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1. Teopus mepsbl, jgekiud 1:
TPUAHTYJISAIAN, aJANTABHbIE MePbl 1 00beM MHOI'O-
I'PAHHIKOB

Ucropust maTerpupoBanust BocxoquT K Apxumeny, Heiorony u Jleitbuuity, Ho crporoe obocHOBaHME
TEOPUM UHTETPUPOBAHKS CTAJI0 BO3MOXKHO TOJIBKO BO BTOPO# mosioBuHe XIX-ro Beka, 6aromaps Kormn,
Hupuxie u Pumany. Kysnbmunanueit sToro nomxosia crajau pabotsl Jlebera, mosiupiimecss B 1902-1903,
B KOTOPBIX OH OIPEIesN/I IOHATHE MEPbI U U3MePUMOi (DyHKIINN, HbIHE OOIIEIIPUHATOE.

Ha mporsaxennn XX-ro BeKa OCHOBBI MHTEIPUPOBAHUS JEJAJINCH BCE MPOINE U IPOIE, U ceildac
OOJIBIITYIO YaCTh TEOPUHU MEPBI MOXKHO PACCKA3aTh B XOPOIIIEM MaTKJIacce. 1eopust MepbI, B COBPEMEHHOM
U3JIOYKEHNH, CTPOUTCS aKCHOMATUIECKH, U HEe TpeOyeT Jijisi CBOEro MOCTPOEHUs HUIEro, Kpome 0Da30BbIX
¢daKTOB TEOPUU MHOXKECTB, TOIIOJOTUN U AHAJIA3A.

Henri Léon Lebesgue
(June 28, 1875 - July 26, 1941)

CrnoBo "mepa" o6osHauvaeT, B OOJBITHHCTBE CIydaeB “00beM”’ MTOJIMHOXKECTBA, TO €CTh HHTErpas OT
dyurIMHU, KoTopas nmpuHUMaeT 1 Ha 3ToM mojamHOXKecTBe U 0 BHe ero. Takas (DyHKIMS HA3BIBAETCS
XapaKTEPUCTUIECKOUN (pyHKImeH moamHokecTBa. OKas3bIBAETCsI, JIJIsT TIOCTPOEHUST HHTETPUPOBAHUST
JOCTATOYHO HAYYIUThCA WHTEIPUPOBATH XapakTepuctudeckne yHKimu. 1109TOMYy-TO TEOpHIO MHTErPHU-
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pOBaHUs U HA3BIBAIOT celitac Teopueit Mepbl. Mepa ectb dyHKIMsA, ObIOAST U3 IIOIMHOYKECTB HEKOTO-
pPOro MPOCTPAHCTBA B BEIIECTBEHHBIE YHCJIA, U YIOBJIETBOPSIONAs CBORCTBAM 00beMa, O KOTOPBIX OyJIeT
pacckazaHo HiKe. Kak IpaBujio, ONpeeuTh Mepy Ha MHOXKECTBE BCE€X MOAMHOXKECTB He IT0JIyda-
€TCst - 9TO MPUBOJUT K TEOPETHKO-MHOXKECTBEHHBIM mapajokcaM. [loaTomy st mocTpoeHusi Teopuun
MepBbI ITPUXOIUTCS CHAYAJIA OIPEJIEIUTh M3MepUMbIe MOAMHOXKECTBA, a 3aTeM OIIPEIE/ISITh MepPy Kak
DYHKIINIO HA MHOXKECTBE U3MEPUMBIX IIOJIMHOYXKECTB.

B kadecTBe 11€pBOr0o BBEIEHHS B TEOPUIO MEDPHI, s PACCKAXKY PO 00bEMbl MHOTOTDAHHUKOB U WH-
BapuaHT J[3Ha, m300peTeHHbI s pelleHnst Tperbeil mpobsieMbl ['mipbepra. DTy HAyKy YacTO paccKa-
3BIBAIOT IIKOJIbHUKAM MaTKJaccoB. [losesubre kuuru Ha Ty 2Ke TeMy - ""Tperbst mpobsiema ['minbepra
Boursackoro u "Harnsianas reomerpust”" I'mibbepra n Kon®occena.

1.1. KoJsbna moaMHOXKECTB M KOHEYHO-a/JIANTUBHbIE (DYHKIINNI

Iycrs S — MuOKecTBO. MBI 0603HATAEM MHOZKECTBO moaMHOKecTB S 3a 2°. Tlosesno aymars o 2° Kak
o mHOx)kecTBe Beex dyHkimit uz S B {0,1}; mis kaxgoro X € 2% COOTBETCTBYIONIAST €My XapaKTepH-
cTuveckasi pyHkKIus orobpaxkaer Bce Touku X B 1, a Bce ocrasibHbie B (.

Omnpeaesteane 1.1. TTomvuoxectso Y C 2° HasbIBAETCS KOIBIIOM IIOIMHOXKECTB, eciii { COIepKIT
nycroe MHO:KecTBO, () € i, u Bce nepecedenus U o0beIMHEHUs KOHEUHBIX HAOOPOB HMOJAMHOXKECTB u3 i
coziepxkaTcs B 4.

WHorma TpebyroT, IOTOJHUTEIBHO, YTOOBI S comepkaaoch B 4.

Bameuanne 1.2. Oroxgecrsum {0, 1} ¢ mosem u3 AByX 3/IEMEHTOB, KOTOpoe obozHavaercs Fa. D10
3a/18€T KOJIBIIEBYIO CTPYKTYPY Ha 2°: yMHOMKEHIE COOTBETCTBYET B3SITHIO [IEPECEUeHNs, CIIOKEHNE - B3sI-
THEe CUMMETPHYEeCKOil pa3zHocTu. JIerko BujieTh, 9To U ABJIAeTCs KOJIBIOM IIOIMHOYXKECTB TOIJIA M TOJILKO
Toryia, Korja coorsercryiomue dbynkmun u3 S B {0,1} = Fy o6pasyior noaxosbio B 2° (6e3 emunu-
upl). Ecmu, k Tomy ke, S € i, 910 Gy1eT KOJIbIO ¢ enununeii (e MHuIa 3a/1a€TCs XapaKTePUCTUIECKON
dbyuxiwmeit S, Koropas npuHEMaeT 3HaueHne 1 Ha Bcex djeMeHTax S).

Onpenenenne 1.3. Ilycts U C 25 — KOJIBIO TIOJIMHOMKECTB. DOyHKINAA
pw: U—R

HA3bIBAETCS AAJUTUBHOM, W KOHEYHO-aJAUTUBHOM, ecin it mo0bix A, B € i, KoTopble He Ire-
pecekatorcst, umeer mecto (A B) = p(A) + u(B) (obbenunenne HellepeceKarIUXCsl MOJAMHOXKECTB
obosnauaior A[] B).

AU TUBHOCTD — OJIHO M3 YCJIOBUIi, KOTOPbIE €CTECTBEHHO HAJIOKUTH Ha (QYHKIUIO o0beMa (TO ecThb
Mepy), YTOOBI MOJIYUYUTh TI0JIE3HOE HA MPAKTUKE aKCHOMATUYIECKOe olpejie/ieHne oobeMa/Mepbl. Bipo-
JeM, KaK 3aMeTu/I emle ApxXuMe 1, KOHETHOW aINTUBHOCTH HEIOCTATOYHO: YTOOBI BBIUUC/ISITE O0bEMBI
TPEXMEPHBIX MHOIMOTPAHHUKOB, WJIM KPUBOJUHEHHBIX (DUIYDP, HEOOXOAMMO ITOTpedOBATh cuemmot ao-
dumuerocmu (0-aJINTUBHOCTH), TO €CTh aJIUTHBHOCTH 110 OOBEJINHEHUIO CIETHBIX HAOOPOB IIOJMHO-
KECTB.

Tem ne Menee, B HEKOTOPBIX CHUTYAIUAX KOHEIHOW A IMTUBHOCTH XBATAET, HAIIPUMED, Ha, KOJIbIIE
MHOTOYTOJILHIKOB B R?, KOTOpOE GYIeT OIpeIesIeHO HIKE.

Hpe,HJIO}KeHI/Ie 1.4: Koneunas aJJJINTUBHOCTD d)YHKH,I/II/I M PaBHOCUJIBHO BBIIOJ/JIHECHUIO COOTHOIICHUA

n(AU B) = u(A) + u(B) — p(AN B) (1.1.1)
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JIJIsT JTFOOBIX TTOAMHOYKECTB.

HokazaresnberBo: AjyurusHoCTb 1 caeayer u3 (1.1.1) mus wenepecekatonuxest A u B. Boisectn
(1.1.1) u3 ajyruBHOCTH TOXKE BechbMa mpocro. Crauana 3amernm, 9to u(A[[ B[ C) = u(A) + u(B) +
w(C) mrst monapuo nHenepecekaormuxcest A, B, C. Barem npuMennm 3ty GOpMysty K IHOIApHO Helepece-
karormuMcst MHOkecTBam A\ B, AN B, B\ A, nosy4us

(AU B) = p(A\B) + p(B\A) + p(AN B).

[IpumeHUB aJIUTUBHOCTH K IOIIAPHO HerepecekaronmMesi MHOkectBam A\B, AN B u B\A, AN B,
ITOJTy IUM

1(A) = p(A\B) + n(AN B), u(B) = pu(B\A) + n(AN B),

Jlerxo Buzers, uro (1.1.1) mosydaercst juHeiinoi KoMOHHALIE]! TOCIEAHIX TPEX yPaBHEHHI (IIpOBepbTe
9T0). W

1.2. KoJibI1o MHOTOTPAHHUKOB

Onpeneaenne 1.5. ITommuoxkectBo X C R"™ HasbiBaeTcsi BBIMYKJIBIM, €CJIA JIJIsI JIOOBIX JIBYX TOYEK
X, COeIMHSIIONINI X OTPE30K JIEKNUT B X IEJIUKOM.

Onpenenenue 1.6. Boinykiiasi 06004uKa MHOXKeCTBa X() €CTh HAUMEHBINIEE BBIITYKJI0€ MHOXKECTBO
X, conepxkaree Xg. Apyrumu ciioBamu, X ecTh BBITYKJIO€ MHOXKECTBO, cojepkaliee X U COAeprKaIlie-
ecst B JIIOOOM BBIIIYKJIOM MHOXKECTBE, KOTOPOE COJEPKUT X.

Cy1mecTBoBaHIEe BBIIYKJIOH 000JIOYKN HYKHO, KOHEYHO, HOKa3bIBaTh. OHA CTPOUTCA SBHO B CJIELy-
IOIEeN JieMMe.

JIlemMma 1.7: Ilycts Xy C R™ kakoe-TO mMOAMHOXKECTBO, & X — MHOYKECTBO KOHEUHBIX JIMHEHHBIX KOM-
Ounaiuit Buga » Nz, rae », A; = 1, Bce \; meorpunaresbubl, a x; € Xo. Torma X — 9T0 BblyK/as
obostouka Xg.

Sanauya 1.8. [lokaxkure 3Ty JeMMy.

Omnpenenenne 1.9. Cumniiekcom B R” mazniBaercs BoimyKitas obosodka n + 1 Touxkn. Cumrnrekc
Ha3bIBAETCS BBIPOXKAEHHBIM, €CJIN 3TH TOYKHN COJEPKATCA B KAKONH-TO T'MIIEPIIJIOCKOCTH.

Bameuanue 1.10. B R? cuminiexc 570 TpeyrobHIK, OTPE30K MM TOUKa; B R - TeTpasip, BBITYKIIbil
YeTHIPEXYTOJbHUK, JIEXKAIIWI B IJIOCKOCTH, TPEYTOJbHUK, OTpe30K mianu Touka. [locmennune 4 mpumepa,
OYEBUJTHO, BBIPOXKIEHHBIE.

Onpenenenue 1.11. Koabiio MHOrOrPpaHHUKOB €CTH KOJIBIIO, ITOJIy YeHHOE IPUMEHEHNEM KOHETHOIO
qucya ornepanuii 00beIMHEHNsT, TIePeCeTeHNsI, TOMOJTHEHNST K CUMILIEKCAM.

3ameuanue 1.12. B cuty Toro, 9T0 MBI pPa3peIIniv BRIPOXKIEHHBIE CUMILJIEKCHI, JOCTATOYHO CTPAHHBIE
BeIU MOI'YyT OKa3aThbCsl MHOTOI'DAHHUKAMU, HAIIPUMED, JAOMOJIHEeHNE KyDa K TPEYTONbHUKY MJIM HECKOJIb-
KUM TOYKaM.

Onpenenenue 1.13. Boipoxk/IeHHBIII MHOTOTPAHHUK €CTh MHOI'OIPAHHUK, MOJIYY€HHBIH [IpUMEHe-
HUEM Ollepalinii 00beIMHEHNS, IEPECEUeHNs], JOMOJHEHNsI K BBIPOXKIEHHBIM CUMILJIEKCAM. 3AMKHY ThIN
MHOTOTPAHHUK €CTh 00beINHEeHNe KOHETHOI'O YUC/IA CUMILIEKCOB.
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Sagaga 1.14. [Jokaxure, 9T0 3aMBbIKaHUE JI0O0r0 MHOTOIDAHHUKA (B CMBIC/IE OOBIYHON TOIOJIOTUH Ha
R™) ecrb 3aMKHYTBIii MHOTOI'DAHHUK.

Bagaga 1.15. [Jokaxure, 9T0 Ji060H MHOrOrpaHHUK MoJydaercss kak gonosnenne A\B, roe A 3a-
MKHYTBII MHOTOTPAHHUK, a B — BBLIPOXKIEHHBII.

1.3. Tpuanryasanusa MHOTOTPAHHUKOB

Omnpenenenne 1.16. [Iycre M — 3amvmrayTbIil MHOTOrpanauk. TpuaHrysiasnus M ectb pasbueHue
M\ S B 06beiuHEeHNE HEBBIPOXKICHHBIX CUMILIEKCOB X1, ..., X, TAKHUM 0Opa30M, 4TO MOIAPHbIE TIepece-
YEHUsI ITUX CUMILJIEKCOB — BBIPOXKJIEHHBIE MHOTOIPAHHUKHU, U S — BBIPOXKJIEHHBIN MHOTOrpaHHuK. Tpu-
aHTYyJIdAIIuell He3aMKHYTOI'0 MHOTOTI'PDAHHUKA HA3LIBAETCS TPUAHTYJISAIUS €TI0 3aMbIKAHUSI.

Teopema 1.17: Kaxkaprit MHOrOrpaHHUK JIOIYCKAET TPHUAHTYJISIIHUIO.

HokazareabcTBo. [Ipoie Bcero TpuaHTy/IMPOBAThH BBIMYKJIble MHOTOIpAHHUKHU. g 3TOrO HAIO
TPUAHTYJIUPOBATDL BCE T'PAHU, BOCIOJIL30BABIINCHL WHIAYKIIHEH IO PA3MEPHOCTH, & 3aTeM B3sThb TOUYKY
S BHYTPH MHOTOI'DAHHUKA, W COCIUHUTH IPSAMBIMUA C KaXKJION M3 BEPIIUH CUMILJIEKCOB, HAPUCOBAHHBIX
Ha TrpaHsiX. MHOMOrpaHHUK pa3BauTCs B O0beIUHEHHE CHUMILJIEKCOB, MMEMINUX OOIyI0 BepIiuHy S, ¢
[IPOTUBOIIOJIOXKHO ITOI BepInHE TPAHBIO, TPUHAJIEYKAIIEH BRIOPAHHON TPUAHTYJISIIUN IPAHEl MHOTO-
rpaHHuKa. Takasi TPUAHTYJISIUS HA3BIBAETCS OAPUIIEHTPUIECKOIA.

Ecnu ke MHOrOrpaHHUK He BBIMYKJIBIH, MBI pa3pekKeM €ro B 00beINHEeHNE BBIMYKJIbIX, IePeCeKaio-
MIUXCs IO TUMEPILIOCKOCTSIM, U TPHAHTYJIUPYEM KaXKIyIO BLITYKJIYIO YacTb II0 OTIAeIbHOCTH. i1t 3T0TO
BO3bMEM MHOTOI'PAHHUK M, MOJyYeHHDbIH W3 CUMILIEKCOB X1, ..., X, OIEpaIUsIMU I[epecedenus, 00b-
eJINHEeHNs U JIOTIOJIHEHNS, U IIyCTh P — MHOXKeCTBO BCEX TUIIEPILIOCKOCTEH, KOTOPble OTPAHUYUBAIHN 3TU
cumiiekcbl. Torma P pasombaer R"™ B 0O0bemumHeHNe KOMIIOHEHT CBSI3HOCTHU, KarKIasli U3 KOTOPBIX ITO-
JIydaeTcs KakK IepecevdeHne MoJTyIIPOCTPAHCTB, OrpaHndYeHHbIX FP; € P, a 3Ha4unT, BRIMyKJa. Bocnosb3o-
BAaBIINCH UHJIYKIHEH [0 YUCITy CUMILIEKCOB, HETPYAHO yOEIUTHCs, ITO (C TOYHOCTHIO J0 BBIPOXKICHHBIX
MHOTOIPaHHUKOB) M 1oJy4ueH Kak 00beJMHEeHne HEKOTOPOTo MOJMHOYKECTBA KOMIIOHEHT CBSI3HOCTU. W

Onpenenenne 1.18. Ilycrs Si, 59 — aBe Tpuanryssiiuun MHOrorpananka M. Tpuanryssinust So Ha3bI-
BaeTCd U3MEJIBYEHUEM TPUAHTYJISIUN S, €CIN KAXKJIBI CUMILIEKC U3 S5 COIEPKUTCA B KAKOM-TO W3
cumiLiekcoB S1. CooTBETCTBYIOIEE OTHOIEHHE JACTUIHOIO IMOPSIJIKA HAa H3MeJBIEHUSIX 0003HATAeTCst
So < S1. B a10it curyanun Takke roBopsiT, YTO TPUAHTYJISIUS So MOJAYMHEHA TPUAHTYJISAINAN S .

Samaya 1.19. Ilycrs Sq, Sy — rpuanrynsmun muororpanauka M. Torma cylecTByeT TPUAHIYJIALINS
S3 Takasi, uro S3 < S1 u S3 < 5o

VYkazauue 1.20. Bospmure pasbuenune M Ha nonapHbie lepecedeHns CHMILIEKCOB u3 S1, Seo, U HalijuTe
TPUAHTYIANNAIO KaXKJIOTO U3 ITUX CUMILIEKCOB.

1.4. O6beM MHOTOTPAHHUKOB

Hanommio, uro muororpanauku M, M’ C R™ Ha3blBaloTcss KOHTPYSHTHBIME, €CJIM OMH MOXKHO ITI€pe-
BecTHu B Jpyroii geumxkenuneMm R”.

n
Omnpegenenne 1.21. Ilycrs 4 C 28" — kosbno muororpannukos. OymkIms Y — R HasbiBaeTcs
KOHEYHO-aJAUTUBHOI Mepoil Ha i, ecin
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(i) p xomeuno ajpmrusna: (AU B) = u(A) + pu(B) — (AN B)
(ii) pu(M) =0 mast J1F06OTO BBIPOXKIEHHOIO MHOTOrpaHHuKa M.

Eciu, k Ttomy xke, (M) = p(M') mis mo6bx KOHIPYSHTHBIX MHOrOrpanuukos M, M’ mepa p nasbl-
BaeTCs NHBAPMAHTHOM (WM yKe WHBAPMAHTHON OTHOCHTEJIbHO JIBUKEHUIH ).

CJIQ,HYIOH_IGG yTBEpKJI€eHNE HEMEIJIEHHO CJIE/IyeT U3 TE€OPEMbl O CyII€eCTBOBaHUUN TpI/IaHI‘YJIHH,I/II'?'I.

VYreepxkaeuue 1.22: Ilycrs p, f/ — 1Be KOHEUHO-aIMTUBHBIE MEpPbI Ha KOJIbIE MHOIOIPAHHUKOB, KO-
TOpbIE PABHBI Ha CHUMILIEKCax. 1Or1a OHU PaBHBI.

YTob6B1 onpeieinTh 00 beM MHOTOIPAHHIKOB Uepe3 CUMILIEKCHI, HaI0 3a1aTh 00beM Ha KarKIO0M CHM-
jieKce (9T0 MOXKHO CJIEJIATh, MCIIOJIb3Ysl ONPEJIEJINTEIb), & 3aTeM BOCIOIb30BATHCS TPUAHTYJISIIIUSIMU.
Yr00bI m0Ka3aTh KOPPEKTHOCTDL TOrO OIPEJIE/IEHNS, HAI0 YOeIUuThCs, ITO OHO He 3aBUCUT OT BBIOOpA
TPUAHTYIISIUN.

Onpenenenue 1.23. PaccMoTpuM CUMILIEKC S, MOy Y€HHBIN, KaK JIMHEHHAST 000JIOUKA TOUEK L), ..., Lp -
OrpejiesiuM 00 b€M 3TOr0 CUMILIEKCA (DOPMYJION

1
Vol(S) := E‘ det(z1 — g, x2 — Tg, ...y Ty, — o).

B,ZLGCI) 1101, det monumaeTcst JA€TEPMUHAHT MaTpUIbI, COCTaBJIEHHOU U3 KOOpJnHaT BEKTOPOB T'1 — Lo, L2 —
LQy ey Iy — TQ

Banmaua 1.24. Jlokaxure, uro oobeMm Vol(S) He 3aBuCHT OT HyMepaluu TOYEK Iy, ..., Tp.

Ykazanue 1.25. BOCHOHBByﬁTer TEM, 9TO OIIpeJe/INTE/Ib HE USMEHUTCHA, €CJIN KO BCEM CTOJI6H&M 0-
0aBUTD OJIH 1N TOT K€ BEKTOP.

Onpegesienne 1.26. Ilycrs M — muororpannuk, cHabxkenubsiii Tpuanrynsnueir, M = |J X;. Onpeze-
aum o6bem M dbopmysioit Vol(M) := > Vol(Xj;).

Teopema 1.27: O6beM MHOIOIPDAHHUKA SABJISIETCS KOHEYHO-aINTUBHONR MEPOii Ha, KOJbIE MHOIOIPAH-
HUKOB, 1 UHBapUAHTEH OTHOCUTEJILHO JIBUKEHUIA.

JTokazaTeibCTBO: AIJIUTUBHOCTL 00bEMa, CJIeLyeT U3 TOrO, YTO OH HE 3aBHCUT OT TPUAHIYJISILN.
B camowm gente, mycrs A = Aj U Ay — pasbuenue A B oObeIMHEHNE MHOIOIPAHHUKOB. Bhibepem TpuaHry-
Jstiuio MHOTOrpanHuKOB Aq\ Ag, Ao\ A1 u A1 N As. Ona 3amaer rpuanryisiuio A, Aju Ag. Cesa3aHHblil ¢
970l TpuaHryssiuei oobem yuosiersopsier Vol(A) = Vol(A4;1)+ Vol(Az) — Vol(A; N Asg), (serko Busers,
49TO B 9T0i (hopMysie 06beM KazxKJI0ro CHMILIEKCA, COCTABJISIONEro A, yIuThIBAETCS OJIUH Pa3).

st moKazaTebCTBa TOrO, YTO OOBEM He 3aBUCUT OT TPUAHTYJISAIINN, PACCMOTPUM JIBE TPUAHTYJISIIAN
S1,59 muororpanauka M, u myctb S — obiiee usmespdenue S, u So. Kaxkmprit cummiexke X uz S, .99
pasbuBaercs B 00beIUHEHNe CUMILIEKCOB X; u3 S. Ecim Mbl mokazkeM, 94To cyMMapHbIil o0beM X; pasen
obbemy X, u3 3T0or0 Oy/eT cjie1oBaTh, 9T0 00beM M, MOCUnTaHHBIA ¢ 0OOUMU TPUAHTYIAIUIMA, PABEH
cyMMe 00bEMOB BCeX CHUMILIEKCOB S. 3Haunut, TeopeMa 1.27 BLITEKAET U3 CJIELYIOIIEro yTBEPKICHUS.

Teopema 1.28: Ilycts S - rpuanryssius cumiuiekca X, pazbuBatoiias X B 00beJUHEHNE CUMILIEKCOB

X1, ..., Xpp. Torga Vol(X) = Vol(X;).

B cremyromeit nekiun st 6yay cauTarh, 9TO 00bEM OINpese/ieH KOPPEKTHO, U 3aiiMyCh TPeTbeil mpo-
6semoit ['mpbepra u nuBapuantom [Isna. JlokazareabcTBo Teopembl 1.28 NPUBOIUTCS B JIEKIUN 3.

HMY, ocens 2010, BTOpPOii KypC, JeKius 1 - 5 - VERSION 2.2, 26.11.2010



