Eigen-value Functional Optimization in Mathematical Physics and Stability Problems

Vladimir A. Gordin^∗

The stability of a stationary solution of different dynamic models of perfect media (e.g., of atmosphere, ocean, plasma) may be investigated by the Lyapunov method only, since the non-positive real parts of the eigen-values of the linearized operator are not guarantee the true non-linear stability. The variational approach as well as the numerical methods help us to solve some problems of the mathematical physics.

For instance, the first integral

I_f = ∫ f(� − k^2�)d^2x; E = 1 2 ∫ (∇�)^2 + k^2�^2d^2x

can be used as a Lyapunov functionals for the quasigeostrophic barotropic model of atmosphere (� is a stream function, f is an arbitrary function); the first integrals

I_f = ∫ �f ( � � ) d^2x; E = 1 2 ∫ � ( � + u^2 + v^2 ) d^2x;

M_z = ∫ � [ uy − vx + l 2 ( x^2 + y^2 ) ] d^2x

can be used for the shallow-water model, where � is the water surface’s height, ¡ u; v ¿ is velocity, � = @_yu − @_xv + l, l is the Coriolis parameter.

As about perfect MHD model, the special gauge of the vector-potential Ã should be choosen:

@_tÃ = [ ṽ; B̃ ] − ∇ ( Ã; ṽ )

because, in the case we obtain a family of first integrals (like helicity): ∫ æf (h=æ) d^3x; where h = ( Ã; B̃ ) ; æ is density.

∗Postal address: Hydrometeorological Centre of Russia, Bol’shoi Predtechenskii per., 9-13, Moscow 123376, Russia. e-mail: vagordin@vagordin.mmcme.ru, vagordin@mail.ru

The functionals K_F + E (where E is energy) can be used as Lyapunov functionals to obtain stable solutions for perfect plasma.

On the other side the methods may be useful for estimations of instability. A particle stability is determined by the minimal eigen-value of the linear Schrödinger equation with a potential, i.e. the degree of the stability depends on the potential. The optimization problem with respect to the potential U (|x̃|) in R^n under the restriction ∫ U^k dx̃ = const is reduced to the non-linear Schrödinger equation. It was solved analytically at n = 1 and numerically at n = 2; 3. The similar problem of the minimal eigen-value optimization with respect to magnetic field was considered at n = 2.

The plane-parallel current in a channel may be unstable if there are inflection points of the basic velocity profile V (z). The maximal increment of small perturbations is determined by the profile. The maximal unstable profile under the restriction

∫_L 0 V^{′2} dz = const is computed. Thus the most exact evaluation of instability is obtained.

The similar approaches are useful also in models of atmosphere, ocean, plasma etc.

References

[1] V. A. Gordin: Mathematical Problems and Methods of the Hydrodynamical Weather Forecasting. v.1 Analytical Aspects, v.2 Numerical Aspects. Gidrometeoizdat, Leningrad, 256p. 264p. (1987) Gordon & Breach, 2000, 842p.

[2] V. A. Gordin, V. I. Petviashvili: Lyapunov Stability of MHD Equilibrium of a Plasma with Nonvanishing Pressure. JETP, v.68, N 5, pp.1711-1722 (Russian), pp. 988-994 (English) (1989).

[3] V. A. Gordin: Optimization of Eigenvalue of the Shrödinger Equation with Respect to Potential. Russian Journal Mathem.& Theoretical Physics. (1997) v.5, N 4, pp.521-526.

[4] V. A. Gordin: The Most Unstable Profile of the Plane-Parallel Current in a Channel. “Meccanica”, 2000, v.269, N 1, pp.39-53.