Teopust Mepsr 4: Teopema Pasnona-Hukonuma u reopema @ybunu Mumra Bep6unkuit

Teopua Mepnl 4: Teopema Pamona-Hukoanma 1 Teopema ®you-
HU

4.1. Pazjgoxkenue XaHa

Onpenenienne 4.1. Hamomnum, 4T0 3apsa oM HA3bIBACTCA CUCTHO-a//INTUBHAS (DYHKIUS HA 0-aJl-
rebpe, npuHUMaloNas 3Hadenns B R.

Bamaua 4.1 (!). Ilycrs p - 3apsan na curma-anrebpe 4 C 2% a 3 = inf p(B,), rae inf Geperca 1o
BceM B, takmM, uto p(B,) < 0.

a. Jlokaxkure, uro J > —o0.

6. Ilycts E msmepumoe MHOXkKecTBO, Takoe, uto p(E) < [+ €. Hokaxkure, uaro js joboro £ C

S\E, p(E) > —e.

B. Ilycrs F4, Fy usmepumble MHOKeCTBa, npudeM p(E;) < [+ ;. Hokaxure, aro p(E1AE,) >
—&1 — 9. BeiBegure us sroro, uro p(Fy U Ey) < f+e1+ e u p(E1 N Ey) < B+ ¢€1 + .

r. Ilyctes E; - nocie1oBaTeIbHOCTh M3MEPUMBIX MHOXKECTB, Takast, 9To p(F;) < [+ % Jlokaxxure,
YTO HOCIEJ0BATEIbHOCTD B := U;s; E; 0bs1alaeT TeM Ke CBOUCTBOM.

1. B stux yemoBusgx, nokaxure, uro p(B) = (3, tne B = () B;.

Bama4a 4.2. B ycioBusx npeabayeii 3agaqu, obosuadum S\ B 3a A. okaxure, aro p(V') > 0 s
Jioboro usmepumoro Vo C A.

Omnpenenenne 4.2. B 510it cuTyanun roBOPUTCs, ITO 3aps/l p MOJIOXKUTETEH HA A, 0603HadaeTCs
p = 0. dcno, uro B Takom ciiydae p’ , ABJsieTca Mepoil. Ecim —p nojioxkuresien, ropopurcs, 4ro p
orpuriaresies Ha A. Ecim xke p(V) = 0 mias moboro usmepunvoro V' C A, TOBOPHUTCS, 9TO MHOXKECTBO
A p-tipeHebpexKMMO.

Bamaga 4.3 (!). B ycioBusax Bagaum 4.1, gokaxkuTe, 9T0 p OTpUIATESeH HA B, MOJOKUTETIEeH Ha
A = S\ B, u paznoxenne S = A][ B onpenesneHo 0JJHO3HATHO € TOYHOCTBIO JIO P-TIPEHEOPEIKIMOTO
MHOKECTBA.

Omnpenesienne 4.3. D710 pasjioxKeHne HA3bIBACTCH PA3JI02KEHUEM XaHa.

4.2. AbGcoaoTHasg HENPEPbHIBHOCTH

Omnpenesienne 4.4. I[lycts S - mpocTpaHCTBO ¢ curMa-aredpoii, a p u v jiBe Mepbl. MbI TOBOPUM, 9TO
v abCOJIIOTHO HEMPEePBIBHA OTHOCUTEJILHO L1 (0003HAUaeTCs V <K [1) €CJiu JIjIst JIF0O0r0 M3MEPUMOTO
muoxkectsa A, n3 pu(A) = 0 crenyer v(A) = 0.

Bameuanme. Ajre6py mamepumbix (o Jlebery) mogmuoxkects R Mbl mipejiioiaraemM (hUKCHPOBAH-
noit. Korma rosopurcs o mepe na R™, Bcerjia peusb ujieT 0 Mepe Ha 3Toit ajrebpe.

3anaua 4.4. [Ipusegure npumep mepbl Ha R™, HE paBHOMEPHO HEIPEPHIBHONH OTHOCUTEIHLHO MEDPDI

JlebGera
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3anaua 4.5. Haiiyiure 6eckoneunsiit nabop M mep na R", Ttakux, 4ro HuUKakas Mepa pu € M me
PABHOMEPHO HEIPEPBIBHA OTHOCUTEILHO Jpyroit pu' € M.

3amaua 4.6. Ilycrs g Mepa Ha npocTpaHCTBe ¢ cUrMa-ajarebpoii, a [ - uHTerpupyemas QyHKIMA €O
suadennsivu B R, Onpesiennum mepy fu xkak A — | 1 fu. Hoxazkute, aro fu < p.

Bamaga 4.7 (!). Ilycre Ha npoctpancTse S ¢ curma-aire6poit 3aaubl Mepbl v < i, npudem v(S) <
oo. Jokaxkure, aro s soboro § > 0 maiigercs € > 0 rakoit, 1ro u3 (V) < € BoiTekaer v(V) < 6.

3ameuanwue. /[OBOJILHO YacTO 9TO CBOMCTBO TpeJjlaracTcsd B KadecTBe OIpejeseHus abCOTIOTHOM
HEIPEPBIBHOCTH.

Banaga 4.8 (*). Haiinmure KoHTpIIpUMED K yTBEPK/ICHUIO TPEIbIIYINEH 31891, B CUTYAINH, KOT/Ia,
v(S) = oo.

Bamaga 4.9. B yciosusax samadn 4.7, npemnonoxum, ato pu(S) < oo u v(S) > 0. Paccmorpum 3apsi
v —ep, tiae € > 0, u nycrs S = A, [[ B coorBercrByonee eMy passioxkeHue XaHa.

a. Jlokaxure, uro v(B.) < eu(S), n lim0 v(B.) =0.

E —>
6. BeiBegure u3s sroro, uro v(A.) > %V(S) JUIA JIOCTATOYHO MAJICHBKUX €.
B. Jlokaxknre, aro pu(A:) > 0 1151 KAKOro-To €

Bamaua 4.10 (!). Ilycrs ma npocrpanctse S ¢ curma-aaredpoit 3a1aubl Mepbl v &K p, npudeM (0 <
v(S) < oo m pu(S) < oo. dokaxkure, 9ro it Kakoro-to n3mepumoro Muoxkecrsa A ¢ p(A) > 0, n
Kakoro-to € > () 3apsit v — ey mosioxkuTesieH Ha A.

Ykazaame. Bocrionb3yiiTech npebliyieit 3amadeit

Bamaga 4.11 (!). Ilpuseaure kouTprpumep K yrBepxaeHuio 3agaqdu 4.10, rme p mepa Jlebera Ha
equnanoM Kybe S C R”, a v e 0043aTe/IbHO YIOBICTBODIET ¥V <K L.

Bamaga 4.12. Ilycrs Ha npocrpancTBe S ¢ ¢ curMa-aarebpoit 3ajanbl Mepbl v <K ju, mpudeM fu(S) <
oo u v(S) < oo. Pacemorpum MHOMKecTBo JF uHTerpupyeMbix dyukimit f 1 S — RZY takux, uro
/ o fr < v(E) ana moboro mamepumoro muoxkectsa 2 C S. Ilyers o ecth cympemywm }56161];2 fs fu.

Jlokaxkure, 9T0 (v = f ¢ V5 M 3TOT CyNPeMyM peajiusyercd Jyig usmepumoit bynkunn [ € F.

Vkazanwue. Paccvmorpum nocienosarensnocts { f;} € F takux, 910

lim / fitt = .
v S

Hoxazkure, aro f := sup f; 910 usmepumast byHKINs, Texamas B F 1 yIoBIeTBopsiomast o = [ f .
BocnosibzoBasmiucs 3ajaqeit 4.10, waiigure A, (A) > 0 u € takue, aro v/ > epna A, rne v/ == v— fpu.
Oyukuus f':= f + exa upunagexxut F 1 yroBIeTBOPAET |, g f' > J g
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Bameuanme. Ha mporsizkeHnn 5T0ro0 JIMCTKA MOJIE3HO M0JIb30BAThCs cieyiomieii semmoii. [Tycrs { f;}
- MOHOTOHHO yOBLIBAIONIAA MJIA BO3PACTAIONIAA IIOCJIEI0BATEILHOCTh HHTEIPUPYEMbBIX (DYHKIU, orpa-
andentas 1o nopme | - |y. Torma {f;} sro mocienoBarensnocrs Komu B embicie Lj-tomosornu, (To-
[OJIOTHH, 3aJIAHHON HOPMOIA | - |1), 1 cxomutest (B cMbicie Lq-TOMOJIOTHI) K MOTOYEYHOMY Tpejeny f;.
Jlokazkure ee.

Bamaua 4.13 (!). (reopema Pajona-Hukomuma) ITycers ma npocrpancrse S ¢ curma-aarebpoii 3a1aHbl
Mepbl v K p, npudeM i(S) < oo u v(S) < oo. [Jokaxkure, 94T0 CymecTBYeT HHTErpupyeMast (yHKITHs
f: 8 — R rakag, uro v = fu.

Ykazanme. Bocrnosb3yiiTech npeabIyeii 3aaqeii.

Bamaga 4.14 (*). Onpejennre abCoMOTHYO HEPEPBIBHOCTD J17ist 3apsanoB. Cdopmynupyiite u jo-
KaxkuTe TeopeMy Pajiona-Hukojuma B TaKoit CUTyaIlUH.

4.3. IIpsmoit obpa3 mepsbl

Onpenenenne 4.5. [lycts M, N npocrpancrsa ¢ 3aJlaHHBIMUA Ha HUX curma-ajreopamu Uy, u Uy,
a f: M— N - m3mepumoe orobpazkenne. OmpesesnM OpsiMoii obpa3 mepst fou @ Uy — R
OCPEJICTBOM

fenl(2) = p(f71(2))).
3amaua 4.15. /lokaxkute, 9TO 3TO OoIpeJecHue 3a1aeT Mepy Ha V.

Bagaua 4.16 (!). Paccmorpum msmepumyio dyuknuio f @ [ — I, wnycrs 7 @ [ X [ — [ npoexius
Ha MepBbIil MHOXKUTE/Ib. Pacemorpum K C I X [ cocrosimuii u3 Beex

{ryelxI | f(z) >y}

K crnenyer paccmarpuBarTh Kak obsactb 1nop rpadurom f B [ X I. B mpemnosioxenuun, 4ro Mepa
npousBesiennst Ha [ X [ o-auTWBHA, JOKAXKWUTE, 9T0 K U3MEPUMO, a M.t = fu, Tae fi 970 Mepa

JlebGera.

Omnpepnenenne 4.6. [lycto M, N Tomnosoruydeckue mpocrpanctsa, iy, u Uy aaredpbl 60peseBcKux
MHOXKeCTB, a f : M —— N - HenpepbiBHOe oTtobpazkenne. [lycts Ha M 3amana mepa p. Onpegeaum
npsimoii o6pa3 mepsl f,u: Uy — R Tak:

fenl(Z) = p(f~1(2)))-

[Ipsmoit obpasz meps Jlebera mpu HEIIPEPHIBHOM OTOOPaXKEHUN KOMITAKTHBIX TTOJIMHO)KecTB 3 R” 1po-
JIOJIZKAETCs JI0 Mepbl Ha ajredpe M3MepuMbIX MHOXKecTB. [losiydennasi Mepa HA3bIBACTCA MIPAMBIM
obpaszom mepsnl Jlebera.

Banaua 4.17. Ilpuseaure npumep HempepbiBHOTO otobpakenusi f : M —— N OTKPBITBIX ITOJIMHO-
kectB R™ Takoro, ¥ro npamoit oopa3 mepbl Jlebera He abCOIIOTHO HENIPEPBIBEH 110 OTHOIICHUIO K MEpe
Jlebera na V.

Bagaua 4.18 (!). Ilycts L : R"™ — R"™ HeBbIpOXKIEHHDI JMHENHHBIH oneparop. Jlokaxure, 9To
L.y = |det Lpu.
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Bamaua 4.19 (*). IIycrs ¢ : [0,1] — [0, 1] x [0, 1] - orobpaxkenue Ileano (HenpepbiBHOE CIOPHEK-
TUBHOE 0TOOpazKeHHe U3 OTpe3Ka B KBAJIPAT, HOCTPOEHHOE B JicTKe [eomerpus 8). Jlokaxkure, 4ro
Ot = [, TJIE 4 9TO Mepa Jlebera.

Bamaga 4.20 (*). Ilycre (A, pa), (B, pp) npoctpancTsa ¢ mMepoii, a ¢ : A— B, ¢ : B— A
MHbEKTUBHBIE M3MEpPUMbIE OTOOPAYKEHUs, KOTOPBIE YIOBIETBOPSAIOT Uy jig = fia, Psfta = jp. LIpes-
HOJIOZKUM, 9TO 06pa3 ¢ U ¢ Tak:Ke M3MePHM, U 00paTHble 0TOOpaykeHus (onpejieeHHbIe Ha 0bpase)
u3mepuMbl. Jlokazkure, ato ectb buekius & : A — B, KoTopast yJI0BIeTBOPSET Eufig = [LB.

Bamaua 4.21 (*). Iycrs (A, pwa), (B, up) - enuanunsie kyosr B R” u B R™, ¢ mepoit JleGera. ITo-
crpoiire m3mepumyto oueknuio & : A — B, KoTopast yI0BIeTBOPseT Eupia = pp, & ip = A

4.4. Teopema PydbmHN

Onpepnesienne 4.7. Ilycrs (X, pux) u (Y, gy ) npocrpancTsa ¢ o-aarebpoit U CIeTHO-a/[JIUTUBHON Me-
poit. HarmoMunM, 970 IIIHHPIYIECKIM MHOYKECTBOM Ha3BIBACTCS ITOJMHOKeCTBO Bija AX B C X XY,
rie A u B usmepumbl B X, Y. Pacemorpum anrebpy, MOpOXKACHHYIO IIIHHPUIECKIMHA IO IMHOKe-
crBamu B X XY, u mosozkuM (1(A X B) 1= pux(A)uy (B). Ilycrs L(X X Y') - nonosenne 910t anredpsol,
110 BHENTHE Mepe *, CBA3aHHON C (i, ONIpe/IeJIEHHOE B JINCTKE 2.

3agada 4.22. B stux ycioBusax, obozraunmm 3a m @ X X Y — Y ecrecrBeHHyto mpoekimio. Pac-
CMOTPHM U3MeprMoe MoAMHOKeCTBO A C X X Y, u mycthb Typia = mi(Xap™) npsmoit 06pa3 Mepsl ¢
A. Tlpemmosoxkum, o X SBJISIETCS CIETHBIM OObEIMHEHUEM IOJMHOYKECTB KOHEYHON Mepbl (Takue
[IPOCTPAHCTBA HA3BIBAIOTCSI 0-KOHEYHBIMHM ). JloKayKkuTe, 9T0 Ty ji4 aBCOTIOTHO HEMPEPBHIBHO OTHOCH-
TEJILHO [ly .

3ameuanme. Corsnacuo teopeme Pajona-Hukomuma, mapua = fapy, 1718 Kakoit-To u3mepumoii pyHk-
mn fa HA Y.

Banaya 4.23. Ilyctb A C X X Y - mmwmHapudeckoe n3MepUMOe MHOXKECTBO, IMPEJICTABICHHOE B
BUJIe CYETHOTO 00beaunenus mumnaapndeckux: A = [[ A;. Hokaxure, aro m,(xap) = > m(Xa,t)-
BreiBesure n3 saroro, uro Mepa i Ha X X Y o-ajuTUBHA.

3aga4ga 4.24. [lyctb A C X XY — MHO)KecTBO Mepbl HyJIb. Jokaxkure, aro f4 = 0, rae f4 - byHKIms,
olIpe/ie/IeHHas BbIIIEe

Ykazauue. Bocnosb3yiiTech TeM, 9TO fy fapy = [ A =0.

Bagaua 4.25. Ilycrs 3ajana nociegoBarebHOCTh Kot mamepumbix MuoxkectB A; C X X Y, cxo-
namasica K A C X XY, a fa,, fa - bynknun Ha Y, nocrpoennsle Boie. Jlokaxkure, 94To f4, CXOAUTCH
K f4 B MeTpUKe, 3aJIAHHOIA | - |1.

Vkazanue. Ecin j(B) =€, 10 [, fpuy = ¢.

Omnpenenienne 4.8. Ilycrs A C X x Y usmepumo. Pacemorpum dyrknuio f4 Ha Y (3amedanue 4.4).
[ommuoxkectBo A C X X Y HasbiBaercs T-usMepuMbIM, ecin A, := AN7!(y) C X x {y} usmepumo
JULst TIOYTH Beex Yy € Y (T.e. BHe MHOXKeCTBa Mepbl Hy/Ib Ha Y), u pix(A,) = fa(y) mouru sesze.
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Samaua 4.26 (!). Jlokaxkure, 4TO IUINHIPUIECKIE MHOKECTBA T-U3MePUMbL. JfokazKkuTe, 4T0 KOHEeU-
Hble OObEIMHEHHST U IIePecedeHrsT T-U3MEPUMbBIX MHOXKECTB T-u3MepuMbl. JloKaxkuTe, 9T0 MHOXKECTBA
MepBI HYJIb T-T3MEPUMBL.

Omnpenenenne 4.9. Ilocienosarenbuocrs noamuoxkects {A;} C S Ha3biBaeTCsi MOHOTOHHOI, €C/Ii
A, C A; nna Beex j > 4, mmbo A; D A; mus Bcex j > 4. B mepsom ciydae rosopures, uto {4}
BO3PACTAIOIIAs! [I0C/IEJ0BATEIbHOCTL, BO BTOPOM CJIy4ae - YOBIBAIOIIAS.

3amaua 4.27. a. Ilycts 3amana MoHOTOHHasi mocyemoBaTeTbHOCTE A; C X X Y m-m3MepuMbx
muoxects. Jlokaxure, uro dbyukimsa y — py(A4;,) cxomures Kk y — pux(Ay), rne A = [JA;
JyIsi Bo3pacraoleii nocieaosareasaoctu u A = (| A; juist yObIBaIONIEi m0c/1e/10BATeIbHOCTH.

0. BbIBeILI/ITe n3 9TOr0, 4TO MOHOTOHHAaZA II0CJ/IEJOBATCJILHOCTD Komm TT-USMEPUMBIX MHOXKECTB CXO-
AUTCA K T-USMEPUMOMY MHOXKECTBY

Bamaua 4.28 (!). dokaxure, 9410 BCe M3MepuMble moaMuoxkecrsa B X X Y T-U3MEpPUMBI.

Ykazanwme. Jlokaxkure, 910 J1I000E M3MEPUMOE MHOXKECTBO IPHOJIMAKAETCS II0CJIEI0BATEIbHOCTHIO
Kommu Buza J ; ﬂi> j A;, tiie Bce A; - KOHedHbIe O0beJIMHEHNs IUINHIPUIECKIX. BhiBeaure us3 31oro,
970 J1I060e U3MEPUMOe MOJAMHOYKECTBO (C TOYHOCTBIO JI0 MHOYKECTBA MEpPbI HYJIb) IOJIyIaeTCss MOHO-
TOHHBIMHU TPEJIEJIaMH U3 T-U3MEPUMbBIX MHOYKECTB.

Bamaga 4.29 (*). Ilycre [ ectb equHudHbI HHTEPBAI, & ¢ : [ — [™ oTobparkaer 4ucio T ¢ J1ecs-
TuaHO# 3armckio 0, ajag, ... B (Z1, ...x,), e T; 3alUCHIBACTCS B JIECATUIHOM BUJIE KaK 0, 4;Gi1niton. ...
Ob6oznaunm 3a py mepy Jlebera na I™. Jlokaxkure, 94To ¢, 7 ecTb Mepa Jlebera na kybe I™

Samaua 4.30 (!). (reopema ®@ybunu) Ilycrs ¢ — unrerpupyemas gynknusa va X X Y, ¢ Mepoii, 3a-
nannoii Beime. [ y € Y, pacemorpum orpammdenue ¢ na X X {y} kax dyunkunuio ¢, : X — R.
Hoxazkure, 94TO ¢, NU3MEPUMO JjIdl HOYTH BCexX y € Y, 1

nyfM:/y /X¢yux -

Samaua 4.31 (*). Ilpuseaure npumep neusmepumoii byukmun f: R — R, rpadux koTopoit uzme-
puM.

Bamaua 4.32 (**). Cymecrsyer s dyukmug f: R — R, rpadux koropoii Hensmepum?
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