Ďĺťťěřěŋűĺăńĳŋőě ĺśůĺśńěŋĺě ťşŋłűĺľ ňŋőčĺţ ŕěřěňěŋŋżţ.

Ŕőŋ£šĺě ďĺťťěřěŋűĺăńă ĺ ďĺťťěřěŋűĺřőćăŋĺ£.

Ńĺŋěľŋă£ ůăśšĳ ŕřĺřăźěŋĺ£ ťşŋłűĺĺ.

Ćżďěńĺň ńĺŋěľŋş¿ ůăśšĳ ŕřĺřăźěŋĺ£ ťşŋłűĺĺ: f(x + h) = f(x) + A(x) · h + o(h)^{Id}⇒ f(x + h) − f(x) = A(x) · h + o(h), ĺńĺ, ć ďřşčĺţ őąőğŋăůěŋĺ£ţ: f(x + h) − f(x) ≈ A(x) · h. Ďĺťťěřěŋűĺřőćăŋĺěň ĺ ŋăğżćăěšś£ ŕřőűěśś ńĺŋěăřĺğăűĺĺ ťşŋłűĺĺ.

Řăśśňőšřĺň ŕřĺňěřż:

1) Ťşŋłűĺ£ sin. Řăśśňőšřĺň ńĺŋěľŋş¿ ůăśšĳ ć šőůłě 0: sin h ∼ h, š.ě. sin h = h + o(h).

2) Őŕřěďěńĺšěńĳ det. Ŕşśšĳ E | ěďĺŋĺůŋă£ ňăšřĺűă. Šőčďă det(E + h) ≈ 1 + tr h, ć ůăśšŋőśšĺ det(E + t´) ≈ 1 + t(tr´) 3) Őąřăźěŋĺě ňăšřĺűż, š.ě. ťşŋłűĺ£ (X)^{−1}. Ć őłřěśšŋőśšĺ ěďĺŋĺůŋőľ ňăšřĺűż E ĺňěěň^1 : (E + h)^{−1} = E − h + o(h), ă ć őłřěśšŋőśšĺ ŕřőĺğćőńĳŋőľ ňăšřĺűż A ĺňěěň : (A+h)^{−1} = A^{−1} −A^{−1}hA^{−1} +o(h).

4) Ćěłšőřż. Ěśšĳ ŋěśłőńĳłő ćăęŋżţ ŕřĺňěřőć:

ă) Śłăń£řŋőě ŕřőĺğćěďěŋĺě: ⟨a, b⟩ .

Şŕřăęŋěŋĺě 0.1. Ŕőńşůĺšĳ ńĺŋěľŋş¿ ťşŋłűĺ¿ ďń£ ŕřĺřă-

źěŋĺ£ śłăń£řŋőčő ŕřőĺğćěďěŋĺ£ ⟨a + ´a, b + ´b⟩ ą) Ćěłšőřŋőě ŕřőĺğćěďěŋĺě [a, b].

[a + ´a, b + ´b] = [a, b] + [´a, b] + [a, ´b] ńĺŋěľŋă ŕő ŕřĺřăźěŋĺ¿ +[´a, ´b]

ć) Őąžěň. İšő őŕřěďěńĺšěńĳ det(a_1, . . . , a_n) .

1Šőůŋă£ ťőřňşńă őąřăźěŋĺ£: (E + h)�^1 = E � h + h^2 � h^3 + h^4 � . . .

Şŕřăęŋěŋĺě 0.2. Ůěňş řăćŋă ńĺŋěľŋă£ ůăśšĳ ŕřĺřăźěŋĺ£ det(a_1 + ´a_1, . . . , a_n + ´a_n)?

5) Řăśśňőšřĺň ťşŋłűĺ¿ őš šřěţ ŕěřěňěŋŋżţ f(x, y, z). Ŕěřěňěŋŋżě ğăďăŋż ś ŕőčřěÿŋőśšĳ¿ x±´_x, y±´_y, z±´_z. Łăłőćă ŕőčřěÿŋőśšĳ ćżůĺśńěŋĺ£?

6) Ŕřĺňěř ĺğ ňěţăŋĺłĺ: ďćĺęěŋĺě šőůłĺ. Ŕőńőęěŋĺě šőůłĺ ć ňőňěŋš ćřěňěŋĺ t őŕřěďěń£ěšś£ ťşŋłűĺěľ x(t)

x(t + τ ) ≈ x(t) + v(t)τ 7) Ć ŕřőśšřăŋśšćě ňŋőčőůńěŋőć śšěŕěŋĺ n ňőęŋő őŕřěďěńĺšĳ ůĺśšő ăńčěąřăĺůěśłĺ őŕěřăűĺ¿ ćğ£šĺ£ ŕřőĺğćőďŋőľ ňŋőčőůńěŋă. Őŋă ğăďăěš őšőąřăęěŋĺě^d_{dx} : P_n → P_n.

Ćőŕřőś. Łăłőćă řăğňěřŋőśšĳ ŕřőśšřăŋśšćă Pn?

Şŕřăęŋěŋĺě 0.3. Ć ąăğĺśě {1, x, x^2, . . . , x^n} ŋăŕĺśăšĳ ňăšřĺűş

őšőąřăęěŋĺ£^d_{dx} (P_n őšőąřăęăěšś£ ć P_{n−1}).

8) Ŕşśšĳ X | ňăšřĺűă. İłśŕőŋěŋšă ňăšřĺűż ğăďăěšś£ ř£ďőň

e^X = E + X 1! + 1 2! X^2 + · · · + 1 n! X^n + · · · . Şŕřăęŋěŋĺě 0.4. Řăśśňőšřĺň ďĺăčőŋăńĳŋş¿ ňŕšřĺűş: X = λ_1 0 ... 0 λ_n Ůěňş řăćŋă e^X ?

Ďĺťťěřěŋűĺřőćăŋĺě £ćń£ěšś£ ńĺŋěľŋżň őŕěřăšőřőň. Ŕő¡šőňş ťőřňşńă Šěľńőřă ňőęěš ążšĳ ğăŕĺśăŋă łăł ŕřĺňěŋěŋĺě śőőšćěšśšćş- ¿źěľ ¡łśŕőŋěŋšż: (e^{t d}dx )P (x) = P (x + t)

Őąőğŋăůěŋĺ£ ĺğ ńĺŋěľŋőľ ăńčěąřż:

Ćőğĳňěň ńĺŋěŋżľ őŕěřăšőř A : X → Y . X, Y | ćěłšőřŋżě ŕřőśšřăŋśšćă. Ŕşśšĳ {e_i} | ąăğĺś ć X; {l_j} | ąăğĺś ć Y . Ĺŋďěłś i ŕřőąěčăěš ğŋăůěŋĺ£ őš 1 ďő dim X = m, j ŕřőąěčăěš ğŋăůěŋĺ£ őš 1 ďő dim Y = n.

Ŕşśšĳ x ∈ X, šőčďă

Ax = A(x^ie_i) = x^i(Ae_i) = x^i(a^j_i l_j) = (a^j_i x^i) l_j = y^jl_j ,

čďě a^j_i x^i | łőőřďĺŋăšż őąřăğă x ć ąăğĺśě {l_j}.

Ůĺśńă a^j_i őąřăğş¿š ňăšřĺűş ĺ ŕřěďżďşźş¿ ťőřňşńş ňőęŋő ğăŕĺśăšĳ ć ćĺďě ŕřőĺğćěďěŋĺ£ ňăšřĺű:

y^1 . . y^m = a^1 · · · a^1_n . . . . a^m_1 · · · a^m_n x^1 . . x^n . Šăłĺň őąřăğőň, ĺňěěň ğăŕĺśĳ ńĺŋěľŋőčő őšąřăęěŋĺ£ ć łőőřďĺŋăšăţ:

y^j = a^j_i x^i.

Ŋőřňă ćěłšőřŋőčő ŕřőśšřăŋśšćă: ‖ · ‖ : X → R. Śćőľśšćă ŋőřňż:

1) ∀x ∈ X ‖x‖ ≥ 0, ‖x‖ = 0 šőčďă ĺ šőńĳłő šőčďă, łőčďă x = —0; 2) ‖λx‖ = |λ|‖x‖, ∀λ ∈ R, x ∈ X. 3) ‖x + y‖ ≤ ‖x‖ + ‖y‖, ∀x, y ∈ X. Ďăďĺň śšřőčőě őŕřěďěńěŋĺě ĺśŕőńĳğőćăćÿěčőś£ ćżÿě ăśĺňŕšőšĺůěśłőčő őąőğŋăůěŋĺ£ o(h)

Őŕřěďěńěŋĺě. Ŕşśšĳ f : X → Y . f(h) = o(h)^{def}= ‖f(h)‖_Y = α(h)‖h‖_X , čďě α(h) → 0 ŕřĺ ‖h‖ → 0.

Őŕřěďěńěŋĺě ďĺťťěřěŋűĺăńă ťşŋłűĺĺ.

Řăśśňőšřĺň ťşŋłűĺ¿ f : X → Y . Ŕşśšĳ ćżďěńěŋă ńĺŋěľŋă£ ůăśšĳ ŕřĺřăźěŋĺ£ ťşŋłűĺĺ f ć őłřěśšŋőśšĺ šőůłĺ x. Ěľ śőőšćěšśšćşěš ŋěłőšőřőě ńĺŋěľŋőě őšőąřăęěŋĺě A(x), őŕřěďěńěŋŋőě ŋă ňŋőęěśšćě śňěźěŋĺľ őš šőůłĺ x ĺ ŕřĺŋĺňă¿źěě ğŋăůěŋĺě ć ňŋőęěśšćě śňěźěŋĺľ őš šőůłĺ f(x). İšő őšőąřăęěŋĺě ĺ čăğćăěšś£ ďĺťťěřěŋűĺăńőň ťşŋłűĺĺ.

Ďĺťťěřěŋűĺăń őŕřěďěń£ěšś£ ŋă ňŋőęěśšćě śňěźěŋĺľ őš šőůłĺ x. Śňěźěŋĺ£ őš šőůłĺ x őąřăğş¿š śćőě ŕřőśšřăŋśšćő, łőšőřőě ŋăğżćăěšś£ łăśăšěńĳŋżň ŕřőśšřăŋśšćőň ć šőůłě x. Őąőğŋăůěŋĺě | T_xX. Ďĺťťěřěŋűĺăń őŕřěďěńěŋ ć ¡šőň ŕřőśšřăŋśšćě.

A(x) : T_xX → T_{y=f (x)}Y | łăśăšěńĳŋőě őšőąřăęěŋĺě.

Ďĺťťěřěŋűĺřőćăŋĺě ťşŋłűĺĺ ğăłń¿ůăěšś£ ć őšżśłăŋĺĺ ďřşčőľ ťşŋłűĺĺ, ďěľśšćş¿źěľ ŋă ďřşčőň ŕřőśšřăŋśšćě, ŋő őŕřěďěń£ěňőľ ďń£ šőůěł ĺśţőďŋőčő ŕřőśšřăŋśšćă.

Ŕřĺňěř ńĺŋěľŋőľ ťşŋłűĺĺ: A(x + h) − Ax = Ax + Ah − Ax = Ah Ćěřŋő ńĺ, ůšő A^′ = A?

Ńěłűĺ£ 2. f(x + h) − f(x) = A(x)h + o(h) A(x)h őąőğŋăůăěšś£ f^′(x)h ĺńĺ df(x)h.

Ğăďăůĺ ńőłăńĳŋőľ ńĺŋěăřĺğăűĺĺ ťşŋłűĺľ ćőğŋĺłă¿š ćś¿ďş. Ăřčşňěŋš ĺ ŕřĺřăźěŋĺě ňőčşš ążšĳ ŋě őą£ğăšěńĳŋő ůĺśńăňĺ (śň. ŕřĺňěřż ćżÿě).

Ŕřĺňěřż:

1. Ňă£šŋĺł

Şřăćŋěŋĺě ďćĺęěŋĺ£ ňă£šŋĺłă: R -φ = −mg sin φ φ_0 | ŋăůăńĳŋżľ şčőń őšłńőŋěŋĺ£. Ěśńĺ φ_0 ≪ 1 (š.ě. ňă£šŋĺł őšłńőŋ£ěšś£ ŋă ňăńżľ şčőń) şřăćŋěŋĺě ňőęŋő şŕřőśšĺšĳ ĺ řěÿĺšĳ: R -φ = −mgφ (čăřňőŋĺůěśłĺě łőńěąăŋĺ£).

2. Ŕşÿłă

Ćżśšřěń ŋě šőůěŋ. Ĺğćěśšŋő řăśśšő£ŋĺě őš űěńĺ ďő ňěśšă, čďě şŕăńő £ďřő.

Ğăďăůă: ŕő řăśśšő£ŋĺ¿ őš űěńĺ ďő ňěśšă ŕăďěŋĺ£ şňěšĳ śůĺšăšĳ ŕőŕřăćłş ł şčńş ćżśšřěńă.

3. Ăąśőń¿šŋă£ ŕőčřěÿŋőśšĳ: ´f^{def}=|f(x + h) − f(x)| ≈ |f^′(x)h| = df(x)h Őšŋőśĺšěńĳŋă£ ŕőčřěÿŋőśšĳ:

δf(x)h^{def}= df(x)h |f(x)| Őšŋőśĺšěńĳŋă£ ŕőčřěÿŋőśšĳ | ńőčăřĺťňĺůěśłă£ ŕřőĺğćőďŋă£ d ln f(x)h = df(x)h f(x) .

Ăśĺňŕšőšĺůěśłĺě őąőğŋăůěŋĺ£: o(h) : |o(h)| = α(h) · |h| ĺ α(h) → 0 ŕřĺ |h| → 0 (ďń£ ćěłšőřŋżţ ťşŋłűĺľ ‖h‖). O(h) : |O(h)| = α(h) · |h| , čďě α(h) | ťĺŋăńĳŋő őčřăŋĺůěŋă ŕřĺ h → 0.

Ăśĺňŕšőšĺůěśłĺě řăćěŋśšćă: 1) o(f) + o(f) = o(f); 2) o(f) + O(f) = O(f); 3) O(f) + O(f) = O(f); 4) λo(f) = o(λf); 5) λO(f) = O(λf). Ŕőńĺńĺŋěľŋă£ ťşŋłűĺ£: d(a · b) = da · b + a · db. Ŕřĺňěřż: ⟨a, b⟩, [a, b], L(x_1, x_2, . . . , x_n). Ňěšőď ńőňăŋżţ İľńěřă.

İšő ňěšőď ŕřĺąńĺęěŋŋőčő řěÿěŋĺ£ ďĺťťěřěŋűĺăńĳŋżţ şřăćŋěŋĺľ. Şřăćŋěŋĺě _x = kx, čďě _x | śłőřőśšĳ ŕřőűěśśă, ćśšřěůăěšś£ ćśăňżţ řăğŋżţ ğăďăůăţ: řăďĺőăłšĺćŋőčő řăśŕăďă, řăğňŋőęěŋĺ£ ąăłšěřĺľ ĺ š.ď.

x(t) | łőńĺůěśšćő ąăłšěřĺľ ćő ćřěň£ t. x(0) = x_0 x(´) ≈ x_0 + x_0´, čďě ´ =^T_n .

Ćěśĳ ŕřőűěśś ŕřőţőďĺšś£ ňăńżňĺ ÿăčăňĺ.

Ďń£ ŕřőśšőšż ŕőńăčăěň _x = x.

x((k + 1) T n ) ≈ x(k T n ) + _x(k T n ) T n = x(k T n )(1 + T n ) = x_0(1 + T n )^k

Šőčďă x(T ) ≈ x_0(1 +^T_n )^k Ŕřĺ şćěńĺůěŋĺĺ ůĺśńă ÿăčőć, š.ě. ŕřĺ şćěńĺůěŋĺĺ n šőůŋőśšĳ ŕřĺąńĺęěŋĺ£ řăśšěš.

Ěźě őďĺŋ ŕřĺňěř: ďćĺęěŋĺě ŕńăŋěš.

r = r(t), čďě r(t) = (x(t), y(t)), ğăďăěš šřăěłšőřĺ¿ ďćĺęěŋĺ£. v = _r | śłőřőśšĳ, a = -r | şśłőřěŋĺě ďćĺęěŋĺ£.

Ğăłőŋ Ŋĳ¿šőŋă: ma = F Ďĺťťěřěŋűĺăńĳŋőě şřăćŋěŋĺě ďćĺęěŋĺ£: m-r(t) = −G mM |r|^3 r(t) Ŕőńşůăěň šăłş¿ ğăďăůş. Ďăŋż ŋăůăńĳŋżě şśńőćĺ£: r_0 = r(0), v_0 = _r(0). Ŋěőąţőďĺňő řăśśůĺšăšĳ šřăěłšőřĺ¿ ďćĺęěŋĺ£ (ğŋă£ ŋăůăńĳŋżě ďăŋŋżě).

Ŕő ňěšőďş İľńěřă ŕřőűěśś ňőęŋő řăğąĺšĳ ŋă ňăńěŋĳłĺě ÿăčĺ:

v(´) ≈ v(0) + a(0) · ´,

şśłőřěŋĺě ňőęŋő őŕřěďěńĺšĳ ĺğ şřăćŋěŋĺ£ ďćĺęěŋĺ£.

Őŕřěďěńěŋĺě ďĺťťěřěŋűĺřşěňőľ ťşŋłűĺĺ.

Őŕřěďěńěŋĺě. Ťşŋłűĺ£^2 f : X → Y ŋăğżćăěšś£ ďĺťťěřěŋűĺřşěňőľ

ć šőůłě x ∈ X, ěśńĺ ĺňěěš ňěśšő ŕřěďśšăćńěŋĺě f(x + h) − f(x) = A(x)h + o(h) ( h → 0), čďě A(x) : T_xX → T_{y=f (x)}Y | ďĺťťěřěŋűĺăń ťşŋłűĺĺ. Őąőğŋăůăěšś£ df(x) ĺńĺ f^′(x).

Šěŕěřĳ řăśśňőšřĺň ŕřĺňěřż ďń£ ťşŋłűĺľ f : R^m → R^n ŕřĺ řăğŋżţ m, n. n = 1. Ůĺśńőćżě ťşŋłűĺĺ f : R^m → R. Ŕřĺ m = 1: f : R → R. f(x + h) − f(x) = A(x)h + o(h). Ąńăčőďăř£ šőňş, ůšő A(x) ĺ h | ůĺśńă, šő

f^′(x) = A(x) = lim_{h→0} f(x + h) − f(x) h . Ŕřĺ m > 1: f : R^m → R.

Łăśăšěńĳŋőě ŕřőśšřăŋśšćő ć šőůłě x ∈ R^m : śőćŕăďăěš ś śăňĺň R^m: T_xR^m ≃ R^m.

df(x) = A(x) : T_xR^m → T_yR Šăłĺň őąřăğőň ďń£ šőčő, ůšőąż ğŋăšĳ A(x), ŋěőąţőďĺňő ğŋăšĳ, łăł şśšřőěŋż ńĺŋěľŋżě őšőąřăęěŋĺ£ L : R^m → R.

Ŕşśšĳ x = [x^1, . . . , x^m], h = [h^1 . . . h^m, šőčďă

A(x)h = a_1(x)h^1 + · · · + a_m(x)h^m = (a_1(x) . . . a_m(x)) h^1 . . h^m 2Ŋăŕřĺňěř f : Rm ! R, ŋő ňőęŋő f : Rm ! Rn.

Ć R^m ďńĺŋőľ ćěłšőřă h ňőęŋő śůĺšăšĳ ń¿ąş¿ ĺğ ćőğňőęŋżţ ŋőřň.

Ğăŕĺÿěň ĺğňěŋěŋĺě ťşŋłűĺĺ:

f([x^1 + h^1, . . . , x^m + h^m])− f([x^1 . . . x^m]) = (a_1(x), . . . , a_m(x)) h^1 · · · h^m + o(h)

Řăśśňăšřĺćă£ śňěźěŋĺ£ h_{(i)}^{def}= (0, . . . , h^i, . . . , 0), ňőęěň ŋăľšĺ

a_i(x) = lim_{hi→0} f([x^1, . . . , x^i + h^i, . . . , x^m]) − f([x^1, . . . , x^m]) h^i , čďě a_i(x) | ůăśšŋżě ŕřőĺğćőďŋżě ťşŋłűĺĺ ŕő i-šőľ ŕěřěňěŋŋőľ. Őŋĺ őąőğŋăůă¿ĺś£^{∂f}_{∂xi} (x), ∂_if(x).

Šăłĺň őąřăğőň ŕőńşůăěň, ůšő

f([x^1 +h^1, . . . , x^m +h^m])−f([x^1 . . . x^m]) = d_1f(x)h^1 +. . .+d_mf(x)h^m +o(h),

čďě o(h) ŕőŋĺňăěšś£ ć śňżśńě ďńĺŋż, ćżąřăŋŋőľ ć R^m.

Ŕşśšĳ ĺ m, ĺ n ąőńĳÿě 1, š.ě. ĺňěěň ťşŋłűĺ¿ f : R^m → R^n. Ňőęŋő ŕřěďśšăćĺšĳ f(x) = f^1 ([x^1 . . . x^m]) · · · f^n ([x^1 . . . x^m])

Šőčďă ćżřăęěŋĺě ďń£ ďĺťťěřěŋűĺăńă A(x) : R^m → R^n šăłőćő:

´^1 . . ´^n = a^1 . . . a^m_1 · · · a^1_n . . . a^m_n h^1 . . h^m = f^′(x) h^1 . . h^m , čďě f^′(x) = ∂f 1 ∂x1 · · ·^{∂f 1}_{∂xm} · · · ∂f^n ∂x1 · · ·^{∂f n}_{∂xm} Ćőőąźě čőćőř£, ťşŋłűĺ£ f ňőęěš ĺ ŋě ążšĳ ŋěŕřěřżćŋőľ, ŋő ěě ůăśšŋżě ŕřőĺğćőďŋżě ňőčşš śşźěśšćőćăšĳ.