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ëÒÁÔËÏÅ ÓÏÄÅÒÖÁÎÉÅ. âÁÒÉÃÅÎÔÒÉÞÅÓËÏÅ ÐÏÄÒÁÚÄÅÌÅÎÉÅ, ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ íÁÊÅÒÁ{÷ÉÅÔÏÒÉÓÁ, ÇÏÍÏÌÏ-
ÇÉÉ ÓÆÅÒ.

âÁÒÉÃÅÎÔÒÉÞÅÓËÉÍ ÐÏÄÒÁÚÄÅÌÅÎÉÅÍ ÓÔÁÎÄÁÒÔÎÏÇÏ ÓÉÍÐÌÅËÓÁ ÎÁÚÙ×ÁÅÔÓÑ ÅÇÏ ÒÁÚÂÉÅÎÉÅ �n = ⋃
�∈�n+1

�n;�;
ÚÄÅÓØ �n+1 | ÇÒÕÐÐÁ ÐÅÒÅÓÔÁÎÏ×ÏË ÞÉÓÅÌ 0; 1; : : : ; n (×ÓÅÇÏ ÉÈ (n + 1)! ÛÔÕË), Á �n;� = {(x0; : : : ; xn) ∈ �n |
x�(0) ≤ · · · ≤ x�(n)}. ÷ÅÒÛÉÎÙ ÂÁÒÉÃÅÎÔÒÉÞÅÓËÏÇÏ ÐÏÄÒÁÚÄÅÌÅÎÉÑ ÓÏÏÔ×ÅÔÓÔ×ÕÀÔ ÎÅÐÕÓÔÙÍ ÐÏÄÍÎÏÖÅÓÔ×ÁÍ
A ⊂ {0; 1; : : : ; n}: × ×ÅÒÛÉÎÅ v[A] = (x0; : : : ; xn), ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÊ A, xi = 1=#A, ÅÓÌÉ i ∈ A, É xi = 0 ÄÌÑ
ÐÒÏÞÉÈ i. ÷ÅÒÛÉÎÙ ÓÉÍÐÌÅËÓÁ �n;� ÜÔÏ v[{�(0)}], v[{�(0); �(1)}] É Ô.Ä. äÌÑ ËÁÖÄÏÇÏ � ÚÁÆÉËÓÉÒÕÅÍ ÁÆÆÉÎ-
ÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ wn;� : �n → �n;�, ÐÅÒÅ×ÏÄÑÝÅÅ ÄÌÑ ËÁÖÄÏÇÏ i = 0; : : : ; n ×ÅÒÛÉÎÕ xi = 1 ÓÉÍÐÌÅËÓÁ �n ×
×ÅÒÛÉÎÕ v[{�(0); : : : ; �(i− 1)}] ÓÉÍÌÅËÓÁ �n;�.

ïÐÒÅÄÅÌÉÍ ÇÏÍÏÍÏÒÆÉÚÍ �n : Cn(X;K) → Cn(X;K), ÚÁÄÁÎÎÙÊ ÎÁ ÐÒÏÉÚ×ÏÌØÎÏÍ ÓÉÎÇÕÌÑÒÎÏÍ ÓÉÍÐÌÅËÓÅ
f : �n → X ÒÁ×ÅÎÓÔ×ÏÍ �n(f) = ∑

�∈�n+1
(−1)sign(�)f ◦ w�, ÇÄÅ sign(�) | ÞÅÔÎÏÓÔØ ÐÅÒÅÓÔÁÎÏ×ËÉ �.

ìÅÍÍÁ 1. çÏÍÏÍÏÒÆÉÚÍÙ �n ÏÂÒÁÚÕÀÔ ÍÏÒÆÉÚÍ ËÏÍÐÌÅËÓÏ×: �n−1@n = @n�n.
äÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ. ðÕÓÉÔØ un−1;i : �n−1 → �n | ÓÔÁÎÄÁÒÔÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ × i-À ÇÒÁÎØ, i = 0; : : : ; n.
ôÏÇÄÁ

(1) @�(f) =
n∑

i=0

∑

�∈Sn+1

(−1)i+sign(�)f ◦ wn;� ◦ un−1;i:

ëÁË ÎÅÔÒÕÄÎÏ ÚÁÍÅÔÉÔØ, wn;� ◦ un−1;n ÏÔÏÂÒÁÖÁÅÔ �n−1 × ÇÒÁÎØ ÓÉÍÐÌÅËÓÁ �n;�, ÌÅÖÁÝÕÀ ÎÁ ÐÏ×ÅÒÈÎÏÓÔÉ
ÓÉÍÐÌÅËÓÁ �n, É ÐÏÜÔÏÍÕ (ÓÒÁ×ÎÉÔÅ ÚÎÁËÉ!) ∑

�(n)=k(−1)sign(�)f ◦ wn;� ◦ un−1;n = �n−1((−1)n−kf ◦ un−1;k).
óÕÍÍÉÒÕÑ ÐÏ k, ÐÏÌÕÞÁÅÍ ∑

�∈Sn+1
(−1)n+sign(�)f ◦ wn;� ◦ un−1;n = �n−1(@f).

ïÓÔÁÌØÎÙÅ ÓÌÁÇÁÅÍÙÅ × ÓÕÍÍÅ (1) ÓÏÏÔ×ÅÔÓÔ×ÕÀÔ ×ÎÕÔÒÅÎÎÉÍ ÇÒÁÎÑÍ (ÌÅÖÁÝÉÍ ×ÎÕÔÒÉ �n). åÓÌÉ � =
�(k; k + 1) (k < n!), ÔÏ ×ÅÒÛÉÎÙ ÓÉÍÐÌÅËÓÏ× �n;� É �n;� ÓÏ×ÐÁÄÁÀÔ, ÚÁ ÉÓËÌÀÞÅÎÉÅÍ k-Ê ×ÅÒÛÉÎÙ, ËÏÔÏÒÁÑ
ÒÁ×ÎÁ v[{�(0); : : : ; �(k−1); �(k)}] × ÐÅÒ×ÏÍ ÓÉÍÐÌÅËÓÅ É v[{�(0); : : : ; �(k−1); �(k)}] = v[{�(0); : : : ; �(k−1); �(k+
1)}] ×Ï ×ÔÏÒÏÍ. óÌÅÄÏ×ÁÔÅÌØÎÏ, wn;� ◦un−1;k = wn;� ◦un−1;k. îÏ Ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ÐÅÒÅÓÔÁÎÏ×ËÉ � É � ÉÍÅÀÔ
ÐÒÏÔÉ×ÏÐÏÌÏÖÎÕÀ ÞÅÔÎÏÓÔØ, ÔÁË ÞÔÏ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÞÌÅÎÙ × (1) ÓÏËÒÁÝÁÀÔÓÑ. ôÅÍ ÓÁÍÙÍ ÓÕÍÍÁ ÞÌÅÎÏ×
Ó i 6= n × (1) ÒÁ×ÎÁ ÎÕÌÀ, É ÌÅÍÍÁ ÄÏËÁÚÁÎÁ. ¤

ìÅÍÍÁ 2. óÕÝÅÓÔ×ÕÅÔ ÃÅÐÎÁÑ ÇÏÍÏÔÏÐÉÑ  , ÓÏÅÄÉÎÑÀÝÁÑ � Ó ÔÏÖÄÅÓÔ×ÅÎÎÙÍ ÏÔÏÂÒÁÖÅÎÉÅÍ (Ô.Å.
�n(x) − x = @n+1 n(x) −  n−1(@nx) ÄÌÑ ÐÒÏÉÚ×ÏÌØÎÏÇÏ x ∈ Cn(X;K)) É ÔÁËÁÑ, ÞÔÏ ÅÓÌÉ  n(f) def= ∑

i kigi,
ÔÏ ÄÌÑ ×ÓÑËÏÇÏ i ÉÍÅÅÔ ÍÅÓÔÏ ×ËÌÀÞÅÎÉÅ gi(�n+1) ⊂ f(�n).
äÏËÁÚÁÔÅÌØÓÔ×Ï. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÐÏÓÔÒÏÉÍ ÓÉÍÐÌÉÃÉÁÌØÎÏÅ ÒÁÚÂÉÅÎÉÅ � ÐÒÉÚÍÙ �n × [0; 1] ÔÁËÏÅ, ÞÔÏ
�n × {0} Ñ×ÌÑÅÔÓÑ ÇÒÁÎØÀ ÏÄÎÏÇÏ ÉÚ ÓÉÍÐÌÅËÓÏ× (ÎÅ ÐÏÄÒÁÚÂÉ×ÁÅÔÓÑ), Á ÎÁ ÓÉÍÐÌÅËÓÅ �n × {1} ×ÏÚÎÉËÁ-
ÅÔ ÂÁÒÉÃÅÎÔÒÉÞÅÓËÏÅ ÐÏÄÒÁÚÄÅÌÅÎÉÅ. á ÉÍÅÎÎÏ, ÓÉÍÐÌÅËÓÙ ÒÁÚÂÉÅÎÉÑ � ÎÕÍÅÒÕÀÔÓÑ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÑÍÉ
ÐÏÄÍÎÏÖÅÓÔ× A = ({0; : : : ; n} = A0 ⊃ A1 ⊃ · · · ⊃ Ak = {i1; : : : ; in+1−k}), ÇÄÅ k | ÌÀÂÏÅ ÞÉÓÌÏ ÏÔ 0 ÄÏ n, É
#Ai = n+1−i ÄÌÑ ×ÓÅÈ i. ÷ÅÒÛÉÎÁÍÉ ÓÉÍÐÌÅËÓÁ �A, ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÇÏ ÔÁËÏÊ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ, Ñ×ÌÑÀÔÓÑ
×ÅÒÛÉÎÙ v[A0]; : : : ; v[Ak] ÂÁÒÉÃÅÎÔÒÉÞÅÓËÏÇÏ ÐÏÄÒÁÚÄÅÌÅÎÉÑ ÇÒÁÎÉ �n × {1}, Á ÔÁËÖÅ ×ÅÒÛÉÎÙ Ó ÎÏÍÅÒÁÍÉ
i1; : : : ; in+1−k ÇÒÁÎÉ �n ×{0}. õÐÏÒÑÄÏÞÉÍ ÜÔÉ ×ÅÒÛÉÎÙ ÔÁË, ÞÔÏÂÙ ×ÎÁÞÁÌÅ ÛÌÉ ×ÅÒÛÉÎÙ i1 < · · · < in+1−k,
Á ÚÁÔÅÍ v[Ak]; v[Ak−1]; : : : ; v[An], É ÐÕÓÔØ �A : �n+1 → �A | ÁÆÆÉÎÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ, ÐÅÒÅ×ÏÄÑÝÅÅ i-À ×ÅÒ-
ÛÉÎÕ ÓÉÍÐÌÅËÓÁ �n+1 (i = 0; : : : ; n + 1) × i-À ×ÅÒÛÉÎÕ �i;A ÓÉÍÐÌÅËÓÁ �A (ÎÕÍÅÒÁÃÉÑ ×ÅÒÛÉÎ | × ÐÏÒÑÄËÅ,
ÕËÁÚÁÎÎÏÍ ×ÙÛÅ).

úÁÍÅÔÉÍ ÔÅÐÅÒØ, ÞÔÏ A0 = {0; : : : ; n} ÄÌÑ ×ÓÅÈ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÅÊ A É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, ×ÅÒÛÉÎÁ �n+1;A
ÄÌÑ ×ÓÅÈ ÓÉÍÐÌÅËÓÏ× �A ÏÄÉÎÁËÏ×Á | ÜÔÏ ÃÅÎÔÒ ÔÑÖÅÓÔÉ (1=(n+ 1); : : : ; 1=(n+ 1); 1) ÇÒÁÎÉ �n×{1} ÐÒÉÚÍÙ.
ðÕÓÔØ An = An+1 \{m}; ÔÏÇÄÁ ÇÒÁÎØ �A, ÐÒÏÔÉ×ÏÌÅÖÁÝÁÑ ×ÅÒÛÉÎÅ �n+1;A, ÌÅÖÉÔ × �m× [0; 1], ÇÄÅ �m | m-Ñ
ÇÒÁÎØ ÓÉÍÐÌÅËÓÁ �n. éÓËÌÀÞÅÎÉÅÍ Ñ×ÌÑÅÔÓÑ ÓÌÕÞÁÊ, ËÏÇÄÁ k = 0 (É ÔÅÍ ÓÁÍÙÍ An ÎÅ ÓÕÝÅÓÔ×ÕÅÔ) | ÔÏÇÄÁ
ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÁÑ ÇÒÁÎØ ÅÓÔØ ÎÉÖÎÅÅ ÏÓÎÏ×ÁÎÉÅ �n × {0} ÐÒÉÚÍÙ.

ïÐÒÅÄÅÌÉÍ ÔÅÐÅÒØ ÇÏÍÏÍÏÒÆÉÚÍ  n : Cn(X;K) → Cn+1(X;K) ÉÎÄÕËÃÉÅÊ ÐÏ n. åÓÌÉ n = 0, É f | ÓÉÎÇÕ-
ÌÑÒÎÙÊ 0-ÓÉÍÐÌÅËÓ, ÏÔÏÂÒÁÖÁÀÝÉÊ �0 (ÔÏÞËÕ) × a ∈ X, ÔÏ  0(f) | ÓÉÎÇÕÌÑÒÎÙÊ 1-ÓÉÍÐÌÅËÓ, ÐÅÒÅ×ÏÄÑÝÉÊ
×ÓÅ ÔÏÞËÉ �1 (ÏÔÒÅÚËÁ) × a. ÷ ÏÂÝÅÍ ÓÌÕÞÁÅ ÐÕÓÔØ F : �n × [0; 1] → X | ËÏÍÐÏÚÉÃÉÑ ÓÉÎÇÕÌÑÒÎÏÇÏ ÓÉÍ-
ÐÌÅËÓÁ f : �n → X Ó ÐÒÏÅËÃÉÅÊ ÐÒÉÚÍÙ ÎÁ ÎÉÖÎÅÅ ÏÓÎÏ×ÁÎÉÅ (Ô.Å. F (x; t) = f(x), x ∈ �n, t ∈ [0; 1]). ôÏÇÄÁ
 n(f) = ∑

A "(n;A)(F ◦ �A, ÇÄÅ ÚÎÁËÉ "(n;A) = ±1 ÏÐÒÅÄÅÌÅÎÙ ÎÉÖÅ.
1



úÎÁËÉ ÏÐÒÅÄÅÌÑÀÔÓÑ ÐÏ ÉÎÄÕËÃÉÉ: ÅÓÌÉ k < n É An = An+1\{m}, ÔÏ ÚÎÁË ÓÉÍÐÌÅËÓÁ �A ÔÁËÏÊ ÖÅ, ËÁË Õ ÅÇÏ
ÇÒÁÎÉ, ÌÅÖÁÛÅÊ ÎÁ ÂÏËÏ×ÏÊ ÐÏ×ÅÒÈÎÏÓÔÉ ÐÒÉÚÍÙ (Ô.Å. × �m× [0; 1]), ÕÍÎÏÖÉÔØ ÎÁ (−1)m: "(n;A) = (−1)m"(n−
1; A′), ÇÄÅ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ A′ ÐÏÌÕÞÅÎÁ ÉÚ A ×ÙÞÅÒËÉ×ÁÎÉÅÍ ÐÏÓÌÅÄÎÅÇÏ ÞÌÅÎÁ (É ÐÅÒÅÎÕÍÅÒÁÃÉÅÊ ÞÉÓÅÌ
0; : : : ; n Ó ÐÒÏÐÕÓËÏÍ ÞÉÓÌÁ m) | ÚÎÁË "(n − 1; A′) ÕÖÅ ÏÐÒÅÄÅÌÅÎ ÐÏ ÐÒÅÄÐÏÌÏÖÅÎÉÀ ÉÎÄÕËÃÉÉ. åÓÌÉ k =
n (Ô.Å. A = (0; : : : ; n; {0; : : : ; n}, ÔÁË ÞÔÏ ÇÒÁÎØ, ÐÒÏÔÉ×ÏÌÅÖÁÝÁÑ �n+1;A | ÎÉÖÎÅÅ ÏÓÎÏ×ÁÎÉÅ ÐÒÉÚÍÙ), ÔÏ
"(n;A) = (−1)n+1.

ôÅÐÅÒØ ÉÍÅÅÍ

(2) @ n(f) =
∑

A

n∑

i=0
"(n;A)(−1)if ◦ �A ◦ un+1;i:

ëÁË ÎÅÔÒÕÄÎÏ ÐÒÏ×ÅÒÉÔØ, ÅÓÌÉ k = n (Ô.Å. ÔÏÌØËÏ ÏÄÎÁ ×ÅÒÛÉÎÁ, �1;A, ÓÉÍÐÌÅËÓÁ �A ÌÅÖÉÔ ÎÁ ×ÅÒÈÎÅÊ ÇÒÁÎÉ
ÐÒÉÚÍÙ), ÔÏ F ◦ �A ◦ un+1;0 = f ◦ wn;� É "(n;A) = −(−1)sign(�), ÇÄÅ � | ÐÅÒÅÓÔÁÎÏ×ËÁ, ÄÌÑ ËÏÔÏÒÏÊ An =
{�(0)}; An−1 = {�(0); �(1)}, É Ô.Ä. ïÔÓÀÄÁ ×ÙÔÅËÁÅÔ, ÞÔÏ ÓÕÍÍÁ ÞÌÅÎÏ× (2), Õ ËÏÔÏÒÙÈ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ A
ÓÏÄÅÒÖÉÔ n ÞÌÅÎÏ× É i = 0, ÒÁ×ÎÁ �n(f). ôÁËÖÅ ÎÅÔÒÕÄÎÏ ÐÒÏ×ÅÒÉÔØ, ÞÔÏ ÅÓÌÉ k = 1 (Ô.Å. ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ
ÓÏÄÅÒÖÉÔ ÅÄÉÎÓÔ×ÅÎÎÙÊ ÞÌÅÎ A0), ÔÏ F ◦ �A ◦ un+1;n = −f (Ô.Å. ÍÉÎÕÓ ÏÇÒÁÎÉÞÅÎÉÅ F ÎÁ ÎÉÖÎÅÅ ÏÓÎÏ×ÁÎÉÅ
ÐÒÉÚÍÙ).

ðÏÓËÏÌØËÕ �n+1;A ÄÌÑ ×ÓÑËÏÇÏA| ÃÅÎÔÒ ÔÑÖÅÓÔÉ ×ÅÒÈÎÅÊ ÇÒÁÎÉ ÐÒÉÚÍÙ, ÐÒÉ k > 0 ÏÂÒÁÚ ÏÔÏÂÒÁÖÅÎÉÑ �A◦
un+1;n ÌÅÖÉÔ ÎÁ ÂÏËÏ×ÏÊ ÐÏ×ÅÒÈÎÏÓÔÉ. åÓÌÉ k = n, ÔÏ ÏÎ Ñ×ÌÑÅÔÓÑ ÓÉÍÐÌÅËÓÏÍ ÒÁÚÍÅÒÎÏÓÔÉ n. éÎÄÕËÔÉ×ÎÏÅ
ÐÒÁ×ÉÌÏ ÄÌÑ ÏÐÒÅÄÅÌÅÎÉÑ ÚÎÁËÏ× ÇÁÒÁÎÔÉÒÕÅÔ, ÞÔÏ ÓÕÍÍÁ ×ÓÅÈ ÞÌÅÎÏ× × (??), × ËÏÔÏÒÙÈ k = n É i = n, ÒÁ×ÎÁ
− n−1(@f).

äÌÑ ÚÁ×ÅÒÛÅÎÉÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÌÅÍÍÙ ÎÕÖÎÏ ÔÅÐÅÒØ ÐÒÏ×ÅÒÉÔØ, ÞÔÏ ÓÕÍÍÁ ×ÓÅÈ ÞÌÅÎÏ× c i < n ÉÌÉ
k < n × (??) ÒÁ×ÎÁ ÎÕÌÀ. ÷Ï ×ÓÅÈ ÜÔÉÈ ÓÌÕÞÁÑÈ ÏÄÎÏÊ ÉÚ ×ÅÒÛÉÎ (ÐÏÓÌÅÄÎÅÊ ÐÏ ÎÏÍÅÒÕ) n-ÍÅÒÎÏÇÏ ÓÉÍÐÌÅËÓÁ
�A◦un+1;i Ñ×ÌÑÅÔÓÑ ÃÅÎÔÒ ÔÑÖÅÓÔÉQ ÎÉÖÎÅÇÏ ÏÓÎÏ×ÁÎÉÑ. òÁÓÓÍÁÔÒÉ×ÁÑ (n−1)-ÍÅÒÎÙÅ ÇÒÁÎÉ ÜÔÉÈ ÓÉÍÐÌÅËÓÏ×,
ÐÒÏÔÉ×ÏÌÅÖÁÝÉÅ Q, ÍÙ ÐÏÌÕÞÉÍ ÓÕÍÍÕ ÓÏ ÚÎÁËÁÍÉ ÏÇÒÁÎÉÞÅÎÉÊ f ÎÁ ÓÉÍÐÌÅËÓÙ ÓÉÍÐÌÉÃÉÁÌØÎÏÇÏ ÒÁÚÂÉÅÎÉÑ
�m × [0; 1], m = 0; : : : ; n (ÂÏËÏ×ÙÅ ÇÒÁÎÉ ÐÒÉÚÍÙ �n × [0; 1], ÏÎÉ ÖÅ ÐÒÉÚÍÙ Ó ÏÓÎÏ×ÁÎÉÑÍÉ | ÇÒÁÎÑÍÉ �n),
ËÏÔÏÒÁÑ ÒÁ×ÎÁ ÎÕÌÀ ÐÏ ÐÒÅÄÐÏÌÏÖÅÎÉÀ ÉÎÄÕËÃÉÉ. ðÒÏ×ÅÒËÁ ÓÏÏÔ×ÅÔÓÔ×ÉÑ ÚÎÁËÏ× ÐÒÅÄÏÓÔÁ×ÌÑÅÔÓÑ ÞÉÔÁÔÅÌÀ
× ËÁÞÅÓÔ×Å ÕÐÒÁÖÎÅÎÉÑ. ¤

óÌÅÄÓÔ×ÉÅ 1. íÏÒÆÉÚÍ � ÄÅÊÓÔ×ÕÅÔ ÔÒÉ×ÉÁÌØÎÏ ÎÁ ÇÏÍÏÌÏÇÉÑÈ: (�n)∗x = x ÄÌÑ ×ÓÑËÏÇÏ x ∈ Hn(X;K).
ðÕÓÔØ X = A ∪ B, ÇÄÅ A;B ⊂ X ÏÔËÒÙÔÙ. ïÂÏÚÎÁÞÉÍ CA;Bn (X;K) Ó×ÏÂÏÄÎÙÊ K-ÍÏÄÕÌØ, ÐÏÒÏÖÄÅÎÎÙÊ

ÓÉÎÇÕÌÑÒÎÙÍÉ ÓÉÐÌÅËÓÁÍÉ f : �n → X ÔÁËÉÍÉ, ÞÔÏ f(�n) ⊂ A ÉÌÉ f(�n) ⊂ B (ÄÌÑ ËÁÖÄÏÇÏ f ÐÏ-Ó×ÏÅÍÕ).
ïÞÅ×ÉÄÎÏ, @n(CA;Bn (X;K)) ⊂ CA;Bn−1(X;K), ÔÁË ÞÔÏ ÍÏÄÕÌÉ CA;Bn (X;K) ÏÂÒÁÚÕÀÔ ÃÅÐÎÏÊ ËÏÍÐÌÅËÓ.

ôÅÏÒÅÍÁ 1. åÓÔÅÓÔ×ÅÎÎÙÅ ×ËÌÀÞÅÎÉÑ �n : CA;Bn (X;K) ,→ Cn(X;K) ÏÂÒÁÚÕÀÔ ÍÏÒÆÉÚÍ ËÏÍÐÌÅËÓÏ× É ÐÏ-
ÒÏÖÄÁÀÔ ÉÚÏÍÏÒÆÉÚÍ ÇÏÍÏÌÏÇÉÊ.
äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÅÒ×ÏÅ ÕÔ×ÅÒÖÄÅÎÉÅ ÏÞÅ×ÉÄÎÏ. ðÕÓÔØ ÔÅÐÅÒØ x ∈ Cn(X;K), @x = 0. óÏÇÌÁÓÎÏ ÌÅÍÍÅ 1, ÐÒÉ
ÌÀÂÏÍ N ÉÍÅÅÍ @�N∗ x = �N@x = 0 É ÓÕÝÅÓÔ×ÕÅÔ y ÔÁËÏÅ, ÞÔÏ x− �Nx = @y, ÔÁË ÞÔÏ x É �Nx ÐÒÅÄÓÔÁ×ÌÑÀÔ
ÏÄÉÎ É ÔÏÔ ÖÅ ËÌÁÓÓ ÇÏÍÏÌÏÇÉÊ × C(X;K).
ìÅÍÍÁ 3. �Nx ∈ CA;Bn (X;K) ÐÒÉ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÏÍ N .
äÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ 3. x | ËÏÎÅÞÎÁÑ ÓÕÍÍÁ Ó ËÏÜÆÆÉÃÉÅÎÔÁÍÉ ÓÉÎÇÕÌÑÒÎÙÈ ÓÉÍÐÌÅËÓÏ×, ÐÏÜÔÏÍ ÄÏÓÔÁ-
ÔÏÞÎÏ ÄÏËÁÚÁÔØ ÕÔ×ÅÒÖÄÅÎÉÅ ÌÅÍÍÙ × ÓÌÕÞÁÅ, ËÏÇÄÁ x = f | ÓÉÎÇÕÌÑÒÎÙÊ ÓÉÍÐÌÅËÓ.

îÁÚÏ×ÅÍ ÓÉÎÇÕÌÑÒÎÙÅ ÓÉÍÐÌÅËÓÙ (×ÓÅÇÏ (n+ 1)! ÛÔÕË), ×ÈÏÄÑÝÉÅ × ÃÅÐØ �n(f), ÐÏÔÏÍËÁÍÉ ÓÉÎÇÕÌÑÒÎÏÇÏ
ÓÉÍÐÌÅËÓÁ f . ðÏÔÏÍËÉ ÐÏÔÏÍËÏ× ×ÈÏÄÑÔ × ÃÅÐØ �2(f), É Ô.Ä. ôÅÍ ÓÁÍÙÍ ÐÏÌÕÞÁÅÔÓÑ ÂÅÓËÏÎÅÞÎÏÅ ÄÅÒÅ×Ï Tn,
× ËÏÔÏÒÏÍ ËÁÖÄÁÑ ×ÅÒÛÉÎÁ, ËÒÏÍÅ ËÏÒÎÑ, ÉÍÅÅÔ ÓÔÅÐÅÎØ (n + 1)! + 1. ÷ÙÂÅÒÅÍ × ÎÅÍ ÔÅ ×ÅÒÛÉÎÙ g, ÄÌÑ
ËÏÔÏÒÙÈ g(�n) ÎÅ ÌÅÖÉÔ ÎÉ × A, ÎÉ × B; ÎÁÍ ÎÕÖÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ ÍÎÏÖÅÓÔ×Ï ×ÙÂÒÁÎÎÙÈ ×ÅÒÛÉÎ ËÏÎÅÞÎÏ.
åÓÌÉ ×ÅÒÛÉÎÁ ÎÅ ×ÙÂÒÁÎÁ, ÔÏ ×ÓÅ ÅÅ ÐÏÔÏÍËÉ, ÏÞÅ×ÉÄÎÏ, ÔÁËÖÅ ÎÅ ×ÙÂÒÁÎÙ, ÔÁË ÞÔÏ ÍÎÏÖÅÓÔ×Ï ×ÙÂÒÁÎÎÙÈ
×ÅÒÛÉÎ (É ÓÏÅÄÉÎÑÀÝÉÈ ÉÈ ÒÅÂÅÒ) | ÐÏÄÄÅÒÅ×Ï S ÄÅÒÅ×Á Tn.

ðÒÅÄÐÏÌÏÖÉÍ, ÞÔÏ S ÂÅÓËÏÎÅÞÎÏ. ôÏÇÄÁ ÉÍÅÅÔ ÍÅÓÔÏ
ìÅÍÍÁ 4. âÅÓËÏÎÅÞÎÏÅ ÄÅÒÅ×Ï, ×ÁÌÅÎÔÎÏÓÔÉ ×ÅÒÛÉÎ ËÏÔÏÒÏÇÏ ËÏÎÅÞÎÙ, ÉÍÅÅÔ ÐÏ ËÒÁÊÎÅÊ ÍÅÒÅ ÏÄÎÕ ÂÅÓËÏ-
ÎÅÞÎÕÀ ÃÅÐÏÞËÕ ×ÅÒÛÉÎ a0; a1; : : : , × ËÏÔÏÒÏÊ ËÁÖÄÁÑ ×ÅÒÛÉÎÁ | ÎÅÐÏÓÒÅÄÓÔ×ÅÎÎÙÊ ÐÏÔÏÍÏË ÐÒÅÄÙÄÕÝÅÊ
(ÍÙ ÐÒÅÄÐÏÌÁÇÁÅÍ, ÞÔÏ × ÄÅÒÅ×Å ×ÙÂÒÁÎ ËÏÒÅÎØ, ÔÁË ÞÔÏ ÐÏÎÑÔÉÅ ÐÏÔÏÍËÁ ×ÅÒÛÉÎÙ ÏÐÒÅÄÅÌÅÎÏ).
äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÏÓËÏÌØËÕ ÄÅÒÅ×Ï ÂÅÓËÏÎÅÞÎÏ, ËÏÒÅÎØ ÅÇÏ (ÏÂÏÚÎÁÞÉÍ ÅÇÏ a0) ÉÍÅÅÔ ÂÅÓËÏÎÅÞÎÏÅ ËÏÌÉÞÅ-
ÓÔ×Ï ÐÏÔÏÍËÏ×. ôÅÍ ÓÁÍÙÍ Õ ÎÅÇÏ ÅÓÔØ ÎÅÐÏÓÒÅÄÓÔ×ÅÎÎÙÅ ÐÏÔÏÍËÉ, ÐÒÉÞÅÍ ÓÒÅÄÉ ÎÉÈ ÅÓÔØ ÈÏÔÑ ÂÙ ÏÄÉÎ
(ÏÂÏÚÎÁÞÉÍ ÅÇÏ a1), Õ ËÏÔÏÒÏÇÏ ÅÓÔØ ÂÅÓËÏÎÅÞÎÏÅ ËÏÌÉÞÅÓÔ×Ï ÐÏÔÏÍËÏ×. õ ÎÅÇÏ ÅÓÔØ ÎÅÐÏÓÒÅÄÓÔ×ÅÎÎÙÅ ÐÏ-
ÔÏÍËÉ, ÈÏÔÑ ÂÙ ÏÄÉÎ ÉÚ ËÏÔÏÒÙÈ (a2) ÏÂÌÁÄÁÅÔ ÔÅÍ ÖÅ Ó×ÏÊÓÔ×ÏÍ, É Ô.Ä. a0; a1; a2; : : : | ÉÓËÏÍÁÑ ÃÅÐÏÞËÁ. ¤

ôÅÍ ÓÁÍÙÍ ÉÍÅÅÔÓÑ ÂÅÓËÏÎÅÞÎÙÊ ÎÁÂÏÒ ÓÉÍÐÌÅËÓÏ× D1 ⊃ D2 ⊃ : : : , ÔÁËÏÊ ÞÔÏ Dk ÐÒÉÎÁÄÌÅÖÉÔ k-ËÒÁÔÎÏÍÕ
ÂÁÒÉÃÅÎÔÒÉÞÅÓËÏÍÕ ÐÏÄÒÁÚÄÅÌÅÎÉÀ ÉÓÈÏÄÎÏÇÏ ÓÉÍÐÌÅËÓÁ �n, É f(Dk) ÎÅ ÓÏÄÅÒÖÉÔÓÑ ÎÉ × A, ÎÉ × B.



ìÅÍÍÁ 5. ðÕÓÔØ v1; v2 | ×ÅÒÛÉÎÙ ÂÁÒÉÃÅÎÔÒÉÞÅÓËÏÇÏ ÐÏÄÒÁÚÄÅÌÅÎÉÑ ÓÉÍÐÌÅËÓÁ �n. ôÏÇÄÁ ÒÅÂÒÏ, ÓÏÅÄÉ-
ÎÑÀÝÅÅ ÜÔÉ ×ÅÒÛÉÎÙ, ÍÏÖÎÏ ÐÒÏÄÌÉÔØ ÔÁË, ÞÔÏ ÅÇÏ ÄÌÉÎÁ ×ÏÚÒÁÓÔÅÔ ÐÏ ËÒÁÊÎÅÊ ÍÅÒÅ × 1 + 1=n ÒÁÚÁ, ÎÏ
ÏÔÒÅÚÏË ÐÏ-ÐÒÅÖÎÅÍÕ ÂÕÄÅÔ ÌÅÖÁÔØ × �n.
äÏËÁÚÁÔÅÌØÓÔ×Ï. ðÕÓÔØ v1 = v[C1], v2 = v[C2], ÇÄÅ C1 ⊂ C2 ⊆ {0; 1; : : : ; n}. ïÂÏÚÎÁÞÉÍ p = #C1, q = #C2.
ôÏÇÄÁ ÐÒÏÉÚ×ÏÌØÎÁÑ ÔÏÞËÁ ÐÒÑÍÏÊ, ÐÒÏÈÏÄÑÝÅÊ ÞÅÒÅÚ C1 É C2, ÉÍÅÅÔ ËÏÏÒÄÉÎÁÔÙ tv1 +(1−t)v2; ÐÒÉ 0 ≤ t ≤ 1
ÜÔÁ ÔÏÞËÁ ÌÅÖÉÔ ÎÁ ÒÅÂÒÅ.

åÓÌÉ i ∈ C1 ⊂ C2, ÔÏ i-Ñ ËÏÏÒÄÉÎÁÔÁ ÔÏÞËÉ tv1 + (1− t)v2 ÒÁ×ÎÁ t=p+ (1− t)=q; ÅÓÌÉ i ∈ C2 \C1, ÔÏ (1− t)=q,
ÉÎÁÞÅ 0. ôÏÞËÁ ÌÅÖÉÔ × �n, ÅÓÌÉ ×ÓÅ ÅÅ ËÏÏÒÄÉÎÁÔÙ ÌÅÖÁÔ ÍÅÖÄÕ ÎÕÌÅÍ É ÅÄÉÎÉÃÅÊ. äÌÑ ÜÔÏÇÏ ÐÏ ËÒÁÊÎÅÊ
ÍÅÒÅ ÄÏÓÔÁÔÏÞÎÏ, ÞÔÏÂÙ t ≤ p=(p− q) = 1 + 1=(p− q) (ÐÒÏ×ÅÒØÔÅ!). îÏ p− q ≤ n, ÔÁË ÞÔÏ ÅÓÌÉ 0 ≤ t ≤ 1 + 1=n,
ÔÏ ÔÏÞËÁ ÌÅÖÉÔ ×ÎÕÔÒÉ �n. ¤

óÌÅÄÓÔ×ÉÅ 2. äÉÁÍÅÔÒ ÌÀÂÏÇÏ ÓÉÍÐÌÅËÓÁ ÂÁÒÉÃÅÎÔÒÉÞÅÓËÏÇÏ ÐÏÄÒÁÚÄÅÌÅÎÉÑ ÐÒÏÉÚ×ÏÌØÎÏÇÏ n-ÍÅÒÎÏÇÏ ÓÉÍ-
ÐÌÅËÓÁ D ÍÅÎØÛÅ ÄÉÁÍÅÔÒÁ ÓÁÍÏÇÏ ÓÉÍÐÌÅËÓÁ D ÐÏ ËÒÁÊÅÊ ÍÅÒÅ × (n+ 1)=n ÒÁÚ.
äÏËÁÚÁÔÅÌØÓÔ×Ï. äÉÁÍÅÔÒ ÓÉÍÐÌÅËÓÁ ÒÁ×ÅÎ ÄÌÉÎÅ ÅÇÏ ÎÁÉÂÏÌØÛÅÇÏ ÒÅÂÒÁ. ¤

ðÒÏÄÏÌÖÉÍ ÄÏËÁÚÁÔÅÌØÓÔ×Ï ÌÅÍÍÙ 3. ðÏÓËÏÌØËÕ ÓÉÍÐÌÅËÓ | ËÏÍÐÁËÔ, ÓÉÍÐÌÅËÓÙ D1 ⊃ D2 ⊃ : : : ÉÍÅÀÔ
ÎÅÐÕÓÔÏÅ ÐÅÒÅÓÅÞÅÎÉÅ. óÏÇÌÁÓÎÏ ÓÌÅÄÓÔ×ÉÀ 2, ÄÉÁÍÅÔÒ ÓÉÍÐÌÅËÓÁ Dk ÎÅ ÐÒÅ×ÏÓÈÏÄÉÔ

(
n
n+1

)k
É ÓÔÒÅÍÉÔÓÑ Ë

ÎÕÌÀ, ËÏÇÄÁ k → ∞. óÌÅÄÏ×ÁÔÅÌØÎÏ, ÐÅÒÅÓÅÞÅÎÉÅ | ÅÄÉÎÓÔ×ÅÎÎÁÑ ÔÏÞËÁ c. ëÁÖÄÙÊ ÓÉÍÐÌÅËÓ Dk ÓÏÄÅÒÖÉÔ
ÔÏÞËÕ ak ÔÁËÕÀ, ÞÔÏ f(ak) ∈ X \ A É ÔÏÞËÕ bk ÔÁËÕÀ, ÞÔÏ f(bk) ∈ X \ B; ÐÒÉ ÜÔÏÍ ak; bk → c ÐÒÉ k → ∞.
íÎÏÖÅÓÔ×Á X \ A É X \ B ÚÁÍËÎÕÔÙ, ÏÔËÕÄÁ ×ÙÔÅËÁÅÔ, ÞÔÏ f(c) ∈ (X \ A) ∩ (X \ B) = X \ (A ∪ B) = ∅ |
ÐÒÏÔÉ×ÏÒÅÞÉÅ. ìÅÍÍÁ 3 ÄÏËÁÚÁÎÁ. ¤

(ÐÒÏÄÏÌÖÅÎÉÅ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÔÅÏÒÅÍÙ 1) ôÅÍ ÓÁÍÙÍ ËÁÖÄÙÊ ËÌÁÓÓ ÇÏÍÏÌÏÇÉÊ ÉÍÅÅÔ ÐÒÅÄÓÔÁ×ÉÔÅÌÑ ×
CA;Bn (X;K), ÔÏ ÅÓÔØ ÇÏÍÏÍÏÒÆÉÚÍ �∗ : H∗(CA;B(X;K)) → H∗(C(X;K)) | ÜÐÉÍÏÒÆÉÚÍ.

äÏËÁÖÅÍ, ÞÔÏ ÜÔÏ ÍÏÎÏÍÏÒÆÉÚÍ. ðÕÓÔØ [x] ∈ Ker �∗, Ô.Å. x ∈ CA;Bn (X;K) | ÇÒÁÎÉÃÁ × Cn(X;K): x = @y,
ÇÄÅ y ∈ Cn+1(X;K). óÏÇÌÁÓÎÏ ÌÅÍÍÅ 1, @y = @�(y) + @ @y = @�(y) + @ x = @y1, ÇÄÅ y1 = �y +  x; ×ÔÏÒÏÅ
ÓÌÁÇÁÅÍÏÅ ÌÅÖÉÔ × CA;Bn+1(X;K). ðÏ×ÔÏÒÑÑ ÜÔÕ ÐÒÏÃÅÄÕÒÕ ÎÅÓËÏÌØËÏ ÒÁÚ, ÐÏÌÕÞÉÍ @y = @�Ny+!N ÄÌÑ ÐÒÏÉÚ-
×ÏÌØÎÏÇÏ N É ÎÅËÏÔÏÒÏÇÏ !N ∈ CA;Bn+1(X;K). óÏÇÌÁÓÎÏ ÌÅÍÍÅ 3, �Ny ∈ CA;Bn+1(X;K) ÐÒÉ ÄÏÓÔÁÔÏÞÎÏ ÂÏÌØÛÏÍ
N . óÌÅÄÏ×ÁÔÅÌØÎÏ, x | ÇÒÁÎÉÃÁ É × CA;Bn+1(X;K), É Ker �∗|H∗(CA;B(X;K)) = 0 | �∗ Ñ×ÌÑÅÔÓÑ ÍÏÎÏÍÏÒÆÉÚÍÏÍ.

ôÅÏÒÅÍÁ ÄÏËÁÚÁÎÁ. ¤

ðÒÅÄÌÏÖÅÎÉÅ 1. ðÕÓÔØ ÉÍÅÅÔÓÑ ËÏÒÏÔËÁÑ ÔÏÞÎÁÑ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ËÏÍÐÌÅËÓÏ× 0 → A �−→ B p−→
C → 0. ôÏÇÄÁ ÏÔÏÂÒÁÖÅÎÉÑ �∗ É p∗ ×ËÌÀÞÁÀÔÓÑ × ÔÏÞÎÕÀ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÇÏÍÏÌÏÇÉÊ · · · → Hn(A) �∗−→
Hn(B) p∗−→ Hn(C) �n−→ Hn−1(A) → · · · p∗−→ H0(C) → 0.
äÏËÁÚÁÔÅÌØÓÔ×Ï. ëÏÎÓÔÒÕËÃÉÑ ÇÏÍÏÍÏÒÆÉÚÍÁ �n: ÐÕÓÔØ x ∈ Hn(C). ÷ÏÚØÍÅÍ ÐÒÏÉÚ×ÏÌØÎÙÊ ÐÒÅÄÓÔÁ×ÉÔÅÌØ
� ∈ Cn ÜÔÏÇÏ ËÌÁÓÓÁ ÇÏÍÏÌÏÇÉÊ, @C;n� = 0. ðÏÓËÏÌØËÕ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÔÏÞÎÁÑ, pn : Bn → Cn | ÓÀÒßÅËÃÉÑ,
ÔÁË ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ � ∈ Bn ÔÁËÏÊ, ÞÔÏ pn� = �. ôÏÇÄÁ pn−1(@B;n�) = @C;n� = 0 × ÓÉÌÕ ÔÏÇÏ, ÞÔÏ p | ÍÏÒÆÉÚÍ
ËÏÍÐÌÅËÓÏ×. ðÏÓËÏÌØËÕ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ËÏÍÐÌÅËÓÏ× ÔÏÞÎÁÑ, ÓÕÝÅÓÔ×ÕÅÔ (É ÅÄÉÎÓÔ×ÅÎ) ÜÌÅÍÅÎÔ � ∈ An−1
ÔÁËÏÊ, ÞÔÏ �n−1� = @B;n�. ðÏÓËÏÌØËÕ � | ÍÏÒÆÉÚÍ ËÏÍÐÌÅËÓÏ×, ÉÍÅÅÍ �n−2@A;n−1� = @B;n−1@B;n� = 0.
÷ÏÚØÍÅÍ ËÌÁÓÓ × Hn−1(A), ÐÒÅÄÓÔÁ×ÌÑÅÍÙÊ ÜÌÅÍÅÎÔÏÍ �, × ËÁÞÅÓÔ×Å �n(x).

ðÒÏÃÅÓÓ ÐÏÓÔÒÏÅÎÉÑ �n(x) ÎÅÏÄÎÏÚÎÁÞÅÎ × Ä×ÕÈ ÍÅÓÔÁÈ: ×ÙÂÏÒ ÐÒÅÄÓÔÁ×ÉÔÅÌÑ � ËÌÁÓÓÁ x É ×ÙÂÏÒ ÐÒÏÏÂÒÁÚÁ
� ÜÌÅÍÅÎÔÁ �. ðÕÓÔØ �′ = � + @C;n+1%; ÔÏÇÄÁ ÓÕÝÅÓÔ×ÕÅÔ � ∈ Bn+1 ÔÁËÏÊ, ÞÔÏ pn+1� = % É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ,
pn(� + @B;n+1�) = �′. ðÏÓËÏÌØËÕ @B;n(� + @B;n+1�) = @B;n�, ÄÁÌØÎÅÊÛÉÊ ÐÒÏÃÅÓÓ ÎÅ ÍÅÎÑÅÔÓÑ, É �n(x) ÔÁËÖÅ
ÏÓÔÁÅÔÓÑ ÎÅÉÚÍÅÎÎÙÍ. ðÕÓÔØ �′ ∈ Bn, ÔÁËÏ×, ÞÔÏ pn�′ = �. ôÏÇÄÁ pn(�′−�) = 0 É, ÓÌÅÄÏ×ÁÔÅÌØÎÏ, �′ = �+�n(�)
ÄÌÑ ÎÅËÏÔÏÒÏÇÏ � ∈ An. ïÔÓÀÄÁ ×ÙÔÅËÁÅÔ, ÞÔÏ @B;n�′ = @B;n� + �n−1@A;n� = �n−1(� + @A;n�), ÔÁË ÞÔÏ ËÌÁÓÓ
ÇÏÍÏÌÏÇÉÊ �n(x) ÏÐÒÅÄÅÌÅÎ ËÏÒÒÅËÔÎÏ.

ðÒÏ×ÅÒËÁ ÔÏÞÎÏÓÔÉ ÐÏÌÕÞÅÎÎÏÊ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ | ÕÐÒÁÖÎÅÎÉÅ. ¤

ðÕÓÔØ X = A ∪ B, ÇÄÅ A;B ⊂ X ÏÔËÒÙÔÙ. òÁÓÓÍÏÔÒÉÍ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ËÏÍÐÌÅËÓÏ× 0 → C(A ∩
B;K) (�A;−�B)−→ C(A;K) ⊕ C(B;K) p−→ CA;B(X;K) → 0; ÚÄÅÓØ �A; �B | ÔÁ×ÔÏÌÏÇÉÞÅÓËÉÅ ×ÌÏÖÅÎÉÑ A ∩ B
× A É B ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, Á p(x; y) def= x + y. ÷ÏÚÎÉËÁÀÝÁÑ, ÓÏÇÌÁÓÎÏ ÕÔ×ÅÒÖÄÅÎÉÀ 1 É ÔÅÏÒÅÍÅ 1, ÔÏÞÎÁÑ
ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÇÏÍÏÌÏÇÉÊ · · · → Hn(A∩B;K) → Hn(A;K)⊕Hn(B;K) → Hn(X;K) → Hn−1(A∩B;K) →
: : : ÎÁÚÙ×ÁÅÔÓÑ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØÀ íÁÊÅÒÁ{÷ÉÅÔÏÒÉÓÁ.
ðÒÉÍÅÒ 1. ðÕÓÔØ X = S1, a; b ∈ S1 | ÄÉÁÍÅÔÒÁÌØÎÏ ÐÒÏÔÉ×ÏÐÏÌÏÖÎÙÅ ÔÏÞËÉ, A = S1\{a}, B = S1\{b}. ôÏÇÄÁ
ËÏÎÅÞÎÙÊ ÏÔÒÅÚÏË ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ íÁÊÅÒÁ{÷ÉÅÔÏÒÉÓÁ ×ÙÇÌÑÄÉÔ ÔÁË: · · · → H1(A)⊕H1(B) → H1(S1) →
H0(A ∩ B) → H0(A) ⊕ H0(B) → H0(S1) → 0. ðÒÏÓÔÒÁÎÓÔ×Á A, B É S1 ÌÉÎÅÊÎÏ Ó×ÑÚÎÙ, Á ÐÒÏÓÔÒÁÎÓÔ×Ï
A ∩ B ÓÏÄÅÒÖÉÔ Ä×Å ËÏÍÐÏÎÅÎÔÙ. ëÒÏÍÅ ÔÏÇÏ, ÐÒÏÓÔÒÁÎÓÔ×Á A É B, Á ÔÁËÖÅ ÏÂÅ ËÏÍÐÏÎÅÎÔÙ ÐÅÒÅÓÅÞÅÎÉÑ
A ∩B. ÓÔÑÇÉ×ÁÅÍÙ. ôÏÇÄÁ ÉÚ ÇÏÍÏÔÏÐÉÞÅÓËÏÊ ÉÎ×ÁÒÉÁÎÔÎÏÓÔÉ ÇÏÍÏÌÏÇÉÊ ×ÙÔÅËÁÅÔ, ÞÔÏ ÏÔÒÅÚÏË ÉÍÅÅÔ ×ÉÄ



0 → H1(S1) → K2 �0−→ K2 → K → 0, ÇÄÅ �0(x; y) = (x + y;−x − y). ÷ ÓÉÌÕ ÔÏÞÎÏÓÔÉ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ
ÐÏÌÕÞÁÅÍ, ÞÔÏ H1(S1) = K; ÏÂÒÁÚÕÀÝÁÑ H1(S1) × ÍÏÄÕÌÅ CA;B1 (S1) ÐÒÅÄÓÔÁ×ÌÅÎÁ ÓÕÍÍÏÊ g1 + g2, ÇÄÅ g1 :
�1 → A, g2 = �1 → B | ËÒÉ×ÙÅ, ÄÌÑ ËÏÔÏÒÙÈ g1((1; 0)) = g2((0; 1)) É g1((0; 1)) = g2((1; 0)). ÷ ÍÏÄÕÌÅ C1(S1)
× ËÁÞÅÓÔ×Å ÐÒÅÄÓÔÁ×ÉÔÅÌÑ ÏÂÒÁÚÕÀÝÅÊ ÍÏÖÎÏ ×ÙÂÒÁÔØ ÓÉÎÇÕÌÑÒÎÙÊ ÓÉÍÐÌÅËÓ g : �1 → S1, ÐÒÅÄÓÔÁ×ÌÑÀÝÉÊ
ÓÏÂÏÊ ÚÁÍËÎÕÔÕÀ ËÒÉ×ÕÀ ÉÎÄÅËÓÁ 1.

ïÓÔÁÌØÎÁÑ ÞÁÓÔØ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ íÁÊÅÒÁ{÷ÉÅÔÏÒÉÓÁ ÒÁÚÂÉ×ÁÅÔÓÑ ÎÁ ÏÔÒÅÚËÉ ×ÉÄÁ · · · → Hn(A) ⊕
Hn(B) → Hn(S1) → Hn−1(A ∩ B) → : : : , n ≥ 2. ÷ ÓÉÌÕ ÇÏÍÏÔÏÐÉÞÅÓËÏÊ ÉÎ×ÁÒÉÁÎÔÎÏÓÔÉ ÇÏÍÏÌÏÇÉÊ Ä×Á
ËÒÁÊÎÉÈ ÞÌÅÎÁ ÚÄÅÓØ | ÎÕÌÉ, ÏÔËÕÄÁ Hn(S1) = 0 ÐÒÉ n ≥ 2.
ðÒÉÍÅÒ 2. ðÕÓÔØ ÔÅÐÅÒØ X = Sn Ó n ≥ 2, A É B | ËÁË × ÐÒÉÍÅÒÅ 1. ôÏÇÄÁ A É B ÓÔÑÇÉ×ÁÅÍÙ, Á A ∩ B ÇÏ-
ÍÏÔÏÐÉÞÅÓËÉ ÜË×É×ÁÌÅÎÔÎÏ Sn−1 (ÒÅÔÒÁÇÉÒÕÅÔÓÑ ÎÁ ÜË×ÁÔÏÒ ÓÆÅÒÙ). ïÔÒÅÚÏË ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ íÁÊÅÒÁ{
÷ÉÅÔÏÒÉÓÁ, ÓÏÄÅÒÖÁÝÉÊ Hk, k ≥ 2, ×ÙÇÌÑÄÉÔ ÔÁË: · · · → Hk(A) ⊕ Hk(B) → Hk(Sn) → Hk−1(A ∩ B) →
Hk−1(A) ⊕Hk−1(B) → : : : . ÷ ÓÉÌÕ ÇÏÍÏÔÏÐÉÞÅÓËÏÊ ÉÎ×ÁÒÉÁÎÔÎÏÓÔÉ ÇÏÍÏÌÏÇÉÊ ÐÏÌÕÞÁÅÍ, ÞÔÏ ËÒÁÊÎÉÅ ÞÌÅ-
ÎÙ ÒÁ×ÎÙ ÎÕÌÀ, ÏÔËÕÄÁ Hk(Sn) ÉÚÏÍÏÒÆÎÁ Hk−1(Sn−1) ÐÒÉ k ≥ 2. ðÏ ÉÎÄÕËÃÉÉ ÐÏÌÕÞÁÅÍ, ÞÔÏ Hn(Sn) =
H0(Sn) = K, Á ÏÓÔÁÌØÎÙÅ ÇÏÍÏÌÏÇÉÉ Sn ÎÕÌÅ×ÙÅ. ôÁËÖÅ ÐÏ ÉÎÄÕËÃÉÉ ÚÁËÌÀÞÁÅÍ, ÞÔÏ ÏÂÒÁÚÕÀÝÅÊ Hn(Sn)
Ñ×ÌÑÅÔÓÑ ËÌÁÓÓ ÇÏÍÏÌÏÇÉÊ, ÐÒÅÄÓÔÁ×ÌÅÎÎÙÊ ÓÕÍÍÏÊ g1 + g2, ÇÄÅ g1; g2 : �n → Sn | ÐÒÏÅËÃÉÑ ÓÔÁÎÄÁÒÔÎÏ-
ÇÏ ÓÉÍÐÌÅËÓÁ, ×ÐÉÓÁÎÎÏÇÏ × ÓÆÅÒÕ Sn−1, ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÎÁ ×ÅÒÈÎÅÅ É ÎÁ ÎÉÖÎÅÅ ÐÏÌÕÛÁÒÉÅ ÓÆÅÒÙ Sn, ×
ËÏÔÏÒÏÍ ÏÐÉÓÁÎÎÁÑ ÓÆÅÒÁ Sn−1 Ñ×ÌÑÅÔÓÑ ÜË×ÁÔÏÒÏÍ.


