Teopust Mepsr 3: NaTerpupoBanue Mumra Bep6unkuit

Teopusa Mepsi 3: IHTerpupoBaHue

3.1. smepumblie pyHKIINN

Onpenenenne 3.1. Ilycrs nano npocrpanctso M ¢ 3ajanHoil Ha HeM o-ajaredpoit 4. Mbr roBopum,
ITO MOJMHOXKECTBO M M3MEepUMO, ec/ii OHO JIEXKUT B 3.

[Iycte — Tomosormveckoe mpocTpancTBo. AJiredpa OOpesieBCKUX MHOXKECTB — 9TO CHTMa-
aJsirebpa, MopoXKJIeHHas OTKPBITBIME [TOJIMHOKecTBaMu. MHOKecTBO Ha3bIBaeTCs u3MepuMbIiM 110 Bope-
JIIO, €CJIM OHO JIEYKUT B 9TOH ajredpe, TO €CTh MOJIyUeHO CUETHBIMU O0bEIMHEHUSIMU U TIePeCeIeHUSIMU
OTKPBITBIX M 3aMKHYTBIX MHOYKECTB. BopejieBckasi Mepa ecTh CYeTHO-aIINTUBHAST Mepa Ha ITOM
curma-aJjredpe.

[Iycte My, My — ipocTpaHCTBa C 38 JaHHBIME Ha HUX o-ajareOpavu Uy u iy, Oyukmus f : M, — M,
HA3LIBACTCA M3MEPUMOIA, ec/in 1poodpa3 KazkJI0ro U3MEPUMOI0 MHOYKECTBA U3MEPUM, TO €CTh

fﬁl(U> C ulv

Just moboro U C Us.
Ecnu M — npocrpancrso ¢ curma-aareopoit, a f : M — R BemecTBenno 3nadnas QyHKIUS, MbI
roBOpUM, YTO f M3MepUMa, ecjii Ipoodpa3 u3MepuMoro 1o Bopesio MHOKeCTBa U3MEPHUM.

Banaya 3.1. Ilycte M — mpocrpancTBo ¢ OopesreBckoit Mepoit, a f : M —— R menpepoiBHast GpyHK-
musi. Jlokaxkure, aTo f nzmepuma.

Banaua 3.2. Ilycte M — mpocTpaHCTBO ¢ 3a/aHHONl Ha HeM o-aiarebpoit U, a f: M — R mpouns-
BosibHas dyukiusd. /Jokaxkure, 94T0 CIeyone CBOMCTBA PABHOCUILHBI

a. f~[a,b] usmepumo s sioGoro orpeska |a, b

6. f'[a,b] usmepumo jyist siroGoro unTepsaia |a, bf
B. f7'] — 00,b] usmepumo jyia moboro styva | — 0o, b
r. Oyuknus f usmepuma

Bamaua 3.3 (*). Ilycts M = 7Z, — HpOCTPAHCTBO IEJBIX pP-aJudecKux ducel, a i — airebpa or-
KPBITO3aMKHYTBIX TOJMHOXKecTB. Jlokaxkure, uro jiobas HenpepbiBHas ¢yukius na M wusmepuma
OTHOCUTEJIHHO L.

Banmaua 3.4 (!). Ilycrs
f17f2 M —R

HEKOTOPbIe (DYHKITMH Ha IIPOCTPAHCTBE ¢ curma-ayredpoil. lokaxkure, 910 918 DYyHKIUU U3MEPUMBI
TOIJIa U TOJILKO TOTJIA, KOTJia (PYHKITHS

f1 X f2 M — Rz
U3MepUMa 110 OTHOIIEHHUIO K GopesieBCKoil curma-aredbpe na R2,

3agaya 3.5. Jlokaxkure, 4TO CyMMa ¥ IIpou3BejicHre n3mMepuMbix dyukiuit fi, fo : M — R u3me-
puMmo.
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Ykazanme. Bocrnosb3yiiTech npeabIyieii 3aaqeit

Bagaua 3.6 (*). [lokaxkure, 9T0 MPOCTPAHCTBO U3MEPUMBbIX QyHKIMI Ha R 1m0 MoraocTH GOJIbIIE
KOHTUHYYMaA.

Omnpepnenenne 3.2. Oynkiug f : M — R na3biBaeTcd CTYIEHYATOM, ec/ii OHA TPUHUMAET He
6oJee UeM cYeTHOe KOJIMIECTBO PA3HBIX 3HAUEHMIT

3amaua 3.7. a. Jlokaxkure, 9To crynenyaTad (pyHKIHS U3MEpUMa TOTJIa U TOJIBLKO TOTJIa, KOTJIa
f~Ya) uzmepumo 15t smo6oro a € R.

6. [*| llpuseaure npumep HemamepuMoii (1 HeCTYIeHIATOl) DYHKIUY, [ KOTOPO 3TO BBIIIOJIHS-
ercs

Omnupepnenenne 3.3. Ilycts f; : M — R — nocnenoBarenbHocTh MyHKIIi. HamomunMm, aro f; pas-
HOMepHO cxomutcs K f @ M — R, ecim st kakoro € > 0 naiigercs N takoit, aro |f — f;| < e
npu ¢ > N.

Bagaua 3.8. [l bynkuun f: M — R, o6osuadum 3a f, dynkmmo Buga © — =[nf(x)], rae [..]
oboznadaer neiyio dacts. lokaxure, aro { f,} paBHOMepHO cxomuTces K f.

Bagaua 3.9 (!). [Jana usmepumast dynkuus f : M — R. Jlokaxure, 9ro f ecTb mpejies paBHO-
MEPHO CXO/JISAIIeCs TTOCIe0BATE/LHOCTA CTYHEHIATHIX U3MEPUMbIX (DYHKITUI

Ykazanme. Bocrnosb3yiiTech npeabIyIieii 3aaaqei

3apaua 3.10. Ilycts f — mpejies paBHOMEPHO CXOJMAIIEHCS MOC/IEIOBATEILHOCTH U3MEPUMBIX (DYHK-
muit. Jlokaxkure, ato [ nsmepuma.

Ykazanue. /lokaxkure, 9T0O cUeTHOE OOLEAMHEHME M3MEPUMBIX MHOXKECTB m3Mepumo. IIpeacrasbre
f71( — o0, ¢]) kax obvemunenme | J f; (] — 0o, c — ¢, e |f — fi| <e.

Bapaya 3.11. Ilycts f; : M — R HeBo3pacTamoimas Moc/Ie/10BaTeIbHOCTD N3MEPUMBIX (DYHKITHIA.
Hokazkure, ato npejes lim f; usmepum (ecsin OH CyIIECTBYeT).

Vkazanue. [lokaxure, aro f~1(] — 0o, c[) = Uf; (] — oo, ).

Bamaga 3.12. Ilycrs f; caernsrii Habop u3amepuMbix dyukmii. Jokaxure, aro dbyukimn supq f;} u
inf{ f;} rak>ke uzmepumbI.

VYkazaume. [lokaxkure, YT0 MAKCUMYM U MUHIUMYM KOHEYHOT'O YUC/IA UBMEPUMBIX (DYHKIIUI U3MEPUM.
3areM HaIUIINTE

inf{fi} = lm_inf{f}

U BOCIIOJIB3YUTECh IPEIbIAYIICH 3a/1a9eid.

Bamauga 3.13 (!). Ilycrs f npesen morodedno cxojsimedicsi mocsegpoBareaboct { f;} n3aMepuMbix
dyukmmit. Jokaxkure, aro f m3mepuma.
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VYkazanue. CBG,HI/ITQ 3a/la1y K CJIy4alo, KOoI'la fz MOHOTOHHO BO3pacCTa€T, C IIOMOIIbIO

lim f; = lim sup{f;}
71— 00 j>l’
Omnupepesienne 3.4. Ilycts f; : M — R mocnenoBarenbHOCTD n3MepuMbix dyHKIMA. MbI roBOpUM,
uro {f;} cxommrcst mouru Bcroay K f, eciy f; moTouedHO cxomuTest K f BHE MHOXKeCTBa Mepbl ().

Bamaga 3.14 (!). Ilycrs {f;} cxoqures nourn Berony x f. Jokaxkure, uro f usmepumo (mo Jlebery).

Bamaga 3.15 (*). (Teopema Eroposa) Ilycrs (M, p) mpocrpascTBo, cHabKeHHOE 0-aaredpoit u Me-
poit, a {f; : M — R} nocienoBaresbHocts dyHKIWMA, KoTopas cxoauTces nouru seoay K f. [Ipesmo-
aoxuM, 910 (M) < oco. Jokazxkure, aro s aroboro € Haitgercs moamuoxectso E. C M, p(E.) < e,
takoe, 4ro { f;} paBHomepHo cxomurcs Bue E. K f.

3.2. Narerpupyembie pyHKITNN

IIycts f: M — R — crynenvaras dyuknus, a {a;} MHOXKECTBO ee 3HadYeHHH. 3aiuiieM [ B BHJE
f=>axu,, tne U; := f~Y(oy), a Yy, xapakrepucrudeckast dbynkmus Mmuozkecrsa U

Onpeznenenne 3.5. Ilycrs M npocrpancTBo, cHab)KeHHOE o-ajrebpoil u Mepoii u, a f = > a;xu,
crynendaras uaMmepumas yukiusg. Oynxnus [ Ha3biBaeTcsd CTYIIEHYATON MHTETrPUPYEMOIt, eciiu

psi Y oy p(U;) exomurest.

Bagaua 3.16 (!). [okaxkure, 4T0 HHTErPUPYEMbIE CTyIEHUATHIE (DYHKIMHA 00PA3yIOT JTMHEHHOE IPO-
CTPAHCTBO

Omnpepnenenne 3.6. [lycts f — usmepumas dbyuxnusa. Mol roBopuMm, uro f paBHA HYJIIO MOYTH
Be3ze, eciim f = ( BHe MHOXKECTBa Mepbl Hy/b. Mbl rOBOpUM, 4UTO m3MepuMble DyHKIMU [ U g
9KBUBAJIEHTHBI, ec/in [ — ¢ paBHA HYJIIO TOYTH Be3je, B 3ToM ciydae roBoputcs, 9To f paBHO ¢
MMOYTU BCIOJLY.

3ameuanme. B teopunm mepbl DYHKIUU, SKBUBAJIEHTHBIC MOYTH BCIOJLY, OTOXKJIECTBJILIOTCA. B Tex
cIydasX, KOrja IMOHATHO, O YeM pedb, MbI He OyJIeM CIIelHaJIbHO OTOBAPUBATD STOIO.

Bamaua 3.17 (!). Paccmorpum Takyio (byHKIMIO Ha IIPOCTPAHCTBE WHTETPUPYEMBIX CTYIIEHUATHIX

dbyHKIMiL:
|flh = Z || 1 (Us).

Hokazkure, 910 3Ta (DYHKIHUA — HOPMa Ha IPOCTPAHCTBE KJIACCOB SKBUBAJEHTHOCTH CTYIEHYATHIX
UHTErpupyeMbIxX (PyHKITHIA.

Bagaua 3.18. Ilycte f — wsmepumas dynkius wva R, a {f;} — mociemoBarebHOCTh U3MEPUMBIX
dbyukuumii, pasaomepno cxojgmuxcst K f. Beerga s { f;} 6yzaer nocnemosarensnocrsio Ko orHOCH-
TeJIbHO METPHUKH, 3aJIAaHHON HOPMOI | - |17

Bagaua 3.19. Ilycrs f — usmepumas dyuknus va R, a { f;} nocienoBaresbHocTs n3MepuMbix dhyHK-
i, Takas, 9o { f;} mociaemoBarensrocTs Ko orHOCHTEIBHO | - |1, cxopsimasicss K f. Bepro Jin, aro
{fi} pasnomepno cxomurcsa K f7
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Omnpepnenenne 3.7. llycts f — dyuknus na TonosorudeckoM mpocrpancrse M. Mbl roBopum, 9To
f — dyHKIUS ¢ KOMIIAaKTHBIM HOcHUTeJieM, ecjin f = () BHE KOMIIAKTHOrO mojMuoxkectsa M.

Bamaua 3.20 (!). Ilycrs f — usmepumasi GyHKIUSA ¢ KOMIIAKTHBIM HOCHTEIeM Ha R™.

a. PaccmorpuM mocsieioBarebHOCTD cTyneHuarsx ynknuii { f;}, oupenenennyio B 3agaqe 3.8.
Hokazxwure, aro {f;} — 310 nocienosarensnocrs Komu 0OTHOCHTEIFHO METPHUKH, 38/ [AHHON HOD-
MOIA | - |q.

6. Ilycte {f;} — mocienoBarebHOCTD CTyIEHYIATHIX (DYHKIHMHA ¢ HOCUTEJEM B KOMIAKTHOM MHO-
)kecrBe K, paBHOMepHO cxofsmasica K f. Jlokaxkure, uaro {f;} sro mocienosarensaocrs Ko
OTHOCHTETLHO METPUKH, 33JIAHHOI HOPMOIA | - |;.

Bamaua 3.21 (*). Ilycts M — upocrpalcTBo ¢ o-aarebpoit, HaJleJleHHOe Mepoii j1 Takoit, uro M =
UJU;, tme Uy C Uy C Uy C ... — u3MeprMble MHOKeCTVa KOHeUHOIT Mepbl. [lycrs 3aana msmepumast
dbyukmus f 1 M — R. JlokaxkuTe, 9T0 CyIIECTBYeT MOCJIEI0BATEIBHOCTD {g;} CTYIEHYIATHIX H3Me-
puMbIX (DYHKIHM, KOTOpasi paBHOMepHO cxoautcst K f, npudem {g;} 910 nocienoBarenbHocTs Kormn
OTHOCHUTEJIBHO | - ;.

Ykazauwme. Ilycrs mepa U;\U;_; paBua a;, a {f;} — mocienoBareibHOCTb, OCTpOeHHAs U3 [ KakK B
Banaue 3.8. [lomoxum gy, ma U\Ui—1 paBHBIM foi(q,141. JloKaxkuTe, 910 {g;} paBHOMEPHO CXOIUTCA K

Onpenenenne 3.8. Ilycth mocienoBarebHOCTE KO MHTErpUPYEMBIX M3MEPUMBIX CTYIIEHYATHIX
dyuknit papaoMepHo cxogurced K ¢yuknun f. Torma f HasbiBaeTcs MHTErpupyeMoilt QyHKITHENd.
[TpocrpancTBo Takux GyHKIM (OIPEIeIEHHBIX ¢ TOYHOCTHIO JI0 PABEHCTBA [TOUYTH BCIOJLY ) HA3BIBACTCS
MMPOCTPAHCTBOM Li-UHTErpupyeMbix QyHKIuii, u oboznadaercs Lq(M).

Bagaua 3.22. [lycte M mpocrpancTBo ¢ mepoit Takoe, uro pu(M) < oo. Hokaxkure, uto Jrobast
u3MepuMas orpanndennas QyHkiys na M uHTErpUpyeMa.

Bamaua 3.23 (!). Ilycrs {f;}, {¢:} mocnenosarensuoct Komu crynenuarsix dbyukiuii, pasaoMep-

HO CXOJAIIMXCA K OfHOM 1 Toi ke dyHkiun h. JJoxkaxkure, uro lim fZ’ W gi’ = (0 Ha KaxKIOM

A

u3MepuMoM nojgmuozkecTBe A C M komeunoit mepsl. Jlokaxkure, 9T0 h OJHO3HATHO OIPEIENISIETCA
KJIACCOM 9KBUBaJIeHTHOCTH { f; }.

3amevanue. B 510if curyanum Mbl TOBOPUM, ITO h €CTh IIPEJIES TOCIeI0BaTEeTbHOCTH f;

Omnpenesienne 3.9. Ilycrs f — crynenvaras nsmepumasi nuaTerpupyemasi GyHKus, [ = Y a;Xy,-

Wurerpan f — sro ducio
/ fr=>" cip(U).
M

Bamaua 3.24. Ilycrs {f;} — nocienosarenbHocTs Kommm uHTErpupyeMbIX CTYIEHYATHIX (DYHKIHI.
Hokaxute, 4t0 | o Jitt exonuTes
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Omnpepnenenne 3.10. Ilycrs f — unrerpupyemas yHKIMS, Oy YeHHAsT KAK [IPEJIES OC/IeI0BATE b
nocru Kommu {f;}. Oupenenuv narerpas Jlebera f kak

/fu = lim/Mfm-

Bamada 3.25. /lokakure, 9TO 3TO Ompejie/ieHrne KOPPeKTHO. /lokakuTe, 9To MHTErpaJI 3a,/1aeT Helrpe-
PBLIBHBIH JTUHEHHDIN (DYHKITMOHAJ HA IIPOCTPAHCTBE UHTETPUPYEMBIX (DYHKITHUI.

Banaya 3.26. Ilycts f : M — R — meorpunarenbaas uarerpupyeMas ¢dyuknus. Jlokaxxnre, 910
[ fu >0, u paBercrBo gocTuraercst ToAbKO ecin f = 0 HOYTH BCIOLY.

Bagaua 3.27. Ilycrs f, g usmepumbie dbyuknuu, npudem f > |g|, a f unrerpupyema. lokaxkure,
uTo ¢ Takxke unrerpupyema, u [ fu > [ gu.

3apaua 3.28. Ilycts f: M — R unrerpupyemas dbyukmus. Jlokaxure, aro f }
JUIs1 JII0O0T0 M3MepuMoro noamuoxkecrsa M C M.

v HHTErpupyema,

Bamaga 3.29 (!). Ilycrs f: M — R — npoussosbras dyakius. lokaxure, aro f uHTErpupyema
TOTJIa U TOJILKO TOT/Ia, KOrjla uHTerpupyem |f|.

Onpegenenne 3.11. Ilycrs M — mpoussosbHoe MHOXKecTBO. 0-Koubio U C 2M na M ectb KO-
[0 TIOJIMHOXKECTB, 3aMKHYTO€ OTHOCHTE/HHO CUETHBIX 00beJMHEeHUil. 3apsaaoM, Uin O0O0OIeHHOM
Mepoii Ha { HA3BIBAETCS CUETHO-JINTHBHAs (HE 00s13aTeIbHO MOJIoKuTe b Hast) dyHnkims 3 — R.

Bamaua 3.30. Ilycts 0 — 3apan Ha o-xouble 8 C 2M a E; € 4 — mocsie10BaTeIbHOCTD HellepeceKa-
IONUXCst MHOXKeCTB. Jlokaxkure, 4ro psijt Y o(E;) abcoMOTHO CXOAUTCA.

Bagaga 3.31 (*). (pasnoxenue Kopnama) Oupenemmum oF (E) Kak cynpeMyM Suppi-po(FT) 1o
BCeM u3MepuMbIM nojMmuoKecTBaM F ™ C B, u 0~ (E) kak —infp-cpo’(F 7). Jokaxure, uto 01, 0~
- 310 HeorpuiaTeabubie Mepbl Ha (M, U), u 0 = ot — o™,

Bamaga 3.32 (*). (pasnoxenne Xana) B yciaoBusix mpeabiyrieii 3a1adu, JOKaKUTe, ITO

sup o(F™T)
F+tCE

inf o' (F7)

F-CcFE

peannsyrorcsa Ha noaMHoxkectBax F~ m FT. Bosee Toro, MoxKHO BBIGpaTh MX TaKUM OOPA30M, UTO

F-][F*=E.
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