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KomnnanekcHasa reomeTpus, dekums 1 Muiua Bepbuukuii

KoMnieKCHble CTPYKTYPbI

ONPEAOEJIEHVME: KOMNEKCHOW CTPYKTYPOW Ha BELWECTBEHHOM BEKTOP-
HOM NPOCTpPaHCTBe V Ha3biBaeTcA aHAomopduam I € End(V), yooBneTBops-
townii 12 = —Idy,.

SAMEYAHWE: MNMpoaomkum I Ha TeH3opbl popmynoin I(a®BR~y...) = I[(a)®
I(B) ® I(v)... Tpynna, nopoXxaeHHasa I, naomopdHa 7Z/47. lNostomy, AnA
No60oro TeHsopa t, cymma t+ I(¢) + I12(t) + I3(t) nHBapvaHTHa OTHOCUTENBHO
1.

CJIEOACTBVIE: ECin g — NONOXXNTENBHO ONpeaeseHHOEe CKaNApHOe Npons-
BegeHne Ha V, To g7 = g+ I(9) +I%(G) +I3(g) ToxKe NONOXKUTENBHO onpeae-
NeHo n I-nHeapwuaHTHO: I(gy) = I. Apyrumu cnosamu, I — OpTOroHasJibHblW
onepaTop OTHOCUTENBLHO gj.

OINMPEAOEJIEHUVE: TlonoXxuntenbHO onpeaeneHHoe cKanapHoe npoun3sene-
HMe, B KOTOPOM [ OpPTOroHasbHO, Ha3blBAaE€TCA dPMUTOBON METPUKOWN HA
(V,I). Mbl TONbKO 4TO AOKa3ajaun, 4TO OHa BCerga CyLlleCcTBYET.
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KomnnanekcHasa reomeTpus, dekums 1 Muiua Bepbuukuii

KomMnneKkCHble CTPYKTYpPbI (NpoaosikeHue)

CJIEACTBWE: Bce cobCcTBeHHble 3Ha4YeHns I npocTble (TO ecTb I nony-
NPOCT, APYrMMK CNoBaMu, AnaroHanmnldyeTtcsa). B camom gene, ntoboi opTO-
roHaJibHbI onepaTop MONynpoCT.

SAMEYAHWVE: TlycTb a — cobcTBeHHOE 3HadeHune I. NoCKONbKY a? = —1,
MMEEM o = ++/—1.

OINMPEAOEJIEHUME: CobcTBEHHOE NPOCTPAHCTBO I, COOTBETCTBYHOLWEEe /—1,
o6o3HavaeTca V1.0 ¢ VerC, a cooTBeTCcTBYIOWEE —1/—1 0603Haq4aeTca Vo1,
OuesugHo, Ver C=v310g ol

SAMEYAHWVE: TToCckoNbKy, K TOMY »e, I BEeWeCTBEHHbIW, MOAYYHAEM, 4YTO
v10 =v01l B yacTHOCTMU, 3TO NPOCTPAHCTBA OAMHAKOBOW PA3MEpPHOCTM.

VIMPAXNKHEHWME: OJoka>xuTe, 4To ectecTBeHHas npoekunst V10 va vV soonb
V0.1 3apaet usomopdunsm BewecTserHbix npocTpaHcTs VOl — v,

YIMPAOXKHEHWE: JokakuTe, 4TO onepaTop KOMNJEKCHOW CTPYKTYpPbl O4-
HO3Ha4Ho 3aaaeTtcst noanpoctpaHcTeom V90 ¢ VoRpC nonoBnHHOG pas-
MEPHOCTUN, KOTOpoe He nepecekaeTcs ¢ V C V ®p C.
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KomnnanekcHasa reomeTpus, dekums 1 Muiua Bepbuukuii

DOPMUNTOBbLI POPMbI

ONPEAEJIEHUVE: OpMmntoBo npocTtpaHcTBO (V, 1, g) eCTb NPOCTPAHCTBO,
CHaAbXXEeHHOEe KOMMNEKCHOW CTPYKTYpon I U 3pMUTOBOW METPUKON g.

SAMEYAHWVE: lMyctb I — onepaTop KOMMNEKCHOW CTPYKTYPbl Ha BeLle-
CTBEHHOM MNpPOCTpaHCTBe V, a g — 3pMUTOBA MeTpuka. PaccmoTpum Omnu-
HeliHyto opmy w(z,y) = g(=, Iy). Toraa w(z,y) = g(z,Iy) = g(Iz, [%y) =
—g(Izx,y) = —w(y,x). NO3TOMY w KOCOCUMMETPUYHA.

ONMNPEAOEJIEHVE: ®opMa w Ha3blBaeTCa 3pMUTOBONA POPMOU HA dpMU-
TOBOM npocTpaHcTee (V,1,q)

YIMMPAOXKHEHWME: [oka>xuTte, 4TO B Tpolke I,g,w, Ka>XAblA TE€H30pP Bbl-
pa>kaeTcsa 4yepe3 OoCTaJibHble ABa.



KomnnanekcHasa reomeTpus, dekums 1 Muiua Bepbuukuii

Pa3no>xxeHne Xoaxka
O603Ha4Ymnm 3a A*V rpaccmaHoBy anrebpy, NOpoXXAeHHy V.

VYIMPAXXHEHWME: lNpoeepbTe, 4To A*(V @& W) N30MOpPMPHO KaK BEKTOPHOE
NpoCTpaHCTBO A*V QA*W. N3omopdunam A*V QNAN*IW — AN*(V @ W) 3apaeTcs
OoTOOparKeHnem x ® y — x A y.

OMNPEAOEJIEHUME: MNyctb (V,I) — NpOCTPAaHCTBO, CHAOXXEHHOE KOMMJIEKC-
HoW CcTpykTypon, a Vo = V ®pr C ero komnnekcndpukaumnsa. Torga A*Vp =
(NVIOR(A*VO1). PaccmoTpum pasnoxerne A*Ve 2 @, , AP9Ve, rae APV =
APV 1.0 A A0V 0.1 OHo HasbiBaeTca pa3snoxxeHuem Xoaxka.

SAMEYAHNE: KoMmnnekcHasa CTpykKTypa Ha V OAHO3HA4YHO 3a4aeT KOM-
NJEKCHYIO CTPYKTYpPY Ha V* (n HaoGopoT).

SAMEYHAHWE: lTlyctb w € N2V* — S5PMNTOBA POpMa HaA NPOCTPAHCTBE
(V,1,g). Torna w e ALIVE B camom gene, ans z,y € V10, nmeem
w(w,y) — W(ICB,Iy) — Vv —1 2("}(:67’3/) — _w($7y)7

3Ha4UT, w(z,y) = 0, U No Toi »ke npuiunHe w(z,y) = 0 ana z,y € V1. Mo-
5ToMy w cnapuBaeT (0,1)-BeKkTopa C (1,0)-BeKTOpaAMM, a 3HAYUT, NEXXUT
B8 ALV*LOAATY 0L = AL Ly

— z.
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KomnnanekcHasa reomeTpus, dekums 1 Muiua Bepbuukuii

NMoyTnM KOMNNekKCHble MHOrooopa3unsa

OINMPEAOEJIEHVE: Tlo4Tn KOMNMJIEKCHAA CTPYKTyYpaA Ha MHOroobpa3snu
ecTb onepaTtop I € EndT M B saHAomMopduU3IMaxX KACATENbHOMO PaCCnOeHuns,
yoosneTsopArowmnii 12 = —Idp;y.

NMPNMMEP: Bosbmem C", C KOMNNEKCHbIMW KOOPANUHATAMU z; = x; ++/—1 y;.
Torpa I(x;) = vy;, I1(y;) = —x; — NOYTU KOMNJEKCHAA CTPYKTypa.

ONMPEAEJIEHVE: DOpMnTOoBa MEeTpUKa Ha NOYTU KOMMNAEKCHOM MHOIroo0-
pasnn M eCTb pUMaHOBA CTPYKTYpa g € SmeT*M, TakKada, 4TO I OpTOroHa-
NIEH OTHOCUTENBLHO g B Ka>XA0on To4ke M.

SAMEYHAHWVE: DpMnTOBa METPUKA HA MOYTU KOMJIEKCHOM MHOrootpasunu
BCerga cyuiectsyeT. Hago B3ATb N0OYyHO PUMAHOBY METPUKY g U YCPeOdHUTb

no I, gy :==g+1(g) + 1?(G) + I3(9g).

SAMEYHAHWE: Ona ka>kaoro I, NpOCTPAHCTBO 3PpMUTOBbLIX MeTPUK Bbl-
nykno B (Sym2T*M).

CJIEAOCTBWE: lpoCTpaHCTBO NOYTUN KOMMNMAEKCHbIX CTPYKTYP HAa M romo-
TOMMN4YEeCKUN 3KBUBAJIEHTHO MNPOCTPAHCTBY NOYTU KOMNNIEKCHbIX 9PMUNTO-
BbIX CTPYKTYP.

6



KomnnanekcHasa reomeTpus, dekums 1 Muiua Bepbuukuii

HeBbiIpoXXaeHHble 2-(bOopMbl U NMOYTU KOMMJIEKCHbIE CTPYKTYpPbI

YINMPAOXKXHEHWVE: TlyCTb w — HeBbIpOXAeHHaa 2-cdoopMa HA M. JOKa>XUTe,
4YTO CYLECTBYET NOYTUN KOMMJAEKCHASA 2PMUTOBA CTPYKTYpPA, TakKas, 4TO w —
ee 3pMNUTOBaA POopmMa.

DAKT: NpOCTPAaHCTBO HEBbLIPOXXAEHHbLIX 2-bOpM HAa M roMOTOMMNYECKWN K-
BUBAJIEHTHO NPOCTPAHCTBY MNOYTU KOMNNEKCHbLIX CTPYKTYP.

SAMEYAHWE: EcTb MHOroobpasnsa, He gonyckaroLwime HM oaHOW HeBbl-
POXXAEHHON 2-bopMmbl, Hanpumep, S2™ n % 1,3, U, COOTBETCTBEHHO, HU
OAHOV NOYTU KOMMNEKCHOW CTPYKTYPbI.

OINMPEAEJIEHUME: HeBblpOXAeHHaA, 3aMKHYTaA 2-cdoopMa Ha3bIBaAaeTCA CUM-
NJEeKTUNYECKOMN.

SAMEYAHWE: [ pomoB gokasan, 4To ntobasa HeBbIpOXXAEHHAA 2-pOpMa Ha
HEKOMNAKTHOM MHOroobpasnn Mmo>keT ObITb Npunbnn>xxeHa (B CO—Tononormm)
CUMMNNIEKTUYECKNMuU hopmamm.



KomnnanekcHasa reomeTpus, dekums 1 Muiua Bepbuukuii

Pa3no)xXeHune Xoa)ka

MNycTb (M,I) — NOYTU KOMMNJAEKCHOE MHOroobpasmne. O603HaA4YMM 33

NSO = P APO (M), A%* (M) = P AU M)
p q

noaanrebpel B anrebpe ae Pama, nopoxkaeruble ALO(AM) = (T*M)1O0 n ADL (M) =
(T*M)O1 cooTBeTCTBEHHO.

OINMPEAOEJIEHVE: Pa3znoXxeHue Xoa>»a Ha gnddepeHumanbHbIX dopmax
3anucbiBaeTca A*(M) = @, ,API(M), npudem APA(M) = APO(M) ANOI(M).

ONPEAOEJIEHVE: ®yHkuna f . M — C Ha NOYTU KOMMJEKCHOM MHOIO-
o6pa3unun HasblBaeTca ronomopddHoi, ecan df € ALO(M).

SAMEYAHWE: Jlerko npuBectTn npumMmep nNOYTUN KOMMNNEKCHOIro MHOIoO-
o6pa3usli, Ha KOTOPOM BOBCE€ HeT rosiIoMopdHbIX PYHKLUUNA. Hanpumep,
5% co cTaHmapTHOI G>-VUHBAPUAHTHOW MOYTU KOMMNEKCHOW CTPYKTYPON.



KomnnanekcHasa reomeTpus, dekums 1 Muiua Bepbuukuii

FfonomopdHble PyHKUnNnM Ha C"

TEOPEMA: lNyctb f: M — C — anddepeHumpyemasa PYHKUMSA HaA OT-

KpblITOM noamMmHoxecTtBe M C C", ¢ eCTeCTBEHHOW KOMMNEKCHON CTPYKTYPOW.

Torpa cnegymouime CBOMCTBa f paBHOCWUJIbHDI.

(1) f ronomopdHa (B CMbICNE BblLLIENPUBEAEHHOIO ONpeaeneHns )

(2) AndbbepeHunan Df € TM*®p C paccmaTpuBaeMblini Kak C-3Ha4YHaA DYHK-

uma Ha T, M = T,C", aBnsetTca C-nMNHEenHbIM.

(3) Ana kKa>kaoii koMnaekcHoi addduHHoM npamoin L C C™, orpaHuyeHune f|g,

rooMopmdmMHO KaK PpyHKUMNA OOAHOINro nepemMmeHHOro

(4) f pa3naraeTcs B paa Taniopa No KOMMEKCHbIM KOOPAMHATAM B OKPEeCT-
HOCTU Ka>XAoun TOYKN = € M.

Joka3aTtenbCcTBO: (1) u (2) paBHOCUAbHbI (TAaBTONOMMYECKHN).

PaBHOCUNBLHOCTbL (1) n (3) ToXXe o4eBMAHA, NOTOMY HTO ANSA KaXXAoi doopma
6 € ALO(M), orpaHmnyenne Ha 1-mepHble NnoanpocTpaHcTea numeeT Tun (1,0),
M HAOBOPOT - ecan oHO umeeT Tun (1,0) Ha Takux NOANPOCTPAHCTBAX, 3TO

(1,0)-cbopma.

HakoHew, pa3noXxeHune B psa Tannopa cneayet m3 popmynbl Kowmn ansa ro-
NTOMOPMHON DYHKUMUN OAHOITO NEPEMEHHONo C OCTATOYHbLIM YNIEHOM.
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KomnnanekcHasa reomeTpus, dekums 1 Muiua Bepbuukuii

flonomMmopdHblIe OTOOpa>>xeHusA

ONMPEAOEJIEHWUE: NMyctb (M,I);) v (N,In) — NOYTN KOMNAEKCHbIE MHOIO-
obpazua, a f: M — N — rnagkoe oTobparkeHne. OHO Ha3blBAeTCA rono-
mopdHbIM, ecnn f*(ALO(N)) c A%L(M).

SAMEYAHWVE: 2TO 2KBUBAJIEHTHO TOMY, 4TO df : T M —>Tf(x)N
KOMMJIEKCHO-JIMHENHO.

SAMEYAHVE: KoMno3nunsa ronomMmopdHbIX oTOOpa>keHuin ronomMmop -
Ha.

SAMEYAHWE: Ona oTKpbITbIX noagMHOXKecTB C C7, paccnoenne ALO(M)
nopoxxaeHo (Haa C°°M) anddepeHunanamm ronomMmopdHbIX OYHKLNNA.

CJIEACTBWVE: (*) lNycTb 3a4aHbl OTKPbITble noaMHOXecTBa M C C™, N C
C™ a f: M — N — rnagkoe otobparkeHune. lNpeanono>xmm, 4t1o ana nobon
roNoOMOpPdHON PYHKUNUK Ha N, COOTBETCTBYHOLWAA PYHKUMA f*p ronoMopdHa
Ha M. Torpa f — ronomopdgpHoe oToOpa>keHue.

JokasaTenbCTBO: Ecan dyHkumna f*e Bceraa ronomopdHa, 170 f*(dp) =
d(f*p) ¢ ALO(M). Mockonbky de nopoxpatoT ALO(N), aTo 3HAUNT, 4TO
*ALO(N) nexunt B ALO(M).
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KomnnanekcHasa reomeTpus, dekums 1 Muiua Bepbuukuii

fyydykun

OINMPEAEJIEHUME: Tly40OK F Ha TOMONOrMYeckKoM MpocTpaHCcTBe M — 3TO

Habop BEKTOPHbIX ANPOCTPaHCTB F(U), 3ad4aHHbIX ANSA Ka>XAOro OTKPbITOro

Orr 7!
noaMmHo>xectea U C M, ¢ oToOpa>keHnsammn orpanndenunsa F(U) 24 F U

ana kaxkgoro U c U, v cneayrowmmMmm CBOWCTBaMM

(1) KoMno3nuunsa orpaHnyeHuit — cCHoBa orpaHundeHue: ecnm Uy C Us C
Uz BJIOXKEHHbIE OTKPbITbIE MHOXECTBA, A Yy, Uy PU,,U; COOTBETCTBYHOLLME
OTOOPAXKEHNA OrPAHNYEHUN, TO Y, U, © PUL Us = PUL,Us-

(2) Ecan U = JU;, a orpanndenne f € F(U) Ha Bce U; paBHO Hynto, To f = 0.

(3) NycTb {U;} — nokpblTue MHOXecTBa U C M, a f; € F(U;) Habop ce4veHuid,
33a4aHHbIX AN KaXXA0ro 3/1eMeHTa NOKPbITUA, N YAOBNETBOPAOLWMNX YCNOBUIO

fi UiﬂUj — f] UiﬂUj7
Ansa ntobovi napbl 91EMEHTOB NOKPbITUA. Torga cyuecTByeT f € F(U) Ta-
KOW, 4TO orpaHnydeHuns f Ha U; paet f;.

MpocTpaHcTBO F(U) Ha3bIBAeTCA NPOCTPAHCTBO ceYyeHUi nyyvyka F Han U.
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KomnnanekcHasa reomeTpus, dekums 1 Muiua Bepbuukuii

KomMmnnekcHble MHOrooopa3suns

OMNPEAOEJIEHUME: lNy4okKk kKoneuy ecTb nyd4yok U — F(U) TakoW, 4TO Ha
Kaxxagom F(U) 3agaHa CTPYKTYpa KOJIbLA, @ OTOBPa>KeHNsA OrpaHUYeHns SB-
NATCA FOMOMOPMPU3IMaAMN.

OINPEAEJIEHNNE: OKOoNbLUOBaAHHOE NMPOCTPAHCTBO €CTb TONOJIOrM4Yeckoe
NMPOCTPAHCTBO C 3a4aHHbLIM Ha HEM NYyYKOM KOJIEL,.

NMPVMEP: OTKpbITbin wap B C C" ¢ nydykoMm O roioMopdHbIX PYHK-
LA SIBNSIETCSA OKOJIbLOBAHHbIM MNPOCTPAHCTBOM.

ONMPEAOEJIEHVNE: KoMmnnekcHoe MHoroo6pasue (M, O) ) eCTb OKONbLO-

BAaHHOE MPOCTPAHCTBO, KOTOPOE JIOKANbHO M3OMOPAHHO (KaK OKOJIbLLOBAHHOE
NPOCTPAHCTBO) OTKpbITOMY wapy (B,Op)
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KomnnanekcHasa reomeTpus, dekums 1 Muiua Bepbuukuii

Opyrne onpeaesieHnss KOMIMJIeKCHbIX MHOroo6pa3sui

SAMEYHAHWE: lNycTtb U1,U> — ABa OTKPbLITbIX NOAMHOXXECTBA B KOMMJEKC-
HOM MHOroobpasuun, a fi1,fo — naomopdPuambl Ui,Ur C OTKPbLITbIM LLUAPOM.
Komno3nuynsa f1f2_1 33a4a€eT N30MOPMPN3IM OKONbLOBAHHbLIX MPOCTPAHCTB f1(U1N
Us) — f>(U1NU>). B cnny Cneacreuna (*), aToT nsomopdpunusm rosioMmop-

deH.

CJIEOACTBWVIE: Mbl nony4daem, 4TO KOMMJIEKCHOE MHOroobpa3sne nMmeeT aT-
N1AaC N3 OTKPbITbIX MOAMHOXECTB, KOTOPblE TOMeOMOPdHbI OTKPbITbLIM LWapam
B C", a dyHKUMN nepexoaa ronoMmopdHbl. DTO ewe oaHO onpeaesnieHme
KOMMNNEKCHOIro MHorooGpasus.

ONPEAOEJIEHUE: MycTtb (M,I) — NOYTN KOMMNJEKCHOE MHOrootpasue, a
Ops NYYOK FONOMOPMHBLIX PYHKUNKA HA HeEM. OHO Ha3blBAETCA UHTErpupye-
MbIM, ecnn (M, O,;) — KOMNAEKCHOE MHOroobpasue.

YINMPAOXHEHWVE: lNoayydnTte n3 3TOro euwe oaHo onpeageneHme KoOMnaeKCHo-
rO MHOroobpasus.
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KomnnanekcHasa reomeTpus, dekums 1 Muiua Bepbuukuii

MHTerpmpyemMmocTb NMOYTU KOMMJEKCHbIX MHOroo6pa3unii

SAMEYAHVE: TlodyTn KOMNNEeKCHAasa CTPYKTyYpa BOCCTAHaBJIMBaAeTCHA
N3 KOMMJEKCHOW CTPYKTYPblI HA M cneayrowmm o6pa3om.

(1) PaccmoTpum paccnoenue ALO(M) ¢ AL(M,C), nopoxaenHoe andde-
peHunanamm ronomopdHbix dyHKUni, u nyctb ASL(M) := ALO(M).

(2) Onpegenum I € End(A1M @ C) Takum o6pasom, 4Tto I|A10(M) = /=1 u
IIA®Y (M) = —/=1. O4eBuaHoO, 12 = —1Id.

(3) DTOT 2HAOMOPMOU3M BELLECTBEHHbIW, NOCKONbKY I = I B CUNYy ero onpe-
nenenus. Mostomy oH nepesoaut AY(M,R) B ce6s.

Mbl nony4nnn doyHKTop (CTPOrnii, NONHbLIN) N3 KATEropnun KOMMNIEKCHbLIX MHO-
roobpa3nii B KATEropmto noYTr KOMMNNEKCHbIX.

Ba>kHasa 3a4a4va KOMMJIEKCHOW reomeTpum — onucaTb ero o6pas.
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KomnnanekcHasa reomeTpus, dekums 1 Muiua Bepbuukuii

dPopMasibHAA UHTErpmpyemocCTb

OINMPEAOEJIEHVE: BeKkTOpHOE noJsie Ha MHOroobpasuum 31o anddepeHumn-
pOBaHNE KOAbLA DYHKUWNA.

OlNnPEAEJIEHME: TonomMmopdHbLIM BEKTOPHbLIM MOoJ1IeEM HAa KOMNJIEKCHOM
MHOIroobpa3nm HA3bIBAETCS BEKTOPHOE NOME, KOTOPOE NEPEBOANT FMONOMOPMd-
Hble PYHKUNN B TOJTOMOPMHbIE.

YIMTPAOXHEHWVE: Joka>xuTte, 3TO 3TO NYYOK.

YIMTPAOXHEHWE: [loka>xnTe, 4TO B KOMMJIEKCHbIX KOOpAWHATAaX z1, ..., zn HA
C"™, ronomopdHble BEeKTOpPHbIe NoJisA 3anucbiBatoTCcA B Buae X —= Z%‘%.
1

rne ¢q,..., on — FONOMOPMHbLIE PYHKUNWN.

CJIEAOCTBWE: TonoMopMHble BEKTOPHbLIE NONA HAa KOMNNEKCHOM MHOIO-
o6pa3un nopoxxkaatoT T1OM nan C°M

CJIEACTBWVE: Ha koMnaekKCHOM MHOroobpasnm, KOMMYTATOpP BeEeKTOp-
HbIX nonei Tuna (1,0) umeeT Tun (1,0): 7190, 710M] c T1.0M.

OINMPEAEJIEHUME: o4yt KoMnnaekcHoe MHOroobpa3sne Ha3blBaeTcsa hop-
ManbHO uHTerpupyemobim, ecan [THOM, T1OM] ¢ T1O0Mm

15



KomnnanekcHasa reomeTpus, dekums 1 Muiua Bepbuukuii

Teopema HbroneHaepa-HupeHOepra

TEOPEMA: (Newlander-Nirenberg) dopmMasibHO UHTErpmpyemMoe noyvTu
KOMMJIeKCHOEe MHOroo6pasue rnagkoctu C?2 MHTerpupyemo.

SAMEYAHWVE: Ha cneayoowen nekumm s AoKaxkKy Teopemy Hbronenaepa-
Hupenbepra ansa BewecTBEeHHO-aHAIMTUN4YEeCKUX MHOrooo6pa3snmn.
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