
ÊÎÁÎÐÄÈÇÌÛ È ÄÅÉÑÒÂÈß ÒÎÐÀ
ËÈÑÒÎÊ 5: ÔÎÐÌÀËÜÍÛÅ ÃÐÓÏÏÛ È ÐÎÄÛ ÕÈÐÖÅÁÐÓÕÀ

ËÅÊÒÎÐ: Ò.Å. ÏÀÍÎÂ

1. Äîêàæèòå, ÷òî åñëè êîëüöî R ñâîáîäíî îò êðó÷åíèÿ, òî ñâîéñòâà à) è á) èç
îïðåäåëåíèÿ ôîðìàëüíîé ãðóïïû âëåêóò â). Äðóãèìè ñëîâàìè, ëþáàÿ ôîðìàëü-
íàÿ ãðóïïà íàä êîëüöîì áåç êðó÷åíèÿ êîììóòàòèâíà. Ïðèâåäèòå ïðèìåð íåêîì-
ìóòàòèâíîé ôîðìàëüíîé ãðóïïû.

2. Ðÿäîì Ãóðâèöà íà êîëüöîì R áåç êðó÷åíèÿ íàçûâàåòñÿ ôîðìàëüíûé ðÿä ñ
êîýôôèöèåíòàìè â R⊗Q âèäà

h(u) = u+
∑
i⩾1

hi

(i+ 1)!
ui+1, hi ∈ R.

Äîêàæèòå, ÷òî ôóíêöèîíàëüíî îáðàòíûé ðÿä ê ðÿäó Ãóðâèöà ÿâëÿåòñÿ ðÿäîì
Ãóðâèöà. Äîêàæèòå, ÷òî ýêñïîíåíòà è ëîãàðèôì ôîðìàëüíîé ãðóïïû F ∈ R[[u, v]]
ÿâëÿþòñÿ ðÿäàìè Ãóðâèöà.

3. Äîêàæèòå, ÷òî ýêñïîíåíòà è ëîãàðèôì ôîðìàëüíîé ãðóïïû

Fσ1,σ2(u, v) =
u+ v + σ1uv

1− σ2uv

ñ êîýôôèöèåíòàìè â Z[σ1, σ2] èìåþò âèä

f(x) =
eax − ebx

aebx − beax
, g(u) =

ln(1 + au)− ln(1 + bu)

a− b
,

ãäå a+ b = σ1, ab = σ2.

4. Ýëëèïòè÷åñêèì ñèíóñîì ßêîáè íàçûâàåòñÿ åäèíñòâåííàÿ ìåðîìîðôíàÿ ôóíê-
öèÿ f(x) = sn(x), óäîâëåòâîðÿþùàÿ óðàâíåíèþ

(1) (f ′(x))2 = 1− 2δf 2(x) + εf 4(x)

ñ íà÷àëüíûìè óñëîâèÿìè f(0) = 0 è f ′(0) = 1, ãäå δ, ε ∈ C. Òàêèì îáðàçîì, îáðàò-
íàÿ ôóíêöèÿ ê ýëëèïòè÷åñêîìó ñèíóñó çàäà¼òñÿ ýëëèïòè÷åñêèì èíòåãðàëîì

g(u) =

∫ u

0

dt√
1− 2δt2 + εt4

.

Äîêàæèòå ôîðìóëó ñëîæåíèÿ Ýéëåðà:

(2) Fell(u, v) = sn(x+ y) =
u
√
1− 2δv2 + εv4 + v

√
1− 2δu2 + εu4

1− εu2v2
,

ãäå u = snx, v = sn y. Ýòà ôîðìóëà çàäà¼ò ýëëèïòè÷åñêóþ ôîðìàëüíóþ ãðóïïó ñ
ýêñïîíåíòîé sn(x).
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Óáåäèòåñü, ÷òî ïðè âûðîæäåíèè ε = 0 ýëëèïòè÷åñêèé ñèíóñ ïðåâðàùàåòñÿ â f(x) =
sin

√
2δx√
2δ

, à ïðè âûðîæäåíèè ε = δ2 � â f(x) = th
√
δx√
δ
.

5. Ðàññìîòðèì ôîðìàëüíûå ãðóïïû âèäà

(3) FE(u, v) =
u2 − v2

uB(v)− v B(u)
,

ãäå B(u) = 1+
∑

k⩾2 bku
k � ôîðìàëüíûé ðÿä ñ êîýôôèöèåíòàìè b2, b3, . . . èç êîëü-

öà R. Óíèâåðñàëüíàÿ ôîðìàëüíàÿ ãðóïïà âèäà (3) èìååò êîëüöî êîýôôèöèåíòîâ
RE = Z[b2, b3, . . .]/I, ãäå I � èäåàë ñîîòíîøåíèé àññîöèàòèâíîñòè. Äîêàæèòå,
÷òî íàä êîëüöîì RE[

1
2
] ôîðìàëüíàÿ ãðóïïà FE ïðåâðàùàåòñÿ â ýëëèïòè÷åñêóþ

ôîðìàëüíóþ ãðóïïó (2). Ïîêàæèòå òàêæå, ÷òî RE[
1
2
] = Z[1

2
][δ, ε], ãäå δ = −b2 è

ε = b22+2b4. (Óêàçàíèå: ïîêàæèòå, ÷òî ýêñïîíåíòà ôîðìàëüíîé ãðóïïû FE óäîâëå-
òâîðÿåò óðàâíåíèþ (1).)

6. Ïóñòü ñòàáèëüíî êîìïëåêñíàÿ ñòðóêòóðà íà ìíîãîîáðàçèè M çàäà¼òñÿ èçî-
ìîðôèçìîì cT : T M ⊕ R2(m−n) → ξ, ãäå ξ = ξ1 ⊕ . . . ⊕ ξm � ñóììà êîìïëåêñíûõ
îäíîìåðíûõ ðàññëîåíèé. Äîêàæèòå, ÷òî çíà÷åíèå ðîäà Õèðöåáðóõà φ íà M çàäà-
¼òñÿ ôîðìóëîé

φ[M ] =
( m∏
i=1

xi

f(xi)

)
⟨M⟩,

ãäå xi = c1(ξi), i = 1, . . . ,m.

7. Äîêàæèòå, ÷òî χa,b-ðîä êîìïëåêñíîãî ïðîåêòèâíîãî ïðîñòðàíñòâà âû÷èñëÿåòñÿ
ïî ôîðìóëå

χa,b[CP n] = (−1)n(an + an−1b+ . . .+ abn−1 + bn).

8. Ñâÿçíàÿ âåðñèÿ êîìïëåêñíîé K-òåîðèè èìååò êîëüöî êîýôôèöèåíòîâ K∗(pt) =
Z[β]. ßâëÿåòñÿ ëè ýòà òåîðèÿ òî÷íîé ïî Ëàíäâåáåðó?


