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Ã.Á. Øàáàò,

Òåòà-ôóíêöèè è ðåø¼òêè

Ê ëåêöèÿ 5 (11 îêòÿáðÿ 2024) � ïðåäâàðèòåëüíûé ïëàí

Ìîäóëÿðíûå ôîðìû, òåòà-ôóíêöèè è ðåø¼òêè.
Â îñíîâíîì ïî [Ñåðð1972]

Ìîäóëÿðíûå ôîðìû.
Îñíîâíîå îïðåäåëåíèå (ñì. [Ñåðð1972], ñòð. 132). Ìîäóëÿðíàÿ ôîðìû âåñà

2k � ýòî òàêàÿ ãîëîìîðôíàÿ ôóíêöèÿ F ∈ O(LAT +), ÷òî ∀m ∈ C×

F (mΛ) ≡ F (Λ)

m2k

Óæå èçâåñòíûå ïðèìåðû: ðÿäû Ýéçåíøòåéíà Gk ïðè k ∈ N≥2.

Àëüòåðíàòèâíîå îïðåäåëåíèå (ibid, ñòð. 128), çäåñü f ∈ O(H), óäîâëåòâî-
ðÿþùåå

f

(
aτ + b

cτ + d

)
≡ (cτ + d)2kf(τ)

äëÿ ëþáûõ a, b, c, d ∈ Z, óäîâëåòâîðÿþùèõ ad − bc = 1. Ýòî îïðåäåëåíèå îïðå-
äåëåíèå õóæå îñíîâíîãî.

Ðàáî÷åå îïðåäåëåíèå (ibid, ñòð. 129). Ñ ó÷¼òîì îáðàçóþùèõ ãðóïïû PSL2(Z)
ïîñëåäíåå ñîîòíîøåíèå ðàâíîñèëüíî

f(τ + 1) ≡ f(τ)

f

(
−1

τ

)
≡ τ2kf(τ).

Ðàçëîæåíèå â ðÿäû Ôóðüå. Ââîäèì q := eπiτ è ñ ó÷¼òîì f(τ + 1) ≡ f(τ)

ðàçëàãàåì ëþáóþ ìîäóëÿðíóþ ôîðìó â ðÿä Ôóðüå:

f =
∑
n∈Z

anq
2n

Â çàâèñèìîñòè îò îãðàíè÷åíèé íà èíäåêñû ñóììèðîâàíèÿ ðàçëè÷àþò ôîðìû
n ∈ Z � ñëàáî ìîäóëÿðíûå (íå âñòðåòÿòñÿ),

n >> −∞ � ìåðîìîðôíûå,
n ∈ N � ãîëîìîðôíûå,
n ∈ N>0 � ïàðàáîëè÷åñêèå.

Èç ðÿäîâ Ýéçåíøòåéíà Gk èçãîòîâëÿþòñÿ äàëüíåéøèå ïðèìåðû.

Îñîáî âàæíûé ïðèìåð. Â äàëüíåéøåì óâèäèì, ÷òî

q2n
∞∏
n=1

(1− q2n)24 = q2 − 24q4 + 252q6 − 1472q8 . . .

� (åäèíñòâåííàÿ ñ òî÷íîñòüþ äî ïðîïîðöèîíàëüíîñòè) ïàðàáîëè÷åñêàÿ ôîðìà
âåñà 12.
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Îíà ïðîïîðöèîíàëüíà

∆ := g2
3 − 27g3

2 =ßêîáè (2π)12q2n
∞∏
n=1

(1− q2n)24 = discrim(4X3−g2X−g3, X).

Îòñòóïëåíèå î particio numerorum. Ýéëåð ââ¼ë äëÿ n ∈ N>0

p(n) :=

∞∑
`=1

#
{

(x1, . . . , x`) ∈ N`>0

∣∣x1 + · · ·+ x` = n, x1 ≥ · · · ≥ x`
}
,

ïîëîæèë

p(0) := 1

è äîêàçàë

Ý(Q) :=

n∑
n=0

p(n)Qn =
1∏∞

m=1

(
1−Qm

) .
Îêàçàëîñü, ÷òî ïðîèçâåäåíèå1

Ψ01(Z|Q) :=

∞∏
m=1

(
1−QmZ)

(
1−Qm−1Z−1

))
ðàçëàãàåòñÿ â ñóììó

Ψ01(Z|Q) =

∑
n∈ZQ

n(n+1)
2 Zn∏∞

m=1(1−Qm)
,

è ïîòîìó "ïî÷òè-"òåòà-ôóíêöèÿ

Φ01(Z|q) := Ψ01(Z|q2)

óäîâëåòâîðÿåò ðàâåíñòâó

Φ01(Z|q) :=
∞∏
m=1

(
1− q2mZ)

(
1− q2m−2Z−1

))
=

∑
n∈Z q

n(n+1)Zn∏∞
m=1(1− q2m)

.

Òåïåðü ìîæíî ââåñòè îäíó èç òåòà-ôóíêöèé ñ õàðàêòåðèñòèêàìè

Θ01(Z|q) :=
∑
n∈Z

qn(n+1)Zn

è ðàçëîæèòü å¼ â ïðîèçâåäåíèå

Θ01(Z|q) =

∞∏
m=1

(1− q2m)

∞∏
m=1

(
1− q2mZ)

(
1− q2m−2Z−1

))
.

Ýòî ðàçëîæåíèå ïîñëå ïåðåèìåíîâàíèÿ

Θ11(Z|q) := Θ(Z|q) =
∑
n∈Z

qn
2

Zn

1Åãî ìîæíî ïîíèìàòü êàê ôîðìàëüíîå â Q[Z,Z−1][[Q]] èëè êàê ñõîäÿùååñÿ ïðè îïðåäå-
ë¼ííûõ Q,Z ∈ C.
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õîðîøî âîñïðèíèìàåòñÿ âìåñòå ñ òðîéíûì òîæäåñòâîì ßêîáè

Θ11(Z|q) =
∑
n∈Z

qn
2

Zn =

∞∏
m=1

(
1− q2m

) ∞∏
m=1

((
1 + q2m−1Z

) (
1 + q2m−1Z−1

))

Â àääèòèâíûõ ïåðåìåííûõ äâå (èç ÷åòûð¼õ!) ââåä¼ííûå òåòà-ôóíêöèè ñ õàðàê-
òåðèñòèêàìè ñâÿçàíû ìåæäó ñîáîé ñîîòíîøåíèåì

θ01(z|τ) = θ11

(
z +

1

2

∣∣∣τ) .

Àëãåáðà ìîäóëÿðíûõ ôîðì. Ibid, còð. 140. Ââåä¼ì ïðîñòðàíñòâà

Mk := {ìîäóëÿðíûå ôîðìû âåñà 2k},
M0
k := {ïàðàáîëè÷åñêèå ôîðìû âåñà 2k}.

Íóëè è ïîëþñû. Ibid, còð. 136 è 137: äëÿ f ∈ Mk \ {0} ïðè ñîîòâåòñòâóþùèõ
îãðàíè÷åíèÿõ

v∞(f) +
∑

P∈ H
PSL2(Z)

1

eP (f)
=
k

6
,

èëè, èíà÷å,

v∞(f) +
1

2
vi(f) +

1

3
vρ(f) +

∑
P∈ H

PSL2(Z)
\{i,ρ}

1

eP (f)
=
k

6
,

Ïðîâåðÿåòñÿ êîíòóðíûì èíòåãðèðîâàíèåì.

Ñòðóêòóðà Mk è M0
k. Ibid, còð. 140, òåîðåìà 4:

[k < 0 èëè k = 1] =⇒ [Mk = {0}];
[k ∈ {0, 2, 3, 4, 5}] =⇒ [Mk = 〈1〉, 〈G2,3,4,5],M0

k = {0}.
Óìíîæåíèå íà ∆ îïðåäåëÿåò èçîìîðôèçì

·∆ : Mk−6
'−→ M0

k.

Ñëåäñòâèå 1. Ïðè k ≥ 0

dimMk =


⌊
k

6

⌋
, åñëè k ≡ 1 mod 6,⌊

k

6

⌋
+ 1, åñëè k 6≡ 1 mod 6.

Ñëåäñòâèå 2. Mk = 〈Gα
2 Gβ

3 | α, β ∈ N, 2α+ 3β = k〉.

Ìîäóëÿðíûé j-èíâàðèàíò. Ibid, ñòð. 142:

j := 1728
g3
2

∆
= 123

g3
2

g23 − 27g32

Ibid, ñòð. 144:

j =
1

q2
+ 744 + 196884q2 + 21493760q4 + . . .
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(Íå èç Ñåððà). Êîýôôèöèåíòû ýòîãî ðàçëîæåíèÿ ïîðàçèòåëüíûì îáðàçîì ñâÿ-
çàíû ñ ðàçìåðíîñòÿìè íåðèâîäèìûõ ïðåäñòàâëåíèé ÌÎÍÑÒÐà, íàèáîëüøåé
èç 26 ñïîðàäè÷åñêèõ ïðîñòûõ ãðóïï.

Äðóãèå ðàçëîæåíèÿ â ðÿäû. Ibid, còð. 140:

x

ex − 1
=: 1− x

2
−
∞∑
k=1

(−1)kBk
x2k

(2k)!

Âàæíî: ζ(2k) = 22k−1

(2k)!
Bkπ

2k
.

Ibid, còð. 146:

Gk(τ) = 2ζ(2k) + 2
(2πi)2k

(2k − 1)!

∞∑
n=1

σ2k−1(n)q2n ,

ãäå σj(n) :=
∑
d|n d

j .

Íîðìèðîâàííûå ðÿäû Ýéçåíøòåéíà. Ibid, còð. 147:

Ek(τ) :=
Gk(τ)

2ζ(2k)

Ïåðåðàçëîæåíèå

Ek(τ) ∈ 1 + Q
∞∑
n=1

σ2k−1(n)q2n

Ïðèìåðû.

E2(τ) = 1 + 240

∞∑
n=1

σ3(n)q2n

E3(τ) = 1− 504

∞∑
n=1

σ5(n)q2n

E4(τ) = 1− 264

∞∑
n=1

σ7(n)q2n

E5(τ) = 1 + 480

∞∑
n=1

σ9(n)q2n

E6(τ) = 1 +
65520

691

∞∑
n=1

σ11(n)q2n

E7(τ) = 1− 24

∞∑
n=1

σ13(n)q2n

Ibid, còð. 48: ïîðàçèòåëüíûå ïðèìåíåíèÿ.
Èç

E2
2 = E4,

E2E3 = E5
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âûòåêàþò ñîîòíîøåíèÿ, êîòîðûå èíà÷å ñîâåðøåííî íåïîíÿòíî (ëåêòîðó, ÃÁØ)
êàê óñòàíàâëèâàòü è äîêàçûâàòü:

σ7(n) = σ3(n) + 120

n−1∑
m=1

σ3(m)σ5(m− n),

11σ9(n) = 21σ5(n)− 10σ3(n) + 5040

n−1∑
m=1

σ3(m)σ3(m− n).

Ñïèñîê ëèòåðàòóðû

[Ñåðð1972] Æ.-Ï. Ñåðð, Êóðñ àðèôìåòèêè. Ì., �Ìèð�, 1972.


