úÁÄÁÞÉ ÐÏ ÁÌÇÅÂÒÅ Ë 15 ÏËÔÑÂÒÑ 2002

1. îÁÊÄÉÔÅ ÓÌÅÄ, ÏÐÒÅÄÅÌÉÔÅÌØ, ÈÁÒÁËÔÅÒÉÓÔÉÞÅÓËÉÊ ÍÎÏÇÏÞÌÅÎ É ÒÁÎÇ ÍÁÔÒÉÃ: a) a b 0 ::: 0 0 c a b ::: 0 0 0 c a ::: 0 0 . . . . . . .. . . . . . 0 0 0 ::: a b 0 0 0 ::: c a b) 1 1 1 ::: 1 x_1 x_2 x_3 ::: x_n

x^2_1 x^2 x^2_3 ::: x^2_n . . . . . . .. . . . x^{n−1}_1 x^{n−1}_2 x^{n−1}_3 ::: x^{n−1}_n c) 0 0 0 ::: 0 −a_0 1 0 0 ::: 0 −a_1 0 1 0 ::: 0 −a_2 . . . . . . .. . . . . . 0 0 0 ::: 0 −a_{n−2} 0 0 0 ::: 1 −a_{n−1} d) a_1 a_2 a_3 ::: a_{n−1} a_n a_n a_1 a_2 ::: a_{n−2} a_{n−1} a_{n−1} a_n a_1 ::: a_{n−3} a_{n−2} . . . . . . .. . . . . . a_3 a_4 a_5 ::: a_1 a_2 a_2 a_3 a_4 ::: a_n a_1

2. ðÕÓÔØ A ∈ Mat_{m×n}(K). äÏËÁÖÉÔÅ, ÞÔÏ ÅÓÌÉ ∀X ∈ Mat_{n×m}(K) ÉÍÅÅÍ tr(AX) = 0, ÔÏ A = 0.

3. ðÕÓÔØ A | ÍÁÔÒÉÃÁ n × n. ðÏËÁÖÉÔÅ, ÞÔÏ

a) ÅÓÌÉ r(A) = n, ÔÏ r( ^A) = n; b) ÅÓÌÉ r(A) = n − 1, ÔÏ r( ^A) = 1; c) ÅÓÌÉ r(A) ⩽ n − 2, ÔÏ ^A = 0.

4. ðÏËÁÖÉÔÅ, ÞÔÏ a) r(AB) ⩽ r(A); b) r(AB) ⩽ r(B); c) r(A + B) ⩽ r(A) + r(B).

5. ðÏËÁÖÉÔÅ, ÞÔÏ ŒÓÑËÁÑ ÍÁÔÒÉÃÁ A ∈ Mat_{m×n}(K) ÒÁÎÇÁ r ÐÒÅÄÓÔÁŒÌÑÅÔÓÑ Œ ŒÉÄÅ A = B · C,

ÇÄÅ B ∈ Mat_{m×r} (K) É C ∈ Mat_{r×n}(K). îÁÓËÏÌØËÏ ÏÄÎÏÚÎÁÞÎÏ ÔÁËÏÅ ÐÒÅÄÓÔÁŒÌÅÎÉÅ?

6. óÉÓÔÅÍÏÊ ÌÉÎÅÊÎÙÈ ÕÒÁŒÎÅÎÉÊ ÎÁÚÙŒÁÅÔÓÑ ÉÚÏÂÒÁÖÅÎÎÁÑ ÓÐÒÁŒÁ ÓÉÓÔÅÍÁ,

ÚÁÐÉÓÙŒÁÅÍÁÑ ËÒÁÔËÏ Œ ŒÉÄÅ Ax = b, ÇÄÅ A ∈ Mat_{m×n}(K), b ∈ Mat_{m×1}(K)

É x | ÓÔÏÌÂÅÃ ÎÅÉÚŒÅÓÔÎÙÈ. äÏËÁÖÉÔÅ, ÞÔÏ

{_{a11x1+···+a1nxn = b1} . . . . a_{m1}x_1+···+a_{mn} x_n = b_m

a) ÍÎÏÖÅÓÔŒÏ ÒÅÛÅÎÉÊ ÓÉÓÔÅÍÙ Ax = 0 ÑŒÌÑÅÔÓÑ ŒÅËÔÏÒÎÙÍ ÐÒÏÓÔÒÁÎÓÔŒÏÍ ÒÁÚÍÅÒÎÏÓÔÉ n − r(A).

b) ÌÉÂÏ ÍÎÏÖÅÓÔŒÏ ÒÅÛÅÎÉÊ ÓÉÓÔÅÍÙ Ax = b ÐÕÓÔÏ, ÌÉÂÏ ÎÁ ÎÅÍ ÓŒÏÂÏÄÎÏ É ÔÒÁÎÚÉÔÉŒÎÏ ÄÅÊÓÔŒÕÅÔ ÍÎÏÖÅÓÔŒÏ

ÒÅÛÅÎÉÊ ÓÉÓÔÅÍÙ Ax = 0.

c) ÍÎÏÖÅÓÔŒÏ ÒÅÛÅÎÉÊ ÓÉÓÔÅÍÙ Ax = b ÎÅÐÕÓÔÏ ⇐⇒ r(A) = r(A|b).

7. ðÕÓÔØ R | ËÏÍÍÕÔÁÔÉŒÎÏÅ ËÏÌØÃÏ, M | R-ÍÏÄÕÌØ É A ∈ Mat_{n×n}(R). äÏËÁÖÉÔÅ, ÞÔÏ ÅÓÌÉ ∀x ∈ Mat_{n×1}(M )

ÉÍÅÅÍ Ax = 0, ÔÏ (det A)M = 0.