Von Neumann Algebras and L^2 Techniques in Geometry and Topology

Mikhail Shubin

Author address:

Department of Mathematics, Northeastern University, Boston, Massachusetts, USA.

E-mail address: shubin@neu.edu

1991 Mathematics Subject Classification. Primary 54C40, 14E20; Secondary 46E25, 20C20.

Abstract. This paper is a sample prepared to illustrate the use of the American Mathematical Society’s L^ATEX document class amsbook and publicationspecific variants of that class.

Contents

Preface v

Chapter 1. Algebras of operators in a finite dimensional Hilbert space 1 1.1. Trace 1 1.2. Projections 2 1.3. Inner product 3 1.4. Spectral theorem for self-adjoint operators 4 1.5. Spectral theorem for unitary operators 4 1.6. Algebras and commutant 5 1.7. Double commutant 6 1.8. Factors 7 1.9. Generation of ∗-algebras by projections 7 1.10. Cancellation property 8 1.11. Structure of factors. 8 1.12. Commutative algebras 11 1.13. Structure of arbitrary ∗-algebras 12 1.14. Traces on ∗-algebras 12

Chapter 2. Von Neumann algebras and traces 13 2.1. Topologies in the algebra of bounded linear operators in a Hilbert space 13 2.2. Spectral Theorem for bounded self-adjoint operators. 14 2.3. Polar decomposition 17 2.4. Monotone convergence of operators 17 2.5. Basics on von Neumann Algebras 18 2.6. Trace 21 2.7. Classification of factors 22 2.8. Trace on B(H) 23 2.9. Algebra L^∞ 25 2.10. Algebras associated with a discrete group 26 2.11. Trace on M_l and M_r 28 2.12. Tensor product of Hilbert spaces and von Neumann algebras 31 2.13. Trace on M ⊗ B(H_2) 34 2.14. Von Neumann algebra of free discrete group actions 34 2.15. Generalization to vector � -bundles 37 2.16. Hilbert �-modules and �-dimension. 38 2.17. Properties of the �-dimension 39 2.18. Ideals in von Neumann algebras 40 2.19. Extension of a trace 42 2.20. Schwartz kernels of Hilbert-Schmidt operators 44 iii iv CONTENTS

2.21. Trace in terms of the Schwartz kernel 47 2.22. Analytic expression for the �-trace 50 2.23. �-Hilbert-Schmidt and �-trace class operators 52 2.24. Dominated convergence theorems for traces 54 2.25. Generalized polar decomposition 56 2.26. Almost isomorphisms 56 2.27. Hilbert complexes and almost exact sequences 57 2.28. Measurement of projections and types of factors 59

Chapter 3. Index theory and �-index 65 3.1. Fredholm operators and index 65 3.2. Elliptic differential operators 70 3.3. Sobolev spaces 73 3.4. Pseudo-differential operators 76 3.5. Pseudo-differential operators on manifolds 82 3.6. Trace class operators (sufficient conditions) 84 3.7. The Atiyah-Bott formula 87 3.8. Unbounded linear operators in a Hilbert space 89 3.9. Pseudo-differential operators on a �-manifold 97 3.10. Index Theory in von Neumann algebras 102 3.11. �-Fredholm properties and �-index of elliptic operators 110

Chapter 4. L^2-invariants in topology 123 4.1. L^2-cohomology of coverings and L^2 Betti numbers 123 4.2. L^2-cohomology of simplicial and CW �-complexes 128 4.3. Morse inequalities 131 4.4. Near-cohomology 135 4.5. Variational principle for the spectrum distribution function 143

Bibliography 149