCTPAHCTBA B KaXXIOW TOYKE paBHA pas-
MepHOCTH MHOroobpasua. Ecim dim X = 1, To aTo — anrebpan-
JecKad KPUBaA WU, €CIA TTOTh30BATHCA A3BIKOM KOMILTEKCHON T'e0-
MEeTPpUM, KOMITAKTHasA PUMAHOBA MOBEPXHOCTH. B ToM ciaydae oT-
BET IIPOCTON: MHOI000pa3ua OUPAIMOHAIBHO B30MOP(MHBI TOr1a 1
TOJBKO TOTA, KOTJa OHU M30MOP(HBI KaK PUMAHOBBI ITOBEPXHO-



CTH, HUKAKON OMpaIlMOHAILHON IeoMeTpuu 31ech HeT. Ho yxe B
Pa3MEpPHOCTH 2 CATYyallldd HeTPUBHUAILHA: HAIIPUMED, HEM30MOP(d-
nrle MEOr006pasud P? u P! x P! conepxaT 0TKpLITOE IO IMHOKe-
ctBo A% — addUHHYIO IOCKOCTE (oMM HEM3OMOPQHBI TOCKOIBKY
HeM30MOP(HEI UX I'pynnsl kKoromoaoruit H* (X, 7Z)).

OnH 13 MepPBBHIX BOIMPOCOB, KOTOPLIN BO3HUKAET B CBA3M C OU-
palMOHAIBHON SKBUBATEHTHOCTHIO, — BOIPOC O PAIMOHATHLHOCTH.
Nuaxe roBops, BOIIPOC O TOM, KOTJa Y MHOI00OPa3usa eCTh OTKPhI-
TO€ B TOMOJOTUYN 3APUCCKOTO TI0IMHOXKECTBO, KOTOPOE MOYXKHO aJ-
rebpanmvecky 3amapaMeTPU30BaTh COOTBETCTBYIOMIMM YUCJAOM KO-
opaunatT. Ecmu dim X = 1, To y aarebpamdeckon KpuBou X e€CThb
MUCKPETHBIN MHBAPUAHT — €€ poJ ¢. KpuBad pannoHaIbHa TOT 14
1 TOJBKO TOT[a, KOTrja e€ pol ¢ paBeH Hyaio. Ho yxe B pasmep-
HOCTHU 2 OTBET HETPUBHUAJEH.

11 Heoco60ro MpOEeKTUBHOT'O KOMIIIEKCHOT'O MHOT000pasnd X
MOXKHO PACCMOTPETH TMYYOK TOJTOMOPGPHBIX k-popMm Qﬁf Taxuwm
o6pasom, H'(X, Q%) — rrobamsao onpeferéHAEe TOIOMOPhHIE
dopmbl. PazmMepHOCTE 2TOT0O MPOCTPAHCTBA — OUP GUYUOH AL HbLT
unsapuarm. Boree Toro, ecim ecTh OUpaloOHATIEHOE 0TOOpaXKe-
ane X --+ X' To oHO MHIYIMDYeT M30MOPQU3M

0 k ~Y 0 / k
H(X,Q%) = H(X',Q%).
MoxkHo 3aMeHnTDb k-hopMmbl Ha MomadopMel, T.e. BMecTo Q% pac-
CMaTPUBATL TEH30PHbLIE TPOM3BEAEHNA; (PAKT OCTAHETCA BEPHBIM:

HO(X, (%)) = HO(X', ()"
B gacraoctn, ana n = dim X pacemorpum wy = (2% — my4ok

cTapimx popM, U eCIA MBI PACCMOTPUM II0OAIbLHLIE CEUEHI €0
Tersopubix crenenen HY(X,w{™), To pasMepHOCTE

P, (X) = dim H(X,w{™)
HA3BIBACTCA Nutopupodom. Hampumep, mia xpuson g = Pi(X).
[lpu m — oo, ecim wwmcaa P,,(X) HeHy/leBble, TO OHU PACTyT
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HpI/I6JII/IBI/ITeJIbHO KaK c¢m’™ I HEKOTOPBIX IIOJOXKUTEJIBHBIX C U

. Hucno »x = x(X) — nenoe. OHO Ha3BIBAETCA K0JAUPOBOT
paszmepnocmuio X . TpaIuIimonHO CINTAETCA, ITO 3¢ = —0O0, €CIN
Bce uucaa P, (X) nyressie. Koganposa pasmMepHOCTb — CaMbil

TIEPBBIA 1 CAMBIN T'PYOBIT MHBApUAHT. /14 KPUBBIX NMeeM

)
—oo ecmu g = 0,

2 =40 ecn g = 1,

1 ecam g > 1.

\

Haxomner, aareotpa

R(X) = P H (X, (")
m>0
TaKXKe ABIAeTCA OupalmoHaIbHBIM MHBapranToM. OHa Ha3bIBAET-
CS KAMOHUYUECKOTU aa2ebpPoil.
Teneps A Mory chopMyInpOBaTh KpUTepun KacTerbHyoBo.

TEOPEMA. Heocobas npoeKkTuBHAA IOBEPXHOCTH X paIHo-
HaJIbHA TOTJA H TOIBKO Toraa, korga Po(X) = 0um H'(X, Q%) =
0.

Pamnmonanbnoe 0ToOpaXkKeHne Ha3bIBACTCA JOMUHAHINHBIM €CIT eT0
00Opa3 TMIOTEH.

CHIEACTBUE. Ilyctes X — anrebpamdeckad IOBEPXHOCTE, TIA
KOTOPOH ecTh JoMuHAaHTHOe oToOpaxkernue P? --» X. Torzaa
TTOBCPXHOCTH X paluoOHAJIbHA.

Eciu MBI iepeniéM B BBICIITE PA3MEPHOCTH, TO CUTYAIIU CTa-
HOBUTCA TOPa3fo Ooxee CIoKHOU. OKa3bIBAETCA, UITO HUKAKAMIU
GUCIEHHBIME  [U(DdEPEHINATEHO-MeOMETPUYECKIMY NHBAPUAHTA-
MU pAIMOHATBLHBIE MHOTO00OPA3UA HEIb3SA OTIWIUTHL OT HEpaIld-
OHATBHBIX. Hampumep, M3BeCTHO, 9TO JM06adA KyOmdeckas TpPEx-
MepHasa nosepxHocTh X3 C P! mepammonansha [1], onnako Bee eé
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maddepernmanbHo-reomeTpudeckue naapuanThl HO( X, (Q4)®™) =
0 3aHYIAI0TCA; TO e caMoe BepHo 1a KeapTuku X4 C P! [2].

Bonee mpocTo maydaeMbIMy ¢ 2TOM TOYKKM 3PEHUA SABIAIOTCA
CBOUCTBA YHUJIMHENYIATOCTH W PAIMOHATBLHON CBA3HOCTU. MHOTO-
obpasme X yHuAuHetluamo, ecim depes ero ooy Touky P mpo-
xoquT parmonanbHaa KpuBad C'. Muorooopasme X payuonaabHo
C6A3HO0, ECIU INA ABYX 00mmx TodeK P} 1 Py 3Toro MHOT000pa3ns
CYIIIECTBYeT pallmoHaabHaa kKpuBad C', Mpoxoadmiasa depe3 Hux. B
Pa3MEPHOCTH 2 PAlMOHAIHLHOCTH TTOBEPXHOCTY DKBUBAJCHTHA Pa-
IINOHAIBLHOU CBA3HOCTH.

OHUM 13 BaXKHBIX TEXHUYIECKUX CPEACTB 1A M3YUeHUA ajre-
OpanieckKoro MHOroobopasusa X ABIAETCSI ero KaHOHUIECKUU [1-
BI30p. PacemorpuM Mepomopdryio nuddepeHInaIbayio Gopmy
W CTapIIen CTENEeHN 1 PACCMOTPUM €€ TUBU30P HYJEW W TIOJTIOCOB
div(w) = Kx. OH Ha3BIBAETCA KAHOHUUECKUM OUBUZOPOM. ITOT
TUBM30D BBIOMpPaeTCsA He OJHO3HAYHO, OH BBIOMPAETCSA C TOYHO-
CTBIO [0 AWBU30Pa HYJIEW U TOTIOCOB HEKOTOPOW PaIMOHATHHON
dyrKImr. CoOTBETCTBYIOMINNA KIACC DKBUBAJECHTHOCTH HA3bIBaET-
CA KAHOHUUECKUM KAACCOM.

Ha npoexTuBHOM anredpantieckoM MHOT00OPA3NN UMEETCA eCTe-
CTBEHHOE CIIapUBAHUE MEX Y IUBU30PAMU 1 KPUBBIMU: I JIOOO-
ro auBu3opa D u modon kpuBou C' onpeneneH nx NHIEKC Iepece-
verna D -C'. [lpu oTom oT qususopa D Tpebyerca, 1ToO OH (1
x0T 6bI HEKOTOPOE ero kpaTaoe nl)) 6bul quBn3opom Kaprhe u
torgal) - C' — paumoHasnbHOe 4ncI0. ['oBopAT, uTOo auBm3op )
yucaenno agpdexmusen, ectu D - C' > 0 pa mobou kpusou C.

Teneps s pacckaxKy 0 TeOpUK TEOPUN MUHUMATBLHBIX Mo feten C.
Mopu. ges aTonm Teopum cOCTOUT B TOM, ITOOBI B KaXKJOM KJIaC-
ce OMPAIMOHATHLHON SKBUBAICHTHOCTU HANTU KAaKOM-HUOYIL BEI-
JEIEHHBIN (HO, BOBMOXKHO, HE €JIMHCTBEHHBIN) 3JIEMEHT, KOTOPBIN
Ha3bIBAETCA MUHUMAJIBHON Mozenbio. Teopua Mopu yTBepx aer,



YTO CTaApTyA € JI000r0 HE0COOOro MpOEKTUBHOIO MHOT000Opa3usd
X Kakon-TO ABHOU MOCAETOBATETHFHOCTHIO AIeMEeHTapHBIX OUpaIin-
OHAJTBHBIX TTPE0OPA30BAHNN MOXKHO MPUATH K HOBOMY MHOT'00Opa-
smio X', KOTopoe mMeeT, BOOOIIe TOBOPA, MPOCTEUIINEe 0COOEH-
HOCTU —— OHM HA3BIBAIOTCA MEPMUHAALHbIMU 0COOEHHOCMAMU.
[Tpy >TOM BBITIOMHEHO OMHO M3 ABYX, UCKIIOYAIONINX APYT APyTa
YCJIOBUMN:

(a) muBmzop Ky guciaento aohdextuBen (Torga X' HaszbiBaeTcs
MUHUMAALHOT MODEABIO );

(b) cymectByer Takoe orobpaxkenune f: X' — 7 0 < dimZ <
dim X, uro muBuzop — Ky oburen (T.e. CTPOTO MOMOKUTE-
nen) Ha croax (torga X' /7 waswiBaerca modeavio Pano wim
mozenbio Pano—Mopu).

f He 6yny BAaBaTbCA B TEXHUYECKNE eTaIN ONMPEeIeJeHns Tep-
MUHATBHBIX 0COOEHHOCTEH, CKaxXXy JUIIb, ITO UX KOPA3MEPHOCTH
re Menbie 3: codim Sing(X) > 3. Takum 06pazom, Ha TOBEPXHO-
CTSAX UX HET; B PA3MEPHOCTH 3 DTO — U30JIUPOBAHHBIE TOIKHA. 1TO-
OBl IOCTPOUTE IPUMEP TPEXMEPHOU TEPMUHAILHOU 0COOCHHOCTH,
MBI TOJKHBI B3ATH ypaBHerue f(x,y, z) = 0 IByMEpHOU TIOBAJTEB-
ckon ocobernocTn (mpocrentrent ocobennoctu tuna A,, D, F,)
1 HEMHOXKO €I'0 BO3MYTUTD:

flx,y,2) +tg(zx,y,2,t) = 0.

Ecmm 5Ta 0c06EHHOCTL M30JMpPOBaHA, OHA OyIeT TepMUHAILHOMN.
OTO TEPBBLIN TUIT TePMUHAILHBIX 0coOeHHocTer. BTopon Tum mo-
aydaeTca Kak pakKTop 0COOEHHOCTEN MEPBOTO TUTA MO IIUKIAIe-
CKOII TPVYIIe, NEeUCTBYIOMEN OIpeaeJeéHHBIM oOpasoMm. IIpocTen-
MU CIydan, Koraa PyHKIUA ¢ He oOpalllaeTcAa B HYJIb B HadaJe
KOOPAMHAT; B dTOM CJIydYae Mbl TOJYyYaeM CEPUI0 TEePMUHATHLHBIX
daxTopocoberHocTel — dpaxTopoB C? Mo IMKIMIecKIM TpyTIIaM,
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NENCTBYIONIAM TI0 [IPABILTY
(z,y, 2) — (e"x, ey, '2), & =-exp(2mi/r), (r,a)=1.

Bospparmaack K mporpaMMe MIHIMAJIBLHBIX MOJECIEN U [eTeHIIO
wa caydan (a)-(b), ormMeTnm, 9T0 KIace MHOr0oOpas3ui (a) OUeHb
6oabiion. BosbMémM, HampuMmep, IIaKyI0 MUIEPIOBEPXHOCTL X =
Xy C P" crenenn d. Kanoumveckum muBm3op Ky KO BBIUH-
ciuth: Kx = (d—n—1)H, rpe H — runepmiockoe cetvenne. Ecn
d>n+1, to X — MEHEMAIbHAA MOJENb. akue MHOr00Opa3usa
TAHHOW Pa3MEepPHOCTH MapaMeTPU3YIOTCA OECKOHEIHBIM YNCIOM Ce-
MencTB. Hao6opoT, maOr0oo6pasus X = X,; C P", 114 KOTOPBIX
1 <d < n+ 1, npuHamIexaT KOHETHOMY YHUCIY CEMEUCTB; 3TO
MHOT000pasua Pano, onn mpuHaLIekRaT Kiaccy (b).

[lepBoe HAOMIOIEHNE TAKOE.

I[TPEANOXKEHUE. Ilycte X — Heocob60e IPOEKTUBHOE MHO-
roobpaame. Torma crexyromme yCI0BUA SKBUBAJCHTHBI!

1) maOrOOGpasme X yHUIUHEHIATO;

2) cyIIecTBYeT OTIUIHOE OT KOHCTAHTHI 0TOOpaKeHue f P! —
X, mia koroporo f*Tx (mpoobpa3 kKacaTeibHOTO PACCI0-
eHUA) MOPOK JAETCA TI0OATBHBIMA CE€TeHUAMU;

3) X ormocurca k kaaccy (b), T.e. y Hero cymecrByer Mo-
ngeas Pano- Mopu f: X' — 7.

OTMmeTnM, ITO SKBUBAJTEHTHOCTH (1) <= (2) He 3aBUCUT OT MPO-
IPAMMBl MUHUMAIBHBIX MOJEIeN (HO 37eCh M0 CYIIECTBY Xapak-
TepucTuKa Hy’ab). U3 yHmimHenwaTocTu MHOTOOOpasua X cie-
nyer, uT0o »#(X) = —oo. EcTh rumoresa, mokazaHHad B Clydae
dim X < 3, uro BepHo n o6parHoe: eciu x(X) = —00, TO MHO-
roobpasume X yHIIMHETIaTOE.

Ananorudnbie yTBEPKICHIA €CTh U I PAIMOHATLHON CBA3HO-
CTH:



[IPEAIOXKEHUE. Creayioiue YCI0OBUA SKBUBAJCHTHBI:
1) maOrOOGpasme X pamuoOHAIBLHO CBA3HO;

2) cymectByeT oTobpaxkenne f: P! — X, r1a xoToporo my-
90Kk f*I'y oOmIeH (CTPOro MOJIOKITEEH);

3) v mHOroo6pasus X cymecrByet mogeab Pano—Mopu f: X' —
Z, 11A KoTOpou 6a3a 7 ToXe PAIMOHAILHO CBA3HA (WIU
ABIAACTCA TOTKOH).

W3 pammonanbHol casHocTH caenyer, ato HY(X, (QH)®") = 0
g Bcex n > 0. Ecrb runoresa, goxkasamnaa npu dim X < 3,
YTO BepHa U obpaTHasd MMILIMKanua. bomee Toro, maa dim X =
3 Hy>KHO TIPOBEPUTHL TOMBKO, UTO 3¢ = —oo, H) (X, QL) = 0 n
H'(X,5%QL) = 0; nocraTouno aTUX TPEX paBeHCTB.

Teneps A mpeAnonoXKy, 9To MHOroobpazume X ompeaeseHo Hal
IpOU3BOIBLHBIM nTogleM k xapakTepuctuku chark = 0, u mpearmo-
JOXKY TakXKe, 9TO Ha X JencTByeT KoHeuHad rpymmna (. TexHuky,
0 KOTOPOMU A MJIaHUpPyIo cendac oocyamTh, paspuan FO. V. Manun
u B. A. UckoBckux B 70-€ oAbl B CBA3M C apUPMETUIECKIME BO-
npocamu (3], [4], [5], [6]. Teopua Mopu B ciaydae mMHOrOOOpasu
C JIEMCTBUEM KOHEYHOW T'PYIIIbI MPAKTUYECKN HUYEM He OTJInYa-
eTcA OT CTaHJapTHOU: CYIIECTBYET TaKoe dKBUBapUAHTHOE OUpa-
noHaabHoe oToOpaxkenne X --+ X' ompenenénnoe Han k, aro
BBITIOJMHEHO OfHO u3 AByX ycaosuu (a), (b) Beime. B caywae (b)
MMEEeTCSA BaXKHBIN TI0ICTyYan

(b%) dim Z = 0, T.e. Z — mouka. Torga X — »TO MHOroo6pa-

sue PaHo ¢ TEPMUHATLHBIME OCOOEHHOCTAMMI, Yy KOTOPOTO
Pic(X)¢ = Z.

Pacemorpum nogeaydait (b?) noapo6ree. Torga mpun dim X = 1,
X — cxema CeBepu—Bpayspa, T.e. X @k ~ P! ampu dim X = 2,
X — Tak Ha3bpBaeMasd IMOBEPXHOCTL fAedb llerno; ux B maHHON
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CUTyanuu CymecTByeT 8 TunoB (B ofmem ciydae). B pazmepro-
cTu 3 Ha X MOTYT MOABIATHCA OCOOEHHOCTU U CUTYAIldA CTAaHO-
BUTCA TOPa3fo CIOXKHEEe, HO BCE PaBHO YUCIO TUIIOB MHOT0O0OOpa-
3un PaHo ¢ TepMUHAILHBIMEI 0COOEHHOCTSAMEI TOXKe KOHEedIHO. Hc-
am dim X > 4, TO KOHEYHOCTH YHWCIa TUIIOB — BDTO THUIIOTE3a
Bopucosa—AnekceeBa—Bopucosa:

['UTIOTE3A. Muoroobpasua Paxo (pukcupOBaHHOT pa3Mep-
HOCTHU 1N C TEDMHUHAJbHBIMUA 0COOCHHOCTAMUI IIpuHagiaexkaT KO-
HEIHOMY IHCIY aIreOpamdecKux CeMEHCTB.

ODTO yTBEpPXKIeHMEe MPaBIorno00HO, TTIOTOMY YTO OHO BEPHO B
pasMepHoCTH N < 3 U IIA HeOCOOBIX MHOrooOpasum PaHo B JIi0-
601 Pa3MepHOCTH.

2K I1. Cepp 3ajgan Takon BOIIPOC.

Bonipoc. Pacemorpum moae K, KkoTopoe KOHEIHO HIOPO-
xkxgeao Hag (Q, m paccmMoTpuMm rpymmy ero aBTOMOD(U3MOB
Aut(K). Bepro Jm, 9T0 5Ta rpymma 061a1aeT CBOUCTBOM

BF'S: koHe4dHBIE TOATPYIIIEI HMEIOT OrPDAHHICHHBIA TOPAIOK.

B wmamen cosmectron padore ¢ K. Illpamosbiv [7] mokaszamo,
YTO OTBET TOJOXKUTENbHBIM B CIydae, KOrJa CTENeHb TPAHCIIEH-
neatroctu K nan QQ me nmpesocxonut 3. Mnea mokasaTeabcTBa —
cremytomad. [Ina mona K cymecTByeT Mogens — He0coHoe TpoeK-
TuBHOE MHOrOOOpasme X (HAJ KAKHM-TO YUCIOBBIM mogeM K), v
KOTOPOTO oJie parmoHarbubix pyakmmi k(X ) msomopduo K. Mur
MoXkeM cuauTarh, 9To rpymnna G C Aut(K) gencrsyer Ha X 6u-
PEryIApHO, OeNCTBYeT HACTOAMMMEI aBToMOpdu3Mamu. [lencTsBu-
TeIbHO, MOCKOMBLKY T'pymna KoHedHa (7, TO MOXHO TPEIbABUTH

kaxoe-To addurHoe MHOro0o6pasue X', uHa KoTopoM (G TENCTBY-

)
eT OUPeryIAPHO, 3aTeM NPABUIBLHO 3aMKHYTH X' U Pa3pelInTh
ocoberHocTU. [Ipm 23TOM HYXKHO CYIIEeCTBOBaHUE DKBUBAPUAHTHO-

I'0 paspelnenns 0coO6EHHOCTEN, OHO JOKA3aHO B HACTOAIIEE BPEM.
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[lanee mpuMeHAETCA SKBUBAPUAHTHAA IPOrPAMMa MUHUMAILHLIX
mogenern: X --+ X', Tlomygaem mBa cayuas: (a) m (b). B cay-
vae (a) muoroobpasue X' — MuHUMaTbHAA MO (AuBI30p K y/
auciento sdgdpextusen) u rpynma G gerctyer Ha X (6upery-
aApHO ). MuHUMATbHAS MOENb He eIUHCTBEHHA, HO U3BECTHO, ITO
mo6ple e MuHEMAIbHBIX Mogean X' u X" msomopdHbI B KO-
pa3MepHOCTHU 1, T.e. CyIIECTBYET OUpAlMOHAIBLHOE OTOOpaXKeH!e
X' --» X" orpanmdenye KoTOpOro Ha OTKPLITLIE 10 SaAPUCCKOMY
vuoxkectBa U C X' u U” C X" — uzomopdmsM, a TOMOTHEHNA
STUX MHOXKECTB HE COEPKAT MUBU30POB (I PA3MEPHOCTH 3 DTH
nononHenus — kpuskie). B wactaoctu, H*(X',Z) = H*( X", Z).
OTa Tpymnma KOroMoJIOruid — (GUKCHPOBAHHAA PEIIETKA; Ha Hen
nerctyeT rpymmna GG. Koagpo mMveeT orpaHn<eHHbI TOPI 0K 10
Teopeme MurkoBckoro: xoneunsre moarpynmsl B GL,(Q) orpa-
HIYEHEl, T.€. MOPAJOK TAaKUX I'PYIII ONPAHUYEH KOHCTAHTOU, 3a-
BUCAIIEN TOJILKO 0T M. Takum 06paszoM, mepexojd K MOAIPYIIIe
KOHEYHOI'0 MHJEKCA, MOXKHO CYUTaThb, 9TO (G TPUBUAILHO JeU-
CTByeT Ha Koromonoruax. [lamee paccmaTpmBaloTCa IBa CIyYas
B 3aBUCUMOCTM OT TOTO PaBHA WM HET HYJII0 UPPEryaapHOCThb
q(X) = H'(X,QL). B nepsom cryuae pemérka Iuxapa Pic(X)
praaeBaeTca B H2 (X', 7), mosToMy rpymma (huKcupyeT O6KIb-
el Knacce. ChaenoBaTenbHO, MOXKHO CIUTATh, ITO MHOI00Opasue
X' pKBUBapUAHTHO BIOXKEHO B IP". DT0 BIoKeHUe OpeseaeHo Ha
YCIOBLIM IIOJEM, TIO3TOMY CHOBA 10 TeopeMe MUHKOBCKOT0 mops-
1ok rpymmel orpannden. Caydan, korga (X ) # 0, 6oiee TOHKUN.
CoracHo apryMeHTaM, IPUBEJEHHLIM BEIIIE, MBI MOXKEM CUATATh,
aro G adpdextusno gencreyer Ha Pic(X'). Pacemorpum, mampn-
Mep, caydan, Korjga X — abeneBo MHorooopasme. Torga Tpebdye-
MOE YTBEPXKIEeHNe — DTO CIeJICTBUE 3HAMEHUTON TeopeMbl Mop-
nenta: rpymma k-Todek abereBa MHO00OpasuA, OIPEIEIEHHOIO
HaJ YUCIOBBIM ToseM K, KoHedHO mopoxieHa. B obmem ciydae
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HY2KHO PacCMOTpeTh oTobpaxkenne Anbbanese.

Bropoe mpunoxenune — aro Toxke Bompoc 7K. I1. Ceppa [8], [9]
0 YKOPJaHOBOCTHY I'PYTII OMPAIMOHAIBHBIX aBTOMOP(I3MOB. [1ycTh
nanee k = C. Hamomanm kraccudeckyio Teopemy 2Koppana.

TeEOPEMA. Pacemorpum rpynmy GL,(C) u a6y eé ko-
geuynyro noarpynmy G. Torza cymecrByeT HOpMaJabHag abde-
aeBa mogrpynmna A C G orpanmienHoro mugexca |G : Al <
const(n).

B.JI. Tlonos [10] cdopmyrupoBarn Takoe omnpeneneHue:

OnpPEAEJEHUE. Paccmorpum rpynmy [, Hazosém e€ arcopda-
H0601, ecan 1106asa e€ KoHedHasA noArpymna (¢ ¢oIep:KuT HopMaib-
Hyto abeneBy moarpynmy A orpanutdennoro mugekca, |G Al <
const.

Y mo60r0 anrebpamdeckoro MHOT000pa3ua X ecTh I'pymma Ou-
parmoHaTbHEIX 0ToOpaxkenun B cebsa Bir(X). B wactHoCcTH, TpyI-
ma Bir(P") waseiBaercs epynnoti Kpemonvl u 9acto 0603HATAeTCA
Cr,(C). 2ZK. I1. Cepp [8] mokazar xopaaroBocTs rpymisl Cry(C) u
3aJ1aJ1 BOIIPOC O TOM, BEepHO Jii1 570 To ke camoe 111 Cr, (C), n > 2.
Bonpoc mMoxHO 06061mTE, cripocus, korga rpymma Bir(X) 6u-
PallMOHAIBHBIX U30MOPPU3MOB aAredpanvdeckoro MHOT00Opa3usd
)Xopaanosa! B pasmeprocTu 1, ama 100601 KPpUBOU X , JET'KO MPO-
BepseTcs, aro rpymma Bir(X) xopaanosa. B pasmeprocTun 2 or-
BeT yxke He TpuBraneH. Oxazanocs [10], wro rpynma Bir(X) nourn
BCETJa XKOPJAaHOBA, 3a OJHUM KCKIoUeHneM. VcKIounTenbHbIn
CIy9ail — TIOBEPXHOCTH, OUpanMoHAIbHO n3oMopdHaa Pt x F| rie
E — snmuntuyeckas kpuas. IToT npumep noctpomt 0. Sapxun
[11].

B cosmectron pabore asropa ¢ K. Illpamoseiv [12] mokaszamo,
9TO [UIA PAIMOHATIBLHO CBA3HOTO MHOTOOOpasusa X rpymma Bir(X)
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YKOPJAaHOBA, IIPU YCJIOBUHU BBIMOJIHUMOCTU TUIOTE3bl Bopucosa -
AunexceeBa-Bopucosa. Boxee Toro, rpymma Bir(X) pasHoMepHO
YKOpJaHOBa: KOHCTaHTa const B ompeaeJeHn He 3aBUCUT OT MHO-
roobpasma X, a 3aBUCAT TOJBKO OT paszMmepHocTu. Mmesa moxa-
3aTeIbCTBA — IMOXOXKad. ITOOBI NPUMEHNTb WHIYKIWIO 10 Pas-
MEPHOCTH, MBI JOMKHBI HEMHOT'O YCUINTL yTBep:xXaeHue. [omon-
HUTETHHO HAJOXKIM TAKOE YCJIOBHUE: X COAEPKUAT COOCTBEHHOE Pa-
IIMOHAJBHO CBA3HOE MOAMHOrooOpasue V', MHBapuaHTHOE OTHOCH-
TeJILHO a0eNeBOr IO ATPYIIEL A, KoTopasd GUrypupyeT B OIpeee-
Hun. Kak u BBIIE, MOXXHO CINTaTh, 9TO rpynna (G IencTByeT Ou-
pPery/IapHO Ha NPOEKTUBHOM MHOroobOpasum X . /[laree npumeHnm
SKBUBAPUAHTHYIO IIPOrPAMMY MUHUMAILHLIX Mogenen: X —-+ X'
[Tockonbky X palmoHAIBLHO CBA3HO, MBI HE MOXKEM IOJYYUTH B
STOM Clydae MUHUMAILHYIO MOJedb. [looTomy X' mmeer cTpyk-
Typy Mogemn Pano-Mopu f: X' — Z, rge 6asza Z Toxe pa-
IMOHATBHO CBA3HA. Ko Z — Touka, To X' — MHOroobpasme
dano. I'mnoresa Bopucosa—AmnekceeBa—Bopucosa 1aéT HaM, ITO
X' npuHaIIexuT K KOHEIHOMY YUCIY aareOpandecKux CeMenCTB,
nosromy X' fmomyckaer skBuBapuaHTHOE Baoxkenue X' <— P" nra
HEKOTOPOro orpanmderroro n. CregoBaTensHo, Tpymnna (G BKIa-
neiBaeTca B PGL, 11 1 MBI MOXXKeM TIPUMEHUTDH CTaHJAPTHYIO TEO-
pemy 7Kopaana. DToT caydani mpocTon (Mo MOIYIH0 KOHETHOCTH
ceMencTB MHOr00Opasui Pano).

Bropon cryuan Texuamdecku 60Jee CI0XKeH, HO HepOpMaIbHO ——
DTO TMPOCTO MHAYKTUBHLIN mar. ['pymnmna G gencTByeT Ha 6ase £, n
110 TIPETIONOKEHUIO NHIYKIIUA €CTh COOCTBEHHOE OTKPBITOE TI0 -
MHOXKecTBO W C Z, nHBapraHTHOE PAIMOHAJBLHO CBA3HOE MHOIO-
obpaszue. TexHu4Ieckn CJAOKHBIA DIEMEHT JOKa3aTeIbCTBa — DTO
TO, 9TO MBI MOKeM HOoJHATE W B X' u monyauTs TaM cobCTBeH-
HOE paIlMOHAJBLHO CBA3HOE MoAMHOroobpasme. /lamee MBI gemaeMm
rar MHAYKIAK 1 paboTaeM ¢ MHOI00OPa3uAMI MEHBIIIEN Pa3Mep-
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noctu. [lomumo runoresnr Bopucosa—Anekceesa—Bopucosa 3mecn
BayKHBI JBa MOMEHTA

1) parmoHATBLHO CBA3HBIE MHOTOOOPA3HUA BEIyT ce6sA XOPOIIO MpH
MopduaMax: ecan ecTk paccaoenne Vo — W,y koToporo 6aza
1 CJIOU PaIlMOHATBHO CBA3HBI, TO U MHOroobpasme V Takxke
PAIMOHATBHO CBA3HO [13];

2) ceasuocts [loxypona.

[IponmmocTpupyem mocaegHee Ha, TpocToM mpumepe. IIpeamoro-
xnM, 970 Z = P! n dim X = 3. Torga o6mmit cIoil — TIOBepX-
HOCTE feib lenmo. [pymma G geiictsyet Ha P! moarpymma G! C
(G KOHEYHOTO MHIEKCa nMeeT HeNoABIKHYIO Touky W € Z = Pl
JTa MOArPYHIa JeucTByeT Ha cioe [ Ham Toukon W. Cion mo-
KeT He OBITh paIlMOHAJBHO CBA3HBIM MHOroooOpasmem. Ho Torga
MHOXKeCTBO V' ocobennocten napsl (X, F'), KoTopbie Xyxke, qem
Jor-TepMuHaIbHBIE, HemycTo. [To npuununy Hlokyposa oHO cBs3-
HO. Bosee Toro, oHO MHBApMAHTHO M PAIMOHAIBLHO CBA3HO. JTO
u ecThb KoHcTpyKimsa noaséma Vo C X, f(V) = W. Hanpuwmep,
IyCTh OOIMY cIon f — Kybudeckas IOBEPXHOCTE. OHa MOXKET BbI-
POXKIATHCA B KyOUdIecK KOHYC. KyOmdeckum KOHyC He ABIAETCA
PALOHAIBLHO CBA3HOM TIOBEPXHOCTDHIO, HO Y HEI'O MMEETCA BEPIII-
Ha. OHa OJHA W MTOXTOMY MHBAPUAHTHA.

[locrenree, ITO A4 X0y OTMETUTD, — DTO HECKOJIBKO ITPUMEPOB
B Pa3MEpPHOCTHM 3, CBA3AHHBLIX C ABYMEPHOU cUTyalmen. Teopema
7Kopgana HABOIUT Ha MBICIL O TOM, 9TO KOHEYHBIE TTOATPYIIIHLL B
rpymme Kpemoret Cr,(C) Mmanoro paara MoryT OBITH KIACCUDUITT-
poBankl. [Ipn n = 2 5To gonrasd ucTopusA, HAUMHAIOMIAACA C KIAC-
cudeckux paboT Beprunu (MoxkeT ObITh, emmé panbine). HegaBHO
ora B pabore [loarauésa u VckoBckux [14] 6blra Gomee mwim me-
Hee 3aBeplieHa (HO BCE paBHO TaM ocTatach Macca mpobaem). [Tpu
n = 3 BONPOC OTKPHIT, OJHAKO W 31€Ch €CTh HAIeXK A MOTYINTh
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MHTEPECHBIE pe3yabTaThl. HabmonaeTca aHAIOTUA ¢ KOHEYHBIMU
JUHENHBIe TPYTIIBL B MATBIX PA3MEPHOCTAX WX MOXKHO KJIACCU(pU-
ITTPOBATH, & B BHICIINX PAa3MEPHOCTAX DTO TePAET CMBICT.

B ManoMmepHBIX cyvaaxX BOSHUKAET 3aMedaTelbHas TeoOMeTPU,
CBA3AHHAA C JEMCTBUEM Ha MUHUMAJIBHBIX Mogenax. [lyctes G C
Cr,(C) — xomewnas moarpymnma. Kak u BBIIIE, MBI MOXEM CtU-
TaTh, 9T0 (G OUPEryaapHO NEUCTBYET Ha MPOEKTUBHOM MHOTO-
obpasuu X. bomee Toro, X palnmoHaAIBHO, TTO3TOMY MBI MOXKEM
CINTATh, 9TO X MMeeT cTpyKTypy mMonemn Pano—Mopu X — Z.
Ecmn Z — ne Touka, To Hama rpynmna (G ABIAETCA PACIINPEHTEM

1 — Gp G Gy — 1.

N3ydenne BO3BMOXKHOCTEN A TAKUX PACITUPEHNN — JOBOJIBHO CIOMXK-

HBIN Boripoc. Hampumep sToMy mocBsinena 0oablas 9acThb padoOTh
Honrauésa u Uckosekux [14]. O qHako, HECMOTPA HA TEXHUIECKYIO
CJIOXKHOCTB BOTIPOCA, HET UIEUHBIX TPYIHOCTEN B U3YIEHUW DTOTO
CIydas.

[loaTOMY caMBII MHTEPECHBIN CIyYau, Korjga Z —— Touka. [lpn
dim X = 2; X — nosepxuocts gens Ilemmo, ux 8 Tunos (mo-
ABIAIONMXCA B Hamen curyarmn). [lna Tex, KTo 3HaKOM ¢ apud-
METUIEeCKON CUTYAIen [5], crenyiomnas KOHCTPYKIIUA He ABJIACT-
ca HOBOW. HamomumM, 9TO CTemeHb TMOBEPXHOCTW Aerb Ilemmo —
DTO KBaJpaT KaHOHUIECKOr0 AuBU30pa d = Kg( [BymMepHBIE 11e-
nouucaennble Koromoaorun H? (X, Z) ABIAIOTCA PEMETKON paHra
r .= 10 — d. B »Ton peméTke ecTh BRIICIEHHBIN DIeMEHT — KaHO-
naeckuit kace [Ky]. Ero oproronamsuoe gonomsenue Ky B mpo-
crpanctse H?(X,R) yxe GyneT BemeCTBeHHBIM IIPOCTPAHCTBOM
pasMepHOCTH 7 — 1, Ha KOTOpoM (popMa TlepecevdeHna OTPUIaTe b
HO ompejeneHa. Tam ecTh BhIENIEHHBIE DJIEMEHTHI (v, A KOTOPHIX
o’ = —2, 1 oHy 06pasyIoT cucTeMy KopHeil A (B KIacCHuecKoM
cMmbicae). B saBucuMocTn oT crenenn d cucTeMbl KOPHER TIOTyHa-

I0OTCA TaKHe:
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dl 1123 4]5 §
A Eg E7 EG D5 A4 A1><A2

[Ipu d < 5 mobaa moArpymma rpynnbl aBroMopdusmoB G C
Aut(X) ecrecTBeHHBIM 06pA30M BKIAIBIBACTCA B TPYITy Bewisa
cucteMmbl Kopuen: G — W(A). D10 nepBoe ycioBue, apudpmeTtie-
ckoe. MoxXHO paccMOTpeTh TakKe NeoOMeTPUYecKre YCIOBUA: Ha-
npuMep, npu d = 1 Ha X nMeeTcAa HEKOTOPas BIJEICHHAA TOYKA.
JleNCTBUTEIBHO, aHTUKAHOHWYECKAA JuHenHaa cuctema | — K|
— MYYO0K DIIANTUYECKIX KPUBBIX C OJHOM 0A3MCHOM TOYKOW, KO-
Topas [oKHA ObITh MHBapuaHTHA. ['pynna G IencTByeT B Kaca-
TeIbHOM MPOCTpPaHCTBE »Ton TouKn. CleqoBaTeabHO, OHA UMeeT
TOYHOE JBYMEPHOE IpeacTaBaeHne. KoMOMHUPys 3Tu [Ba YCIOBUA,
MOXKHO TIOJIYYIUThH TOJHOE ommicanue Beex noarpymn G C Aut(X).

B nneane xorenock 6B MOMYYIUTH YTO-TO MOJOOHOE B pas3Mep-
Hoctu 3. MHOTOE 316eCh MepecTaéT paboTaTh, HO KOe-4TO U HeT.
Pacemorpum Takon npumep. [lyers X — TpéxmepHoe MHOT006pA-
sue Pano Takoe, uTo Ky — muBm3op KapTee, T.e. 0cOOEHHOCTH]
X — TumepnoBepXHOCTHBIE. KaK 1 BBIMIE, paCCMOTPHUM PEIIETKY
H?(X,7Z). fIcuo, 9To MbI MOxeM 3ammucaTh — Ky = rH 118 HeKo-
Topbix 7 € Z u H € H*(X,Z). MakcuMalIbHOe T ¢ TaKUM CBOY-
CTBOM Ha3bIBaeTcsa undekcom Muoroobpasusa Pamo X. Jlunennas
cucrtema |H| Hermycra u comepKuT HEOCOOYIO MOBEPXHOCTE, KOTO-
PYIO MBI TaKxKe 0003HauYnM 1epes H.

Torga r =1, 2, 3 mim 4, npudem r = 4 TOTBKO B crydae X =
PP Eemr = 3, 70 X = Qo C P! — xBagpwka (BO3MOXKHO,
ocobas). Takum obpazom, mpu r > 3 COAEPKATEIBLHOTO B BOIIPOCE
06 aBToMopduamax X HeT. [lepBBIN comepKaTeTbHBIN CTIyIal: ' =
2. enoe wmcno d = H? waswBaetca cmenenvio X . [lpn r = 2 oHO
npuauMaeT 3Hadernsa 1 < d < 7. Hecrox#Ho BUgETH, 9TO TOrIa
H — nosepxuocts pens [lemnro.

Hac momxen naTepecoBaTh caydam ocob6oro X IO IBYM MPUYN-
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HaM. Bo-nepBbIx, MHOr00Opasua Pano uHgekca 2 crenenn d < 3
HepalMOHAILHLL, a A IPWIOKEHUNA K rpymne KpeMoHBI Baxk-
HEI TOJILKO PalMOHAILHBIE MHOT000pasud. Bo-BTOPEIX, 3a ABYM:A
neknodenuamy, pemeérka H*(X,Z) ofHOMepHa U ecTecTBeHHOe
IpeICcTaBIeHIe aBTOMOPGU3MOB B DTON PEIIETKe TpuBUAIbLHO. [1o
HEKOTOPLIM MPUYMHAM, DTO IPUBOAUT K TOMY, YTO IPYIIIA aB-
romopduamoB Aut(X) moBomsHO «Mamay. B ocobom ke caydae
MBI MOJKEM PACCMATPUBATE APYTYIO, Goabinyio pentetky Hy( X, Z)
(rpymmy kracco auBm3opoB Benna). Ha wen mmeerca ckanapHoe
npoussegenne (D, Do) = Dy - Dy - H curnatyper (1, p — 1). 3a
HeOOJIBIINM YUCIOM TPUBUAILHEIX UCKIIOYEHNN, B IPOCTPAHCTBE
Hy(X,R), xak u B IBYMEPHOM CJIydae, BOBHUKAET CUCTEMa KOp-
Hell A ¥ eCTEeCTBEHHOE NPECTABICHAE T'PYIIILE aBTOMOP(U3MOB
B rpynne Bemna. Bce BoamoxHOCTEH maa A KraccupuIImpOBaHbB
[15] B 3aBucumocTu ot cremenu d. PaccmoTpum, Hampumep, CJIy-
gant, Korja pasmepHocTb Hy( X, R) — MakcuManibHO BO3ZMOXKHAA
(paBHa 9 — d).

d 11213 1
A E7 D6 A5 Al X Ag
#Sing(X)| 28] 16 | 10| 6

[Ipu d = 4 muOTOO0Opasue Pano X ABIAETCA TepecetdeHneM IBYX
CHIeUATHLHBIX KBaIPUK

e Qe S B Jg Qe

B P*. I'pymnma aBroMopduamoB X 6eCKOHEUHA U COIEPIKUT HEIpe-
PBIBHYIO 9aCTh.
[Ipn d = 3 mHOrOO6pPasue X —— 3namenutTas kyouka Cerpe

{me = fo’ :O} C P°.

Eé rpynma aBToMopdu3MOB m30MOpgHA CUMMETPUYIECKON IPYTITIE

Se.
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[lpu d = 2 X peammsyeTca Kak IBYIUCTHOE HAKpbITHE P
Pa3BETBICHHOE B KyMMepOBOU moBepxHocTH By C P2, Nmeerca
TPEXMEPHOE CEMENCTBO TaKUX MHOTO0ODA3UN 1 TPYIIIA aBTOMOP-
(PU3MOB 3aBUCUT OT BBHIOOpa KOHKPETHOI'O IPEJACTABUTENA, HO B
TI0O0OM CIyvae OHa, CONEPKUT WHBOJIONMIO ['amya JBOWMHOTO Ha-
KPBITUA. AHAJIOTMYIHOE Omucanme nMmeeTcs aud d = 1.

[nsa muoro0b6pasun Pano nHAEKCA 1 cCUTyanna CTAHOBUTCA €ITIe
6osee nHTEPECHON. B TOM cryvae oOmmm aHTUKAHOHNYIECKUAN [T~
su3op H € | — Ky| aBrsgerca moBepxHOoCcThio Tuma K3 u, Kak u
BBIIIE, UMEETCA MPUMUTUBHOE BIOKeHUE pereTok Ho(X,7Z) —
H?(H,Z). HecmoTpsa Ha To, uTo pemérka K3 H?(H, Z) usydena
OYeHb XOPOINO, TOT CAydYanl Moka He ucciaegoBaH. Taxkum obpa-
30M, TEXHUKA U3YIeHIA KOHETHBIX IO ATPYIII B TPOCTPAHCTBEHHON
rpymnmne KpeMoHbI B HAXOJUTCA B IIPOIECCe aKTUBHOTO Pa3BUTHA
Tem He MeHee, UHTEPECHBIE KIACCHI MOATPYII MOTYT M3y9eHbl 1
B HACTOAIIEe BpeMsa (Hampumep, B pabore [16] kraccupuiiuposa-
wbl pocThie moarpymmsl B Crs(C)). HeconpaxénnocTs moarpymm
B rpymnmnax Kpemons! MoxkeT ObITh JOKasaHa CPaBHUBAHUEM MHO-
KECTB HETOIBIKHBIX ToUeK [17], BerdmcieHneM koromogorun 18]
WM METOJ0M MaKCUMATbHBIX 0coberHOCTen [19)].
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