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MeTtpudeckue IpOCTPAHCTBA U HEMPEPHIBHBIE OTOOPaXKeHUS

Mempuxot (Pynxyuets paccmoanus) na mmoocecmee X naswsaemces dynryus p : X x X — R,
YO0BAENEOPAIOWAA MPEM CEOTICTNEAM:

(1) p(z,y) = p(y,x) > 0 dasa scex z,y € X;

(2) pasencmeo p(x,y) = 0 docmueaemces, ecau u MOALKO, €CAU T = Y;

(3) ewinoaneno nepasencmeo mpeyeosvrura p(x,z) < p(x,y) + p(y, 2).
Qucao p(x,y) HA3DE6AEMCA PACCMOAHUEM MENACOY MOUKAMU T U Y.

1. TIpocrparncrteo R™ mo ompenesennio COCTOUT W3 YHOPSIOUEHHBIX HAOOPOB M HeHCTBUTENIHHDBIX
qncen & = (T1,...,T,) € R™.

(a) TIposepbre, uro dyukms p1(x,y) = maxi<i<n(|z; — yi|) sBasiercs merpukoit 8 R™. Kak BbI-
DJISIIAT MIaphl B 9TOH MeTpuKe?

(6) IIposepsre, uro dyukuus po(x,y) = /> 1y (Ti — yi)? Taxxe asngercs Merpukoii 8 R™.

() Hoxaxkure nosroTy Merpudeckux mpocrpancts (R™, p1) u (R™, p2). Jokaxkure, 9T0 MHOKECTBO
B (R", p1) nim (R™, p2) KOMIAKTHO TOI/Ia U TOJLKO TOT/A, KOIJA OHO 3aMKHYTO M OIDAHUYEHO.

2. Bepno jm, 9To gasa aroboi MeTpukn p byHKINd

p(x,y)

p(r,y) = T+ pe.y)

CHOBA SIBJISIETCS METPUKOMT

3. lokaxkure, uro menpepbisHag Gyuknus f : X — R wa merpuueckom kommnaxre (X, p) mocturaer
CBOET0 MAKCUMAJIBHOTO U MUHUMAJIbHOTO 3HAYEHUIA.

4. B merpuyeckoM TPOCTPAHCTBE IMIap OO/BIIEr0 PaguyCca MOYXKET CTPOTIO COJEPKATHLCI B MIape
MeHbirero pajuyca. Ilpusegure npumep.

5% Ilpusejure TpuMep HOJHOTO METPUUECKOTO HPOCTPAHCTBA U HOCIE0BATEBHOCTH BJIOKEHHBIX
3aMKHYTBIX ITAPOB B 3TOM MPOCTPAHCTRE, MEPECETEHNE KOTOPHIX MyCTO. (3aMeTnM, 410, eCam PanyChl
[IAPOB CTPEMATCS K HYJII0, TO TaKasl [MOCJEI0BATEIbHOCTb BJIOXKEHHBIX ITAPOB 00si3aHa MMETH OBy
TOYKY. )

Omobpasicenue f: X — X Ha3616a€MCA COHCUMAGIOWUM, €CAL cyuecmeyem maxoe yucao 0 < q¢ < 1,
wmo oas A0bux x,y € X 66inoineno

p(f(x), f(y) < gp(z,y).

6. JlokazkuTe, 9TO CKEUMAIOIIEE 0TOOPAKEHNE TTOJTHOTO METPUIECKOTO MPOCTPAHCTBA HETPEPBIBHO
U WMeeT POBHO OJIHY HEMOJBUKHYIO TOUKY.

7. Tlpuseaure npumep orobpaxenusi f : R — R 6e3 HenojBu»KHBIX TOYEK, Takoro, 4rto |f(z) —
()| < |z — y| mua mobeix x # y.

8. Hokaxure, aTo, eciu Kakasi-To ureparust f° orobpazkerus f moysHOTO mpocTtparcTBa, X B cebs
SIBJISIETCST CAKUMATOTIEH, TO f MMeeT HeMOABUKHYIO TOUKY. MoKeT n TpH 9TUX YCJOBUIX OTOOParKeHne
f UMETh HEeCKOJILKO HeIIOABUZKHLIX TOYCK.

9. Ilycre X — KOMITAKTHOE MeTpuyeckoe mnpoctpancTso, a F' : X — X — orobpaxkeHue, Takoe,
aro p(F(x), F(y)) < p(x,y) mna moboit naper pasmuasabix Touek x,y € X. Jokaxure, uro F mveer
eTMHCTBEHHYIO HEMOIBUKHYIO TOUKY.

10*. MMycrs 1 < A <3 u f(x) = Az(1 — x). Jokaxkure, 4ro js Besikoilt rouku = € (0, 1) nocueno-
BaTeIBHOCTE f°"(X) CXOAUTCS K HEIOBUAKHOIN TOUKe oTOOpaxKeHus f.



