ŇŁ ŊŇŞ, 1 łşřś 1 śěňěśšř (1996 č.) Ăńčěąpă { 6

Ňăšřĺůŋă£ ăńčěąřă

A6-1. Ŋăľšĺ ćśě ňăšřĺűż, łőňňşšĺřş¿źĺě ś ňăšřĺűěľ a 0 0 0 b 0 0 0 c . A6-2. Ŋăľšĺ ćśě łćăďřăšŋżě ňăšřĺűż řăğňěřă n × n, łőňňşšĺřş¿źĺě ś ń¿ąőľ ňăšřĺűěľ šőčő ęě řăğňěřă.

A6-3. Ćżůĺśńĺšě: ă) ( 1 1 0 1 )_n , ą) ( 1 1 −1 0 )_n , ć) ( 1 a 0 1 )_n , č) ( a 1 0 b )_n . A6-4. Ćżůĺśńĺšě ğŋăůěŋĺ£ ňŋőčőůńěŋőć f(x) = 2x^2−3x+x^0 ĺ g(x) = a_0x^n +a_1x^n�^1 +...+a_nx^0

ŋă ňăšřĺűăţ ă) ( 1 1 0 1 ) , ą) ( 1 a 0 1 ) , ć)� ( a 1 0 b ) , č)� a 1 0 0 b 1 0 0 c .

A6-5. Ŕşśšĳ a_1, a_2, . . . , a_n | űěńżě ŕőńőęĺšěńĳŋżě ůĺśńă, ε_k = cos 2π a_k + i sin 2π a_k . Ć łăłőľ

ŋăĺňěŋĳÿěľ śšěŕěŋĺ ňăšřĺűă

0 ε_1 ... ε_n 0 ąşďěš řăćŋă E?

A6-6. Ŋăŕĺÿĺšě şřăćŋĺě, łőřŋěň łőšőřőčő £ćń£ěšś£ ňăšřĺűă ( a b c d ) . A6-7. Ŕşśšĳ ňăšřĺűă A ∈ M_2(Z) £ćń£ěšś£ řěÿěŋĺěň şřăćŋěŋĺ£ x^2 = 2. Ąşďěš ńĺ K[A] ŕőńěň ŕřĺ: ă) K = Z, ą) K = Q , ć) K = R .

A6-8∗. Ďń£ łăłőčő łńăśśă ňăšřĺű A ĺğ M_2(R) łőńĳűő R[A] ĺğőňőřťŋő ŕőń¿ łőňŕńěłśŋżţ ůĺśěń?

A6-9. Ďőłăęĺšě, ůšő łćăďřăšŋżě ňăšřĺűż ćĺďă

ă) ćěřţŋě− šřěşčőńĳŋżě ňăšřĺűż = ∗ ∗ ... 0 ∗ , ą) ďĺăčőŋăńĳŋżě

ňăšřĺűż = λ_1 0 ... 0 λ_n .

őąřăğş¿š łőńĳűă, ă ňăšřĺűż ćĺďă

ć) 1 1 a_{ij} ... 1 1 ś a_{ij} ∈ C ĺ ŋşń£ňĺ ć őśšăńĳŋżţ ňěśšăţ ,

č) 1 0 0 0 1 cos α 0 − sin α 0 0 1 0 0 sin α 0 cos α , ď) ćěřţŋěšřěşčőńĳŋżě şŋĺŕőšěŋšŋżě

ňăšřĺűż = 1 ∗ ... 1 .

őąřăğş¿š čřşŕŕż ŕő şňŋőęěŋĺ¿.

A6-10. Ďőłăęĺšě, ůšő ňŋőęěśšćő ňăšřĺű H = a b c d b −a −d c c d −a −b d −c b −a őąřăğşěš čřşŕŕş

ŕő şňŋőęěŋĺ¿ ĺ śńőęěŋĺ¿.

A6-11. Ŕşśšĳ A, B, . . . , C_1, D_1 - łćăďřăšŋżě ňăšřĺűż őďŋőčő ŕőř£ďłă.

ă) Ćżřăğĺšě ŕřőĺğćěďěŋĺě ňăšřĺű ( A B C D ) ( A_1 B_1 C_1 D_1 ) ć šěřňĺŋăţ ĺśţőďŋżţ ćőśĳňĺ ňăšřĺű.

ą) Őąőąźĺšě ŕőńşůěŋŋş¿ ťőřňşńş ŋă ŋěłćăďřăšŋżě ňăšřĺűż.

A6-12∗. Ŋăŕĺÿĺšě £ćŋş¿ ťőřňşńş ďń£ (ij)-šőčő ¡ńěňěŋšă ňăšřĺűż, őąřăšŋőľ ł ćěřţŋěšřěşčőńĳŋőľ şŋĺŕőšěŋšŋőľ ňăšřĺűě (h_{ij} ) (čďě h_{ii} = 1 ĺ h_{ji} = 0 ŕřĺ j > i).

A6-13∗. Ŕşśšĳ A, B, C, D - ŋěćżřőęďěŋŋżě ňăšřĺűż. Ďőłăęĺšě, ůšő ( A B C D )�_1 = ( (A − BD�^1C)�^1 (C − DB�^1A)�^1 (B − AC�^1D)�^1 (D − CA�^1B)�^1 ) . Šěřňĺŋőńőčĺ£. Ŕşśšĳ A ĺ B - łćăďřăšŋżě ňăšřĺűż; ňăšřĺűă [A, B]^{def}= AB − BA ŋăğżćăšś£

ĺţ łőňňşšăšőřőň. Ůĺśńő Tr A^{def}= ∑ i a_{ii} ŋăğżćăěšś£ śńěďőň łćăďřăšŋőľ ňăšřĺűż A. Ňăšřĺűă

A ≠ 0 ŋăğżćăěšś£ ŋĺńĳŕőšěŋšŋőľ, ěśńĺ A^n = 0 ďń£ ŋěłőšőřőčő n ∈ N. Ňăšřĺűă A ŋăğżćăěšś£ şŋĺŕőšěŋšŋőľ, ěśńĺ A = E + N, čďě N | ŋĺńĳŕőšěŋšŋă£ ňăšřĺűă.

A6-14. Ďőłăęĺšě, ůšő Tr[A, B] = 0 ďń£ ń¿ążţ łćăďřăšŋżţ ňăšřĺű A, B. A6-15. Ďőłăęĺšě, ůšő ďń£ ń¿ążţ łćăďřăšŋżţ ňăšřĺű A, B, C ćżŕőńŋ£¿šś£ ŕřăćĺńă Ńěľą- ŋĺűă: ă) [A, BC] = [A, B]C + B[A, C] , ą) [A, [B, C]] = [[A, B], C] + [B, [A, C]]. A6-16. Ćżřăğĺšě (A + B)^n ůěřěğ A^iB^j, ěśńĺ ă) [A, B] = 0 , ą)� [A, B] = B , ć)� [A, B] = A. A6-17. Ćěřŋő ńĺ, ůšő śşňňă ďćşţ ŋĺńĳŕőšěŋšŋżţ ňăšřĺű A ĺ B ŋĺńĳŕőšěŋšŋă?

ă) Ďőłăęĺšě, ůšő ¡šő šăł, ěśńĺ ňăšřĺűż ŕěřěśšăŋőćőůŋż. ą) Ďőłăęĺšě, ůšő ¡šő šăł, ěśńĺ A ŕěřěśšăŋőćőůŋă c [A, B].

A6-18. Ďőłăęĺšě, ůšő ěśńĺ A { ŋĺńĳŕőšěŋšŋă, šő šő ňăšřĺűă E ± A őąřăšĺňă.

A6-19. Ŕşśšĳ a ∈ C ; ćżůĺśńĺšě: ă) ( 1 a 0 1 )�_1

, ą) ( a 1 0 a )�_1 , ć) a 1 1 0 a 1 0 0 a �1 . A6-20. Ŕşśšĳ A - ŋĺńĳŕőšěŋšŋă£ ňăšřĺűă, G - ňŋőęěśšćő ňăšřĺű ćĺďă f(A), čďě f - ťőřňăńĳŋżľ śšěŕěŋŋőľ ř£ď őš őďŋőľ ŕěřěňěŋŋőľ ąěğ śćőąőďŋőčő ůńěŋă. Ďőłăęĺšě, ůšő G - čřşŕŕă őšŋőśĺšěńĳŋő őŕěřăűĺĺ f(A) ∗ g(A)^{def}= f(A) + g(A) − f(A)g(A).

A6-21∗. Ďőłăęĺšě, ůšő ňăšřĺűă A ŋăď ŕőńěň łőŋěůŋőľ ţăřăłšěřĺśšĺłĺ şŋĺŕőšěŋšŋă šőčďă ĺ šőńĳłő šőčďă, łőčďă A^n = E ďń£ ŋěłőšőřőčő n ∈ N.

A6-22∗. Ďőłăęĺšě, ůšő ŕăřă ňăšřĺű

ă) J_n =

0 1 0 ... ...

... 1 0 0 ĺ J�_n = 0 0 1 ...

... ...

0 1 0

ą) A = 1 0 2 ... 0 n ĺ B =

0 1 0 ... ...

0 ... 1 1 0 ŕőřőęďă¿š ăńčěąřş ňăšřĺű M_n(C ) ŋăď ŕőńěň C , š.ě. ń¿ąă£ ňăšřĺűă ĺğ M_n(C ) ňőęěš ążšĳ ŕőńşůěŋă ĺğ J_n ĺ J�_n łőŋěůŋżň ůĺśńőň őŕěřăűĺľ şňŋőęěŋĺ£, śńőęěŋĺ£ ĺ şňŋőęěŋĺ£ ŋă ůĺśńő.