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Onpenenenne 1. [Iycrb K — koMmMmyTaruBHOe KoJblO ¢ ejunuiieii. Veas I nasbiBaercs mak-
CUMAADHDLM, €CJTH OH HE COJIEPYKUTCI HU B KAKOM OOJIBIIIEM HJeaJie, KPOMe CaMOTO KOJIBIIA.

IIpengioxkenue 1 Hdean I marcumanern mozda u moavko moeda, kozda darxmoprosvyo K/I
ABAAETNCA TONEM.

oxazamenavcmeo: Tlose oupepensiercs rem, 4To BCAKUN HEHYJIEBOM ujeas B HEM COJEPIKUT €/IMHULLY,
a 3HAYUT CoBHmajaer co sceM mnojem. Ilyers maean I C K conepxurca B uneane I') rorma I'/I Gyner
uieanom B K/I, suaunt, ecoim K/I — none, ro I' =1 wim I' = K.

Haoboport, myctsb Terneps I — MaCKUMAaJIBHBIN WI€AJT, TOKAYKEM, ITO BCAKU ajieMenT ¢ I obparum
no moaymio I. Bamerum, uro uaean I + (x) copepxur I u ne cosuagaer ¢ I. 3uauur, on pasen K u,
TEeM CaMBIM, COTEpPKUT enuuuiy. 10 ecTh HaifiAéTCsa y, Takoit uro zy — 1 € I, uto u Tpebyercs.
IMpumep. Tak xkax muorowren z? + 1 mepasnokum B R[z], unean (2?2 + 1)R[z] aprserca mak-
cumanbibim, 1 Rlz]/(2? + 1)R[z] uzomopduo noao C.
Omnpepnesiernne 2. llejocTHOE KOJIBIIO HA3BIBACTCS KOADUOM 2406HOIE UJEAN08, €CIIH BCIKUIT
Hjeasl B HEM sIBJISIETCs IVIABHBIM (LOPOZKJIEH OJHUM 3JIEMEHTOM ).

Jlemma 1 B koavue enasnolx udeanros ecaras 6o3pacmaroulaa yenowka udeanos Iy C Io C ...
KOHEUHA (KOADUG ¢ 9MUM C80TLCMEOM HA3bI6AI0M HETEPOBBIMH ).

oxazameavemeo: Ob6beauHenne 3ToN LENOYKM TOKE OyJer maeajoM, KOTOPbIi B CBOIO O4epejb
MOPOKTIEH d1emeHToM x. Ho Beakmit s/meMeHT 00beinHeHsI TPUHAIEKHUT I) J7IsT HEKOTOPOro k, B TOM
qucae u . I1oT I u Oyner noc/jieIHIM B [EIM0YKE.

Teopema 1 Bcakoe K0abu0 2408HNT Udea.n08 GarmopuaibHo.

oxaszamenvemeo: CHadasia JoOKaxKeM CylecTBoBaHue. Beskuil sjemeHT b0 mpoct, b0 passara-
€TCd B IIpOU3BEACHUE HeO6paTHMbIX QJIEMEHTOB. Byﬂ;eM pa3Jjiararb Ux JdaJibIIe, O3a6OTHBmHCb JINIIb
BOTIPOCOM, TIOYEMY TaKag MPOIEeAypa PAHO WU MO3IHO OCTAHOBUTCS.

JlenuMoCTh COOTBETCTBYET BJIOYKEHUIO HJ€aJ/I0B, 1modromy 1o Jlemve 1 HEBO3MOKHO OECKOHEYHO
JTEJTUTD SJIEMEHT HAIEero KOJIbIA Ha, He0DPATUMBbIE 9JIEMEHTHI, U3 9ero CJIeIYeT, ITO MPOIECcC 3aBePITATCS
38 KOHETHOE UHC/IO IIaroB.

Jlokazare/ibCTBO €UHCTBEHHOCTH aHAJIOIMYHO EBKJIMI0BOMY C/Iydalo. B KoJibIlax rilaBHBIX M/1€ajI0B
TO2Ke Oorpe/es€éH Haubosbiuil obmmit neauresis. s snementos a, b € K paccmorpum uzgean aK +bK,
LyCTh OH HOPOXKJIEH 3sieMeHToM (a,b) (Takoil s/ieMeHT OlPEAEIEH C TOYHOCTHIO J0 YMHOXKEHHs Ha
obparumsriii). Torma (a,b) aBagercs obmmM geuTesieM a U b, 1 KpoMe TOrO BCAKHUI OOIIHIL T€TUTE b
a u b neaur (a,b). U3 onpenesenns cpasdy ciejyer, 4To CymecTByOT 4 u v, Takue 410 (a,b) = au + bv.

Orcroa BEITEKAET JiIeMMa 0 TOM, 4To ecan albe u (a,b) = 1, 10 ale, nanpHeiiniee 1oKa3aTEIBCTBO
[OBTOPSIET JIOKA3ATEIbCTBO JIJI €BKJIMJIOBOTO KOJIBIIA.

Cutestytomiast 3a/1ada — pereHne CUCTeM JIMHEHHBIX Jn0(haHTOBBIX yPAaBHEHUN BHJIA,

anry + -+ a2y, =
a91T1 + -+ + Aop Ty = Cy
11+ + O = Cp

Cseném 31y 3a1ady K Oosee mpocToil. /i 9TOro Mbl MOZKeEM MepexXO/uTh K PaBHOCHUIb-
HbIM CHCTEMaM, IlepecTaB/isis ypaBHEHUsd, a TaKzKe NpudaB/issd K OJJHOMY U3 YpaBHEHUIT JIpyroe,
YMHOYKEHHOE Ha, IIPOU3BOJILHBIN 9JIEMEHT KOJIbIA. AHAJOIMIHO, MOZKHO MEHSTH MECTAMU Hepe-
MeHHble U 3aMeHATb ¥; Ha @; + kx;, He 3a0bIB IOTOM BEpHYTbCA K HCXOJHBIM IHepeMeHHDIM.
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air ... A1p
Kosddunuenrs ypaBHeHust MOXKHO 3alMcarb Marpunei sujga | ... ... ... |, UpUMeHss K
Am1 -+ Qmn
9TOIl MaTpHIle OIMUCAHHBIE BHIIIE dJIeMEeHTaPHbIE IPeoOpa30BaHusd CTPOK U CTOJIOIOB, MOIPOOyeM
HPUBECTU €€ K YJI00HOMY /I pelIeHUsT BHUJLY.

Teopema 2 I[lycmo woavuo K eskaudoso. Tozda 6caryto Mampuuy MONCHO NPUGECTIU IAe-
MEHMAPHLLMU NPEOOPAZOGAHUAMY CTNPOK U CMOAOUO6 K HOpMaIbHOIT hopme Cyura: mampuye
Diag(ay, as,...) ¢ HyasMmu 6He 2406H0T QUAZOHAAL U YUCAAMU A1, Gy, . .. HG HET, MAKUT 4MO
ailai1 Ons i =1,2,....

Loxasamesvcmeo: OupemenuM Hopmy MATPANLI KAK MAHAMYM HOPM HEHYJIEBLIX 3JIEMEHTOB. ITOOBI
yOenuThCst, 9TO IpejjiaraeMbiii HUKE aJrOPUTM 3aKOHUYUTCH 33 KOHEYHOE YWCJIO IMIaroB, OygeMm Ha
KazKIOM COJIep:KaTeIbHOM Iare YMEHBIIATh 9TO HATYPAJbHOE UHCJIO.

s ymobersa obo3Hadenuil mepecTaHOBKONW CTPOK W CTOJIOIOB IEpPEeHecéM HEHYJIEBOW IJIEMEHT C
MUHUMAJIBHON HOPMOU B JIEBBINl BEPXHUI YT0JI, TENEPh OH HA3BIBAETCS G1]. LNC/IM B IIEPBOit CTPOKE eCTh
DJIEMEHT, He JeJIIuiCd Ha G171, TO IPeodpa30BaHueM CTO/IOI0B MOYXKEM MOy YUTh OCTATOK IIPU JI€JIEHUN
Ha (11, YMEHbIIIas TeM CaMbIM HOpMY Marpuiibl. CHOBa ImepeHecéM 3JIEMEHT C MUHHMAJILHOI HOPMOIi B
JIEBBIN BEPXHUIT yroJyi. AHAJOMrMYHO MOCTYIUM U C IEPBBIM CTOJIOIOM.

B pesynprare nosxydnm all\alj uajlan qseeex 1 <i<mul < j < n, 0puuéM aq] HO-TIPEXKHEMY
SJIEMEHT ¢ MHHHMaJIbHOI HOpMoit. Temeps, BbruuTas u3 j-Toro crosbua ay;/aii g j = 2...n, 3aTeM
BbIYMTAsL U3 J-TOM CTPOKU Gj1/ai; st § = 2...Mm, HOJyYUM MaTPUILYy C €JIMHCTBEHHbIM HEHYJIEBbIM
9JIEMEHTOM @11 B IIepBOM cToJib1ie u cTpoke. Hopma mmpu aToM He yBesamunTcs. Ecin oHa yMeHbIINIaCh,
[IOBTOPUM IPOILEAYPY € Hadasa. PaHO wiu MO34HO MOJIyYUM MATPHILY, B KOTOPO SJEMEHT (1] UMEET
MHHUMAJIbHYIO HOpMY H a1 = a1j = 0 qa 1,5 > 1.

Tenepn 1ycTh HEKOTOPBL 9IEMEHT a;j He JeIUTCd Ha a11. Loraa, nupubas/ifd 1-TOI0 CIPOKY K 1iep-
BOIi, ITOJIyIUM 3THU JBa 3JEMEHTa B OJHOI CTPOKE, IOCJe Yer0 YMEeHBIINM HOPMY Marpuibl. [loBTopssa
C CaMOro Ha4aJIa, [MOJYyYUM MATPHUILY, B KOTOPOW 3JEMEHT (1] MMEET MUHUMAJbHYIO HOPMY, BCE dJjie-
MEHTBI MaTPHIBI JEIATCA Ha a1 U a;1 = a1j = 0 qna 4, 7 > 1. lIpogenaeM aHaJIOrHYHYIO IIPOLEIYPY C
MaTpHIEH, COCTABIEHHON U3 OCTAJIbHBIX (BTOPBIX U JIaJee) CTPOK M CTOJIONOB, M TAK JAJIee, IOy YuM
HopMasibayto dopmy Cmura.

Ha camowm jese snemenTapHbie npeobpa30BaHus CTPOK U CTOJIOIOB — YMHOXKEHHE CJIeBa U
cupaBa Ha oOpaTuMylo Marpuily. Jl00oe Takoe yMHOKEHUE IEePeBOJUT CUCTEMY B PaBHOCUJIbH-
yIO. DTO MO3BOJIAET HEMHOIO ODODIIUTH TEOPEMY.

Yopaxkaenune 1 [lycmv K — xoavyo 2aasnoix udeanros. lokastcume, 4mo ymMHoHcenuem cae-
60 U CNPaBa HA 00PAMUMbBLE MAMPUUDL MOHCHO NPUBECTIU A00YI0 MAMPUYY K HOPMAALHOT
popme Cmuma.

Tem caMbIM, BOIIPOC O pelIeHnn CHCTEMbI YPaBHEHUI CBOAUTCSA K BOIPOCY JAETUMOCTH.

HEKOMMYTATUBHbBIN CJry4dail

Onpenenenne 3. /[sycmopornnuti udean I C K — HOAMHOXKECTBO CO CJIEAYIOIMMMHU CBOHRCT-
BAMU:
1) [ — moarpymma 1o cJI0KeHuo ( JOCTATOYHO MPOBEPUTH, UTO ecyu a, b € I, To a—b € I),
2Q)ecma €I,z € K, 10 xa €1,
3Yecmacl, €K, ax € 1.
Omnpepnenenne 4. [Togmuo)KecTBO, Jijisi KOTOPOI'O BBIIOJHEHbl AKCHOMBI 1) 1 2), Ha3bIBAETCSH
sesoim (left) mueanom, OAMHOKECTBO, JJIsi KOTOPOTO BBIIOJIHEHBI AKCHOMBI 1) 1 3), Ha3bIBACTCS
npasoim (right) ngeasom.
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Ecin K KOMMyTaTMBHO, HUKAKOH Pa3HUIBI MEXK/y HPABbIM, JIEBBIM H JIBYCTOPOHHHUM H/1€-
AJIOM HeT, AKCHOMBI 2) U 3) DABHOCH/IbHBL.

31ech 3aja4a 0 g/ipax 0TOOparKeHuil 1 0 Pa3pelIuMOCTH JIMHEHHBIX ypaBHEHUNH UMEIOT pa3-
Hble 0TBeThbl. PaKTOPU30BATH KOJIBIIO MOKHO aHAJOTHYHBIM CIIOCOOOM IO JIBYCTOPOHHUM H/Jiea-
JIaM, a B 3a/la4e PO yPaBHEHUS BOZHUKAET IMPaBbiil ujeas. TeM He MeHee, MHOZKECTBO KJIACCOB
9KBUBAJEHTHOCTH 110 OJHOCTOPOHHEMY HJea/1y 00JIaaeT PsIOM HPUMEYATe/IbHBIX CBONCTB.
Omnpenenenne 5. M — sebiit monyib (left module) nay kosbiom ¢ eqununeit K, ecom M —
abejieBa rpyiia 1o ciaoxkenuo u K jeiicrByer Ha M “yMHOXKeHHEM’, TAK YTO BBIIOJTHEHO

1) Jluneitrocts - 1: a(my £ ms) = amy £ ams, a € K, my, my € M.

2) Jluneitnocrs - 2: (a; £ ag)m = aym £ aym, ay, ay € K, m € M.

3) Acconmarusnocrs: (ab)m = a(bm), a, b € K, m € M.

4) Eqununa: 1m =m, m € M.

Oupepnesienune 6. M — npasbiii Moaynb (right module) nag koabnom ¢ epuauneit K, eciu M
— abeJsieBa rpyimma 1o cjaoxkenuo u K jeiicrByer Ha M “yMHOXKeHHEM’, TaK 9TO BBIIIOJHEHO

1) Jluneitnocts - 1: (my + mo)a = mya £ mea, a € K, my, my € M.

2) Jluneiinocrs - 2: m(ay + az) = ma; £ may, a1, ay € K, m € M.

3) Acconmarusnocrs: m(ab) = (ma)b, a, b € K, m € M.

4) Equauna: ml = m, m € M.

Conepxkare/ibHas pasHHUIA STHX ONpEIeJeHUl — B TOM, KaK YCTPOEHa acCONUATHBHOCTD.
[Ipu sToM ecim K KOMMYTaTHBHO, TO HMKAKOW Pa3HUIBI M HET — JIEBBI MOJIY/Ib SIBJISETCS
pPaBbIM U HAODOPOT.

TakzKe SBJISIOTCS MOJYJISIMU BCSIKOE KOJIBIIO HAJl CBOUM MOJAKOJIBIOM (¥ JIEBBIM, W HPABbBIM),
U BCAKHIA JIeBbeI/ [IpPaBbIi UeaJl HaJ| COOTBETCTBYIOIIUAM KOJDbIIOM.

Oupepnesienune 7. Omobpascenue modysed (modules homomorphism) f : My — Mo, rme My,
My — vopynu (71 onpe e IEHHOCTH JIeBbIe) HaJi KOJIbIOM K, — 3T0 Takoe 0TOOparKeHne MHO-
xecrs, uro f(my +mp) = f(mi) + f(ma), f(am) = af(m).

BamMeruM, 9TO eCTeCTBEHHBIM 00Pa30M OHpeje/ieHbl KOMIIO3UIMS U CyMMa TaKuX OTOOpa-
kenuit. Tak 410 mMHOXKecTBO OTOOpakenuit mojyieir Hompg (M, My) — abeseBa rpyuma 1o
ciaoxennto, a Homy (M, M) — KOJIbIO ¢ eUHUTIE]H.

ITpumep. Eciaun K — noste, 7o MOy b Haj, F' HA3BIBACTCS GEKMOPHBLM NPOCPAHCMEoMm (vector
space), a orobpazKeHnue Mojyaeil — auneldnvm omobpasicenuem (linear map).

ITpumep. Eciiu K = Z, 1o jeiicrBue K MOXKHO BOCCTAHOBUTD U3 CTPYKTYPbl a0€/IBOI I'PYIIIIbI,
TaK 4T0 Z-MOJLYJIM — 3TO IPOCTO a0e/IeBbl I'PYIIIbI.

ITpumep. Monysb wvan F|x] — BekropHOe mpocrpanctso V' Hajg F', B KOTOPOM JieificTBIe Tepe-
MEHHO#l x 3a/1aéT JuHeliHoe orobpazKkenue u3 V' B V.

Oupepnesienune 8. IIpamasn cymma (direct sum) My @ - - - @ My — MOJyJb, COCTABJIEHHbIH Ha-
Gopamu (my,...,my), m; € M;, co cll0KeHneM u JIeHCTBHEM 110 IIPABUILY

(mla"'amk)—i_(m/l)"':m;c) = (m1+m/17"'7mk+m;c)7 a(mla"'amk) = (amla"'aamk)‘

Onpenesienue 9. Monayib Bujia K & - - - @ K HazpiBaeTcsa c600600Hb1M MOTYIEM H 0003HATACTCS
K™, roe n — 49Hca0 claraeMbIX.

IIpepnoxkenne 2 [lycmov K — xoavyo. Omobpascenusn c60600noir modysetc K" — K™ od-
HO3HAYHO 300GI0MCA MAMPUYAMU T X T ¢ dsemernmamu u3 K, npuwém xomnosuyus coomee-
MCMBYEM YMHONCEHUIO MAMPUL,.

oxazamenavecmeo: Jlerko npoBepuTh, 9TO 0TOOParKEHHE OJHO3HAYHO ONPEJIEIdeTcs o0pa3aMu dJ1e-
menTos (0,...,0,1,0,...,0), rue equnnmna HaxoauTca Ha j-ToMm Mecte. [loaras o6pa3 Takoro sjmeMeHTa
PABHBIM (@15, a2j,- .., Gm;), COCTaBIsIeM MaTpuLy (a;;).



