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Ìíîãîîáðàçèÿ è ðåãóëÿðíûå îòîáðàæåíèÿ

Ïîëå k â ýòîì ëèñòêå ñ÷èòàåòñÿ àëãåáðàè÷åñêè çàìêíóòûì.
Çàäà÷à 1. Ïóñòü Y ⊂ X ⊂ An � àëãåáðàè÷åñêèå ïîäìíîæåñòâà è IX(Y ) ⊂ k[X] � èäåàë,
îáðàçîâàííûé òàêèìè ôóíöèÿìè f ∈ k[X], ÷òî f |Y = 0. Ïîêàæèòå, ÷òî k[Y ] ∼= k[X]/IX(Y ).
Çàäà÷à 2. Ïóñòü X ⊂ An � àëãåáðàè÷åñêîå ïîäìíîæåñòâî. Ïîêàæèòå, ÷òî k[X] � êîíå÷-
íîìåðíîå íàä k âåêòîðíîå ïðîñòðàíñòâî ⇐⇒ X � êîíå÷íîå ìíîæåñòâî òî÷åê.
Çàäà÷à 3. a◦)Êàêèå èç ñëåäóþùèõ àôôèííûõ êðèâûõ èçîìîðôíû äðóã äðóãó:

V (xy), V (x2 − 1), V (x(x2 − y))?

b)Êîìó èç íèõ èçîìîðôíà êðèâàÿ V (x(x− y2))?
Çàäà÷à 4. a)Ïîêàæèòå, ÷òî k[A2 \ 0] = k[x, y].

b)Ïîêàæèòå, ÷òî êâàçèàôôèííîå ìíîãîîáðàçèå A2 \ 0 íå àôôèííî.
Çàäà÷à 5. a)Ïóñòü φ : X → Y � ðåãóëÿðíîå îòîáðàæåíèå ìåæäó àôôèííûìè ìíîãîîáðà-
çèÿìè, à Y ′ ⊂ Y � çàìêíóòîå ïî Çàðèññêîìó ïîäìíîæåñòâî. Ïîêàæèòå, ÷òî X ′ = φ−1(Y ′)
� àôôèííîå ïîäìíîãîîáðàçèå â X.

b)Ñôîðìóëèðóéòå è äîêàæèòå àíàëîã äëÿ ïðîåêòèâíûõ ìíîãîîáðàçèé.
Çàäà÷à 6. Ïóñòü L ⊂ P2 � ïðîåêòèâíàÿ ïðÿìàÿ, à P ∈ P2 � òî÷êà, P /∈ L.
a)Ïîêàæèòå, ÷òî ïðîåêöèÿ èç P íà L � ðåãóëÿðíîå îòîáðàæåíèå P2 \ P → L.

b)Èçîìîðôíû ëè P2 \ P è P1 × A1?

c)Ïîêàæèòå, ÷òî êâàçèïðîåêòèâíîå ìíîãîîáðàçèå P2 \ P íå ïðîåêòèâíî.
Çàäà÷à 7. a)Ïóñòü îòîáðàæåíèå φ : A1 → A2 çàäàíî ôîðìóëîé

φ(t) = (t2 − 1, t(t2 − 1)).

b)Ïîêàæèòå, ÷òî îáðàç φ � ïëîñêàÿ àëãåáðàè÷åñêàÿ êðèâàÿ C, íàéäèòå å¼ óðàâíåíèå.

c) Áóäåò ëè îòîáðàæåíèå φ : A1 → C áèåêöèåé? Èçîìîðôèçìîì?

d)Ïðîäîëæèòå φ äî îòîáðàæåíèÿ P1 → C â ïðîåêòèâíîå çàìûêàíèå êðèâîé C. Êóäà ïå-
ðåõîäèò áåñêîíå÷íî óäàë¼ííàÿ òî÷êà?

Ðàññìîòðèì îòîáðàæåíèå σ : Pr × Ps → Prs+r+s, çàäàííîå ôîðìóëîé

((x0 : x1 : . . . : xr), (y0 : y1 : . . . : ys)) 7→
7→ (x0y0 : x0y1 : . . . : x0ys : x1y0 : x1y1 : . . .) = (xiyj)i=0...r,j=0...s.

Îíî íàçûâàåòñÿ âëîæåíèåì Ñåãðå.
Çàäà÷à 8. a◦)Ïîêàæèòå, ÷òî Z = imσ ⊂ Prs+r+s � àëãåáðàè÷åñêîå ïîäìíîæåñòâî, îïðå-
äåë¼ííîå óðàâíåíèÿìè zijzkl − zilzkj.
b◦)Ïîêàæèòå, ÷òî σ çàäà¼ò èçîìîðôèçì Pr × Ps ñ Z.

c)Ïîêàæèòå, ÷òî ìíîãî÷ëåíû zijzkl − zilzkj ïîðîæäàþò èäåàë Z.
d)Ïîêàæèòå, ÷òî ïðÿìîå ïðîèçâåäåíèå ïðîåêòèâíûõ ìíîãîîáðàçèé � ïðîåêòèâíîå ìíîãî-
îáðàçèå.


