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Âî âñåõ çàäà÷àõ k � àëãåáðàè÷åñêè çàìêíóòîå ïîëå.

7.1. Ïóñòü â î÷åâèäíûõ îáîçíà÷åíèÿõ ∞ ∈ P1(k). Çàäàéòå óðàâ-
íåíèÿìè ||3∞|| ⊂ P3(k).

7.2. Ïóñòü êðèâàÿ Ė çàäàíà â àôôèííûõ êîîðäèíàòàõ (x, y) óðàâ-
íåíèåì y2 = x3 + ax + b, ïðè÷¼ì 4a3 + 27b2 6= 0. Å¼ ïðîåêòèâíîå

çàìûêàíèå E ⊂ P2(k) çàäà¼òñÿ â ïðîåêòèâíûõ êîîðäèíàòàõ (x : y : z)
óðàâíåíèåì y2z = x3 + axz2 + bz3. Íàéäèòå òàêóþ òî÷êó ∞ ∈ E, ÷òî
Ė = E \ {∞}. Äîêàæèòå, ÷òî E ' ||3∞||.

7.3. Ïóñòü êðèâàÿ Ė çàäàíà â àôôèííûõ êîîðäèíàòàõ (x, y) óðàâ-
íåíèåì y2 = (x − x1)(x − x2)(x − x3) ïðè÷¼ì x1, x2, x3 ∈ k ïîïàðíî
ðàçëè÷íû. Ïóñòü êðèâàÿ E ⊂ P2(k) è òî÷êà ∞ ∈ E îïðåäåëåíû òàê æå,

êàê â çàäà÷å 7.2, à òî÷êè Pi ∈ Ė ïðè i = 1, 2, 3 îïðåäåëåíû óñëîâèÿìè
x(Pi) = xi, y(Pi) = 0. Ïîêàæèòå, ÷òî ||∞ + P1 + P2 + P3|| ⊂ P3(k) �
ïåðåñå÷åíèå äâóõ êâàäðèê.

7.4.* Ïóñòü char(k) 6= 2, 3, 5, è êðèâàÿ Ċ çàäàíà â àôôèííûõ êî-
îðäèíàòàõ (x, y) óðàâíåíèåì y2 = 1 − x5. Äîêàæèòå, ÷òî ñóùåñòâóåò

òàêàÿ ãëàäêàÿ ïðîåêòèâíàÿ êðèâàÿ C è òî÷êà ∞ ∈ C, ÷òî Ċ = C \ {∞}
è ÷òî ||5∞|| ⊂ P3(k) ëåæèò íà åäèíñòâåííîé êâàäðèêå è íà ñåìåéñòâå
êóáèê. Ñîâïàäàåò ëè ||5∞|| ñ ïåðåñå÷åíèåì êâàäðèêè è êóáèêè?

Äëÿ ïîëåé k ⊂ K ðàññìîòðèì àëãåáðó äèôôåðåíöèðîâàíèé, ñîñòîÿ-
ùóþ èç k−ëèíåéíûõ îòîáðàæåíèé

Di�k(K) := {∂ : K 99K K | ∂(k) = {0} è ∀x, y ∈ K [∂(xy) = ∂(x)y+x∂(y)]}

7.5. Ïðîâåðüòå, ÷òî Di�k(K) � àëãåáðà Ëè îòíîñèòåëüíî îïåðàöèè
êîììóòèðîâàíèÿ [∂1, ∂2] := ∂1 ◦ ∂2 − ∂2 ◦ ∂1.

7.6. Äîêàæèòå, ÷òî, åñëè K � ïîëå ðàöèîíàëüíûõ ôóíêöèé íà
ïëîñêîé àëãåáðàè÷åñêîé êðèâîé íàä k, òî dimKDi�k(K) = 1.

7.7. Íàéäèòå â Di�k(k(x)) ïîäàëãåáðó Ëè (èíôèíèòåçåìàëüíûõ
äðîáíî-ëèíåéíûõ ïðåîáðàçîâàíèé), èçîìîðôíóþ sl2(k).

7.8. Ïóñòü êðèâàÿ E � òàêàÿ æå, êàê â çàäà÷å 7.2, à K = k(E).
Íàéäèòå òàêîå äèôôåðåíöèðîâàíèå ∂ ∈ Di�k(K), ÷òî äëÿ ëþáîé f ∈ K
âûïîëíÿåòñÿ ðàâåâíñòâî div(∂(f)) = div(f).

10 íîÿáðÿ, Ã.Á. Øàáàò
1


