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7. SINGULAR HOMOLOGY

Problem 1. (a) (Alexander) If A C R™ and B C R™ are closed and homeomorphic then Hy(R™\ A) = H(R™\ B).
(b) Can one replace R"™ with S™ in the previous statement? (c¢) (Jordan’s lemma in R™) If A C R™ is homeomorphic
to S?71, then R™ \ A consists of two connected components.

Problem 2. (a) Let A, def {(zo,.- ,xn) | ®o,-., 2y > 0,29 + -+ + 2, = 1} be a standard simplex with the

vertices a; = (0,...,1,...,0) (1 at the i-th position). Let K; C A, x [0,1] be a simplex with the vertices (a;, 0),
s <i<nmwu(a;l), 0 <i<s. Prove that the simplices Ky,..., K, have no common internal points and that
their union is the whole A, x [0, 1]. (b) Generalize the construction above and describe a splitting of the product
A, x A, into simplices ([0, 1] is equivalent to the simplex Ay).

Problem 3 (Kinneth formula). Let X = --- — X, On.% X1 X andV = — Y, Y Yo onlv
. oIn, X®on,Y on—1,X®0n—1,Y .
be complexes of Abelian groups, and X @ Y =--- - X, ® Y, — " Xp 1 ®Y, — ... be their

tensor product. (a) Prove that if X and Y are complexes of vector spaces then H, (X ®Y) = H.(X)® H.(Y) (i.e.
Hy(X®Y)=>,_H(X)®H,_(Y)). (b) Prove that in general H,(X ®Y) = (H.(X) ® H.(Y)) ® G for some
Abelian group G that depends on H,(X) and H.(Y) only. Give an example where G is nontrivial.

Remark. Problem 3 is motivated by the fact that the CW-complex of the product P x @ of two CW-spaces P and
Q is the tensor product of the CW-complexes of P and (.

Problem 4. Let X be a topological space, and Uy,..., Uy C X be its open subsets such that X = Ufil U; and
any finite intersection U;, N --- N U;, is either empty or homeomorphic to R™. Let N(Uy,...,Un) be a simplicial
complex contatining vertices ay,...,an and a simplex a;, ...a;, if and only if U;; N---NU;, # @. (a) Prove that
N(Uy,...,Uy) is homotopy equivalent to X. (b) Is the statement above still true if U;, N--- N T;, is allowed to
be homeomorphic to a disjoint union of several copies of R"? Consider, in particular, the case when X is a finite
discrete space.



