
Àëãåáðà I (2010) Ñåìèíàð 4 � 28.09.10Èäåàëû (ïðèìåðû)Çàäà÷à 1. Íàéäèòå âñå èäåàëû è âûÿñíèòå, êàêèå èç íèõ ÿâëÿþòñÿ ïðîñòûìè/ìàêñèìàëü-íûìè/ãëàâíûìè â ñëåäóþùèõ êîëüöàõ.a)Z=mZ.b)Z × Z.
)F [[x℄℄, ãäå F � ïîëå.d)Zp, ãäå p � ïðîñòîå ÷èñëî.e∗)Zl.f ∗)Ql.Çàäà÷à 2. Ïðèâåäèòå ïðèìåð ïðîñòîãî, íî íå ìàêñèìàëüíîãî èäåàëà â ñëåäóþùèõ êîë-üöàõ. Íàéäèòå ñîîòâåòñòâóþùèå �àêòîðêîëüöà.a)Z[x℄.b)C[x; y℄.
)Zp[[x℄℄.Îïðåäåëåíèå 1. Ïóñòü C([0; 1℄) � êîëüöî íåïðåðûâíûõ �óíêöèé íà îòðåçêå [0; 1℄.Çàäà÷à 3. Äëÿ x ∈ [0; 1℄ ïóñòü Ix ⊂ C([0; 1℄) � èäåàë �óíêöèé, îáðàùàþùèõñÿ â íîëü âòî÷êå x.a)Íàéäèòå C([0; 1℄)=Ix.b)Äëÿ x 6= y íàéäèòå Ix + Iy, IxIy è ñîîòâåòñòâóþùèå �àêòîðêîëüöà.
)Äîêàæèòå, ÷òî I2x = Ix.d∗)Äîêàæèòå, ÷òî Ix íåëüçÿ ïîðîäèòü êîíå÷íûì íàáîðîì �óíêöèé.e∗)Äîêàæèòå, ÷òî âñÿêèé ìàêñèìàëüíûé èäåàë ñîâïàäàåò ñ Ix äëÿ íåêîòîðîãî x.Îïðåäåëåíèå 2. Ïóñòü C∞([0; 1℄) � êîëüöî ãëàäêèõ (äè��åðåíöèðóåìûõ ëþáîå ÷èñëîðàç) �óíêöèé íà îòðåçêå [0; 1℄.Çàäà÷à 4. Äëÿ x ∈ [0; 1℄ ïóñòü Ix ⊂ C∞([0; 1℄) � èäåàë �óíêöèé, îáðàùàþùèõñÿ â íîëü âòî÷êå x.a)Íàéäèòå C∞([0; 1℄)=Ix.b)Äëÿ x 6= y íàéäèòå Ix + Iy, IxIy è ñîîòâåòñòâóþùèå �àêòîðêîëüöà.
)Íàéäèòå Ix=I2x.d)Äîêàæèòå, ÷òî Ix ÿâëÿåòñÿ ãëàâíûì.e∗)Äîêàæèòå, ÷òî âñÿêèé ìàêñèìàëüíûé èäåàë ñîâïàäàåò ñ Ix äëÿ íåêîòîðîãî x.Çàäà÷à 5∗. Äîêàæèòå, ÷òî èäåàë (x2; y) â C[x; y℄ íå ðàçëàãàåòñÿ â ïðîèçâåäåíèå ïðîñòûõèäåàëîâ.Çàäà÷à 6. Ïóñòü p è q � ïðîñòûå öåëûå ÷èñëà. Îáîçíà÷èì Z[√p℄ êîëüöî ÷èñåë âèäàa+ b√p, ãäå a; b ∈ Za)Ñêîëüêî ýëåìåíòîâ â �àêòîðêîëüöå Z[√p℄=qZ[√p℄?b∗)Ïóñòü z ∈ Z[√p℄. Ñêîëüêî ýëåìåíòîâ â �àêòîðêîëüöå Z[√p℄=zZ[√p℄?
∗)Ïðè êàêèõ q èäåàë qZ[√p℄ ïðîñò? Áóäåò ëè îí ïðè ýòîì ìàêñèìàëüíûì?


