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Çàäà÷è ê ëåêöèè 1

Çàäà÷à 1. a) Äîêàæèòå, ÷òî ëþáîå êîíå÷íîå ïîäìíîæåñòâî Z ⊆ Kn ÿâëÿåòñÿ
àëãåáðàè÷åñêèì ïîäìíîæåñòâîì.

b) Ïóñòü K = C è Z = Z ⊆ K1 � ïîäìíîæåñòâî öåëûõ ÷èñåë. Ïîêàæèòå, ÷òî Z íå
ÿâëÿåòñÿ àëãåáðàè÷åñêèì ïîäìíîæåñòâîì.

c) Äîêàæèòå, ÷òî Z = {(x1, x2) | x2 = sinx1} íå ÿâëÿåòñÿ àëãåáðàè÷åñêèì ïîä-
ìíîæåñòâîì â R2.

Çàäà÷à 2. Çàäàéòå ïîëèíîìèàëüíûìè óðàâíåíèÿìè îáúåäèíåíèå òðåõ êîîðäèíàòíûõ
ïðÿìûõ â K3.

Çàäà÷à 3. Ïóñòü K � áåñêîíå÷íîå ïîëå. Ïðèâåäèòå ïðèìåð áåñêîíå÷íîãî àëãåáðàè-
÷åñêîãî ïîäìíîæåñòâà Z ⊆ K2, äëÿ êîòîðîãî àëãåáðà K[Z] ñîäåðæèò íåïîñòîÿííûå
îáðàòèìûå ôóíêöèè.

Çàäà÷à 4. Ïóñòü K � áåñêîíå÷íîå ïîëå. Ðàññìîòðèì èäåàë

I = { f(x1, x2, x3, x4) | f(α, α, α, α) = 0 äëÿ âñåõ α ∈ K }
â êîëüöå K[x1, x2, x3, x4]. Íàéäèòå êîíå÷íûé áàçèñ ýòîãî èäåàëà.

Çàäà÷à 5. Ïóñòü K � ïðîèçâîëüíîå ïîëå. Äîêàæèòå, ÷òî

a) àëãåáðà ðàöèîíàëüíûõ ôóíêöèé

A =

{
f(x)

g(x)
| f, g ∈ K[x], g(0) ̸= 0

}
ÿâëÿåòñÿ íåòåðîâîé, íî íå êîíå÷íî ïîðîæäåííîé;

b) ïîäàëãåáðà B â K[x, y], ïîðîæäåííàÿ îäíî÷ëåíàìè x, xy, xy2, xy3, . . ., íå ÿâëÿ-
åòñÿ íåòåðîâîé.

Çàäà÷à 6. Ðàññìîòðèì êðèâóþ Z = {(t3, t4, t5) | t ∈ C } â C3.

a) Íàéäèòå f1, f2, f3 ∈ C[x1, x2, x3], äëÿ êîòîðûõ Z = Z(f1, f2, f3).
b) Äîêàæèòå, ÷òî èäåàë I(Z) íå ìîæåò áûòü ïîðîæäåí äâóìÿ ýëåìåíòàìè.

Çàäà÷à 7. Äîêàæèòå, ÷òî äëÿ ïîëÿ K ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

(a) K íå ÿâëÿåòñÿ àëãåáðàè÷åñêè çàìêíóòûì;
(b) äëÿ ëþáîãî íàòóðàëüíîãî n è ëþáûõ ìíîãî÷ëåíîâ f1, . . . , fk ∈ K[x1, . . . , xn]

íàéäåòñÿ òàêîé f ∈ K[x1, . . . , xn], ÷òî Z(f1, . . . , fk) = Z(f).


