HE3ABUCUMBIT MOCKOBCKU1 YHUBEPCUTET

['JIOBYC

Ob6meMaTeMaTUIECKIT CEMUHAD

(© Pasb6opos A. A., 2014



Paz6opos A.A. HenpeprbiBHass koMOMHaATOPHUKA

Anexcannp Anekcangposud Paz6opos, 26 nexabps 2013

Peur mongeT 6oaee mam MeHee 000 BceM. Beé okasniBaeTcA B3a-
NMOCBSI3aHHBIM. DTO COBCEM HOBBIE BEIIM, COBCEM MOJIOas HAyKA.
Ona mosABMIaCh, IO MOMM OlleHKaM, 8-9 jteT Haza . OHa COCTOUT U3
IBYX dacTen. béabmasa dacTs — »To JIdBall, o KOTOpOM MHOTI'HE
13 Bac, BuauMo, cabimany, Cerequ u apyrue Jaogu u3 Microsoft.
HacTeio mOMEHbIIe, KOTOpas HasbIBAeTCA aaredpon (aaros, 3a-
HIMAETCA Balll HOKOPHLIN ciyra. CeroaHa a 6yny paccKa3bIBaTh B
OCHOBHOM 0 "acT JloBarma. 9To — romomMopduaMbl rpadgos. OHu,
KaK MBI YBUIUM, CBA3aHBI ¢ COBCEM Pa3HBLIMH BelaMu. JIoBall BbI-
MYCTUI KHUTY B AMEPUKAHCKOM MaTeMaTHIECKOM OOIIeCTBe, KO-
Topas HaseiBaeTca «Large Networks and Graph Limitsy (2012). B
DTOU KHUT'€ CYMMUPOBAHO TO, UTO B DTOU OOJACTU IPOU3OILIO C
MOMEHTa, €€ OCHOBaHMA, T.€. 3a nocaegaue 6-7 aet. Kuaura noBoJb-
HO yBecuctTad, 475 crpanui. Ilo cBoen wactu, anrredpe ¢paros,
A Hamucaa HeOoabon BBOIHEIN TekeT maa «Notices of American
Mathematical Society».

3a MoJITOopa vaca g He CMOI'Y paccKas3aTh OYeHb MHOTO0. Sl HauTHy
c BBegerusa. He 3Hal0, Bce i IPUCYTCTBYIOMINE C OTUM COTIACATCA,
HO aarebpy OTIMYaeT OT aHAJIU3a TO, UYTO aarebpa — DTO HayKa
PO YpaBHEHNUA, a aHAJIN3 — DTO HayKa IIpo HepaBeHCTBa. M B Ta-
KOU HayKe, KaK KOMOMHATOPUKA, JUCKPEeTHAA MaTeMaTHKa, TaKoe
neJeHre ToXke BUIHO. BuI MoxeTe m3ydaTh 60 CTPYKTYPHI, KO-
TOpBIE COBCEM TOYHBIE. Hampumep, KOHEUHYIO TPOEKTUBHYIO ILIOC-
KOCTB; 9TO — aHAJIOr OOBIMHOU MPOEKTUBHOU ILIOCKOCTY HaJ KO-
HeIHBIM moJeM. CyTh B TOM, 9YTO €CIU €€ HEMHOXKKO TIOIIEBEINTh,
TO OHA MepecTaHeT ObITh MPOEKTUBHON ILTOCKOCTBIO; BhI M3yUaeTe
COBCEM TOYHBIN O0BEKT. A MOXKHO M3y4aTh PA3IMIHLIE aCHUMOTO-
TUYECKIE BOIIPOCHI, I'le OT TOT'0, ITO BBl CBOM OOBHEKT HEMHOXKKO



IIIeBEeJUTE, OH He M3MEHAETCA WIM MOYTU He m3MeHseTcA. [losTo-
MYy YV MeHA B 3aIVIaBUM U IOABUIOCH CJIOBO «HENpPepBIBHASY. MBI
ceronHa OyneM 3aHUMaTbCA UCKIIOUYUTETHFHO BOIPOCAMU BTOPOTO
poJja.

YTo MBI OmBITaEMCA caenaTh! Y HAC IMeeTCA KaKad-TO KOMOU-
HaTOpHad cTpyKTypa; B 90% ciIydaeB MOXKHO CIMTATL, YTO DTO
—— caMbll 0OBIKHOBeHHBIN I'pad. Maesa cocTouT B TOM, 9TO 2TOT
rpad odeHb 60JbION. 10 €CTh OH HACTOILKO OOJBIION, UTO YK
X04YeTCA TOBOPUTH, UTO OH HE MPOCTO OOMBITON, & 6€CKOHETHHIN.
MEel cobupaeMcst m3ydaTh CBOMCTBA TOr0 rpada, KOTOPhIe He Me-
HAIOTCA TIPU MaJbIX IIeBeJeHnAX. 10 ecTh ecan K rpady 106aBUTh
HECKOMBKO PEbep (uiu, Hao60pOT, VAAIUTD), TO CBOUCTBO, KOTO-
poe HaC MHTEPeCyeT, He OUeHb CUILHO M3MeHUTCA. MBI XoTuM u3y-
JaTh TaKue OOBEKTHI: YTO O HUX MOXKHO CKa3aTh, KaK WX MOXHO
ONpEeeNINTh, KaK X MOXKHO 33JaTh, ¥ KaK UX N3yYaTh MaTeMaTH-
JecKu. 10 eCTh MBI XOTUM TOHATL, KAK1e 13 DTOI0 MOXKHO M3B/IEYD
MaTEeMATUIECKIE CTPYKTYPHL.

[apanTe monpobyeM TMOHATH, KaK 2TO JedaThb. HKcam MBI TOBO-
PUM O TIOHATUU OJM3OCTH, TO TEPBLIM JEI0M HYKHO BBECTHU TOIIO-
JIOTUIO WX METPUKY. [lepBbIN ecTeCTBEHHBIN BOIIPOC: YTO O3HAYA-
eT, uTo ABa rpada 6mmsku’! /laBanTe B Havalde A TMOKaXYy CIIOCO0,
KOTOPBIN He 0YeHL XOpoIl. Ho 3ToT ¢rnocod caMbIi eCTECTBEHHBIN.
Mg IPOCTOTHI MPEAnoaoKuM, 4To Hamm rpadel G u H umeior
OfHO 1 TO ke KomudecTBo Bepimwd: |v(G)| = |v(H)| = n. Ecm
2T I'padbl ©30MOPGQHBI, TO DTO O03HAYAET, YTO UX MOXKHO COBMeE-
CTUTHL TakK, 4To pebpa mepennyT B pedpa. Camas mepBad U ca-
Mas eCTeCTBEHHAA TOMBITKA ONPENeIUTh PACCTOAHIE MEX Y T'pa-
damu HasbiBaeTca Edit Distance. Myl paccmarpuBaeM OMEKIINIO
a: G — H wmexny Bepmmbamu rpagoB G u H, paccMaTpuBaem
CHMMETPUIECKyto pasHocTsh mexay F/(H) (pébpavu rpada H) u
a(F(G)) (pébpamu HATO:KEHHOTO Tpada), JeTuM Ha KOJUIeCTBO



pebdep noaHOTro r'pada 1 OEPEM MUHAMYM II0 BCEM OUEKITUAM:

1
moin @\E(H)Aa(E(G))\
2
Ha (Z) MBI €M IIOTOMY, ITO BCE BETMYUHBI, O KOTOPBIX MBI CET'0-
THA 6y 1eM TOBOPUTD, OTHOCUTENBHBIE: MBI TOBOPUM O TIOTHOCTAX,
0 BEPOATHOCTSAX; O MOIIHOCTSAX MBI TOBOPUTH He Oy IeM.

B Tou Teopun, KOTOPYIO MBI CTPOMM, Ta METPHUKA UT'PAET POJIb,
HO POJIb HE OTPEAeIAIONTYIO. f1 X041y moKa3aTh ABa MOYINTEThHBIX
mpuMepa, MovYeMy 9Ta MeTpPUKa He BIIOJHe Xopola. [lepBbin mpu-
MeP IPOUCXOANT 13 06JAaCTU, KOTOpasd Cemdac OYeHb MOMYJ/IApHA B
TeopeTUIeCKon MHPOPMATHUKE; 3Ta 001acTh HazbIiBaeTca Property
Testing. Y mac mmeeTca nekoTopwin rpadp G 1 HAC UHTEPECYeT,
CKOJMIBKO 13 HEro HYXHO YIAIUTh pebep, ITOOBI PaspylInTh BCE
TPEYrOTBHUKA. JTO yKIaaeiBaeTca B paMku Edit Distance, moTo-
MY YTO 2TO — MUHUMAJIbHOE PACCTOAHUE IO KAaKOro-TO r'pada 6e3
TPEYTOJbHIKOB: MBI 6epEM Bce Ipadbl 6€3 TPEYTOJbHIKOB I MUHU-
MI3UPYeM paccToAHMe. Bemm MBI yaanideM mpuMepHO en’ pébep,
rjae € — MaJasd KOHCTaHTa, TO MBI MOXKEM pPa3pyLIUTh He OoJee
en’ TPeyrobHUKOB (IPOCTO IOTOMY, UTO KaxK0e pe6po IIpIHa,I-
JeXKUT He 6oJee TeM 1 TpeyTroabHrKaM ). Temneps mocTaBuM BOTIPOC
B 00paTHYIO CTOPOHY. M3BecTHO, UTO B Tpade He Homee on? Tpe-
yroabaukoB. CyImecTByeT Jiu Takasg KOHCTaHTa € = £(4), ITO Bce
3TN TPEYTOTBHUKN MOXKHO DPa3pyIINTh, VIAINB £n’ pédep, Tak,
gT0 mpu >ToM ¢ — 0, korna 0 — 07 YTBepx)aenue o TOM, UTO
5TO MOXKHO CJenaTh, HazeiBaeTcAa Triangle removal Lemma. Huxa-
KOT'O DJIEMEHTAPHOTO (B PA3yMHOM CMBICIE CIOBA) 3TOTO GaKTa He
cymecTByeT. [lepBoe moKaszaTearbCTBO, KOTOPOE OBLIO TOJYHEHO,
ocHOBaHO Ha JemMme peryiapaoctu Cemepenn (Szemeredi’s Regu-
larity Lemma). 9o, mo-BuauMoMy, OTUH U3 CAMBIX U3BECTHBIX Pe-
3yJbTATOB B KOMOMHATOpUKe. [lepBoHAYATBHO OIEHKA 3/eCh OBLIa

2
Takad: § > 2° ; KOMIYIECTBO NBOEK — IOJUHOM OT e~!. Tombko

4



2-3 roja Has3a IOABUIACH HOBaA OllEHKA — OAIllHA IBOEK, BHICOTA
KOTOPOU ABIACTCA JOTaprMOM OT £ ..

Temepsb A X0y MPUBECTU BTOPOU MPUMEP, KOTOPHIT TOXKE TT0-
Ka3bIBaeT, YTO He BCE 371ech raanko. OH HA3BIBAETCA CAYUATl-
noiti epag. 11 IpOCTOTEL BO3BMEM BEPOATHOCTH % 1 PACCMOTPHUM
G(n, %) — MOJieb Opaémia—Pennu; kax10e pebpo pucyercs ¢ Be-
POATHOCTBIO % HE3aBUCIMO OT BCEX OCTaJbHBIX. KCTh menas Hay-
Ka, HAIIPAMYTO CBA3AHHAA CO CTATUCTUIECKON MEXAHNKOW, KOTOpas
M3ydaeT CBOMCTBA DTOTO 00BeKTa. Ecin moCMOTpeTh JuTepaTy-
Py O CIydamHBIX IpadaX, TO eCThb OIIYIIEHNEe, YTO 3TO KAKOU-TO
PUKCUPOBAHHBEI 00BEKT. TO OBl IPO HET'O HE CIPOCUIN, MBI BCE
IIPO HEro 3HaeM: KaKUM CBOMCTBOM OH 00J1aJae€T C BEPOATHOCTDIO
1 — o(1), xkakum He obaagaeT. TaM maxe eCTh HEKOTOPHIE OOIIIE
3aKOHBI, obmmme TeopeMbl. Ho, okaswiBaeTca, merpuka Edit Dis-
tance 31ech COBEPIIIEHHO He aJeKBaTHA, ITOTOMY YTO €CIU BBl BbI-
bepuTe CIyYauHBLIM 00pa30M [Be KOIMUU CAydamHOro rpada, To
paccTosHne (OTHOPMUPOBAHHOE) MEXKIY HUMHU TIO DTOU METPUKE
OymeT KOHCTaHTOW. VM BO3HMKaeT BOIPOC, CYIIECTBYeT a1 OoJee
aIeKBATHBIN CIIOCOO ONpeNeNaTh METPUKY MIM TOIOJOTHIO — II0-
Ka Ha KOHEYHBIX OO0BEKTaX, & IOTOM IEePeNTH K OECKOHEYHBIM.
OKa3bIBAETCA, UYTO TaKOM CIocob cymecTByeT. Ero mpororumn Bu-
neH yxe Ha >ToM npumepe. C 0HON CTOPOHBI, Y HAC €CTh MeTPU-
ka HEdit Distance. A ¢ apyron cTOpPOHEBI, €CTh YTBEPXKIEHNE, ITO
KOJMIEeCTBO TPEYTOJILHIKOB MaJgo. /laBauTe BMECTO TOr0, UTOOBI
FOBOPUTE, UTO KOJUYIECTBO TPEYTOJILHIKOB MAJIO, CKAYXKEM, CKOTb-
KO X TaM. TOJIBKO B COOTBETCTBUM C HAIlEW MAEOJOrUen OyaeMm
TOBOPUTH 00 OTHOCUTENTLHOM KOJUYECTBE, a He abCOMIOTHOM, T.€.
10 TeJIUM Ha (g) [laBayiTe eme MOCYMTaeM He TOJBKO TPEYTOJMb-
HIKA, HO U TUKIBL ((PUKCUPOBAHHOTO pasMmepa). Bymem canTarh,
YTO ABa I'pada MOX0KM, eCIn 1A HUX BCe TaKue Mephl OJM3KUE.

To, 9TO A ceromHA PacCKa3bIBal0, OTHOCUTCA K ABYM TE€OPUAM



— K roMomopdmaMaM T'padoB 1 K aaredbpam ¢qraros. Y goOHee

CINTATh HEMHOI'O IIO-PA3HOMY B 3TuX Teopuax. [l1a rpadoB Mbl
hom(H,G)
[o(@)|lPED)]
MU4IecTBO roMoMopduaMoB rpada H B rpadp G, HOPMUPOBAHHOE

CIMTAEM TIOTHOCTH ToMoMopduamos: t(H, G) = — KO-
eCTeCTBEHHBIM 00pa3oM. ['oMoMopdu3MBbI 31€eCh He aarebpamte-
ckue; romomopduaMm rpada H B rpadp G — 3T0 oTobpakeHnue 13
MHOXeCTBa BepiuH rpada H B MHOxKecTBO BeprmH rpadga G, me-
peBoAlee pedpa B pebpa, He 00A3aTeIbHO NHHEKTUBHOE — IBE
BEPIIMHBI MOT'Y'T TIOMTACTH B OMHY BepmnHY. Keam pedpa mepexoaaT
B pebpa, TO, B YaCTHOCTHU, ABE BEPIIWHBI, COETMHEHHBIE PEOPOM,
CKJIEMBATHCA HEe MOTYT (B Tpade HeT MeTelb, BCe paccMaTpUBae-
Mble HaMu Tpadbl TPOCTHIE). B ducaurene ¢cTOUT TUCIO0 TOMOMOD-
dm3MoB Tpad OB, a B 3HAMEHATEIe — YUCI0 BCEX 0TOOPaKEHUN 113
MHOXKECTBA, BEPIIH OTHOTO I'pada B MHOXKECTBO BEPIINHA IPYTO-
ro rpada.

11 xKoMOMHATOPHBIX MPUIOKEHNN yI00Hee He TOMOMOP(MU3MEI
rpadoB, a MHBEKTUBHBIE OTOOPaXKEeHNA Ha WHIYIIMPOBAHHBIN TI0 -
rpad. [Apyrumm croBamu, Mbl BeiOupaeMm B (G cIydamHbIM 06pa-
30M CTOJBKO BEPIINH, CKOMBKO X B Tpade H, 1 cMOTpUM, KaKOBa,
BEPOATHOCTHL TOT'0, YTO TO, UTO HA HUX HAXOAUTCA, M30MOPQPHO
rpady H. Ho a4 06 3ToM CKaxXy JUITh BCKOIB3b, IOTOMY 9TO OHO
BBEIpaXKaeTcA depe3 APYyTroe ¢ IMOMOIIbIo ITpeobpa3oBanma Meony-
ca. C TOUYKM 3peHUA MaTEeMATHIECKONM TEOPUU DTHU IBa TIOIX0IA
DKBUBAJEHTHEL.

EcTb coBepinieHHO 3aMedaTenbHad paboTa, TPeIecTBYIONAA
BCEMY TOMY, UTO MBI cerdac genaeM. ABTOpbI 3Ton paboTsl Chung,
Graham, Wilson (1987). HazsiBanacs ona «KBasucryvanmsie rpa-
¢y, Mbr gamu obmiee onpegenenue t(H, ), Tenepb TOCMOTPUM,
aro Takoe t(H, G(n, 1)). Oxasesaerca, aro B upeene t(H, G(n, 3)) =
2~ IEMH)| Tlonarwo, wemy paBHA 5Ta BepOATHOCTH. HyKHO 1103260-
TUTBCA, YTOOBI KaxKa0e pedpo mepexoauto B pedbpo. MoxHO 3T0



neJaTh He3aBUCUMO. Torga BO3ZHMKAET OMIMOKA, ITIOTOMY YTO BEP-
MIAHBI MOTYT CKIeHBATHCA. HO (M DTO ABIAETCA HACTBIO UIE0-
JOTMH) TP M — OO DTa ommbka WcIe3aeT. B obmeM caytae
H(H, G(n, p)) = =]

[Iyctb p — 2T0 Tpad, COCTOAMNN U3 ABYX BEPIINH, COETUHEH-
HBIX pebpoM, a G — TPOM3BOILHLIN I'pad, IIOTHOCTL PEOEP KO-
TOPOro MpUMEPHO paBHA p, T.e. t(p, G) ~ p. Ecmn mia nuxaa Cy
nonyaaeM t(Cy, G) ~ p!, To rpad G HaspBatoT Keaszucayuari-
HbIM. DTO OIpeaeIeHne, KOHEYHO, KaXKeTCA HEMHOT'O CTPAHHBIM.
Ho, oxasbiBaeTcs, 9TO U3 9TUX JABYX CBOUCTB (T.€ «TIPABUIbLHBIE
mioTHOCTH M p u C)y) MOXKHO W3BIEYb MHOTHE CBOUCTBA, KOTO-
pBIMI 00J1aJaeT HACTOAIINN CIyYanHB Ipad. B gacTHOCTH, BHI-
TeKaeT, ITO TaKad aCUMIITOTHUKA CIIPABELINBA 1A JI060r0 rpada
H. Taxon rpacd GG 0Ka3bIBaeTCsA XOPOIINM SKCIIAHIEPOM, T.€. BTO-
poe cOOCTBEHHOE 3HAYMEHNE €T'0 MATPUIIBl CMEXKHOCTH OTAEJEHO OT
TIEPBOT'O; TIEpBOE COOCTBEHHOE 3HAYEHWe TopAIKa ', BTOPOe To-
panka o(n), u T.1.

[laBanTe Temepb MOCMOTPUM Ha MaTeMATHIECKYIO TEOpUio. Y
HAC eCTh BO3pacTalolasa mocaeqoBaTersHoCTE rpados G, Go, .. .,
G, ... Moxuo B3saTb 10001 rpadp H 1 paccMOTpPeTh MOCIe10Ba-
TrersHOCTh wucern t(H, Gy), ..., t(H,G,), ... Teneps MoxHO BBe-
CTH TOTIOJOTHIO: TTOCAEIOBATETHFHOCTD TPadOB CXOAUTCA, €CTU A
MI000T0 puKcupoBaHHOTO I'pada H >Ta mocaeIoBaTeIbHOCTD UH-
cen cxoauTcA. [IpocTo moTodedHas CXo0ANMOCTE, HUKAKITX OTpaHu-
YeHI Ha PaBHOMEPHOCTH MBI He HastaraeM. Ecim ecTh MoTOvUeTHAA
CXOIUMOCTb, TO €CTh TeopeMa [MXOHOBA, U BCE MOTYYAETCA KOM-
MAKTHBIM. JTO 03HAYAET, YTO 13 JI0OO0U BO3PACTAIONIEN MMOCIET0-
BATETHHOCTH T'padOB MOXKHO BBRIOPATH CXOMAMIYIOCA TIOTIOCTET0-
BATEJbHOCTD. 10 €CTh, B IPUHITAIE, MOXXHO OI'PAHUYUTHCA TOJBKO
CXO JAMMMUCA TTOCTEJ0BATEILHOCTAMY I'Pad OB, B TOM CMBICTE UTO,
g goboro rpada H cyliecTByeT Tpefea TOCTeI0BATETEHOCTH



t(H,Gy), ..., t(H,G,), ...n oH paBeH kakomy-TO uucry ¢(H).
[lon rpadaMy MOXKHO HOHMMATHL JMIOOBIEe 00BEKTEL. V1 B aTOM Me-
cTe TOMOMOPPU3MBI TPadOB U aareOpbl (pJaroB HEMHOXKKO pac-
XOJATCA; OHM M3y9IaloT ONWH U TOT XKe 00BEKT, HO M3YIaioT €T0
CEMAHTUYIECKU 1 CUHTaKcu4Iecku. B Teopun romomMopdu3MoB r'pa-
(OB CTABUTCA BOTIPOC: & K IEMY Ke CXOAUTCA TOCTe0BATENHHOCTD
t(H,Gy), ..., t(H,Gy), ...7 Ectb npeensabil 06beKT, HAa KOTO-
POM €CTh CTPYKTYPa 1 KOTOPBI MOXKHO U3ydaTh. DTUM MBI U Oy-
TeM CeroHA 3aHUMAThCA. BTopad Teopusa 601ee CUHTAKCUIECKAA.
OHa BO3HUK.IA U3 TOTPEOHOCTEN DKCTPEMATHLHON KOMOMHATOPUK,
1 B DTOU TEOPUU MBI CTAPAEMCA 3aMAIINBATE BOIIPOC, K IEMY CXO-
TUTCA 3Ta MOCAETOBATEILHOCTE. Y HAC €CTh MOCAeT0BATEIEHOCTH
ancen. OHa COOTBETCTBYeT Kakomy-To mpeneny ¢(H). Yo mpo
Hee MOYXKHO CKa3aTh, HE BJAaBasACh B BOIIPOC O TOM, UM Ke ABIACTCA
npeaeIbHBIN 00BEKT, & U3ydasd ero YUCTOo CUHTaKcndecKn! OKas3bl-
BaeTCA, YTO BO BTOPOU TEOPUU BO3HUKAET NOCTATOTHOE KOJUIe-
cTBO CTPYKTYphl. CTpyKTypa 6osee beqHas, IeM TOMOMOP(PU3MBI
rpadoB. Ho mpemvytiecTBoM ABAAETCA TO, YTO OHA MPUIOKIMA
B 60Jee OOIeN CATYaIluy, a UMEHHO, A TPOM3BOJBHBIX KOMOU-
HATOPHBIX 00BeKTOB. /111 romomMopdu3MoB rpadoB, KaK Mbl YBU-
M, 3TO yKe He COBCeM TaK; MIA TOMOMOP(U3IMOB rumeprpadoB
CUTYaIInA yKe Ipyrasd, HeXean 11 OOBIKHOBEHHBIX I'padOB.

Bcé meno momxHO cXOaUThCA K KaKOMY-TO O€CKOHETHOMY I'pa-
dy. beckoredrnocTn ObIBalOT pasHble. KOHEIHO, TepBad MBICIb
KOTOpasA 37MeCh BO3HUKAET: MaBauTe TOMpOoOyeM paccMaTpUBATH
caéTHOe MHOXKecTBO. OKasbIBaeTCA, YTO 3TO MBICAbL COBEPIIEH-
HO HerofHad. XOTsA JOIMKH W 3aHUMAIOTCA CIyYalHBIM T'pacdoMm
Ha CIETHOM MHOYXKECTBE, er0 CKOpee HYXKHO Ha3bIBAThH He CIydau-
HBIM, & YHUBEpPCAJbHBIM I'padoM. OTO O3HAYAET, YTO €CIU TaM
ecThb JI0O0e KOHEYHOE MHOXKECTBO BEPIIMH M BBl XOTUTE HAUTU
HOBYIO BEPIIMHY, KOTOpad ¢ KaKUMU-TO W3 HUX COEINHEHa, & C



KAKIMUI-TO HET, TO BBl €€ Bcerjga cMoxkeTe Hamtu. Ho ¢ mamen
TOYKU 3PEHUA DTO HENPaBUILHO. MOXKHO cpasy MONBITaTHCA 00b-
ACHUTD, TTIOYeMY 2TO TaK. e y Bac ecTh TaKOUW CIyYIalHBI Ipad,
To deMy on coorserctByet: G(n,3) nm G(n,3)? DTo Beé-Takn
00BEKTHI pa3HbIe, I MBI XOTUM, YTOOLI OHM OBLIN Pa3sHBIMEI. A TYT
OHI OJMHAKOBBIE, DTO HENPaBUILHO. V MOHATHO, mOYeMy HUYEro
He TIOJIYYaeTCA: [IOTOMY, YTO Ha CIETHOM MHOXKECTBE HET HUKAKOU
MHBAPUAHTHOW MePBI. TeM He MeHee, CU€THBIE MHOXKECTBA ITOTOM
MOABIAIOTCA, TIOTOMY 9TO TOT 0OBEKT, KOTOPHIN A CEMIAC OIUIITY,
NOITyCKAeT OIMCAHWE IATBHIO WIM IIeCTBhIO0 Pa3HBIMU CIIOCOOAMU,
DKBUBAJIEHTHBIMU. VM OMHO M3 3TUX ONUCAHUN KaK Pa3 dProamte-
CKOe.

CYETHBIE MHOXKECTBA, MBI ITOKa IIPOITYCKAeM U ITEPEXOIUM K 13-
MEPUMBIM IIPOCTPaHcTBaM. [IycThb y HAC eCcTh KaKOe-TO U3MEPUMOe
TIPOCTPAHCTRO {2, 1A TPOCTOTHI MOXKHO CINTATh, UTO {2 — 3T0 OT-
pe3ok [0, 1] ¢ eBKInI0BON MEPOU; KAKOE UMEHHO 3TO TPOCTPAHCTBO
B KOHIIE KOHIIOB OKaKeTCsA He BaXKHBIM. | padoM Ha IPOCTpPaHCTBE
() 6yneM HasBIBATH MOAMHOXKeCTBO F C () X (), cuMMeTpuiHOE 1
M3MEPUMOe. OTO OIpeeleHre yxke OImKe K ICTUHE, HO BCE PaBHO
OHO HejocTaTo4vHO. HemocTaTodHo OHO IO ClIeYIONIIEN ITPUTIIHE.
Yro Takoe cayuanuwiu rpad G(n, %)7 Ecmu ecTs mocaenosaTens-
HOCBH CTYYIaNHBIX I'padOB, TO OHA C TOUYKM 3PEHUA TAKO! TOIOJOT MK
cxoauTcA. Ecnm 3a1aTh 3TOT BOIPOC CTYAEHTY IIEPBOTO Kypca, TO
OH OTBETUT: MBI OEPEM («CTyIanHOe» TTOAMHOXKECTBO B {2 X () 1 K
HeMy OHa OyJIeT cXoIuThCA. Ha maAToM Kypce Takom OTBET HUKTO
HE JacT, IOTOMY YTO M3MEPUMBIX CIYYalHBIX IIOIMHOXKECTB 2 X ()
He OBIBAET; UX CYIIECTBOBAHUE 3AIIPENIACTCA TEOPUE MepHI.

MuoxecTBY ' MOXXHO COITOCTaBUTHL XapaKTEPUCTUIECKYIO (DYHK-
o E(x,y). Hampumep, wucio TpeyroabHUKOB B Tpade F 3a1a-



eTcA UHTErPaJoM

/x/y/ZE(x’ y)E(x,z)E(y, z)dx dy dz.

XapakrepucTudeckasa QyHkima npuHuMmaer 3Hadenua 0 u 1. U
eJMHCTBEHHOE, YTO 3/eCh HYXKHO UCIPABUTEL, 9TOOLI BCE MOy YU-
JOCh, — Pa3pElMTh >TOU PYHKIAU NPUHUMATL 3HAYCHUA B WH-
TepBate [0,1], T.e. paccMaTpuBaTL B3BEIIEHHBIE Tpadbl. DTO
HA3LIBACTCA 2pa@or — OCHOBHOU OOBEKT 3TOU Teopuu. 10 ecThb
rpaoH — 1o cummerpuyeckaa gyuxmma Wi Q x Q — [0, 1].
OTO OJIHO U3 IATY WIK IIECTU 3KBABAICHTHLIX OIPeeJCHNN.

[laBanTe Tenepb MOTOBOPUM O TOM, YeM YKe DTOT 00BEKT XOPOITL.
OxaswiBaeTcsa, YTO OH XOPOIl, Ipybo roBops, BceM. B gacTHOCTH,
ecin y 00beKTa eCTh IATHL WX IIECTh DKBUBAJCHTHEIX OIPE/Iee-
HUW, TO DTOT 0OBEKT XOPOIIIN.

Ilpyroe ompenenenue rpadoHa — 3TO CXOALIAACA IOCIEN0BA-
TEeIbHOCTh I'padoB.

Ecm W = p — mocrosaunaa QpyHKINA, TO TakKoW TpadoH 1
ecTsb caygdanaeil rpad G(n, p). Takue rpadgoHBl y HAC UMEIOTCA,
1 JaJblle MBI KaK [0 KJIABUIIAM IIPOXOAUMCA II0 BCEMY CIIEKTPY
CBOICTB, KOTOPKIE MBI OBl XOTEIN UMETD.

1°. KommaxtaocTh. Pyukumio t(H, W) mMoxuHO 0600mUTh HaA
rpadOHEL; IUAIIETCA TAKOU JKe MHTerpaJ, KaK A YACIa TPEeyTOlb-
HUKOB. MBI TOBOpUM, 9TO TOCIEIOBATEILHOCTE TpadoB (Wi 1a-
xe rpadouoB) Gy, ..., Gy, ...cxoqurca K rpadony W, ecan mo-
crenoBarensaocTs ducer t(H, Gy), ..., t(H,G,), ...cXOIuTcsa K
e(H) = t(H,W). Eciu mocienoBaTenrbHOCTb rpad)oB CXOUTCA,
TO CyIIeCTBYET IpadoH, KOTOPLIN ABIAETCA e€ npeetoM. [Jokasa-
TEILCTBO DTOr0 UCHOAL3yeT JeMMy peryaapHocTu Cemepenu; 6€3
Heé He moaydaerca. bomee Toro, memma CeMepenn u 3TO yTBep-
Xk ferne (0 KOMIAaKTHOCTU! IpocTpaHCTBa rpadpoHOB) — 3T0 Goee

Ipn uém TyT KoMmaxkTHOCTL? Ha rpadoHax MOXKHO 33JaTh METPUKY MHOTUMH CIOCOGAMH, HATIPUMED
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I MEHee OJHO W TO K€, DTOMY MOXKHO IPHUJATh BIIOJHE TOYHBIN
CMBICJI.

2°. IlmoTHOCT®. Y Bac nMmeeTca rpadgoH. MoxHO 1 ero mpub.In-
3UTh KOHEYHOU IOCIe0BATEILHOCTHIO Ipados? OTBET IOIOXKU-
TexbHBIN. Ecan y Bac ects oTpesok [0, 1], u Bl Ha HEM HAGpOCae-
Te CIYYarHO 1 TOYEK, TOCMOTPUTE Ha MOMYIEeHHBIN WHIYINPOBaH-
HBIA Tpad Ha DTUX TOUYKaX (a ecau Tpad B3BEIIEHHBIN, TO TOCTE
HaOpaCLIBAHUA TOYEK HAJO0 €€ C COOTBETCTBYIOMIUME BEPOATHO-
CTAMI TIPOBECTHU PEOPA), TO OKA3BIBACTCA, ITO C BEPOATHOCTHIO |
DTa MOCJAeOBATEIEHOCTE Oy IeT CXOAUThCA UMEHHO K HaIlleMy I'pa-
dony. To ecTb mob60u rpadoH NPUOIKAETCA ITPOCTO C TIOMOIIBIO
CIyIaTHON BBIOOPKM.

3°. TpeTnbe cBOMCTBO COBEpPIIEHHO (haHTacTUIEeCKoe. f1 ero cen-
Jac CKaxKy, HO MHE HUKTO He IOBEPHUT, UTO DTO TaK. JTO OYEHb
OOJBIIAA CTATbA C OYEHL CIOXKHOU MaTEeMATHUKON, C HACTOAIIEN
Teopuen Mephbl. OKa3bIBaeTCA, ITO IpadoH, COOTBETCTBYIOIINN
CXO IAIIENCSA TTOCTeJ0BATENBHOCTHY, € IMHCTBEHHBIN B PIOIUYIECKOM
cMbicae. To ecTh ecin y Bac ecTh ABa r'padoHa, 111 KOTOPHIX BCE
HAIIIM WHTEeTrpaJbl COBIAJAIOT NIA BceX rpadgoB H, To cooTBeT-
crBytomue pyHKInn W 3KBUBaJEHTHBI ¢ TOYHOCTBIO 1O MHOXKE-
CTBa MePBI HYJIb: MOXKHO YCTPOUTDL TaKoe IPeoOpa30oBaHLe OTPE3-
KOB, ITO OHU OyIyT COBIAJATh.

EcTb eme ogua Teopus, KoTopas MeHee paspadoTaHa, U Ha MON
B3NVIA 60Jee CIOKHAA. JTO TO, UTO A HA3BIBAIO 2pagumbl. Y Bac
NMeeTCsA KaKad-TO KOHCTaHTa [) 1 Bac MHTEPECYIOT Ipadhl, Y Ko-
TOPBIX CTeNeHb OIPaHMYeHa DTON KOHCTaHTON. OKa3bIBaeTCsA, ITO
1 B 3TOM CIydae MOXKHO CKa3aTh, YeMy OyIyT pPaBHBI mpeaeanl. 1
TIOYTH BCE B DTOW TEOPUM TTEPEHOCUTCA, TTpaBa, ¢ ropa3go 60Ib-
UMY TPYIHOCTAME, Ha rpaduHbl. To Takoe rpaduH, 1 TOYHO

Kak y_ 2 "[t(Hp, W1) — t(H,, W>)|, rae {H,} — Npom3BOILHOE HEpEYNCIeHre KOHEUHBIX rpados. U
TOT 14 CXOIAIMINECA TOCICI0BATETLHOCTH Ipad OB Wi IMPaOHOB — 3TO B TOYHOCTH MOCAEIOBATEIHLHOCTH
Korm.
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OTpefenaATh He OyIy, HO MPUMEPHO MPOUCXOAUT chaemyiormiee. Mur
OyIeM CUMTaTh, YTO B r'pade B KaXKIOW BEpIIUHE IOMEUEHBl PE-
6pa. B aTon monenn rpadguH onpenenieTca 63 BCAKIX BECOB, TTPO-
CTO KakK Kakou-To rpad creneru D ma orpeske [0, 1]. Muox)ecTBO
BepIIMH rpada U3MepuMo, a OOJbIle NOYTU HUYero He TpebyeT-
ca. EcThb TOMBKO OMHO MOTIOMHUTENbHOE YCIOBUE: ecin B Tpade
BRIOPATH MOAMHOXKeCTBA A 1 B (mycTh IS MPOCTOTHI 3T MHO-
’KECTBA OJMHAKOBOU MEPHI) U PACCMOTPETH rpad, COCTOAIINN 13
pebep MeX Ty DTUMI MHOXKECTBAMU, TO CPETHAA CTENTEHD BEPIITHEI
B MHOKECTBe A paBHa CpefHeN CTEIeHN BEPIIMHLI B MHOXKECTBE
B. [l1a MHOXKeCTB pasHON MEPhI TOKE BBIMTOJHAETCA aHAJIOIMIHOE
CBOWCTBO; HYXKHO TOJBKO H0OABATH MHOXUTENb.

uTepecHo, 9TO Te CBOUCTBA, KOTOPHIE IIA I'Pad)OHOB CAOXKHEIE,
OHU Ha T'paduHbl ITepeHocATcA. [JokaszaTenbcTBa, IpaBaa, CTAHO-
BATCA €IIe OoJiee CIOKHBIMEA. A BOT TO, UTO 1A IpadpOHOB OUEBH,I-
HO, & UMEHHO ILTOTHOCTD, CIofa He nepeHocuTca. OdeBuIHOE JOKa-
3aTeNbCTBO A IMOTHOCTH HE MEPEHOCUTCA, TOTOMY YUTO €CIh Y
BaC ecTh I'padiH 1 BHI CAeNaeTe CIyIanHyio KOHETHYIO BEIOOPKY B
HEM, TO, BBAIY TOT'O, YTO OH OY€Hb Pa3peKEHHBIN, BBl HE YBUIUTE
BoOOIEe HI OJHOTO pebpa. bolee min MeHee OUeBUIHO, KAK IIBI-
TaThCA 3TO MOAN(PUIIMPOBATL: OPATh KaKylo-TO TOYKY, OpaTh €€
TIOKPHBIBAIOIIEE IEPEBO, CMOTPETH, C YeM OHO COEIWHEHO, KaK-TO
IBITATBCA DTO cAenaTh. Ho ycTpouTh XOpoIIyio CIydamHyio BbI-
O60pPKY TIOKa HI y KOT'O HE TOMYYMIOCE.

[ nsa rpadguHa ToxKe MOXHO JaTh OMpeeNeHre B TEPMITHAX TLTOT-
HOCTH, KaK DTO JedaeTcA Aad rpadgona. B koHedHOM rpade puk-
CUPYeTCA BEPITMHA vy W paccMaTPUBAETCA Imap painyca R ¢ 1eH-
TpoM B aTou BepmmHe. [loryvaerca neknn koredrb Tpad. [Toce
3TOT0 MBI YCpemHsAeM TI0 BBIOOPY BepImmHHI vg. [lomydaerca pac-
mpeeneHne mapoB paanyca K.

[IBa ompenenenus rpadoHa 1 gan. Ha Tperwhe ompenenenue
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pocTo HaMekHy. OKasbIBaeTCsA, UTO IOCAEJOBATEIFHOCTE HLUCE
¢ (H) cooTBeTCTBYeT rOMOMOPQU3MY U3 aareOphl (PJIaroB B Belle-
CTBEHHBIE uncaa. | padpoH — »TO MpencTaBIeHre STON aare6phl, I
KOHEYHAA ITOCAeI0BATEIbHOCTD TOXKE IIPeACTaBIeHNE DTOU aJre-
OpHI.

[apanTe 1 Tenepb 00BACHIO, UYTO Takoe anredpa ¢gpaaros. Tork-
KO f XO4Uy TepeuTu K 6ojee MPUBBITHOMY (1A MEHs) S3BIKY U
paccmatpuBath p(H, G). Ecmu rpad H comepxut [ BepimH, TO B
rpadge G MBI CIyYIalHBIM 00pa30oM BEIOUPaeM [ BEPIIIH I CMOTPUM,
KaKOBa BEPOATHOCTH TOT'0, YTO IMOPOXKAEHHBIT UMU I'pad 130MOpP-
den H. Ecmm rpadp H duxcupoBaH, TO y HAC eCTh PyHKIINAA Ha,
MHOXKecTBe Bcex rpadoB . MoxHO paccMoTpeThb (hopMaibHBIE
nuHenHble KoMmoOuHaimu RM. 31ece M — oT crioBa «MoOIeIby,
IIOTOMY YTO DTy KOHCTPYKINIO MOXKHO NPUMEHUTH HE TOJBKO K
rpadaM, a K deMy YTOoHO: K TumneprpadaM, OpueHTAPOBAHHBIM
rpadaM, pacKpalieHHbIM IpadaM, CMEIIaHHbIM T'padaM.

Oro6paxkenne RM — R (11 pukcupoBaHHOT0 GOIBIIIONO Mpa-
da, a emme ayurne rpadona () y HAC yxe ecTh. OKa3bIBaeTCA, 9TO
er0 MOXKHO TTPOPaKTOPM30BATh 10 COOTHOIIEHNAM, KOTOPHIE BhI-
TIOJHAIOTCA Beerga. S mpuseny misd npuMepa IpoCTenInee COOTHO-
menne. /JomycTrM, 9TO A MPOCTO XOUY MOCUNTATH IIOTHOCTD PE-
6ep B rpadge mm aydie B rpadore. MoXHO MPOCTO MOCUYNTATH,
a MOXXKHO TIOCUMTATh TakK: JaBadTe A HAOPOCAal TPU TOYUKU CIy-
JaTHBIM 00pa30M, TIOCMOTPIO, CKOTBKO €CTh PEOEP MEX Y dTUMA
TOYKaMU, I COCTABIIO JUHENHYIO KOMOMHAIINIO. DTO MOXKHO 3aIlu-
caThb TaK: p = %[ : +§V + V (BepoaTHOCTH peGpa B Tpade paBHA
ONHOM TPETU BEPOATHOCTHW TOT'0, UYTO HA TPEX TOUKAX OMTHO Pe-
Opo, TLIIOC IBe TPETU BEPOATHOCTHU TOTO, YTO HA TPEX TOUKAX JBa
pebpa, TIC BEPOATHOCTD TPEYTOIbHIKA). Takue cOOTHOMeHNA Y
HAC OYIYT BBITOJTHEHBI BCETA. DTO IPUMED JUHENHOIO COOTHOIIIE-
HIA, & €CTh eIle TOMUHOMUATbHBIE COOTHOMeHNA. [lommHoMmIATE-
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N

Q) 8)

Puc. 1.

Puc. 2.

HbIE COOTHOIIIEHUA MPOIIE BCETO OMUCHIBATH, €CAU HA PAKTOPIIPO-
cTpaHcTBe, KoTopoe A 0603Ha1y A", BBeCTH CTPYKTYDY arre6psL.
[TomygaeTca acconmaTuBHAA KOMMYTaTUBHAA anareopa.
YMHOXEHe BBOAUTCA caenyommumM obpazom. [IycTs, HampumMep,
1 X0y BBIYUCIUTD KBAIPAT IEMEHTa p (T.€. KBAAPAT TIOTHOCTH
pebpa). [las aroro s Habpocaio crydanHbiM 06pa3oM 4 TOYKH 1
TIOCMOTPIO Ha KOJIUYECTBO IApPOCOYETaHUN B TOM, UTO IOJYYINT-
cA, ¢ KOPpPumeHToM % HyxHo 6y1eT mepedncanTb Bce Tpadbl
Ha IeTHIPEX BepimHax (ux 11 mTyK), u 1 KaKI0TO B3ATD M-
CJIO TTApOCOYeTaHnH, AeJeHHoe Ha, 3. KoadGuimeHTs! momyIatoTcs
crenytommM obpasoM. fI HabpachiBao aBe Taphl ToueK. MeHa nH-
TepecyeT cOOBITHE, KOTOPOE 3aKII0YAeTCA B TOM, YTO B IEPBBIN
pa3 moaydaeTcs pebpo U BO BTOPOM pas MoaydaeTcs pebpo. ITo
6yIeT p?, M3-3a HE3aBUCUMOCTH. A Tereph A X0Uy MOCUUTATh TI0-

IPYTOMY: A CUATAIO, YTO CHadaJa A HaOpachbIBalO YeThIpe TOYKH,
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a TIOTOM Yy2Ke UX CIyYalHBIM 00pa3oM Jeio 10 mapaMm. ITo Gpop-
MYyJa YCIOBHOU BEPOATHOCTU, KOI(PPUIMEHTHI OYIyT B TOYHOCTU
BEPOATHOCTN Ha, BTOPOM Imnare. BerameamMm, nampumep, Koagdu-
IIeHT TIpu rpade, m300paXKeHHOM Ha puc. 1, a. S Bce ero Toukm
HaOpPOCaJI, TIOCJAE DTOTO0 A AETI0 UX CAyYalHBIM 00pa30M Ha Iaphl.
Y MeHA eCTh TPU BO3MOXKHOCTH DTO CAeJaTh. TOIBKO OJHA W3 HIUX

MPUBOIUT K MapocodeTanuio (puc. 1, 6): pe6po J0MKHO OBITH Ha
1
3
TOUTCA TOMLKO OJHA BO3MOXKHOCTEL U3 TpEX. A 114 rpada, u3o-

KaxK oM 1ape TodeK. B utore koadgduimment 6ygeT 5, IOTOMY UTO
OpakKEHHOI'0 Ha puc. 2, KoapduiimeHT OyaeT %

Emé myxuo norpeboBats, uro p(H) > 0 must aoboro H, moTo-
My YTO DTO Y HAC BepOATHOCTH. V OKasbIBaeTCA, ITO ITOT'O YiKe
TOCTATOYHO; CPABHUTEIBLHO ITPOCTO AOKA3ATh CAEIYIOIIEe: eCan Y
BaC eCThb JI000M roMoMopdmaM 13 aare6pe! A’ B BemecTBeHHEIE
IUCTa, KOTOPBIT ya0BIeTBOpsAET yeaosuto p(H) > 0, To 5T0 TO xKe
caMoe, 9TO I'padOHBI, TO YXKe caMoe, YTO CXOIAMIECA TOCTeI0Ba-
TeIbHOCTU. MBI HUYEro He TIOTePAIN.

Korja g 1eT mecTh Ha3a, [ pacCKa3bIBaJI »Tu Bemu B IAS, TaMm To-
XKe cuaenn aareOpancThl, W KOT'a OHM YBUAEAN MOE 0OO3HAYMEHNE
Hom™ (A", R), (Bugumo, [ HUX 5TO eCTeCTBeHHAA PeaKIis) Cpa-
3V CIIPAIIMBAIOT: HEMB3S I KaK-HIOY b TPUMEHUTH KOTOMOJOT N,
ITOORI TO Je10 U3y4aTh. Bompoc ecTecTBeHHBIN, KOHEYHO. Ha ca-
MOM JieJie, 13 DTOI0 BOIIPOCa MOCAeI0BAIA €IMHCTBEHHAS HETPUBU-
aThbHaA TeopeMa caMon Teopun anrebpnl dgraroB. Beeé ocTanbHOe
310€Ch — TIPOCTO A3BIK. YJOOHBIN A3BIK, ITOOBI MOMYyYIaTh KOH-
KpeTHbIE pe3yabTaThl. TeopeMa COCTOUT B TOM, UTO 1A I'padoB,
a TAKXKe A OTPOMHON MACChl TEOPUU (€CTh TOYHBIE KPUTEPUH)
oKa3BIBaeTCA, 9To aaretpa A” He odeHb MHTEpecHa; 5TO MPOCTO
anreOpa MOJMHOMOB OT CYETHOI'O YUMCJIa HEM3BECTHBIX. M 0OBeKT
Hom(A", R) Ges 3Haka IIOC OKa3bIBACTCA He CIMIIKOM MHTEpeCc-
HBIM; 3TO MIPOCTO MOCIEI0BATEILHOCTD NCE.
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Mg mo6oro aneMenTa [ m3 aare6psl A MoxHO cipocuTs, 6y-
eT I OH HeoTpuliaTeleH Ha To60M romomopdmame u3 Hom™ (A R).
Samce f > 0 osmadaer, 9To o(f) > 0 paaao6oro ¢ € Hom™ (A% R).
A sremenTt f — »To JuHenHAA KOMOMHAIINA, BO3MOXKHO, C OTPH-
raTerbHbIMI KoadgdummenTamu. Hamed Hatami n Cepéxa Hopun
NOKa3a/1l COBEPIIEHHO 3aMedaTenbHyio Bellb. OHu JoKasaan, 9To
5Ta 3ajada alrOpUTMUYIECKN HepaspemmMa. Boee Toro, coorset-
CTBYIOIIIEE MHOYXKECTBO PEKYPCUBHO HEIEPEINCINMO.

BosuukaeT Bopoc, KOTOPLIN MHE KayKeTCs OYeHb NHTEPECHBIM,
HO A He 3Hal0, KAK K HeEMY TOACTyHaThcA. MOXHO I aHATOTUIHBIE
BEIM JOKA3aTh I €CTeCTBEHHBIX 3aJa4, MYCTh JaXKe I B CMBICIE
OrPAHMYIEHHON HEMOJHOTHI, T.€. B TOM CMBICIE, YTO €CTh KAK1e-TO
uHmepecHble 3a0a9n, KOTOPLIE JaHHBIM KJIACCOM METOI0B PEIINTD
HEBO3MOXKHO. JIydrmme 6B, KOHETHO, YTO WX BOOOIIE HEBO3MOXKHO
PEIMNUTh, HO XOTA OBl JaHHBIM KJIACCOM METOOB.

I emé a xody mOroBopuThb O TOM, KaK I'padOHBl CpaBHUBATH
MeX 1y cobom. Tomooruro A onpenena, Ternepb OIpeaeaio MeTPH-
Ky. MeTpukn MOXHO OTNpeNeuTh pasHble, camasd IpocTad (B Co-
oTBeTcTBUU CO 3HadenuaAMu t(H, W)) yxe ymoMuHATACH B TPUAME-
yanuu 1. Ho Hac cenvac mHTEpecyioT «BHYTPEHHNE) OIPeIeIeHNA.
[lepBaa mMeTpuka, KOTOPYIO A Cemvac ompeaento, mmoxad. [ 'pado-
vl W1 m Wy TOHATHO, KaK CpaBHUBATBH. BO-TIEPBBIX, NX HYXKHO
MBITATHCA HATOXKUATL APYT HA APYra ¢ MOMOIIBIO COXPAHAIOIIETO
Mepy Tpeobpa3oBaHua. ITO GaKTHIECKN TO, ¢ dero A Hadan (Ed-
it Distance); HO MBI OT Hero oTkaszaiuch. Ho Temeps mosBigeTcs
HaJexXa. B camoM gere: ecii y Bac MMEIOTCA IPaOHBI, KOTOPHIE
OJMHAKOBLI C TOYKU 3PEHUA DTON IOCIEIOBATEILHOCTU, TO OHU
130MOP(QHBI. ECTh TOIBKO OUH CaydanHbIN I'padOH: MOCTOAHHAA
byHKIMA %; opyrux HeT. /leno 3a «MaJabIM»: HAUTH II0 X0 A0
Hopmy. IlombiTaemca Hamoxuts Wi Ha W) onTuMansHBIM 00pa-

3oM. Hamoxum mx, BeraTem. Bompoc B ToM, eciam y Bac ecTb He
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rpadoH, a IPOCTO OTOOpaKeHWe U3 KOHEYHBIX I'PadOB B BeIlle-
CTBEHHBIE YUCJAa, TO KaK €r0 HOPMUPOBATDH, M OKAa3bIBAETCA, ITO
IIPABUILHBIM OTBETOM OyJeT Tak HasbiBaeMasd cut-norm Jg. JTa
HopMa ompenenderca Tak. [lycrs D = Wy — a(Ws), rie o —
HEKOTOPOe HaJoXKeHue. Toraa

do(W1 — Ws5) = min max //D(a,b)dadb :
(67 A,B AJB

rie A C Wi u B C W, Ects Teopema, 9TO 3TO B TOYHOCTHU
COOTBETCTBYET rpadoHaM, T.e. AT Ty K€ CaMyl0 TOIOJOIUIO.
Npyruvn crosavu, t(H, Wy) ~ t(H,Ws) nusa scex H Tormga u
TOJBKO TOTJA, Korga Beruyauna dq(Wy, — Ws) mana. B ommy cTo-
pony (u3 Toro, uro BemrmauHa dn(Wi — Wa) mana, crenyer, ITo
t(H,W1) =~ t(H, W5)) 570 noka3bBaeTCAa Oolee Wil MeHee JerKo.
O6paTHOe yTBEpXK JeHre HETPUBUAILHO, TaM BO3SHUKAIOT JBONHLIE
SKCIIOHEHTEL.
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