Problems to the course “Lecture course Modern
Monte-Carlo and optimization methods for
optimal stopping problems in financial
mathematics”

October 25, 2012

1. The Snell-Envelope Process

}/}*(XJ): {Sup E[GT(XT)‘XJ]v ]:0,,J,

fulfills the dynamic programming principle (DPP):
Y; = Gg(Xg),
Y = max{G,(X)). BV} (X)X, = al}
Derive from the DPP that the process
Cj* = E[Yrjil(Xj*Fl)lXJ]’ j:07...,j—1
solves
G = Emax(Gy(Xja), Ci)IX)
forj=0,....0 — 1.
2. Let Y; <Y/, j=0,...,J. Show that

J—-1
Youp = E[GJ(XJ)]+E Z[Gi(Xi)E[E+1|Xz]}+]
_ 1=0
= Yo+E | [max{Gi(X;),E[Yi1|X,]} - Vi]| .
=0

3. Derive from the DPP the following representation for the Snell-Envelope

prozess:
J—1
Y =E[Gs(X7)|X;]+E | Y [Gi(X:) — BV | X)T| X
=




4. Let M* be the (unique) Doob-Meyer martingale part of ( “No<j<a, le.
M is an (F;)-martingale which satisfies

Y =Yy M- AL =0T

with M := Af := 0, where A7 is increasing process which F;_;- measur-
able. Prove that

0<i<T
5. Let (Q1,...,0ak) be a solution of the least squares optimization problem
2
afgﬂ;ﬂf Z { i1, ( J+1)) — a1 (X XiMy— . - aKiﬁK(XJ(- ))}
@ m=1

with XA/jJrLM(x) = max {GjH(:r), @H,M(x)}. Show that

(&h ERR) aK)T = (Bilb)—r
with
Z ’l/}p m) wq X(Tn))
m=1
and

M
1 m)\17 m
by =37 2 oWV (X[,
where p,q € {1,...,K}.

6. Let (Z;):e[o,r) be an uniformly integrable submartingale. Then Z; admits
the so-called Doob-Meyer decomposition:

Zy = Zo + M + Ay,

where M; with My = 0 is a uniformly integrable martingale and A; is an
increasing predictable process.

t€[0,T]

e Show that
Y*:= sup E[Z]=E[Zr] = Z +E[Ar].
TET[0,T]
e Prove that
Y*=E| sup (Z; — Mt)‘|

but Y™ # sup,¢cjo 71(Z; — M) with positive probability, if Ar is not
deterministic.
e Define
M} = M; + E[Ar|F:] — E[A7].
Prove that Y™ = sup,co 1(Z: — M) with probability 1.



