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KomnianekcHasa reoMmeTpus, Jdekums 6 Muwwa Bepbuuknii
[ paaynpoBaHHble BEKTOPHbIe NPOCTPAHCTBA U anreobpbl

ONnPEAEJIEHUVE: FpanymposaHHoe BEeKTOpHOE NPOCTPAHCTBO eCTb Npo-
CTPaHCTBO V* = @,z V"

SAMEYHAHUVE: Eqny V* rpagympoBaHO, NPOCTPAHCTBO 3HAOMOPMU3IMOB
End(V*) = @,z End*(V*) TOXe rpaaynposaHo,

End'(V*) = @ Hom(V7, vitd),
JEZ

ONMPEAEJIEHVE: I paaynpoBaHHasa anrebpa (I{IJ‘II/I "rpaaymnpoBaHHAsA ac-
coumaTmBHas anrebpa") ecTb an_re6pa A*' = @P,c7 A* C YMHOXKEHNEeM, KOTopoe
COBMECTUMO C FpaaympoBkoii: At. Al C ATI.

SAMEYAHWVE: BunnHerHoe otTobparkeHne rpaaympoBaHHbIX NPOCTPAHCTB,
KoTopoe yaosneTsopsieT Al- B ¢ C1TJ, Ha3blBaeTCs rpaayvMpoOBaHHbIM, MU
COBMECTUMbIM C rpaaynpoBKOiA.

SAMEYHAHWVE: KaTeroputo rpaaympoBaHHbIX BEKTOPHbIX NPOCTPAHCTB MOXX-
HO ONpPEeAenNTb KaK KaTeropmuto BEKTOPHbIX MPOCTPAHCTB C AEeNCTBUEM
U(1l); BeCOBOE pas3noxeHue onpenenseTt rpadynposky no opmyne p(t)|4n =
e2mV—1nt Torpa rpaayvpoBaHHasa asirebpa ectb accounatTmBHasa anreo-
pa B KaTeropum npoctpaHcTB ¢ U(l)-aencremnem.

2
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CynepkKkoMmmMmyTaTop

OINMPEAOEJIEHVE: OnepaTtop Ha rpaaymMpoBaHHOM MNPOCTPAHCTBE HaA3bl-
BaeTCs YeTHbIM (HeYeTHbIM), eCnn OH CABUraeT rpaayMpoBKY Ha YeTHOoe
(HeyeTHOEe) 4ncno. YeTHOCTb a onepaTtopa a eCTb 0, eCnn OH 4YeTHbIn, 1
€C/IN HeYeTHbI. Mbl TOBOPUM, YTO ONepaTop YUCTbIA €CAN OH YEeTHbIN NNu
HEeYeTHbIN.

ONnPEAEJIEHUME: CynengmmyTaTop YNCTbIX 2JIEMEHTOB onpeaenaeTcs
cbopmynoii {a,b} = ab — (—1)%pg.

ONMNPEAOEJIEHWVE: paaynpoBaHHasa accoumaTtmBHasa anrebpa A* Ha3blBa-
eTCAa CYNepKOMMYTATUBHOW ecnn B A* cynepkoOMMYTaTOpP PaBEH HVYJLO.

NMPMMEP: Anrebpa I'paccmaHa A*V cynepkoMMyTaTUBHA.
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Cynepanrebpsbl Jiun

OINMPEAEJIEHUME: Cynepanrebpa JIn ecTtb rpaagympoBaHHOE BEKTOPHOE
NPOCTPAHCTBO g* cHAab)XeHHOEe OUAMHENHBbIM TPaayUPOBaHHLIM NPON3BEAEHU-
em {-,-}: g* x g" — g, KOTOpPOE Cynep-aHTUKOMMYTATUBHO:

{a,b} = —(—1)%{b, a}

N YyOOBJETBOPAET Cynep-ToXAecTBY AKob6u

{c,{a,b}} = {{c,a},b} 4+ (=1)*{a, {c,b}}

NMPMMEP: PaccmoTpum anrebpy End*(V*) Bcex aHAOMOPMDOU3IMOB rpaaynpo-
BAHHOINO BEKTOPHOIrO NPOCTPAHCTBA, C CYNEepKOMMYTaTOPOM, ONpeaeNeHHbIM
Bblwe. Torga End*(V*),{-,-} ecTb cynep-anrebpa Jin.

Jlemma 1: lNyCTb d eCTb HEeYeTHbINn anemMeHT cynepanrebpbl J1n Hag nonem
XapaKTepUCTuUKn #= 2, ynosnetsopsawowmnii {d,d} = 0. Torga {{L,d},d} = 0O
ana nroboro L.

JJoKa3aTe1bCTBO:

0 ={L,{d,d}} = {{L,d},d} + (~1)"{d, {L,d}} = 2{{L,d},d}.
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KomnianekcHasa reoMmeTpus, Jdekums 6 Muwwa Bepbuuknii
OnepaTtop Xoaxxa x

[MycTb V — BewecTBeHHOEe BEeKTOPHOEe NPOCTpaHCTBO. MeTpuka HAa V WUH-
AyunpyetT MeTpUuKY Ha €ro TEH3O0PHbIX NMPOCTPAHCTBAX, ¢g(z1 1o ® ... ®

Tk, T @ TH @ ... @ ay) = g(x1,27)9(x2, 23)...9(xk, T))

OTO 334aeT HEBbIPOXAeHHOoe, NOJIOXKUNTEeNTbHO onpeaeneHHoe cKkansapHoe
npoun3seaeHne Ha andpdepeHunasibHbIX ddbopMax Ha PUMAHOBOM MHOTIO-

obpasunun: g(a, B) := [y 9(a, B) Vol

Apyras HeBblpoXAeHHaA dbopMa 3agaeTca dopmynon o, — [jya A S
(cnapuBaHue lNyaHkape).

OINnPEAEJIEHUME: Tlyctb M — pMAaHOBO n-MmepHoe MHorootpasune. Onpe-
nenvm onepatop Xoaxa x : AFM — AP kM dopmynoii g(a, 8) = [ oA xS,

SAMEYHAHUVE: OnepaTtop Xoa>a Bceraa cyuiecrByeT. B opTtoHOpMaib-
HOM 6a3uce £1,...,&6n € ALM, ero MoxxHO 3a4aTb Ha MOHOMaX

$(Eig NEia N NE ) = (1), NE, Ao NE
rne gjl,gjz,...,gjn_k — JONOJIHNTENbHbLIV HAabOpP KOBEKTOPOB, a s — CUCHATYpPa
NEePECTAHOBKUN (11, .oy bfy J1s v Jr—Fk) -
BAMEYAHME: 2|4y = (=1 1d oy
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CynepcmMmMeTpusal B K3J71epoBOil reomMmeTpun

MNyctb (M,I,w) — K3N1epoBO MHOroobpasune. PaccmoTpum onepaTtopsbl, Aei-
cTByrowne Ha AN*(M):

1. d, d* .= — xdx, A :=dd* + d*d

2. OnepaTtop XoaXxa L(a) :=w A a 1 ero conpsaxeHHblin A(a) := xL * «.

3. OnepaTop Beiins: W‘/\p,q(M) =+v-1(p—q)

SAMEYAHWME: DTO BeweCcTBEeHHbI onepaTop.

TEOPEMA: 3T onepaTopbl NOPpOXAAKOT 9-MepHYto cynepanrebpy Jin a,
nencreytowlyto Ha A*(M). JlTannacnaH A NeXXUT B LUEHTPE a, 3HA4YUT, a Aei-

CTBYyeT Ha Koromosniormax M.

SAMEYAHWME: 210 yaobHbl cnocob 3agaBaTh "cooTHoOLweHunsa Kanepa"
MeXXAQy BCEMU 3TUMU ONepaToOpaMMN.

SAMEYAHWE: L, H,N\ nopoXxagarT anredpy JIn si(2).
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VIHTerpnpyemocCcTb U pa3ioXXeHue Xoayka

YTBEP)XOEHWE: NNo4yTn KOMNAekCHoOe MHOroobpasne nHTerpmpyemMmo To-
raa U Tonbko Toraa, koraa (db9)2 =0

SAMEYAHWE: 13 nHTerpupyemMmocTm BMeCcTe C Teopemol HbroneHaepa-
HupeH6epra nerko sbiBoanTcs (db9)2 = 0, noToMy 4TO 3TO BEpHO B KO-
opAMHaTax.

I1oka3aTenbcTBO. LLlar 1:

dn(z,y) = Liez(n(y)) — Liey(n(x)) — n([z,y])
(dbopmyna KapTana). Ansa n € ALO(M) vz € TOL (M), nmeem

dn(z,y) =0 < n([z,y]) =0
To ecTb dn € A2O9(M) & Ab1(M) paBHoOCMNbHO MHTeErpupyemocTn.

LLlar 2: Monyyaem, 4yTo d—1:2

AL(M) = O paBHOCUJIbHO UHTErpnpyemMmocCTW.

Mockonbky d— 12 ynoeneTsopsieT npasuny Sleiibruua, a Al Bce nopoxaaer,
3TO paBHocuabHO d— 12 = Q.

3AMEYAHUE: Ha camom gene, d~12: ADL(AM) — A20(M) ecTb Tensop
Hwnenxowca.
.
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NMHTerpnpyemMmocTtb U pasnoxxeHune Xoaxa (2)

LLlar 3: dyHKUUN 1 3aMKHYTble 1-cbopMbl nopoxxaatoT A*(M).

LLlar 4: Mockonbky d n d— 12 4 491 4+ 41.0 4+ 42.-1 ynopneTBOPSItOT COOTHO-
LeHnto Jledbweya, X paBeHCTBO AOCTATOYHO MPOBEPUTL HA PYHKUUAX N HA

1-cdbopmax. DT1o pnaet d =d 12 4 01 4 q1.0 4 42.-1,

LLlar 5: (2,0)-komnoHenTa d2 = 0 gaet {d%1, d%1} 4+ {d—1.2 ¢1.9} = 0. 3Ha-
auT, (d19)? = 0 paBHocunbHo {d— 12 d19} = 0.

LLlar 6: OnepaTtop d~ 12 — C°(M)-nnneiiHblii:

A= 2(fn) = d7H2() An+ fdTH2(n) = fd A ().

Lllar 7: Mockonbky di-9(f) nopoxpaeTt (1,0)-dbopmbl, a d— 12 nuHelinbiii,
{d—laz,dlp}‘coo(M) = 0 paBHOCUbHO d~ 12 = 0.

LLlar 8: Mol nonydunu, 4to (db9)? = 0 paBHocunbHo {d— 12 419}, yTo
PABHOCUNBLHO d 12 =0.m



KomnianekcHasa reoMmeTpus, Jdekums 6 Muwwa Bepbuuknii
CKpy4eHHbli anddepeHuynan d°

ONMPEAOEJIEHUWE: ckpy4deHHblin anddepeHunan d¢ onpegensetca dop-
Mynoii d¢ := I—1dI.

VYVTBEP>XOEHWVE: Ha komMmnnekCHOM MHOroo6pasun, nmeem d°¢ = [W, d].

Noka3aTtenbcTtBo. LUar 1: d = d%1 + 410 =

I YdI|ape = V=179 1(dO 4+ dPO) ppe = v=1d*0 — V=1 a1,

Lilar 2:
W, d)|ave =vV—1(p—q+1)d*0 + V=1 (p—q—1)do — V=1 (p — ¢)d
=v/—1q%°% — /=1 491

|
CNEACTBUE: {d,d°} = {d,{d,W}} =0 (Jlemma 1).

CJ1E CTBI/IE CcTb (M,I) - KOMNIEKCHOe MHOroobpasue. Toraga 0 =
\/ 1

— c 2N ¢
d+ - 1d : 4 — KOMMOHEHTbI B pa3foxeHun Xoaxka d: d = d1:0,

5:&#

JOKA3SATEJIbCTBO: d=d%1 4+ 410 g dc=/—1d'0 - /—14d°%! =
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AdundbdepeHumnan e PamMma Ha K2/71epoBOM MHOrooopasunm
TEOPEMA: Cheayrowmne yreep>Xa4eHnsAe paBHOCWUJIbHbI.
1. I uHTerpupyemo. 2. 82 =0. 3. 92 =0. 4. dd° = —d°d 5. dd¢ = 2/ —1 90.
JOKASATEJIbLCTBO: PaBHOCUNBHOCTb UHTErPUPYEMOCTUN U 52 = 0 pgo-

Ka3aHa Bbile. §° = {dng}’ 4TO fNaeT PaBHOCUBHOCTbL 3 U 4, a 5 nonyyaeTcs
N3 popmMynbl 4/—1 00 = dd€ — d°d. =

OMPEAEJIEHUNE: OnepaTtop dd¢ : APY(M) — APTLa+1(A1) HasbiBaeTcs
narnopunianjiaCmnaH.

TEOPEMA: (CooTHoweHnsa Kanepa, OHU »Xe COOTHOLWeHnAa Kogaunpebl).
Ha Kos1epoBOM MHOrooopasnm, nmeem

N,J] =+/—-108", [AD]=—-V—-108" [L,0])=-/-10, [L,o*]=+V-10.
Nnn, 4TO 3KBUBANEHTHO,
[/\7 d] — (dc)*7 [/\7 d*] — _dc7 [L7dc] — _d*a [L7 (dc)*] — d

J1oKa3aTenbCTBO 3TUX COOTHOLLEHUI ByaeT no3xke.
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Anrebpandyeckune anddepeHunasbHble onepaTopbl

ONMNPEAOEJIEHWVE: lMNycTb A* — rpaagynmpoBaHHAsA CynepkoOMMyTaTuUBHASA an-
re6pa. MpocTpaHcTBo D'(A*) C End(A*) anre6panydeckux aunddepeHun-
ANIbHbIX OnNepaTopoOB onpeaensaeTca MHAYKTUBHO,

1. DO(A) — npocTpaHCTBO A*-ANHERHbIX SHAOMOPMU3IMOB, TO ecTb DOY(A*) =
A* C End(A™).

2. MycTb L, eCcTb onepaTop YMHOXeHus, Lq(n) :=a-n, rae a € A* Toraa
D"+1(A*) — rpapynposaHHoe NOANPOCTPAHCTBO B End(A*), cocTosiLiee
N3 BCcex sHAOMOpPdUnN3IMOB p € End(A*) (HYeTHbIX NN HEYeTHbIX), KOTO-
pble yanoBnetrBopatoT {Lg,p} € D"(A*), ona no6oro a € A*.

SAMEYHAHWE: lNpon3seaneHne anddepeHumnanbHbIX onepaTopoB — Andg-
dbepeHumanbHbiii onepatop: DY(A*)DI(A*) C D'TI(A*). DTo cnenyet n3
{a,bc} = {a,b}c+ (—1)%b{q, c}.

SAMEHAHVE: KommyTaTop anddepeHunasnibHbliX onepaTopoB — one-
paTop Hu3wero nopsiaka: [D'(A*), DI(A*)] Cc D'TI=1(A*). DTo cneayeT us

{CL, {b7 C}} — {{CL, b}v C} + (_1)&6{[)’ {CL, C}}
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AdAnddepeHunanbHble onepaTopbl NepBOoro nopsaanka

ONMPEAOEJIEHUVE: AnddepeHunpoBaHume § : A* — A* — 3H£I,OMOL3§DI/I3M,
KOTOPbI yanoBneTBOpsieT npasuny Jlein6uuua: 6(ab) = 5(a)b + (—1)%as(b),
ana nobbix a, b e A*.

SAMEYHAHVE: OnddhepeHunpoBsaHune anarebpbl eCctb anddepeHun-
aNibHbIA onepaTop NepBoro nopsiaka:

{La,8}(b) = ad(b) — (—1)38(ab) = —(—1)35(a)b.

VTBEPXXAOEHWE: MNycte D € D(A*) — anddepeHumanbHblii onepaTop
NepBoro nopsdka. Toraa D — Lpcpy — AnPdepeHumnposaHme.

JOKASATEJIbCTBO: JoCTaTOYHO A0OKA3aTb 3TO B NPEeANOJIOXEHUN, 4YTO
D(1) = 0. MNMockonbky {D, Lg} NVNHEVHBLIN, nMeeM

D(ab) = (=1)"aD(b) ={D, La}(b) = {D, La}(1)b
=D(a)b+ (=1)*PaD(1) = D(a)b.

CJIEOACTBWVE: OndhdhepeHumanbHblii onepaTop NepBoro nopaagka Ha A oa-
HO3HA4YHO onpeanensaeTca 3Ha4eHnsaAmMm, KotTopblie OH NpUuHUMaeT Ha No-
O6omM Habope MYNbTUMNJINKATUBHbLIX reHepaTopoB A.
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CBoicTBa KOMMyTaTopa [L,,d*].
YTBEP>XOEHWE: d* ecTb onepaTop BTOPOro nopsiaka.

OJOKASBATEJIbCTBO: B opToHOpManbHOM 6a3uce & € TM, d* 3anu-
CblBAeTCA Kak cymma d* = 3 Lieg i(§;), rae Lie ecTb npoussoaHasi Jlu, a
i(&;) — noacTaHoBKa. Jlerko BnaeTb, 4TOo i(&;) AnddepeHunpoBaHmne, 3HAYNT,
Lz‘egii(gi) npou3BeaeHne andpdepeHunpoBaHum, TO eCTb onepaTop BTO-
poro nopsiaka. m

CJIEACTBWE: KommyTaTtop [Lg,d*] — anddepeHunanbHblii onepaTtop
nepBoOro nopsiaka, ansa ntoboro a € A*(M).

3AMEYAHUE: [L,d*](1) = d*w = C xdw™ 1 = 0, 3HauuT, [L,d*] — andde-
peHumnpoBaHue.
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1loka3aTeNbCTBO COOTHoOWweHunm Kogaupbl

SAMEYAHUE: Nmeem *(w) = (n_1)1!2n_1w”_1, n x(n) = (n_l)l!Qn_lw"_l A

I(n) ana noboi 1-cpopmbl 1. Takxke x(w An) = (n_2)1,2n_2w”_2 ANI(n).

JoKa3aTeNbCTBO COOTHOoWeHunin Kogaunpsbl. LLlar 1: Ha doyHkuuax [L, d*]
peiicteyeT Kak [L,d*](f) = ok df AWl = —d°f.

1
~ (n—=1)12n—

LLlar 2: 3HaunT, d*d°f = d*[L,d*|f = —[L,d*]d*f = 0 (Jlemma 1).

LLlar 3: CnegoBaTeNibHO, HA d°-3aMKHYTbIX 1-popMax n nmeem

1

(n —2)12n=2 xd(w" % A 1(n)) = 0.

[L,d*]ln = —d*L(n) = &

LLiar 4: Mbl nony4uaun, 410 [L,d*] = —d® Ha DYHKUMAX U HA d-3aMKHYTbIX
1-cbopmax. MNMockonbky oHU nopoxxaaroT A*(M), a [L,d*] n —d¢ — anddepeHn-
LMPOBaHMA, 3TN onepaTopbl PaBHbLI.
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OnepaTopbl Jlansiaca n cynepkoMmMmyTaToOpbI

TEOPEMA: llyCTb
Ag:={d,d*}, Age:={d°d"}, Dy:={0,0"},05:={0,0}.

Torpa Ay = Ay = 2A5 = 2A5. B 4HaCTHOCTH, A; COXPaHAET pa3fioXXeHue
Xopaxa.

Noka3saTtenbcTBo. LLlar 1: Nmeem {d,d} = 0 (MHTerpupyemMocTb).

LLlar 2: CooTHoweHune Axkobu: {d,d*} = —{d, {\,d}} = {{A, d},d°} = {d°, d°*}.
AHaNoOrn4Hoe BblyncneHne ¢ 9,0 paet Ay = A

LLlar 3: {0,0"} = v/—1{0,{A,0}} = 0 (Jlemma 1). TO »e Bbl4NCIEHNE NOKaA3bI-
BaeT, 4TO BCE aHTUKOMMYTATOpbl Buaa {0,0 } n Tak aanee 3aHyNsAOTCS,
kpome {9,0*} n {9,0°}. DTo naeT Ay=Ny+ A5 =

CJIEACTBWVE: JannacmaH kommyTupyeT cC d,d¢ d*,d°" (Lemma 1), un cC
LN\ H B cunny [L,A] = [L,{d,d*}] = {d,[L,d*]} = {d,d°}. 3HaunT, 2TO uUeH-
TpaJibHbIA 3/1EeMEHT.

SAMEYHAHWE: Mbl pokazanu, 4to L, A,d,VV nopoXagarT cynepanrebpy
pa3mepHocTun (5/4) c oaHOMepHbLIM LeHTPoOM RA.

15



