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Ëèñòîê 5.

Çàäà÷à 1. Íàéäèòå çíà÷åíèå ôîðìû (3dy ∧ dz − 5dz ∧ dx)(ξ, η) íà âåêòîðàõ

ξ = (3, 4, 5), η = (1, 0, 1).

Çàäà÷à 2. Ïóñòü (P,Q,R)� ãëàäêîå âåêòîðíîå ïîëå íà R3. Âû÷èñëèòå

d(Pdx+Qdy +Rdz), d(Pdy ∧ dz +Qdz ∧ dx+Rdx ∧ dy).

Çàäà÷à 3. Íà R3 çàäàíà ôîðìà ω = dx∧dy+dy∧dz+dz∧dx. Íàéäèòå êàêóþ-íèáóäü
ôîðìó α, äëÿ êîòîðîé ω = dα.

Çàäà÷à 4. Ïóñòü v, u � ãëàäêèå âåêòîðíûå ïîëÿ è ω � äèôôåðåíöèàëüíàÿ 1 ôîðìà.

Äîêàæèòå ðàâåíñòâî:

dω(v, u) = v(ω(u))− u(ω(v))− ω([v, u]).

Çàäà÷à 5. Íà ìíîãîîáðàçèè GLn(R) íàéäèòå òàêóþ îòëè÷íóþ îò íóëÿ äèôôå-

ðåíöèàëüíóþ ôîðìó ω ñòåïåíè 1, ÷òî äëÿ âñÿêîãî îòîáðàæåíèÿ âèäà f(X) = AX,

ãäå X,A ∈ GLn(R), âûïîëíåíî ðàâåíñòâî f ∗ω = ω.

Çàäà÷à 6. Ïóñòü ôàçîâûé ïîòîê gt ïîðîæäåí âåêòîðíûì ïîëåì Hy∂x − Hx∂y íà

ïëîñêîñòè. Äîêàæèòå, ÷òî g∗t (dx ∧ dy) = dx ∧ dy.
Çàäà÷à 7. Ïóñòü gt � ñåìåéñòâî ãëàäêèõ îòîáðàæåíèé ìíîãîîáðàçèÿ M â ìíîãîîá-

ðàçèå N , ïðè÷åì gt(z) ãëàäêî çàâèñèò îò (t, z), d
dt
gt(z) = X(t, gt(z)) ∈ TNgt(z) è ω �

äèôôåðåíöèàëüíàÿ k ôîðìà. Äîêàæèòå, ÷òî

∂

∂t
g∗tω = d(g∗t (iXω)) + g∗t (iXdω),

ãäå iXω(ξ1, . . . , ξk−1) = ω(X, ξ1, . . . , ξk−1).

Çàäà÷à 8. (Ëåììà Ïóàíêàðå) Èñïîëüçóÿ ïðåäûäóùóþ çàäà÷ó äîêàæèòå, ÷òî íà

ñòÿãèâàåìîì ìíîãîîáðàçèè (M � ñòÿãèâàåìîå ìíîãîîáðàçèå, åñëè ñóùåñòâóåò ãëàäêîå

îòîáðàæåíèå g : M × [0, 1] → M òàêîå, ÷òî g(x, 1) = x è g(x, 0) = x0 äëÿ íåêîòîðîãî

x0 ∈M) âñÿêàÿ çàìêíóòàÿ ôîðìà ω (ò.å. dω = 0) ÿâëÿåòñÿ òî÷íîé, ò.å. ω = dα.

Çàäà÷à 9. Ïóñòü ω � äèôôåðåíöèàëüíàÿ k-ôîðìà íà Rn è ξ1, . . . , ξk+1 � âåêòîðà,

îòëîæåííûå îò òî÷êè x. Îáîçíà÷èì ÷åðåç Πε = Π(εξ1, . . . , εξk+1) ïàðàëëåëåïèïåä,

íàòÿíóòûé íà âåêòîðà εξ1, . . . , εξk+1. Äîêàæèòå, ÷òî

dω(ξ1, . . . , ξk+1) = lim
ε→0+

1

εk+1

∫
∂Πε

ω.

Çàäà÷à 10. Ïóñòü

ω =
xdy ∧ dz + ydz ∧ dx+ zdx ∧ dy

(x2 + y2 + z2)3/2
.

(a) Äîêàæèòå, ÷òî ω� çàìêíóòàÿ ôîðìà â R3 \ {0}.
(b) Âû÷èñëèòå ∫

S2

ω, S2 = {(x, y, z) : x2 + y2 + z2 = 1},

(c) Ïóñòü Q � âûïóêëàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé â R3. Íàéäèòå∫
∂Q

ω.
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