Besedenue 6 meopuro wucen Jlucmox 2

Teopus I'asya.

Banada 1 (mecemapabesbHble pacmiupenus). [lycrs char k = p > 0 Hazosem pacmmpenue
K /k aucro necenapabenbibiv, ecan [K : k] = 1.

a) [Tokaxkure, uro cienyronue yciopus Ha K /k SKBUBaJEHTHBI:

— K /k aucro necenapabebHO;

— MuHnMaJIbHBI MHOTOWIEH Hajl k jro6oro snemenTa n3 K nmeer Bug P — a;

— K = k(a;)ier 1 MEHUMAJIBHBIIT MHOTOWIEH HAJ[ k KasKJOTO (v; UMEET BHL " — a,.

b) Jdokazkure, 9ro uncto HecenapabebHbIe pacInpeHnsi 00pa3yoT OTMEeYeHHbIH KJIacC PACIIH-
peHuii.

c¢) [lycre K/k — anrebpandeckoe, Ky — kommosut nojmosein K, cemapabenbubix Haj k. Torma
Ky /k cenapabesbho, a K/ K, qucto HecenapabeabHO.

d) B HekoTOpBIX cirydasix GallHiO W3 TpeablIyIeil 3agadu MoxKHO ,,06patuTh“. [lycrs K —
HOpMaIbHoe pacmmpenne nois k, G = Aut(K/k) n K¢ — menoasmxkunoe mose rpymmst G.
Jlokazkure, yro K¢ uncro necenapabesnbro Hag k, a K cenapabensno nag K. Kpome Toro,
ecin Ky — MakcmMasbHOe cenapabenbraoe nogpacmpenne K, to K = KCKyu k= KoN K¢,
Ilodcxaska: ucnoavdylime paccyorcdernue kax 6 meopeme Apmuna.

Bagava 2 (mpuMuTuBHbBIN 3jemeHT). a)llycrs E — koneunoe pacmiupenne moss k. Ilo-
KaxKuTe, 9TO JIEeMEeHT (v, Jjisi Kotoporo F = k(«), cyimiecTByer Torja U TOJBKO TOIJIA, KOTJIA
UMeeTCcd KOHEYHOE YUC/IO ITPOMEXKYTOUYHBIX rosieit k C F' C E.

Ilodcxaska: 6 00HY CMOPOHY BOCTIOAB30BAMBCA MEM, HMO, ECAU &, B € k, mo natidymcsa maxue ¢ u
c2, wmo k(a+ c18) = k(a+ c28). B dpyeyio cmopony, nocmompemsv Ha uHseKMUEHOE 0Mobpaicerue
F = go,r(x), conocmasasousee npomescymownomy noso F munumasonst muozowiern o Had Hum.
b) [lycts k — mosie XapaKTepucTuku p, W MycTh t,u ajrebpamdecku HezaBucuMbl Hag k. [lo-
kaxure, uro k(tP, uP) umeer crenenb p? naj k(t,u), u mexuy k(t,u) u k(t?,uP) cymecrByer
6ECKOHETHO MHOIO IPOMEKYTOUYHBIX PACITUPEHHIi.

c**) Hokaxkure, aro mexy k(t,u) n k(t, uP) maiimerca nose, ne uzomopdnoe k(t, u).

Banmaua 3. a)llycrs o tpancrennenren na C. ITokaxknre, uro Gal(C(z)/C) = PGLy(C), T

o ax+b
€. COCTOUT U3 oToOpazkeHnit Busa x — &= ad — be £ 0.

Ilodckaska: nocmompume na cmenens aremenmos us Gal(C(x)/C).

b) [lycte x1,x9 anrebpandeckn HezaucuMble nepementbie Hasl C. CIOpBEKTUBHO 1 0TOOpa-
xkenne PGL3(C) — Gal(C(xy,z5)/C)? I'pynmna Gal(C(zq,x2)/C) oroxaecTBisiercs ¢ Tpynmoii
OupannoHa bHbIX aBToMopdusMoB P2 u HazbBaercs epynnoti Kpemonol. Jljns 8 uccreiopanus
UCIIOJIB3YIOTCS METOJIbI U3 ajiredpanieckoii TeoMeTpUn.

Bagaua 4°. ! a)Ilycrs K /k, Ko/k — pacimpenus Tanya, cojepskaliuecss B HEKOTOPOM T10J1€
F, u Gal(K;/k) = G;. Yoenurecn, uro KK, /k — pacumupenne Tanya u orobpazxenue a : G —
G1 x Gy,0 % (0|x,, 0|K,) nabexTuBHO. IIpM 9TOM OHO ClOpbekTHBHO, eciu K N Ky = k.

b) Boruucaure rpynmy Lasya nosst pazioxenns (z — 2)(xz® — 5) nan Q.

Bamaua 5°. dApisiorca i cieyionme paciiupenns pacimupenusmu [aaya monsa Q7 Ecan na,
rnocunTaiiTe ux rpyirry lasya.

a)Q(V2+v3) b)QVV2+v=2) ¢)Q(V2+Vv2) d)Q(cos(;))

3anaua 6°. [lokaxkure, 4T0 BCKas KOHEUHAs TPYIIIA siBjisgeTcs rpyimnoit [amya HekoToporo
pacIupeHus.

odckaska: nocmompume cHaUaAAa Ha Sy,
I1oo S,

3apaua 7°. Onumure Bce pacimpenus [asya moss Q ¢ rpynmnavu nopsijika 2, 3, 4.

13&,[1,&‘11/1 CO 3HAYKOM ° O4YeHb PEKOMEHAYeTCsd HayIUThCA pellaTh.
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Bamaua 8 (mocumraem rpynusl lamya). [l muorowrtena f(x) € k[x] 6e3 KpaTHBIX KOpHEi
nyctb Gy oboznavaer rpymiy [asya noss pasnoxenus ky muorowiena f. ITpemmonoxum, daro
f(z) =1, (z — ;) B ky. OroxmecrBum G5 ¢ HOArPYIIIOi B rpyIIe S, IePECTAHOBOK KOPHel
Ap,y...,0n,.

a°) Oupenemnm muckpnmuranT f kak Disc(f) = [ (a; —ay)?. Tlokaxure, uro Disc(f) € k.

1<i<j<n

b°) Jokaxure, aro Gy COCTOUT U3 YETHBIX IepecTaHoBoK (T. e. Gy C A,) < Disc(f) — xBazpar
B k.

c®) Ilokazkure, uro G geficTByeT Ha KOPHAX f TPAH3UTUBHO TOLJa M TOJBLKO TOrNa, Korga f
HEIIPUBOJIIM.

d°) Kaxk caurars rpymmy ['azya npoussosibHoro Muoro4dtena cremenu 37 Yemy pasua Gal(Qy/Q),
ecn f(z) =% — 3z + 17 A ecin f(z) = 2° + 32 + 17

e®) Ilycrs deg f = 4. Tlonoxkum @ = avyag + iz, = aqas + anay, ¥ = oy + ey, U IMyCTh
V ={1,(12)(34), (13)(24), (14)(23)} C Sy — moarpyuma Keiima. [Tokaxkure, 910 HEIOABUKHOE
noste quist Gy NV cosnanaer ¢ k(a, 3,7).

1°) Beipasure koaddurenTsl Kyouaeckoit pesobsenTol g(x) = (v —a)(z— ) (z—~) ms f(z)
gepes Koaddurmenter Muorowiena f. Kax onpenesnurs unnexe (Gy: GyNV)?

¢°) Beraucsmre rpyminy Fasya mosist pasiiozkeHus: Mporn3BOJIbLHOIO MHOTOUIeHa crerenu 4. [Tpu-
BeJIUTE IPUMEPhI MHOIOWIEHOB CTEIEHN 4 CO BCEMU BO3MOXKHBIME Ipymmamu [asya.
Iodckaska: nodepynno, Sy — smo Sy, Ay, Dy, V u Z/AZ.

h) IIycrs f(z) = 2° + ax + b,a,b € Q. Iokaxure, uro Gy = D5 (rpynna amsapa), Toraa u
TOJIBKO Tora, Korga f(z) menpusomum Hag Q, quekpuvunant Dy = 4%a® + 5°b* — ksajpar B
Q u ypasuenue f(x) = 0 paspermmmo B paJuKajax.

i) [Iycte p > 5 — mpocroe, m — 4YETHOE MOJOKHUTEIBLHOE TUCI0, Ny < Mg < -+ < Np_q —
uérnple. [lonoxum g(x) = (22 +m)(x —nq) ... (x — ny_1). Boibepem Heuérroe n > 0 Tak, 4ro
2 < ming(z)o |g(x)|. Moxaxure, uro, ecmu f(z) = g(x) — 2, o Gy = 5,

Iodckaska:  6ocnoavaytimecy mem, wmo y f(x) posno deéa nesewecmeennvir xopus, a 2pynna Sp
nopostcdena mpancnozuvueti U pP-UuuKAoM.

7*) Hokaxure, uro Gy = PGLy(F5) aus f = 2® + 22° + 32 + 423 + 522 + 62 + 7.

Bamada 9 (kpyrosble 1ouis). Oupenesnm Mo WHAYKINE KPYroBoil MHOTOUIEH f,(x) ciemy-

FOIIUM 00pa30M: "
falz) = T ) filr) =2 -1

dln,d<n

a®) Iokaxnre, aro f,(x) nmeer 1emouncieHubie KOIGQUIUEHTEI, & KOPHE f, () — B TOIHOCTH
IPUMUTUBHBIC KOPHU CTEICHU N U3 1.

b°) dokaxure, uaro f,(r) senpusomnm ua Q.

¢) Y6eurech B TOM, 9TO BBIIOJTHEHBI PABEHCTBA:

folx) =21 + .- + 1, p — mpocroe;

fo(®) = for. s (931’714171 . .:Epgrl), n =pi'...pL— pasnoxkeHHe Ha IPOCTHIE;
P
Jon(z) = J;?((;E )) ,TJe P — MPOCTOE YUCIIO, P 1 N;
w(x
falz) = H(:c"/d — DD pre pu(d) — dbynxmus Mébuyca.

dn
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p—1
d) [Tycrs ( — npumuTuBHBLT KopeHb crernenn p u3 1. [Tomoxnm, S = ) (1%) ¢* rne (z_]j) — CHMBOJT
k=1
-1
)P
e) [Tokazkure, aro y1060e KBajipaTndaHoe pacimpenue mojis Q copepKuTcs B moJie, moJIy YeHHOM
upucoegnHenreM K QQ KopHs HeKoTOpOit crerern u3 1. (DToT hakT BepeH u Jjist IPOU3BOIbHBIX

abesieBbIx pactmupenniit Q — Becbma TpytHas Teopema Kpornekepa—Bebepa.)

Jlexxanapa. [Tokazxure, uro S? = (

f) Hemy paBHa cTeneHb paciivpeHus @(COS(%)) /Q? Tlpu Kakux n OPaBUILHbIH N-yrOJBHUK
MOYKHO TIOCTPOUTH C TIOMOIIBIO TIUPKYJIst U JTHHEHKN !

Bamada 10° (pacmmpenuss Apruna—Illpaiiepa). a)llycrs & — mose, K/k — pacmmpenue
cTeneHu n ¢ nuKardeckoii rpymmoit [amya G (1. e. pacmupenue K/k — nukmmdeckoe). Ilycrn
o — obpasyromasn G u 3 € K. lokaxure, uro cien Trg/(3) = 0 B ToM 1 TOIBKO TOM ciiydae,
Korja cymiecTByer « € K, Takoii, 9to f = o — oq..

b) Ilycts k — mosie xapakrepuctuku p. Ecan K/k — IMUKIMIecKoe CTENEHN p, TO CYIIECTBYET
a € K, rakoit, uro K = k(«a), npuuém « yiaoBiaersBopsier ypasHenuioo =¥ —x —a = 0 s
HEKOoTOoporo a € k.

c) O6parHo, st a € k MHOrowien x? — x — a yiubo UMeeT KOpeHb B k U TOrJa BCE ero KOPHU
Jexkar B k, mO0 HenmpuBouM. B mocsegamneM cirydae, ecam v — HEKOTOPBIN €ro KOpPEeHb, TO
k(a)/k — nukamdeckoe paciiuperne CTerneHu p.

Bamaga 11*. a)Ilycrs k — noste, n > 2, a € k*, npuuém a € kP 1jisi Beex IPOCTHIX P, JAETIANIIX
nua¢ —4k* ecimu 4 | n. JlokaxKure, 9T0 MHOTOUICH 2™ — @ HeUPUBOIUM HaJl k[z].
Hoacmzsmz: csedume 6CeE K cay4alo, ’EOZ(?G, n — cmenerHd Npocimnoeo.

b) ITycts k — mote u anreGpamdecKoe 3aMbIKaHue k MMeeT KOHedHyTo crerenb Ha k. [lokaxkuTe,
9TO B TAKOM caydae k = k(i), re i2 = —1 u char k = 0.

Iodcxaska: paccmompume nodepynny nopadxa p epynno. Gal(k/k) u eocnoavaytimecs ceoticmeamu
pacwuperuti Kymmepa v Apmuna—Ilpatiepa, a maxorce npedvdyuyum nyHxmom 3a0a4u.

Bamada 12 (teopus lasmya nis 6eckoHeunbix pacmmmpenwii). [lycrs 2/ F — Geckoned-

Hoe aJyireOpamdeckoe pacrmpenne [anya. Oupenenum mononozuro Kpyans wa rpynne G =

Gal(Q/F) = Aut(Q2/F), B3gB B KadecTBe 0a3bl OTKPBITHIX OKPECTHOCTEHl €MHUIIBI BCEBO3-

MOXKHBIe HOpMaJsbHble moarpymiel G(S) = {0 € G | o(s) = s, ana Becex s € S}, rme S —

KOHEYHOe MOIMHOKecTBO () (mHbiME ciioBamu, G(S) ocTaBiseT HENMOJBUKHBIM KOHEYHOE pac-

mupenue F(S)/F).

a) Yoeaurecn, uro G(S) aeitcrBuresibHO 3a/1a10T Ha G CTPYKTYPY TOMOJOIUIECKOI TPYIIIbL.

b) (1151 3HAKOMBIX € IIPOEKTHBHBIME TIpejiesiaMu) Yoeaurecs, aro G = 1&1 Gal(E/F).
E/F—xkoneuHo

¢) st Kayk10ro KOHETHOTO POMEXKYTOIHOTO paciupenus: 2 O F D F umeeTcst HepepbiBHAST

ciopbekius o — o |g: Gal(Q/F) — Gal(E/F) B auckpernoii Tonosornn Ha Gal(E/F).

d) [Mokazkure, aro G B Tonosorun Kpymis Xaycaopdosa (y JHOObIX 2-X 97IEMEHTOB €CTh Helle-

peceKaroInecsi OTKPbIThle OKPECTHOCTH ), BIOJIHE HECBs3HA (CBs3HBIE KOMIIOHEHTHI — OJIHOTO-

YeUYHble MHOXKECTBA) U KOMIAKTHA.

Hodckasxa: Oas Komnaxmmocmu SOCTI/OJL'bSy'ljmeC'b meOpeMO’lj Turonosa o mom, “Imo npOUSS@deHU@

(becroneunoe) KOMNAKMOE — KOMNAKM.

e) [Tokazkure, aro jiy1st J1EO60OTO MTpOMEXKYTOUHOTO 1o 2 O E D F rpynna lanya Gal(2/E) —

3aMKHyTas noarpymma s G u QG/E) — [,

f) O6parno, s moboit moxrpynnst H B G rpymma Gal(Q/Q) copnanaer ¢ sambikanunem H B

G.

g) JlokazkuTre aHAJIOr OCHOBHOM TeopeMbl Teopun [asrya jijist GECKOHEUHBIX PACIITHPEHNUiT O COOT-

BETCTBUU MEXKLY 3aMKHYMbLMU TOATpyTamMu G U IIPOMEXKYTOYHBIME pacimperusMu B ) O F.

h) Bepno Jin yrBepxKienne 3aja4qu 4 a) st 6eCKOHEUHBIX paciiupernit [amya?
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i) IToctpoitre msomopdusm Gal(F,/F,) = [[ Z,, tie Z, — KONBIO TETbIX p-aIuTaecKux
Pp—IIpOCTOE
qHCEJL.

Sagaya 13 (HHHeﬁHaﬂ He3aBUCUMOCTD KOpHeﬁ). B s1oit 3amate 1en1p — jgoKa3aTb, 9TO
JPOOHBIE CTEIIEHHU PA3JIUIHBIX YUCETT JTMHEHHO HEe3aBUCUMBI, €CJIM HET ,,09eBUIHBIX " JTMHEHHBIX
3aBUCUMOCTETA.

a) Ilycte n,d — B3amMHO TpocThe Tiesble Ynucaa, ¢,i: Z/nZ — Z/nZ 3anaiorcs GopMmyiamu
i(r) = —x,¢(x) = 1 + dz. Torma urepanueit ¢ u i MOKHO HOJYIUTH U3 HYJIsI JIIOOOi SJIeMEHT
Z/nZ.

b) Ilycrs ( — npumuTuBHBI KopeHb crenenn n u3 1. [lokaxkure, 910 MOIY/IH OHpEIeIUTE S
n X n Marpunpl V' ¢ sjleMeHTaMu v;; = ¢U-1 4. j=1...n pasen n™2.

¢) Ilycrs K C L C R — pacmupenue nosteit, A C L, |A] > 2. Ilycrs agist siroboro a € A naiinercs
n, (KOTOpoe MbI IpejIoaraeM MUHUMAJbHBIM), Takoe, 9T0 a" € K, u 1ycTh, KPOMe TOro,
sstieMenThl A nonapro smHeliHo He3aBucuMbl Hag K. [lokazkure, 910 B 9TOM Cilydae 91€MEHTHI
A nuHeiiHo HesaBuCHMBI HAJT K.

ITodckaska: nycmo B = {b; | i € I} — munumasvroe sunetino 3a6ucumoe noommosicecmso, y . kib; =

i€l

0, n =HOK({ny, | i € I}). Ilycmv M — noae pasaooicenun mrozousena (x" — 1) [] (=™ — b?bi),
el

G =Gal(M/K), ¢ € M — npumumusenwiti kopeno cmenenu n us 1. Ilyemo f € G, norosicum By g =

{iel]fb)=b"tuCy= Zz‘eBt ; kib;. Jleticmeya f u KOMNAEKCHBM CONPANCEHUEM HA YPABHEHUE

AURETHOT 3A6UCUMOCTIU U NOAB3YACL nynKkmamu a) u b), nosywume, wmo Cyr = 0 das aoboeo t, a

snavwum I = By § dasa nexomopozo t. Busedume omceroda ymeepocierue 3a0a4u.

d) Yemy paBna crernenb [Q(pi/m, o ,p,lg/n’“) : Q], ecoiu n; > 2 — marypasbHble, a p; — pa3JInd-

HBIE MIPOCTHIE?
e*) O6obruTe yTBEpKIeHNe IyHKTa ¢) Ha ciaydaii, korga L € R.
Ilodcxasxa: nocaedume 3a xopramu us 1 6 L.



