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Tema HOMepa: IPYNIIILI OTPAXKECHUN

Kanen10CKomnbl 1 IPyIIbl OTPaKeHAN

. B. Bunbepr

Bcem m3BecTHA mETCKAas UTPYIIKa KAAeUIOCKON (9TO MO-TPEYECKU O3HA-
YaeT (CMOTPIO KPACHUBBLIM BH[)), B KOTOPOU PA3HOIBETHBIE KYCOUKU CTEKJIA,
MHOT'OKPATHO OTPAXaACh B TPEX 3€PKAIAX, CO3MAI0T KPACUBLIU Y30p. 3€pKa-
JIa, DT PACIOJOKEHBI KAK OOKOBBIE TPAHU MTPABUILHOU TPEYTOILHOU MTPU3MBI,
00pasys Mexay cobon yriasi, paBable 7/3. Ecam 661 oTu yrast 6eim apyru-
MM, TO, KaK MPABWIO, OTPAKEHNS HAKIAJBIBAIACHL OBl IPYr Ha APyra W He
CO3aBATU CUMMETPUIHOrO y30pa. OMHAKO MMEIOTCA UCKIIOIUTENbHBIE CIY-
9am, KOTJa TOr0 He MPOUCXOAUT. Bce OHU MOTYT OBITH JETKO HAWIEHBI, ITO
u O6ymeT caeraHo B II. 2.1 HACTOAIIEX CTATLH.

OmnUCAHHBIN BBIME OOBLITHBIA KAJEUJOCKOI TIO CYIIECTBY NBYMEPEH, TaK
KaK MBI BUIUM B HEM ILUIOCKUU y30p. MOXHO TpeacTaBuUTh cebe Tpexmep-
HBIX KAJEUJOCKOT KAK MHOTOTPAHHYK KaMepy € 3ePKATLHBIMUA CTEHKAMU.
Habuao faTenb, TOMEIIEHHBI B HEE, YBUAUT MHOTOKPATHBIE OTPAKEHUA BCEX
HAXOMAMWXCA B HeW mpeaMeToB. Kak mpaBuino, 3Tu oTpaxeHus OyayT Iie-
PEKPBIBATHCA, HO MMEETCA HECKOABKO CIydaeB (MbI mx omumeMm B m. 2.3),
KOTa OHU HEe TEPEKPHIBAITCA U CO3MAI0T CAMMETPUYHBIA TPEXMEPHBIN
y30p.

OT6poCUB B CTOPOHY BO3MOXHOCTH MPAKTUYECKOU PEATUIAINU, MOKHO
TOBOPUTHL W O MHOT'OMEPHBIX KAJIEHJOCKONAX, 4 TAKXKEe O HEEBKIUIOBHIX Ka-
JIEX TOCKOTIaX, a MMEHHO, O KAJeMJOCKONax Ha cdepe m B mMpocTpaHcTse Jlo-
6axeBcKoro. Kamengockomnsl B €BKANIOBOM IIPOCTPAHCTBE U Ha cdepe m1o60n
PA3MEpHOCTH GLLTA MCYEPIBIBAIONIIM O0PA30M ONMMUCAHBI AHMIUUCKAM MaTe-
marukoM X. C. M. Kokcrepom B 1934 r. (cM. craTsio [4] B 5TOM HOMEDE XKYD-
Hama). Ha o6moxke ero mepeBeeHHON HA PYCCKUU A3BIK MOIMYJIAPHOW KHU-
ru [1] m3o6paxeHn oaWH M3 KaJeMAOCKONOB Ha OOLIYHOM (ABYMepHOU) cdepe
(cm. pue. 9). Chepudeckue KaaeugOCKONBI TECHO CBS3AHBI € MPABAILHBIMU
MHOrorpanaukamu (cM. [5)).

MaTemaTu4eckoe npoceewenue, cep. 3, sbin. 7, 2003(45-63)
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Kanengockormsr Ha I0cKOCTH JIOGAMEBCKOTO UCTOIBL30BAINACE €IIIE B KOHIIE
XIX Beka @. Knenrnom u A. [lyankape B UX UCCICIOBAHUAX TI0 TEOPUU ABTO-
MOP(MHBIX (PYHKIIUU KOMILIEKCHOTO mepemeHHoro. B 1958—60 rr. romranackuu
xymoxuuK M. D1iep co3gan HECKOIBKO CBOUX OPUTHHAILHBIX KAPTUH-Y30POB
Ha 6ase >TUX Kaxengockonos (cm. puc. 106).

Kanmengockomsr B mpocTpancTse JIo6a9eBCKOrO cTAmM O6HLEKTOM WHTEH-
CUBHBLIX UCCIETOBAHUN HaUIWHAA C 1965 I'. B CBA3M ¢ HEKOTOPBIMU TPOBIEMAMY
Teopuu rpynm. Ux moaHoe ommucaHue B JIO00W PA3MEPHOCTU €IIe JATEKO OT
3aBepmeHnsA. VIMeeTca yIuBUTENbHBIA PE3yabTaT (MPUHANIEKAIIAN aBTOPY
CTATBU) O TOM, 9TO TpH 1 > 30 B n-MepHOM TpOCTpaHcTBe JI06a<eBCKOrO BO-
obe He cymecTByeT KaaengockonoB. CKopee BCero, 5Ta OMEHKA HE ABIACTCA
TOYHOU, TAK KAK MPUMEPHI U3BECTHHI JUIIL MPHU 1 < 8.

[MoMuMO ye YIOMUHABIIMXCSA TPUWIOKEHUN KAJEHIOCKOIOB B T€OMETPUN
(mpaBUABLHBEIE MHOTOTDAHHWKH), TEOPUM (PYHKIUNA KOMILIEKCHOTO TIEPEMEHHO-
IO ¥ TeOpHWHU T'PYMI, UMEIOTCSA He MeHee BaXXHbIe WX MPUWIOXKEHUs B TEOPUU
quces, Teopun aare6p Jlu, anre6pandeckon reOMeTPUR, TOMOJOTUA U NPYTUX
pa3agenax MaTeMaTUKU.

Caenyer, BOpoOdYeM, CKa3aTh, ITO B CEPHE3HOUM MATEMATUICCKOU JUTE-
paType TEePMUH «KAJEUTOCKOI» He ymoTpebiadercs. BMecTo »TOro roBopAT
«(mmckpeTHas) Tpynna, MOPOXKAEHHAA OTPAKEHUAMUI), WIA MPOCTO «TPYTITIA
OTpaxeHun» (XOTA CPYNIA COCTOUT HE TOABKO U3 oTpaxkenun). CMBICK 5TOr0
TepMuHA OyaeT 0ObACHEH HUXKE.

Bosee moaubie cBeIeHUA 0 IPYNIAX OTPAXEHUN MOXHO HAUTHA B 0030PHON
crarbe 2] u B cTarbe [3] w3 HacTOAWErO0 COOPHUKA.

1. OBUIASI TEOPUSA
1.1. OIHO 3EPKAJIO

YTo MBI BAAWM, DIAAA B 3€PKAI0! 3€PKATLHBIM U300PAXKEHUEM TOIKU
A aBrgerca Touka A', cuMMeTpUYIHAA €l OTHOCUTEILHO ILIOCKOCTH 3E€PKATA.
OTO O3HAYAET, UTO HE3AGUCUMO OM MOUKYU 3PEHis, UCTOIHAK CBETA, TIOME-
IIEHHBIN B TOYKY A, BUIEH B 3epKaje TaK, KaK eCIu
6b1 oH Haxommiaca B Touke A’ (cm. puc. 1, rae uzo-

A 4’ OpaxeHO cedeHMe INIOCKOCTBIO, MePIeH UKy IAPHON
[~~fZ**  mrockocTu 3epkana w MpOXOAAIIeR Uepes TouKy A
> u TouKy 3penus ).

0 IIpeo6pasoBamnue s, KOTOPOE KaXKION TOIKE CTa-

BAT B COOTBETCTBHME TOYKY, CAMMETPUIHYIO €n
OTHOCUTETLHO IOCKOCTH [1, HaszbBAETCA OMpadce-
nuem OTHOCUTETbHO II. OHO ABIAETCA IBUXEHU-
Puc. 1. eM (M30METpmEN) MPOCTPAHCTBA, T.€. COXPAHAET
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paccTosausa Mexay Toukamu. Ecau cunTars naockocTts 11 3epkanom, To Mmup
«3a3€ePKaJIbiy MOTYIAEeTCI W3 PealbHOT0 MUPa, HAXOIAMIETOCA Mepel 3epKa-
JIOM, IPUMEHEHNEM OTPAXKEHUA S U HAOOOPOT.

1.2. [IBA 3EPKAIJIA

PaccmoTpum Temepb, 9TO MOXHO YBUAETH B CHUCTEME M3 ABYX 3epkaua Iy
u Iy, orpanmauBaommx aByrpanasin yroa P. Ilycts s; m s — oTpaxe-
Hua orHOocuTeabHo 117 m Il COOTBeTCTBeHHO ). N3o6paxenumem 3epkaiaa Il
B 3epkage Il aBagerca moaymrockocTs s1llo, a m306paxeHuAMI TOUEK, CUM-
METPAIHBIX OTHOCUTEIBHO Iy — TOYKM, CHMMETPUYIHBIE OTHOCUTEABLHO S11l9.
ITO 03HAYAET, UTO B 3a3€PKAILHOM Mupe (oTHOCUTENbHO 1) momymiockocTs
s11ly ABAgETCA 3EpKAIOM M3006PAKEHNUA OTPAKEHA S9.

Boaee moapobuO, B pe3yabTaTe TBOMHOTO OTPAXKEHUS JIy9a CBETA, CHATAMA
B Iy, a 3arem B 11§, ucTOYHMK CBeTa, MOMEIIEHHBIN B TOUYKY A € P, Bugnut-
¢4 HAM B TOUKe $1S9A, cummerpuanon Touke s1A orHocurenbuo sills (cm.
puc. 2). Becs yron P B pesyapTaTe IBOMHOTO OTPAXKEHWA BUAUTCA HAM KaK

H1 81P 81H2

8182P

siA 5182103

81$2A
818281P

51825111

Puc. 2.

YrOI MEXIy MOMyIIOCKOCTbIO S11ly m moaymmockocTsio s1s9lly, cummeTpud-
wou 1y orHOCUTEnBHO $1115. B pesyabrare Tpounoro orpaxenus yrox P Bu-
OATCSI KAK YTOJ MEX Iy TOJYILIOCKOCTBIO $152111 m moaymnockocThio 515251119,
cummerpuaaon s11ly oTHOCHTENBHO $189111, u T. 1. (Bce momymiockocTu 11y,
Iy, s1Ily, s18oIly, ...umeroT OOmMU Kpal; HA pUC. 2 M300paXEHO CEYCHUE
IIOCKOCTBIO, TIEPIEH IUKYIAPHON DTOMY KPAlo. )

AmanmoruauniM o6pasoM, raaaa B 3epkanao Iy, MBI BUAUM M306pakeHUa
89 P, 8189 P, 898189 P, ...yraa P, mpuMBIKaoyue K HeMy C APYTOM CTOPOHEL.

U,Z[onycxaﬂ BOJBHOCTB P€4YM, MBI I'OBOPEM 00 OTPAXEHUAX OTHOCUTEIBLHO IIOJIYILIOCKO-
cTen, uMes B BUAY OTPAKEHUA OTHOCUTEIHHO COAEPKAIINX UX TI0CKOCTENH.
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Kaxpgas Touka yraa P', nporusononoxuoro P (orpaHm<YeHHOrO PO I0J-
xeruamvu noxymaockocren I1; m Ils), «sugmayr kak B 3epkane I1;, Tak u B
sepkadie Ils. IIpu sToM nmetoTcs cregyiomme n1Be TPUHIATHAILHO PA3HBIE BO3-
MOXHOCTH.

Ecmu mepa o yrna P He aBiageTcsa meiou qacThI0?) T, TO, KaK TOKa3aHO
Ha puc. 3a, mzobpaxenus yria P, Bugasre B 3epkanax [1y u [y, GyayT mepe-
KPBIBATHCA, TAK UTO B OQHOU TOUKe yraa P’ Mbl cMoxeM (mepemernas TOUIKy

3peHus) yBUIETh M300paXKeHnusa pasHbIX Touek yriaa P. Ecau xe « asasercs

II,

(6)
Puc. 3.

[EJION 9aCThI0 7, KAK, HAPUMED, Ha PHUC. 36, TO BTOr0 HE TPOUCXOIUT, T. €.
KapTUHA, KOTOPYIO MBI BUIUM, HE 3G8UCUM OM MOUKY 3PEHUA, KAK eCau Ob
OHa OBbLIA PEATHLHOU, a He CO3MAHHOM MHOTOKPATHBIM OTPAXEHUEM OTHOCH-
TEIBLHO 36PKAJI. ITO U €CTh dPPEKT KAJIEU JOCKOIIA.

ITocreguee 06CTOATEALCTBO MOXET OBITH BHIPAXKEHO B TEPMUHAX YMHOXKE-
Hus npeobpasoBanuil. A mMenno, nycts « = 7/k, rae k € Z, k > 2. Torga
omHVM U3 m3o6paxenun Touku A € P B zepkane II; 6yger Touka

515981... A€ P,
N—_——
k MEOX)UTeden

a OJHMM U3 ee m300paxeHun B 3epkaie [Is — Touka
$98189... A€ P.
——

k MHOXUTeIen

. a
2)Ho,z; LeIOU JAaCTBI0 TMCIA G 3/€Ch NOHUMAEM MCIO BAAA 7, TAe k — maTypaabHOE
TUCJIO.
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HesaBucumocTh HAGMIO [TAEMOU KAPTUHBL OT TOYKU 3PEHUA O3HAMAET, ITO

§189281 ... — 8981892... (1)
N—— N——
k mEOXHMTeTenr  k MHOXUTeIen

C yaeTom Toro, uTo §2 = $% = e (TOXAECTREHHOE TTPEOOPA3OBAHNUE), DABEH-

ctBo (1) paBHOCHIBLHO PABEHCTBY
(s12)" =e, (2)

KOTOPO€, KOHEYHO, BEPHO, TaK KaK $1S2 €CTh MOBOPOT Ha 27 /k BOKpyT pebpa
yria P.

Tax Kak M300paXKeHUuA KaXJOU TOUYKM HE BHIXOAAT 33 MPEIETbl TLIOCKO-
CTH, TEPIEHANKYIAPHON 00IIEeMy KPAio BCEX 3epKaJ, TO OOHAPYKEHHOE HAMU
SABIEHVE TI0 CyIIECTBY AByMepHO. MOXHO roBopuTh 06 OTpa)XeHWM OTHOCH-
TeILHO TPAMOU HA TNIOCKOCTH, W PUC. 3 NEMOHCTPUPYET, 9TO U300PAKEHU,
TIOMY I€HHBIE MHOTOKPATHBIMEA OTPAXEHUAME OTHOCUTEILHO CTOPOH yIia, He
NepeKpPBIBAIOTCA TOrJa W TOABKO TOrAa, KOIJa BEIWYIUMHA (¢ ITOTO YA ABMIA-
eTcA HeIon JacThio 7. Bonee Touno, eciu o = 7 /k, re k > 2 — marypanbHoe
YUCI0, TO BCA TOCKOCTD OKA3BIBAETCA pa3sbuTon HA 2k PABHBIX YIVIOB ¢ OGN
BEPIUINHON, B KaXOM U3 KOTOPBIX MOJYYIAETCA OOHO W300pakeHue BHYTPEH-
HOCTUM HCXOTHOT'O yIiia. B MOJOBWHE M3 3TUX YIVIOB M300DaXKEHUSA ABIAIOTCI
3€pPKaJbHO OOpAIIeHHBIMY, B JPYTOU IOJOBAHE, BKIIOYAIOIIC CAM MCXOTHLIN
yros, — HeoOpallleHHBIMU.

1.3. MHOI'o 3EPKA.I

IIpencraBum cebe Temeps BHIMYKILIM MHOTOYTOMBHAK (MHOTOrpaHHUK) P
C 3epKaabHBIMEM CTeHKamu. HazoBeM ero kasetidockonom, ecam msobpaxe-
HUA er0 BHYTPEHHOCTH, MOMYIAEMbIE MHOTOKPATHBIMEA OTPAKEHUAMEA OTHO-
CUTEJIBLHO er'0 CTEHOK, He MePEeKPLIBAIOTCA WA, MHAYE TOBOPS, €CIN KAPTUHA,
KOTOPYIO BUAUT HAOIIOLATENH, HAXOIAMWACA BHYTpU P, HE 3aBUCAT OT €ro
MoJOXeHuA. V3 mpeabiaymero caeqyeT, uTo I DTOr0 HeOOXOTUMO, ITOOHI
Bce (OBYrpaHHBIE) YIUIBI MHOTOYTOJIBHUKA (MHOTOTpAHHUKA) P OBLIA LEdbI-
MU acTavMu 7. MHOrOyrorbHuKY (MHOTOTDAHHUKH ), 0613 JAI0IIIe TIOCIe THIM
CBOMCTBOM, HA3BIBAIOTCA MHO20Y20abHUKaMU (MHo202pannurany) Koxemepa.
Takum 06pa3oM, BCAKUM IBYMEPHBIN (TPEXMEPHBIN) KAJIEUJOCKOI ABIAETCA
MHOTOYTOMLHUKOM (MHOTOTpanEnKOoM) Kokcrepa.

I[Mpumepom muOTOyroasumka Kokcrepa ABIgeTCS PABHOCTOPOHHUU Tpe-
YrOIBHUK (BCE yTUIBI KOTOpOro pasHbl m/3). Ero sepkaibubie msobpakeHnus
00pa3yoT KapTUHY, MOKa3aHHyI0 Ha puc. 4. IMeHHO Takyio KapTHUHY MBI BU-
OUM, TIAAA B OOBIYHBIN KAJEW JOCKOT.

Jlerko mepevuncanTs Bce MHOrOyroabHuKM KokcTepa (MBI 5TO cueraeM B
n. 2.1) u y6eauThcsa, 9TO KaX bl U3 HUX ABIAETCA KATEUJOCKOTIOM B HAIIEM
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LIVULL|L
c KOS
SlcKS|e
N > LN K A
LIVUL|L
c K|S
UGN Ul

N UIN
VLIV L

Puc. 4.

cmbicie. OpgHako GoJee MHTEPECHO OATh AMPUOPHOE NOKA3ATEIHLCTBO DTOTO
daxTa, IpUTOIHOE U I MHOTOTDAHHUKOB.

IIycts P — wmmoroyroabuuk Koxcrepa, IIi,Ils,...,II, — ero cTopowusr,
$1,82,...,8, — COOTBETCTBYIOIINE OTPaXeHUsA. MHOrOyroJbHUKU BUIA
iy Siy -+ 85 P (B TOM [mcie m cam MHOTOYyroabHUK P) Oygem Ha3bIBATH Ka-
MEP AMU.

BreiscaumM, mzobpaxenue kakou TOUKU A € P MBI yBUIUM B 33JaHHOU
Touke C mwIockocTu, ecau 6ygaeM cMmoTperh w3 Touku O € P. [Isurasce mo
orpe3ky OC, MBI cHaUaTa mepecekaeM Kakylo-To cropony II; xameper P u
monafgaeM B kKamepy P = s;, P, cummerpuunyio P orHOocuTensHO 1I; , 3aTem
mepecekaeM Kakyio-To cTOpoHy s;, II;, »Tou kamepsl u momajgaeM B Kamepy
Py = s, 84, P, cummerpuunyio P orHocuTensHo s;, I1;,, 1 T. 1.; B KOHIIE KOHIIOB
MBI TIOTIAJAEM B Kakylo-TO Kamepy (Q = P, = s;,5i,...5;, P, cogepxamyio
touky C (cm. puc. 5). I[Iycts A € P — Takas To4UKa, 9TO

C= Si1Sip -+ - SilA;

rorga orpe3ok OC (IpoxoauMbii B 06PATHOM HANPABICHUN) ABJIAETCA Pas-
BEPTKOU TPAEKTOPUM Jyda CBeTa, uAaymero m3 A m momagatomero B O mo-
cre orpaxenui B croponax II;,, ..., I;,, II;, (B ykasanHoMm mopsajke). Taxmm
o6pasom, B Touke C MBI BUAUM n300paxenue ToIku A.

Yro Gymer mpomcxoamTh Tpu nepememenuu Todkm 3perma O7 o Tex
mop, moka orpe3ok OC He HATKHETCA HA BEpIIVHY OnHOUW w3 Kamep P, P,
..., P_1, mocaemoBaTenbHOCTDL Kamep Py, P», ..., P, u, TeM caMbIM, TOYKa
A GynyT ocraBaThCa HemsMeHHBIMU. [Ipm mpoxoxgenuu orpeska OC depes
BepumEy D ONHOVN M3 YKA3AHHBIX KAMEDP MBI HA, HEKOTOPOM YYaCTKE HAIIETO
nyta u3 O B C 6ygeM HaKTUIECKN UMETh Ae0 C CUCTEMOU U3 IBYX 3E€PKA
(cm. pumc. 6). Boree Touno, nycts yrox npu sepmmee D pasen 7/k; Torma
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Q = 828381838281P

Puc. 5.

528351535951 = 5951535152851

Puc. 6.

B MOCAENOBATEABHOCTH (i1,%9,...,%;) OyoeT MPUCYTCTBOBATH OTPE3OK BUIA
(iy,,4y...) mmmHBL k, KOTOPBIA TOCTE TPOXOXKJACHUA BEePUIMHBI [ 3aMeHUTCA
HA OTPE3OK (7,4, 7,...) TAKOM ¥Ke JJIMHBLI;, HO TAK KaK

8i8j8j... = 8;j8iSj... ,
k MEOXUTEemen — k MHOXUTeICH
TO IOPOU3BEJNEHUE Sj,S;, ...S;, & 3HAUNT, u Touka A He mamenarca. Takum
obpasom, P — Kaaenockorr.
TovHO Tak e MOXHO HOKa3aTh, UTO NPOM3BELEHUE S;, S, . .. S;, He M3Me-
HAeTCca npu nepeMernennn TOYKu C' BHyTpU KaMephl (). DTO 03HAYAET, UTO

n300paxeHne, BUANMOE BHY TP KaMephI (), MOy IaeTCA U3 BHYTPEHHOCTH Ka-
Mepsl P mpuMenerreM IBUXEHWA S;, Si, - - - Sj;. LakuM 06pa3oM, BCA IIOCKOCTh
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OKAa3BIBAETCA PAa3OUTON HA KAMEPHI, BHYTPU KAXJIOU W3 KOTOPBIX MBI BUIUM
n3006paxeHne BHYTPEHHOCTH KaMmepwl P.

AmamoruvHo MOKA3BIBAETCA, ITO BCAKUU MHOTOTpaHHUK KokcTepa ABJIA-
erca xKajaeugockornoM. (IIpm 5ToM KPpUTHYUECKUMU MOMEHTAMU SBIAOTCA T,
korga orpe3ok OC HaTeIKaeTca Ha pebpo ogron w3 kKamep P, Py, ..., P_1.)

1.4. T'PYyNmIA, TOPOYKAEHHAA OTPAYKEHUAMN

CoBokynHOCTh (G ABUXKEHUU IIOCKOCTHU (MIPOCTPAHCTBA) HA3BIBACTCA
epynnot, ecan

1) mpomssegenme mMOOLIX AByX ABMXKeHWN u3 (G Takxke npuHALIERAT (;
2) mBuxkenume, 06paTHOE MIOOOMY ABUKEHUIO U3 (G, TaKXKe IPUHALIEKUT G|

3) TOXJECTBEHHOE ABUMXKEHWE MpuHALIeXuT G.

[IycTs P — muOrOyroasuuk (MuOrorpanuuk) Kokcrepa u sq, So, ..., Sy —
OTPaXeHUsA OTHOCUTENBHO ero cTopoH (rpamen) IIj, I, ... II,,. OgueBugHo,
9TO COBOKYHHOCTH (G BCEBO3MOXKHBIX IIPOU3BENCHUN Sj Sj, . .. Sj, (HE TOIBKO
MOJY9IE€HHBIX OMUCAHHBIM B TI. 3 CIOCOOOM) ABIACTCA TPYIION; B YaCTHOCTH,

o9 v
0OpaTHEBIC AMEMEHTHL B CAIYy COOTHOWECHUU S; = € 3aJalTca (hopMyIon

(8i1Sin -+ 8i) " = Sij ... SiySiy-

I'pynna G HasbBaeTCA 2pynnot, nopoAHcIennot, OmparceHuiMy OTHOCUTETHHO
CTE€HOK MHOTOYTOMBHUKA (MHOTOrpaHHUKA) P.

IIpoussenenus s;, S, - . . Sj;, HOLydaeMble OMUCAHHBIM B II. 3 cII0cO60M (TT. €.
COOTBETCTBYIOIINE PEATHHBIM TPACKTOPUAM Iydel cBeTa B Kamepe P), Oyxem
HA3LIBATH NPUGEIEHHbIMU.

ﬂ;OKa)KeM, 9TO IPUBEACHHBIMU IIPOU3BECACHUAMM Ha CAMOM OeJae€ MCIECPITbI-
BaeTca BCA rpynma G, T.e. di060€ TPOU3BENEHUE OTPAXKEHUU S1,S9, .- ., Sm
PABHO KAaKOMY-TO MPUBEIEHHOMY .

Paccyxpas mo mHAYKINM, TOCTATOTHO IPOBEPUATD, ITO €CIH S;; Sjy - + - Sj; ——
npuBeJeHHOe IPOU3BeJeHne, TO JIA T00r0 j MPOU3BEJCHUE S; Si, ...S; 5
PaBHO KaKOMY-TO IPUBEIEHHOMY OPOU3BEJCHUIO.

Bymem mis ompemeseHHOCTH TOBOPUTH O NBYMEPHBIX KAaJeHI0CKOMAX;
TPEXMEPHBIN CIYYIAd HUYEM MPUHIATAATLHO HE OTINIAETCA.

3adukcupyem touky O € P um paccmoTrpum kKamepy () = s, Si, ... S, P.
Ilycre H — mpamas, OpoXoJdmad depe3 CTOPOHY S;, Si, . .. S;,11; kKamepsr ().
Bo3MoxHBI 1Ba caydas.

1) Kamepsr P u Q nexat mo pasuble ¢cTOpOHBI OT mpamon H (puc. 7a).
Torga Touka C' € () MoxeT OBITH BHIOPAHA TaK, ITOOBI MPOJOMKEHUE OT-
peska OC mepecekano CTOPOHY S;, Si, - .. S;11;. IIpuBenennoe npoussenenue
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Puc. 7a.

5j18jy - - - 8j;» MOCTPOEHHOE 1O 0TPe3Ky JC ONMCaHHBIM B II. 3 cIOCOG0M, paB-
HO Sj, S84y - - - 84, TAK ITO

(8iySip -+ Siy)Sj = 8§15y - -+ 85,55
Ho oueBmanO, ITO S, S, ...5;5j — ITO IPUBEJEHHOE IIPOU3BEJEHME, COOT-
BercTBylomee orpe3sky OD, rae D — mobas TOYKa, Ha MPOAOIKEHUN OTPE3KA,
OC, nexaiias BHYTPHU KaMephl, CAMMETPUIHOU () oTHOCUTEIHHO H .

2) Kamepor P u Q texat mo ogay cTopony ot npamonn H (puc. 76). Torga
Touka C' € () MoxeT OBITH BEIOPaHa Tak, YT00OLI oTpe3ok OC mepecekan cTo-
POHY S;, S, . .. 5;11;. [IpuBegerHOE mpoOM3BENEHHUE Sj,5), . .. 5j,, COOTBETCTBY-
fomee orpe3ky OC, PaBHO S;, S, ... S;,; IIPA DTOM j; = j, TaK ITO

(841 Sin -+ 8i))8) = Sj1Sjy -+ Sjy_y-

Puc. 76.
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Ho sj,5j,...5j,_, — 9TO IpUBeJeHHOE IPOU3BEIEeHNE, COOTBETCTBYIONEE OT-
pesky OD, rme D — mobas Touka orpeska OC, mexalnas BHYTPU KaMeEpPHI,
cumMeTpudHOu () oTHOCUTENbHO H.

U3 nokasaHHOTO CIEAYeT, B 9aCTHOCTH, ITO COBOKYIHOCTL BCEX M300pa-
®)eHuu ToIKu A € P coBmamaeT ¢ ee opoumoti

GAE {gA:g e G,

TaK ITO BCA KAPTUHA, KOTOPYIO MBI HAGTIOMAEM B HAIIEM KaJeuIOCKOTe, WH-
BapUAHTHA OTHOCUTENLHO rpynnsl G.

1.5. HEEBKJU/IOBBI 1 MHOTOMEPHBIE KAJEW/OCKOIIBI

N3n0oxeHHAas BLHIME TEOPUA B IEUCTBATEILHOCTH HOCUT Gojee OOIIUU Xa-
pPaKTep, TaK KaK OHA He UCIOIb3YeT BCEX MeOMETPUICCKUX CBOUCTB EBKIIU 0~
BOW MJIOCKOCTY WU (TPEXMEPHOT0) MPOCTPAHCTBA. BaXHO MWL TO, ITO TPA-
Mas (IIOCKOCTH) pa3sbUBaeT IOCKOCTH (IPOCTPAHCTBO) HA JBE CBA3HBIE KOM-
MOHEHTHL ¥ CYMIECTBYET OTPAaXKEHUEe OTHOCUTENLHO MPAMOU (IIOCKOCTH) —
IBVKEHWE, OCTABIAIONIEE HA MECTE BCE TOYKM JAHHOU TPAMOU (IIOCKOCTH) U
TepeCcTaBIAIOIIee CBI3HBIE KOMIIOHEHTHI HOMONHeHuA. Bcé 5To0 mmeeT MecTo u
B JIBYX ABOMCTBEHHBLIX APYT APYTY HEEBKJIMIOBBIX M€OMETPHUAX: ChHEPUIECKON
reomerpun u reomerpun Jlobadesckoro. [IpuMeps HEEBKIUIOBLIX KAJEU 10~
CKOTIOB OyIyT IPUWBENEHBI B CAEAYIOIIEM maparpade.

NsnoxeHHas Teopua TPaAKTUIECKA 6€3 M3MEHEHUN MEPEeHOCUTCA U Ha, €B-
KIUIOBBI (M HEEBKIUOBBI) IPOCTPAHCTBA JI0O0M PA3MEPHOCTH, €CIH IO OT-
PaXeHnEeM INOHUMATh OTPAXEHNE OTHOCUTEJIBHO I'MIEPITIOCKOCTH. OrD;Ha,KO B
HACTOAIIEU CTATHE MBI PAIA HATVIATHOCTHA OTPAHUYABAECMCA TPEMA U3MepeHU-
AMM.

2. KIIACCUDUKALIUSA U IPUMEPHI

2.1. [IBYMEPHLIE KAJIEMIOCKOIHBI

Hangem Bce MHOrOyroapaukn Kokcrepa Ha €BKIXJOBOM ILIOCKOCTH. Kak
U3BECTHO, CYMMA, YIVIOB €BKJINA0BA N-yTOJILHUKA PABHA T(Nn—2), TaK ITO CPE/-
Hee apudMETHIECKOe ero yrioB pasHo (1 — %), 9T0 pm N = 4 cocTaBaAET
7/2. Ho Bce yrusr MuOroyroasauka Kokcrepa, kKak ABCTBYeT U3 ONPeIeIeHNs,
He Goabie, 1em /2. [losToMy eUHCTBEHHBIM YeTHIpeXyroasHuKoM Kokcerepa
ABJAAETCS TPAMOYTONBHUK, & MHOTOYTOJbHUKOB KokcTepa ¢ GOIbIIIM 9rCIoM
cTOpOH BOOOmIE He cymecTByeT. [lamee, Tak KakK CyMMa yIVIOB TPEYTOJIbHU-
Ka paBHA T, TO masa Tpeyroabuuka Kokcrepa ¢ yraamu w/k, 7/l, w/m wmbi

moaydaeM AMO(PAaHTOBO YpaBHEHUE

1 1 1
E+7+5_1' (3)



Kamengockonsl v rpynnsl OTPaXeHIN 55

Puc. 8.

C TOYHOCTBIO [0 MEPECTAHOBKHU ducea k, [, m OHO mMeeT CIAeAyIoline TPU pe-
menna: (3,3,3), (2,4,4), (2,3,6). Takum 06pa3zoM, UMEETCA POBHO TPHU Tpe-
yrombauKa KokcTepa: paBHOCTOPOHHUU, PABHOOEIPEHHBIN MPAMOYTOJLHBIN
U IPAMOYTOJIBHBIU ¢ OCTPBIMU yraamu 7/3 u 7/6. Pazbuenus niockoctu, co-
OTBETCTBYIONIAE MOCAETHUM IBYM TPEYTOALHUKAM, M300paXeHbI HA pPHUC. 8.
BMeCTe C IPAMOYTOJNBHUKOM MBI IIOJIYIaE€M 4 TUNIAa ABYMEPDHBIX €BKJINTOBBIX
KaJel [0 CKOIIOB.

AnamorugabiM 06pa3oM MOXHO HAUTHU BCE C(HPEPUIECKUE MHOTOYTOILHU-
ku Kokcrepa. Cymma yrioB cdepudeckoro TPeyroabHUKa, OOMbIie, YeM T
(mpocToe M0KA3aTerLCTBO HTOrO CM., Hampumep, B [1]) u, cregoBaTensHO,
CyMMa yrIOB CHEpUIecKoro n-yroibHuka Goabmie, dem 7(n — 2). Ilosto-
MYy B OTHOIICHUN C(bepﬂ‘leCKI/IX MHOT'OYTI'OTBHUKOB KOKCTepa Halllnl BBIBO-
IOBI O 9UCJIE CTOPOH TOJBKO YCYTyOIAIOTCA, 8 MMEHHO, HE CYIIECTBYeT Cde-
PUYECKUIX MHOTOYTOJBHUKOB KOKCTEpa, OTAMYHBIX OT TpPeyroabHuKa. [l
cdepuaeckoro tpeyromsanka Kokcrepa ypasaerue (3) 3aMeHAETCA HEPABEH-
CTBOM

1 1 1
E+;+E>1, (4)

umenImuM crenyomue pemenna: (2,2, m), (2,3,3), (2,3,4), (2,3,5). Ilepsomy
U3 DTUX pEIIeHud OTBedaeT pasbumenme cdepbl Ha 4m «OUIPAMOYTOMLHBIX)
TPEYTrOJbHUKOB, OCYIIECTBIAEMOE DKBATOPOM U 2171 PABHOOTCTOAIIAMEA APYT
ot apyra Mmepuguanamu. QCTalbHBIE 3 PENIEHUA CBA3AHBI C MPABWILHBIMUI
mMHOrorpanaukamu (cum. [5]). Pasbuenue, orsevarommee pemenuio (2,3, 5), uso-
6paxeHO Ha puc. 9.

Yro kacaercs MHOroyrorbHUKOB KokcTepa Ha mrockocTu JlobateBckoro,
TO UX ropasmo Goabine. Bce, 9T0 He MOXeT OBITH PEATM3OBAHO HA EBKJIM-
JOBOU ILIOCKOCTH WX Ha cdepe, pealu3yeTcs Ha ILIOCKOCTH JIo6ateBcKoro.
A mmeHHO, CyMMa yIUIOB N-yrOJIbHUKA HA TIOCKOCTH JIOGAMEBCKOTO MEHBIIIE,
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Puc. 9.

geM 7(n — 2), U I JOOBIX HATYPAIbHBIX ducer ki, ks, ..., k, > 2, ygosue-
TBOPAIOIINX HEPABEHCTBY
1

+ 4 b <n—2
k1 ko ’

n

HA TWIOCKOCTH JIO6AMEBCKOTO MMEeTCA MHOTOYTOIbHUK KokcTepa ¢ yriamum
mw/ky,w/ka,y. .., 7/kn,

IIpeabigyinee HEPABEHCTBO ABTOMATHUYECKW BBITOJHAETCA mpu 1 > 4, a
rakxe npu n = 4, ecim Tonsko (ky, ko, k3, kq) # (2,2,2,2). llpm n = 3 Mbx
HOTydaeM CIeAylolliee HEePaBeHCTBO AIA TpeyroabHumKa KokcTepa ¢ yriamum
m/k,/l,7/m:

1 1 1

= 5

k l m ( )
Ero pemenuavu asaaiorcea see Tpouku (k, [, m), KpoOMe MepeIrCIeHHBIX BHIIIE
pemenny ypasHenus (3) u HepaseHcTBa (4).

Hampuwmep, #a mrockocTu JIo6a9eBCKOr0 MMeeTCA TPEYyTOMAbHBIN KAJeu 10~
ckon ¢ yraamu 7/2,w/4, /6. CoorBeTcTByIOMEe pasbueHue n300pakKeHO Ha
puc. 10a. IIpu »ToM mcnonb30BaHa Momenb [lyaHkape, B KOTOPOU ILIOCKOCTD
Jlo6ateBckKoro m306paxkaeTcsa B BUAe OTKPBITOTO KPyra, €€ MPAMBIE — B BUIE
IUAMETPOB KPYra U AYT OKPYKHOCTEN, IEPIEH INKYIAPHBIX TPAHUIE KPYTa, &
YTJIBI COBIAMAIOT C €BKANAOBLIMUY. [[py mpubiankennn K rpaHuIle Kpyra eBKIn-
IOBBI Pa3MepPHI TPEYTOTLHUKOB Pa3bUEHna CTPEMATCA K HYJIIO, HO UX Pa3MepPhI
B cMmbIcae reomeTpun JI06aIe€BCKOr0, €CTECTBEHHO, OCTAIOTCA MOCTOIHHBIMM.
Puc. 106 opencrasiaaeT kapTury-y30p M. dmepa «He6eca u agy, OCHOBAHHYIO
Ha DTOM pa3bueHun.
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Puc. 10.

2.2. MoayJasaPHAA rpPynnA KJIEVHA

MoXHO pacCMATPUBATE TAK HAZLIBAEMBIE GCUMNIMOMUUECKUE MHO20Y204b-
HUKY HA TUIOCKOCTHU JI0GAMEBCKOTO, ¥ KOTOPHIX ONHA WIM HECKOJILKO BEPIIUH
ABIAIOTCA OECKOHETHO yaaneHHBIMEU (T.e. B Mogenu [lyaHkape JexaT Ha Tpa-
HUIIE KPyTa). YTUIBI IPW TAKWX BEPIIUHAX CIEAYET CIATATH PABHBIMU HY.JIIO.
AcuMnToTrYecKun MHOTOYTOJLHAK ABIACTCA KAJCHIOCKOIIOM TOTLA M TOMb-
KO TOorga, KOrmga BCE€ €ro yTIJVIbl IIpU O6BI‘IHBIX BEPpHOIMHAX CYTH IIEeJabIe IaCTh 7.
yCJIOBI/Ie CyII€eCTBOBAHUA BBIIVIAAUT TaK XK€, KaK U g O6I)I‘IHI)IX MHOT'OYT'OJIb-
HUKOB.

B wacTHOCTH, HA IOCKOCTH JIOGATIEBCKOTO CYMIECTBYET TPEYTOMLHBIN Ka-
nergockon ¢ yraamu w/2,7/3 m mw/0o. CoorBercrByiomee pasbueHue u3o0-
6paxeno Ha puc. 1la. Ha pumc. 116 To xe paszbueHme MOKa3aHO B MOIe-
au [lyankape B BepXHEU MOJYILIOCKOCTH, KOTOPAA TMOMYIACTCA W3 MOLEIUA B
Kpyre kKoH(MOPMHBIM TpeobpasoBanumeM. Kak B Kpyre, Tak U B BEPXHEU TO-
JYIIOCKOCTHU TPsAMBIE TeoMeTpun JI06a~eBCKOro m300paXkaioTCsa WHTEPBAIA-
MU €BKJIUIOBBIX MPAMBIX W TYyTaMU OKPYXHOCTEH, MEPIEHIUKYIAPHLIX TPa-
aune. (B cryvae BepxHEN MOSYMIOCKOCTH 3TO BEPTUKAMLHBIE TTOSYTPAMBIE I
HOMYOKPYXHOCTH C TMEHTPoM Ha ocu abcmuec.) OTpaxeHus OTHOCUTETHLHO
MPAMBIX, T300PAXKAEMBIX UHTEPBAIAME €BKJIWIOBLIX MPAMBIX, COBIAJTAIOT C
EBKJIUJOBLIMU OTPAKEHUAMHI, & OTPAKEHUA OTHOCUTEILHO MPAMBIX, M300pa-
KAEMBIX JYTaMU OKPYXHOCTEN, — DTO UWHBEPCUU OTHOCUTEIHLHO DTUX OKPY K-
HOCTEN.

Mogenb B BepxHEU MOJIYILIOCKOCTH YAOOHA TeM, 9TO B HEM OYEHb MPOCTO
3aIUCBIBAIOTCA OBUXKEHUA IIJIOCKOCTU JIO63,‘I€BCKOI"O. A MMEHHO, €CJIU BBECTU
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Puc. 11.

KOMILTEKCHY IO KOOPAWHATY 2 = L+1iYy (TakK, 9TO BEPXHAA MOMYILIOCKOCTE Oy1eT
3a1aBATHCA HEPABEHCTBOM Im z > (), TO NBUKEHUS, COXPAHAIONINE OPUEHTA-
1IN0, — 3TO NpeoOpa30BaHUA BUAA

b
az__:d (a,b,c,d € R, ad —bec = 1),
a MBUXKEHUA, MEHAOIINE OPUEHTAINIO, — 3TO MPeo6pa3oBaHUA BUALA
azZ+b
o 1d (a,b,c,d € R, ad —bc = —1).

Yucaa a, b, ¢, d onpegeneHbl ¢ TOYHOCTHIO IO OJHOBPEMEHHOT'O YMHOXEHUSI
Ha —1.
JIerko mpoBepuUTh, YTO YMHOXEHUE JBUXKEHUN COOTBETCTBYET YMHOXEHUIO

a b
MAaTPUIL (c a) (3amerum, 9T0 ad — bc — BTO He YTO MHOE, KAK ONPEIeIn-

o a a b)
Tens MaTpunpt | ).

Onun u3 TPeyrorbHUKOB pas3bueHus, MOKAa3aHHOTO HA puc. 116, 3agaercs
HEPABEHCTBaMU

0<Rez< -, |z] > L

N | =

O603uauum ero depes P. OTpaxeHns OTHOCUTEIBHO €r0 CTOPOH UMEIOT B[

_ _ 1
z2——Z, z—1—2Z z— —.
z
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UM cooTBeTCTBYIOT MaTPUITHI

() () (o) ©

Tak Kak 5TH MATPUIIBI HEJOTACACHHEI (T. €. IMEIOT IEIbIe HIeMEHTHI), TO U BCe
X TPOU3BEAeHUA NeaouncieHubl. Onupasch Ha aaropuTM EBKInma, MOXHO
npoBepuTh (MOMPOOGYUTE BTO CAETATH!), 9TO BCAKAA NENOUUCICHHAA MATPUIA
¢ onpeneauTeneM +1 mpencTaBageTcsa B BUAE mpousBeaeHus Marpui (6).
TaxuMm 06pa3oM, TpyIIIa, MOPOX TeHHAA OTPAXKEHUAMU OTHOCUTEIBHO CTO-

POH TpeyroabHuKa P, — 3T0 Ipymma Bcex IpeoOpa3oBaHUU BUIA
= (abed €R ad—be=1) (7)
7 BUIA
zZ+b
Z;Id (a,b,c,d € R, ad —bc = —1). (8)

[Ipeo6pasosanus suga (7) (T.e. cOXpaHAIOUITE OPUEHTAINIO) OOPA3YIOT B HEU
MOATPYIIY WHAEKCA 2, HABBIBAEMYIO M0Jytapnot epynnoti Kaetina. Ouma me-
XUT B OCHOBE OOMBIION TEOPUU, HAXOMAIIEUCA HA CTHIKE Teopuu (YHKIUU
KOMILIEKCHOT'O TTEPEMEHHOT0, TEOPUYU GUCET M TEOPUU MPEACTABICHUN.

2.3. TPEXMEPHBIE KAJIENIOCKOIIBI

Haxox neane MuOrOorpanHukoB KokcTepa 3aTpymHAETCA TEM, 9TO COOT-
HOIICHWA MEXNOYy ABYI'DAHHBIMU YIVIAMU MHOTOTI'DAHHUKA HE CTOJb IPOCTHI,
KaK COOTHOIIECHUE MEXIy yIJIaMu MHOTOYTOIBHUKA. TeM He MeHee, HEKOTO-
phIe MPOCThIE HEOOXOAUMBIE YCJIOBUA MOXHO YKA3aTh Cpa3y. [Ipu nepecedenun
BBIMYKJIOT0 MHOTOTPAHHUKA, P ¢ MaleHbKOU C(Pepoul C MEHTPOM B KAKOU-TUGO
€ro BepimHe 00Pa3yeTcsa BHIMYKILIN C(PEePUIeCKUN MHOTOYTOILHUK, YL KO-
TOPOT'O PABHBI ABYTPAHHBIM YIVIAM MHOTOTPAHHUKA P TpHM COOTBETCTBYIO-
mux pebpax. [looTomMy, eciu m3 BepuimHBI BHIXOAUT ¢ pebep, TO CyMMa, ABY-
FPAHHBIX YIMIOB TpW >TuX pebpax Gombme, wem ww(q — 2). Orcioma crexyer,
9TO eCaIM BCE ABYTPAHHBIE YIUIBI MHOTOrpaHHUKa P He mpeBocxoaar 7/2 (Ha-
OpUMep, €CIU OH ABIAETCA MHOrorpanHukoM Kokcrepa), TO W3 KaxJou ero
BEPIIVHBI BBIXOJAUT TOIHLKO 3 pebpa, IpUYeM CyMMa, IBYT'DAHHBIX YIVIOB IPU
HUX Goabine m. MHOTOTpAHHWKW, KAXAasd BEPUIMHA KOTOPBIX MPUHAIIEKUT
TOALKO 3 pebpaM (M, 3HAYUT, TOALKO 3 T'PAHAM), HA3BIBAIOTCA MPOCTHIMU.
Tak, TeTpasap u Kyb ABIAIOTCA TPOCTHIMA MHOTOTPAHHUKAMMA, & OKTAIAP —
HET.

YkazaHHBIME IPOCTHIMYA HEPABEHCTBAMMU, OTHAKO, HE MCIEPIBIBAIOTCA CO-
OTHOHIICHUA MEXNMYy ABYI'DAHHBIMU yIVIAMU BBINYKJIOI'O MHOT'OT'DAaHHUKA. Pa,c—
CMOTPHUM MPOCTEUIINI CIydan, Korga P — merpasap (He 006a3aTeqbHO Mpa-
BU/IBHBIN). 3aHYyMepyeM Kak-Tn00 ero IpaHy u O0O3HAYMM 4Uepe3 & j = jj
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YTOJI MEeXY i-0u U j-ou rpanamu. CpeacTBaMu JUHEHHOUN anIreGphl JerKo 10~
Ka3bIBACTCd, ITO 3TU YTVIbBI CBA3aHBI CACAYIOIUM COOTHOIICHUEM:

1 —CcOS(jg —COS(13 — COSQi4
— COS (X719 1 —COSQp3 —COSQia4| 0 9
—Ccosqi3 — COS (93 1 —cosass| (9)
—COS(14 —COSQq — COS(34 1

(OnmpegemuTrent, CTOAIMA B IEBOM 9aCTH PABEHCTBA, €CTh ONpeneanTens [ pa-
Ma EIUHUYHBIX HOPMAJbHBIX BEKTOPOB TI'PaHEN TeTpasapa. Kro paBeHCTBO
HYJIIO BBITEKAET U3 JIUHEUHOU 3aBUCUMOCTU STUX BEKTODPOB.)

3aMeTHuM, 9TO TOYHO TaK XKe MOKA3LIBAETCS, ITO YT &, (3, Y TPEYrOlb-
HUKA CBA3AHBI COOTHOIICHUEM

1 —cosy —cospf
—cosy 1 —cosa| = 0.
—cosfB —cosa 1

OmHAKO TO COOTHONICHWE TPHU yCIOBAW, ITO CyMMa JIOOBIX NBYX U3 yTVIOB
a, (3, 7 MeHbIIEe T, OKa3bIBAETCA PABHOCHILHBIM TOMY, ITO « + 3 + v = T.
(TlonpobGyuTe sT0 mokazars!). Uro kacaerca coorromenus (9), To oHO, K
COXANCHWIO, He TIPUBOJAUTCA K TaKOMY IPOCTOMY BHAIY.

Coorromenne (9) BMECTE ¢ HEPABEHCTBAMMA

1o+ o3 Qg > T
Qo] + Qo3 +Qigg > T
3]+ 32 +Q3q > T
g1+ oo+ a3 >

ABIAETCSA HEOOXOAUMBIM U MTOCTATOYHBIM YCJIOBHEM /IS TOTO, ITOOBI B €B-
KINJOBOM IPOCTPAHCTBE CYIECTBOBAT TeTPAa’Ap C ABYTPAHHBLIME yTIAMHA (Vjj.
[Moab3ysack >TUM, MOXHO HAUTH BCe TeTpasapbl KokcTepa B eBKIMIOBOM TIPO-
crpancTee. Ux okaswiBaercsa Tpu. OHu u3006paxeHs! Ha puc. 12, rae IpuHATO
CIemyIoliee COTMAIIeHNe: NBYTPAHHBIE YIUILI IIPU HEMOMEIEeHHBIX pebpax paB-
HBL 77/2, a mpu pebpax, mepedepKHy THIX OJHON WX AByMs depraMu, — 7/3 u
7 /4 coorBercTBeHHO. HeTpyaHO 3aMeTUTH, UTO EPBHIM U3 TETPAdAPOB ILIOC-
KOCTBIO CUMMETDUU Pa3pe3aeTcsa Ha ABa TeTPadapa, MOAOOHLBIE BTOPOMY, U
TaK Xe TPETUU TETPA3AP MOIYyIAETCA U3 BTOPOTO.

Kpowme 5Tux Tpex KamengoCKOIOB, B €BKJINOBOM IIPOCTPAHCTBE UMEETCA
eIle TOJBKO YETHIPE KaJeUJOCKOMA, KOTOPHIE B OMPENENIEHHOM CMBICIE CBO-
OATCA K IBYMEPHBIM. OTO MPAMBIE MPU3MbI, B OCHOBAHUU KOTOPHIX JEXKUT
IBYMEDHBIN KAJEHI0CKOIL.

'pynner oTpaxeHUU B €BKAUIOBOM TPOCTPAHCTBE — >TO 7 u3 219 Tak
HA3BIBAEMBIX KPUCMAAL02PAPUUECKUT 2pYnn, OMUCHIBAIOIIAX BO3MOXHbBIE THU-
MBI CAMMETPUU KPUACTALIXIECKUX CTPYKTYp. Hampumep, rpynma cumMmerpun
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KPUCTAJUITIECKON CTPYKTYPHI IOBAPEHHOU COJM €CTH T'PYIINa, TOPOX AeHHAA
OTPaXEHUAMU OTHOCUTETHLHO T'PAHEN BTOPOTO U3 TETPAIAPOB, M300paKeH-
werx Ha puc. 12. IlomecTwB aTOMBI HATPUSI W XJIOPA B YKA3AHHBIX BEPIIU-
HAX DTOTO TETPadApa, MBI YBUAUM B HAIIEM KAJEUTOCKONE KPUCTALIAYIE-
CKYI0 CTPYKTYPY TOBAPEHHOU COMU. AHAJIOIMYHO, MOMECTUB B YKA3AHHBIX
IBYX BEPIIMHAX MEPBOTO TETPadApa aTOMBI yIWIEPOAA, MBI YBUANM KPUCTAJI-
AWYECKYI0 CTPYKTYpPY aaMasa (HO ee Ipylnma CUMMETPHUM HECKOIBKO GOMb-
e, ¥eM CPYINna, MOPOXIeHHAS OTPAXKEHUAMA OTHOCATEILHO TPAHEN 3TOTO
TeTpasapa).

HeTpyauo maiTu Takxe BCe MHOTOTPaHHUKU KOKCTEpa HA TPEXMEPHOU
cdepe. Bece onn saBasioTcs TeTpadapaMu (CM. NOKa3aTelbCTBO 3TOrO B [5)).
Pasenctso (9) 3aMeHAETCA B HTOM CIydae HEPABEHCTBOM «GOMBIIE) MMOLO0GHO
TOMY, KaK TpHU Tepexojie OT eBKIUIOBOU ILUIOCKOCTU K cdhepe CyMMa yIIoB
TPEYTOJIbHUKA CTAaHOBUTCA 6OJIBHIe .

B mpocTpancTse Jlo6adeBckoro paBeHCTBO (9) 3aMEHACTCA HEPABEHCTBOM
«menbiiey. Hetpyauo mautu Bce Terpasapst Kokcrepa B mpocTpaucTse Jloba-
1eBckOr0. OHAKO B BTOM CIyYae OHU COCTABIAIOT JUIIbL HAYTOXHYIO IACTh
Bcex MHOrorpaHHUKOB Koxkcrepa. [lomo6HO TOMYy, Kak Ha mmockoctu Jloba-
9EBCKOI'0 CYIIECTBYIOT MHOTOyTrOMbHUKY KOKCTEpa CO CKOIb YyTroMHO GOMBIIAM
YUCIOM CTOPOH, B TPOCTPAHCTBE JIO6AIEBCKOTO CYIIECTBYIOT MHOTOTDAHHUKY
Koxkcrepa ¢o ckoab yroguo GoasimM ducaoM rpaner. Ho, B oTandme 0T MHO-
TOYTOJIBbHUKOB, OHA MOT'YT UMETH BE€CbMa CJI0XHOE KOM6I/IHa.TOpHoe CTpo€eHue.
HOSTOMy TOJAYYIUTH UX IIOMTHOE ONMUCAHUE HEIIPOCTO.

B Tou cremenn, B Kakou 3TO BOOOIIE MPEACTABIACTCA BO3MOXHBIM, DTO
owL10 caenano E. M. Augpeessim B 1970 r. On gokasan o0uiyio Teopemy, OT-
HOCAIILYIOCA HE TOJLKO K MHOTOTpaHHUKaM KokcTepa, HO M KO BCEM BBIMYK-
JIBIM MHOT'OI'DAHHUKAM, ABYyTPAHHBIE YUl KOTOPHIX He IpeBocxoaat 7/2. Ta-
K€ MHOTOTDAHHUKY HA3BIBAIOTCA 0CMPOY204bHbiMml (XOTA OHU MOT'YT UMETH
U mpsAMbIe AByrpaHHbIE yribl). Kak Mbl goKasanu Beime ([0KA3aTEILCTBO HE
U3MEHAETCA B CIy4dae IPOCTPAHCTBA JI06AIEBCKOr0), BCAKUN OCTPOYTOMBHBIN
MHOT'OTPDaHHUK ABJAACTCA IIPOCTHIM.

<

Puc. 12.
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Teopema AmgpeeBa naeT HEOOXOAUMBIE W AOCTATOYHBIE YCJAOBUA CYIIE-
CTBOBaHWS B MpocTpaHcTBe JIo6aIeBCKOro OCTPOYTOIBLHOIO IPOCTOI0 MHOT'O-
T'PAHHUKA, 33JaHHOTO0 KOMOWHATOPHOT'O CTPOEHU, OTINIHOTO OT TETPAdIPa,
C 33JAHHBIMU ABYTPAHHBIMU YTJIAMU. JTHU YCJIOBUS CYTh CJIEIYIOIIAE:

1) ecim xkaxme-Tu6O TPU IPAHU CXOAATCA B OMHOU BEPUIMHE, TO CyMMa yTJIOB
MexX Iy HuME Gobiie T (He0OXOAMMOCTE DTOrO yCAOBUA OBLIA TOKA3AHA
BHIIIE);

2) ecau kakme-muGO TPU TPAHU MOMAPHO CMEXHBI, HO HE CXOAATCA B OJHON
BepIINHE, TO CYMMAa YIVIOB MeXAy HUMU MEHbIIE T;

3) ecau kaxkme-TuGO I€THIPE IPAHU CMEXHBI (II0 KPYT'Y» (Kak GOKOBHIE T'Da-
HU 9eTHIPEXYTOJIbHOU IIPU3MEI), TO HE BCE YIUIbI MEX [y HUMU PABHBI T /2;

4) ecau MHOTOIDAHHWK ABIAECTCA TPEYTOALHOU MPU3MOM, TO HE BCE YIUIBL,
00pa3yeMble OCHOBAHUAME C GOKOBBIMU TDAHAMMY, DABHBL /2.

Teopema AHapeeBa B HEKOTOPOM CMBICIE AHAJOTMYHA 3HAMEHUTON TEope-
Me A. [I. AnekcaaapoBa O CyIIeCTBOBAHUM €BKIUI0BA MHOI'OTPAHHUKA C NAH-
HOU pasBepTKou. OMHAKO e TOTHOrO AHAJIOTA B eBKIUJOBOU T'€OMETPUN HET
(n e MOXeET OBITEH). DTO OfHA W3 crenuduIecKkux Teopem reomerpun Jloba-
9YEBCKOT'0, MOAO0OHO MPU3HAKY PABEHCTBA TPEYTOJLHUKOB MO TPEM YIVIAM.

(a) (6)
Puc. 13.

C momompbio TeopeMbl AHIpeeBa HETPYIHO, HATIPUMED, MOKA3ATH CYIIE-
CTBOBaHUE B IPDOCTPAHCTBE JIO6a.‘IeBCKOFO (MIPAMOYTOJBHBIX» MHOT'OI'DAHHU-
KOB (T. €. MHOTOTPDAHHUKOB, BCE BYT'DAHHLIE YIUIBI KOTOPLIX MPAMBIE) CO CKOJb
YyTOAHO GOJBIIIM YUCIOM rpaHer. Hampumep, 13 5TOl TEOPEMBI CIAYET CyIie-
CTBOBAaHME TPAMOYTOILHOTO A0oAeKasaApa (cm. puc. 13a). 3amenuB gBE IPOTH-
BOIIOJIOXKHBIE T'DAaHU OOOEKASOPaA T -YyTOIBHUKAMU U COOTBETCTBEHHO M3MEHUB
YUCIO TMPUMBIKAOMAX K HAM MATAYTOABHBIX TPAaHEer, MBI moxyIuM (2n + 2)-
rpanauk (cM. puc 136, e uzo6paxen cayaan n = 7). [lo reopeme Argpeena
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B mpocTpaHcTse JI06adeBCKOro CyIIeCTBYeT IPAMOYTOMLHLIM MHOTOTDAHHIK
TaKOT0 KOMOWMHATOPHOT'O CTPOEHUS Ipu J1060M 1 > 5.

Hauunas ¢ xonnma XIX Beka, rpynmel oTpaXeHuu B mpocTpauncTse JloOa-
9EeBCKOr'0 MMPUMEHAINCH K apudMETHKe KBAAPATHIHBIX (POPM, a B MOCIEIHIE
20 JeT OHU TOMYYWIU TTPUMEHEHUE B TPEXMEPHOU TOMOJOTUH.
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