ŊĚĞĂĆĹŚĹŇŻĽ ŇŐŚŁŐĆŚŁĹĽ ŞŊĹĆĚŘŚĹŠĚŠ ŇĂŠĚŇĂŠĹŮĚŚŁĹĽ ŁŐŃŃĚĎĘ

Łőňŕńěłśŋżľ Ăŋăńĺğ. Śěňĺŋăřż.

3-ĺľ śěňěśšř, 2-őľ łşřś, 1997/1998 şůěąŋżľ čőď. Ńěłšőř Ąěńőÿăŕłă Ć.Ł. Łşńăłőć Ă.Č., Ŋěňĺřőćśłĺľ Ś.đ.

Śěňĺŋăř 1. 08.09.1997

C [Ěćč] Čń. I, [ĆŃĂ] Čń. I

Ğăďăůă 1. Ŕřőćěřĺšĳ, ůšő ňăšřĺűă ŕőćőřőšă, śőőšćěšśšćş¿źă£ şňŋőęěŋĺ¿ łőňŕńěłśŋżţ ůĺśěń ŋă (a + ib), ĺňěěěš ćĺď ( a −b b a ) . Ğăďăůă 2. Ďőłăęĺšě, ůšő C ă) ŕőńě;

ą) łćăďřăšĺůŋőě řăśÿĺřěŋĺě ŕőń£ R; ć) ăńčěąřăĺůěśłĺ ğăňłŋşšő;

č) ŋĺłăłĺţ ďřşčĺţ ŋěš (¡šő őğŋăůăěš, ůšő ń¿ąőě ďřşčőě ăńčěąřăĺůěśłĺ ğăňłŋşšőě łćăďřăšĺůŋőě řăśÿĺřěŋĺě ŕőń£ R ĺğőňőřťŋő C ).

Ğăďăůă 3. Ŕşśšĳ i^2 = ¸ + i˛. Ůšő ŕőńşůĺšś£ ŕřĺ řăğńĺůŋżţ ¸; ˛? Ŕřĺ łăłĺţ ¸; ˛ ŕőńşůăšś£ ŕőń£ ĺğőňőřťŋżě C ?

Ğăďăůă 4. Őśŋőćŋă£ šěőřěňă ăńčěąřż. Ďőłăğăšěńĳśšćă ďń£ a_i ∈ R, a_i ∈ C . Ğăďăůă 5. Ćżćěśšĺ ťőřňşńż śšěřěőčřăťĺůěśłĺţ ŕřőěłűĺľ ďń£ řăğńĺůŋżţ řăśŕőńőęěŋĺľ ěďĺŋĺůŋőľ śťěřż.

Ğăďăůă 6. Łăłőňş ŕřěőąřăğőćăŋĺ¿ śťěřż śőőšćěšśšćşěš őšőąřăęěŋĺě z →^1_z ? Ğăďăůă 7. Ďőłăęĺšě ¡łćĺćăńěŋšŋőśšĳ śńěďş¿źĺţ şšćěřęďěŋĺľ:

ă) őšőąřăęěŋĺě f : C → C { śőąśšćěŋŋőě (¡šő őğŋăůăěš, ůšő ∀K { łőňŕăłšă f^{−1}(K) { łőňŕăłš);

ą) |f(z)| → ∞ ŕřĺ |z| → ∞.

Ğăďăůă 8. Ďőłăęĺšě, ůšő ďń£ ń¿ąőčő ŋě šřĺćĺăńĳŋőčő ňŋőčőůńěŋă f(z) = ∑n i=0 a_iz^i; n > 0 ćżŕőńŋěŋő ŕřěďżďşźěě śćőľśšćő.

Ğăďăůă 9. Čěőňěšřĺůěśłă£ ğăďăůă ĺ ěě řěÿěŋĺě ś ŕőňőźĳ¿ łőňŕńěłśŋżţ ůĺśěń.

Śěňĺŋăř 2. 15.09.1997

ŊĚŔŘĚŘŻĆŊŐŚŠĲ ĺ ĎĹŤŤĚŘĚŊŰĹŘŞĚŇŐŚŠĲ. [Ěćč] Čń. II, §8,9, [ĆŃĂ] Čń. I

Ğăďăůă 1. Łăłőćă ść£ğĳ ňěęďş ŋěŕřěřżćŋőśšĳ¿ f(z) ĺ ŋěŕřěřżćŋőśšĳ¿ ă) ℜf(z) ĺ ℑf(z); ą) |f(z)| ĺ Argf(z)?

Ğăďăůă 2. Ŕşśšĳ f(z) = f(x + iy) = f(x; y) ĺňěěš ŕőńŋżľ ďĺťťěřěŋűĺăń ć šőůłě (x_0; y_0) = x_0 + iy_0 = z_0. Ďőłăęĺšě, ůšő

ă) ńĺąő śşźěśšćşěš f^′(z_0), ą) ńĺąő ňŋőęěśšćő ůăśšĺůŋżţ ŕřěďěńőć^{f(z)−f(z0)}_{z−z0} ŕřĺ z → z_0 ěśšĳ őłřşęŋőśšĳ ś űěŋšřőň

ć šőůłě

@f(z_0) @z :=^1_2 ( @f @x − i @f @y ) ĺ řăďĺşśőň | |@f(z^0) @—z | |, čďě @f(z^0 ) @—z :=^1_2 ( @f @x + i @f @y ) . Ğăďăůă 3. Ŕşśšĳ G(x; y) = G(z; —z) ąěśłőŋěůŋő ďĺťťěřěŋűĺřşěňă ĺ @G @—z . Ćěřŋő ńĺ, ůšő G = G(z), ěśńĺ

ă) G { ňŋőčőůńěŋ; ą) ć őąźěň śńşůăě.

Ğăďăůă 4. Ć łăłĺţ šőůłăţ śşźěśšćş¿š ŕřőĺğćőďŋżě ŕő łőňŕńěłśŋőňş ŕěřěňěŋŋőňş śńěďş¿- źĺţ ťşŋłűĺľ:

ă) f_1(z) = |z|^2; ą) f_2(z) = |z|; ć) f_3(z) = —z;

č) f_4(z) =

{ sin —z · Arg(z); z ≠ 0;

0; z = 0:

Ğăďăůă 5. Ůšő ňőęŋő śłăğăšĳ ő čőńőňőřťŋőľ ťşŋłűĺĺ, őšőąřăęă¿źěľ őąńăśšĳ D ć R? Ğăďăůă 6. Śşźěśšćşěš ńĺ ťşŋłűĺ£ ć 0 ∈ D ⊃ C , ĺňě¿źă£ @f @x ; @f @y ćś¿ďş ć D, şďőćńěšćőř£- ¿źă£ ć D şśńőćĺ£ň Łőÿĺ-Řĺňăŋă, ŋő ŋě ĺňě¿źă£ ŕřőĺğćőďŋőľ ŕő łőňŕńěłśŋőňş ŕěřěňěŋŋőňş ć šőůłě z = 0?

Typeset by AMS-TEX

1

Ğăďăůă 7. Ğăďăůă ŕřő z^ı.

Śěňĺŋăř 3. 22.09.1997

ĎŘŐĄŊŐ-ŃĹŊĚĽŊŻĚ ŐŠŐĄŘĂĘĚŊĹ§.

[Ěćč] Čń. VI, §32, 33; [ĆŃĂ] Čń. II

Ğăďăůă 1. Ĺśŕőńĳğş£ łőňŕńěłśŋżě ůĺśńă ĺ őšőąřăęěŋĺ£ z → az+b, z → —z (C → C ), ďőłăęĺšě šěőřěňş Ÿăńń£ ő łńăśśĺťĺłăűĺĺ ďćĺęěŋĺľ ŕńőśłőśšĺ.

Ğăďăůă 2. Ďőłăęĺšě śńěďş¿źĺě śćőľśšćă ďřőąŋő-ńĺŋěľŋżţ őšőąřăęěŋĺľ: ă) ďřőąŋő-ńĺŋěľŋżě őšőąřăęěŋĺ£ őąřăğş¿š čřşŕŕş, ŕőřőęďěŋŋş¿ ăťťĺŋŋżňĺ (z → az + b) ĺ z →^1_z ;

ą) ďřőąŋő-ńĺŋěľŋżě őšőąřăęěŋĺ£ śőţřăŋ£¿š őłřşęŋőśšĺ ć śňżśńě —C ; ć) ďřőąŋő-ńĺŋěľŋżě őšőąřăęěŋĺ£ śőţřăŋ£¿š śĺňňěšřĺůŋżě (ĺŋćěřśŋżě) šőůłĺ ć śňżśńě

—C ;_{č) ďřőąŋő-ńĺŋěľŋżě őšőąřăęěŋĺ£ śőţřăŋ£¿š şčńż (śćőľśšćő łőŋťőřňŋőśšĺ).}

Ğăďăůă 3. Ďőłăęĺšě, ůšő z_1 ĺ z_2 śĺňňěšřĺůŋż (ĺŋćěřśŋż) ć śňżśńě —C őšŋőśĺšěńĳŋő ‚, šőčďă ĺ šőńĳłő šőčďă, łőčďă ń¿ąă£ őłřşęŋőśšĳ ć śňżśńě —C ŕěřěśěłăěš ‚ ŕőď ŕř£ňżň şčńőň.

Ğăďăůă 4. Ďőłăęĺšě, ůšő ń¿ążě ďćě őłřşęŋőśšĺ ć śňżśńě —C ňőęŋő ŕěřěćěśšĺ ďřőąŋőńĺŋěľŋżň őšőąřăęěŋĺěň

ă) ńĺąő ć łőŋűěŋšřĺůěśłĺě őłřşęŋőśšĺ, ą) ńĺąő ć ďćě ŕăřăńńěńĳŋżě ŕř£ňżě, ć) ńĺąő ć ďćě ŕěřěśěłă¿źĺěś£ ŕř£ňżě.

Ğăďăůă 5. Ďőłăęĺšě, ůšő ŕřĺ ďřőąŋő-ńĺŋěľŋőň őšőąřăęěŋĺĺ űěŋšřż őłřşęŋőśšěľ ŋě śőţřăŋ£¿šś£. Ŕřĺćěďĺšě ŕřĺňěř.

Ğăďăůă 6. Ďőłăęĺšě, ůšő čěőňěšřĺůěśłőě ňěśšő šőůěł, őšŋőÿěŋĺě řăśśšő£ŋĺľ őš łőšőřżţ ďő ďćşţ ďăŋŋżţ šőůěł z_1 ĺ z_2 řăćŋő łőŋśšăŋšě, ěśšĳ őłřşęŋőśšĳ ć śňżśńě —C . Ćśě ¡šĺ őłřşęŋőśšĺ ŋăğżćă¿šś£ Ăŕőńńőŋĺěćżňĺ őłřşęŋőśš£ňĺ ĺ őřšőčőŋăńĳŋż ń¿ąőľ őłřşęŋőśšĺ, ŕřőţőď£źěľ ůěřěğ šőůłĺ z_1 ĺ z_2. Ŋăřĺśşľšě ĺţ.

Ğăďăůă 7. Ğăďăůă ő ŕőřĺğňě ďń£ őłřşęŋőśšěľ, łăśă¿źĺţś£ ďćşţ ŋěŕěřěśěłă¿źĺţś£ őłřşęŋőśšěľ.

Ğăďăůă 8. Ďőłăęĺšě, ůšő ďń£ ń¿ążţ ďćşţ šřőěł řăğńĺůŋżţ łőňŕńěłśŋżţ ůĺśěń z_0; z_1; z_∞ ĺ w_0; w_1; w_∞ śşźěśšćşěš ěďĺŋśšćěŋŋőě ďřőąŋő-ńĺŋěľŋőě őšőąřăęěŋĺě, ŕěřěćőď£źěě z_i ć w_i. (Şłăğăŋĺě: řăśśňőšřĺšě śŋăůăńă śńşůăľ w_0 = 0; w_1 = 1; w_∞ = ∞.)

Ğăďăůă 9. Ŋăřĺśşľšě őąřăğ ŕř£ňżţ ℑz = const; ℜz = const ŕřĺ ďřőąŋő-ńĺŋěľŋőň őšőąřăęěŋĺĺ w =^{z+i}_{z−i} .

Ğăďăůă 10. Ŋăřĺśşľšě őąřăğ —C -őłřşęŋőśšěľ, ŕřőţőď£źĺţ ůěřěğ šőůłĺ i ĺ −i, ŕřĺ ďřőąŋőńĺŋěľŋőň őšőąřăęěŋĺĺ w =^{z+i}_{z−i}.

Ğăďăůă 11. Ŋăľšĺ őąřăğ ňŋőęěśšćă D ŕřĺ ďăŋŋőň őšőąřăęěŋĺĺ: ă) D = {ℑz = 1}; w =^{z−1}_{z+1} ;

ą) D = {|z − 0:5i| = 0:25}; w = −1=z; ć) D = {|z| ≥ 1}; w = 2^{2z−1}_{z−2} .

Ğăďăůă 12. Ŋăřĺśşľšě őąřăğ ŕř£ňżţ ℑz = const; ℜz = const ŕřĺ őšőąřăęěŋĺĺ w = z^2. Ğăďăůă 13. Ŋăřĺśşľšě őąřăğ ŕř£ňżţ ℑz = const; ℜz = const ŕřĺ őšőąřăęěŋĺĺ w = √ z. Ğăďăůă 14. Ŋăřĺśşľšě őąřăğż ňŋőęěśšć argz = const ĺ |z| = const ŕřĺ őšőąřăęěŋĺĺ Ęşłőćśłőčő w = 1=2(z + 1=z).

Ğăďăůă 15. Ďőłăęĺšě, ůšő ťşŋłűĺ£ Ęşłőćśłőčő z →^1_2 (z +^1_z ) ěśšĳ łőňŕőğĺűĺ£ z → z^2 ĺ ďřőąŋő-ńĺŋěľŋżţ őšőąřăęěŋĺľ.

Ğăďăůă 16. Ŕěřěćěďĺšě łőŋťőřňŋő ďăŋŋş¿ őąńăśšĳ D_1 ć őąńăśšĳ D_2: ă) D_1 = {ℜz > 0; |z| < 1}; D_2 = {ℑz > 0}. ą) D_1 = {|z| < 1; |z − i| > √ 2}; D_2 = {|z| < 1.

Ğăďăůă 17. Ŋăřĺśşľšě őąřăğ ŕř£ňżţ ℑz = const; ℜz = const ŕřĺ őšőąřăęěŋĺĺ w = exp z. Ğăďăůă 18. Ďőłăęĺšě, ůšő řěÿěŋĺ£ şřăćŋěŋĺ£ exp(z) = a; a ∈ C ğăďă¿šś£ ťőřňşńőľ z = ln(|a|) + iarg(a) + 2ıik; k ∈ Z.

Ğăďăůă 19. Ďőłăęĺšě, ůšő ă) cos^2 z + sin^2 z = 1; ą) cosh^2 z − sinh^2 z = 1; ć) sinh z = −i sin(iz); č) tanh(iz) = i tan z.

Ğăďăůă 20. Őŕĺÿĺšě ćśě šőůłĺ, ć łőšőřżţ ťşŋłűĺĺ sin z; cos z; cosh z; tanh z; tan z. ŕřĺŋĺňă¿š ă) ďěľśšćĺšěńĳŋżě ğŋăůěŋĺ£, ą) ůĺśšő ňŋĺňżě ğŋăůěŋĺ£.

Ğăďăůă 21. Ŋăľďĺšě ćśě ŋşńĺ ťşŋłűĺľ cos z; sinh z; 1= tanh z.

Ğăďăůă 22. Ďőłăęĺšě, ůšő ćśě ¡ńěňěŋšăřŋżě šřĺčőŋőňěšřĺůěśłĺě ĺ čĺŕěřąőńĺůěśłĺě ťşŋłűĺĺ řăğńăčă¿šś£ ć łőňŕőğĺűĺ¿ ďřőąŋő-ńĺŋěľŋżţ, w = z^2 ĺ ¡łśŕőŋěŋšż.

Ğăďăůă 23. Ŋăřĺśşľšě őąřăğ ŕř£ňżţ ℜz = const; ℑz = const ŕřĺ őšőąřăęěŋĺĺ w = 1= tanh z. Ğăďăůă 24. Őšőąřăğĺšĳ D = {ℑz > 0}−[0; ia] ŋă ℑw > 0. Ŋăřĺśőćăšĳ ŕřőőąřăğż ℑw = const.

Łăłőćă śłőřőśšĳ ŕőšőłă, őąšěłă¿źěčő ćěřšĺłăńĳŋş¿ ŕńăśšĺŋş ćżśőšż ă, ŋă ćżśőšě h ŋăď ŕńăśšĺŋőľ, ěśńĺ śłőřőśšĳ ŕőšőłă ŋă ∞ řăćŋă v_0?

Śěňĺŋăř 4. 25.09.1997, ŕőćšőřěŋĺě 29.09.1997

ŁŐŊŤŐŘŇŊŻĚ ŐŠŐĄŘĂĘĚŊĹ§.

[Ěćč] Čń. VI, §35, [ĆŃĂ] Čń. II

Ğăďăůă 1. Ŋăľšĺ őąřăğż śńěďş¿źĺţ őąńăśšěľ ŕřĺ őšőąřăęěŋĺĺ w =^1_2 (z +^1_z ): ă) {|z| > 2 }; ą) {|z| < 1=2 };

ć) {^ı_4 < argz <^{3ı}_4 };

č) {^ı_4 < argz <^{3ı}_4 z ∉ [0; i]}; ď) {|z| < 1 z ∉ [0; 1]};

ě) {|z| > 1 z ∉ [−2; −1] ; z ∉ [1; +∞]};

ę) {ℑz > 0 z ∉ {|z| = 1; 0 < argz <^ı_4 ;^”_ğ )"3ı4 < argz < ı}}; ĺ) {|z| < 1 ℑz < 0; z ∉ [ −i; − i_2 ] }; ł) {|z| < 1 0 < argz <^ı_2 }; ń) {|z| < 1 −^{3ı}_4 < argz < −^ı_4 }.

Ğăďăůă 2. Őšőąřăğĺšĳ D ŋă ćěřţŋ¿¿ ŕőńşŕńőśłőśšĳ ă) D = {ℑz > 0} − {|z| = 1; 0 < argz < ¸ < ı; ą) D = {ℑz > 0; |z| < 1} − [i; i˛]; ˛ < 1; ć) D = C − {[0; −¸i] ∪ {|z| = 1; −ı < argz < 0}.

Ğăďăůă 3. Ŋăľšĺ őąřăğż śńěďş¿źĺţ őąńăśšěľ ŕřĺ őšőąřăęěŋĺĺ w = f(z): ă) {−ı < ℑz < 0}; w = e^z; ą) {|ℑz < |ı}; w = e^z; ć) {|ℑz < |ı=2}; w = e^z;

č) {0 < ℑz < 2ı; ℜz > 0}; w = e^z; ď) {0 < ℑz <^ı_2 ; ℜz > 0}; w = e^{2z}; ě) {0 < ℜz < ı; ℑz > 0}; w = e^{iz}; ę) {z ∉ [0; +∞]}; w = ln z; w(−1) = −ıi; ğ) {ℑz > 0}; w = ln z; w(i) =^{ıi}_2 ; ĺ) {|ℑz| <^ı_4 }; w = thz; ł) {0; ℜz <^ı_4 }; w = ctgz;

ń) {0 < ℜz < 1; ℑz > 0}; w = tg(ız).

Ğăďăůă 4. Ŋăľšĺ łőŋťőřňŋőě őšőąřăęěŋĺě ğăďăŋŋőľ őąńăśšĺ ŋă ěďĺŋĺůŋżľ łřşč

Ğăďăůă 5. Ŕşśšĳ f(z) { űěńă£ ťşŋłűĺ£, ĺ śşźěśšćşěš śĺśšěňă ‚_k = {|z| = R_k}; R_k → ∞ k → ∞ őłřşęŋőśšěľ šăłă£, ůšő |f(z)|‚_k ≤ C · Rnk, šőčďă f(z) { ŕőńĺŋőň.

Ğăďăůă 6. Ŕřĺďşňăšĳ ŕřĺňěř ťşŋłűĺĺ őš ďćşţ ďěľśšćĺšěńĳŋżţ ŕěřěňěŋŋżţ F (x; y), őšńĺůŋőľ őš costant’ż šăłőľ, ůšő |F (x; y) ≤ const|.

Ğăďăůă 7. Ďőłăęĺšě, ůšő ěśńĺ f(z) { űěńă£ ĺ |f(z)| ≤ const, šő f(z) ≡ const. Ğăďăůă 8. Ďőłăęĺšě, ůšő ěśńĺ f(z) { űěńă£ ĺ f(C ) ⊃ H (šăł ąşďěš őąőğŋăůăšĳś£ ćěřţŋ££ ŕőńşŕńőśłőśĳ), šő f(z) ≡ const.

Ğăďăůă 9. Ďőłăęĺšě, ůšő ěśńĺ f(z) { űěńă£ ĺ f(C ) ŋě śőďěřęĺš ňŋőęěśšćă ŕőńőęĺšěńĳŋżţ ďěľśšćĺšěńĳŋżţ ůĺśěń, šő f(z) ≡ const.

Ğăďăůă 10. Ďőłăęĺšě, ůšő ěśńĺ f(z) { űěńă£ ĺ f(C ) ŋě śőďěřęĺš ŋěłőšőřőčő ňăńěŋĳłőčő őšřěğłă ĺńĺ ňăńěŋĳłőľ ďşčĺ ń¿ąőčő łřşčă, šő f(z) ≡ const.

Śěňĺŋăř 5. 06.10.1997

ĹŊŠĚČŘĹŘŐĆĂŊĹĚ.

[Ěćč] Čń. II, §10, [ĆŃĂ] Čń. III

Ğăďăůă 1. Ŕşśšĳ ‚ { čńăďłĺľ ŕşšĳ, f(z) { ŋěŕřěřżćŋă£ ć őłřěśšŋőśšĺ ‚[0; 1]. Ďőłăęĺšě, ůšő | | ∫ ‚ f(z)dz | | ≤ |f| · L(‚):

Ğăďăůă 2. Ŕşśšĳ ‚_i −→ ‚ ć C^1 [0; 1], f_i(z) −→ f(z) řăćŋőňěřŋő ć őłřěśšŋőśšĺ ‚[0; 1]. Ďőłăęĺšě, ůšő ∫ ‚i f_i(z)dz −→ ∫ ‚ f(z)dz;

ŕřĺ i → ∞. Ŕřĺćěďĺšě ŕřĺňěř, łőčďă ‚_i −→ ‚ ć C^0 [0; 1] ĺ ŋěš śţőďňőśšĺ ĺŋšěčřăńőć.

Ğăďăůă 3. Ďőłăęĺšě, ůšő ŕşšĳ, őąřăğ łőšőřőčő ĺğőąřăęăěšś£ şčńőň, šőęě čńăďłĺľ.

Ğăňěůăŋĺě. Ć őŕřěďěńěŋĺĺ čńăďłőśšĺ ŋěš şśńőćĺ£ ‚(t) ≠ 0.

Ğăďăůă 4. Śşźěśšćőćăŋĺě ŕěřćőőąřăğŋőľ ćďőńĳ ŕşšĺ ďń£ čőńőňőřťŋżţ ťşŋłűĺľ ĺ ťőřňşńă Ńěľąŋĺűă ć ¡šőň śńşůăě.

Őŕřěďěńěŋĺě 1. ‚ { ŕşšĳ, F = F (t) { ŕěřćőőąřăğŋă£ ťşŋłűĺĺ f(z) ćďőńĳ ŕşšĺ ‚, ěśńĺ ∀t_0 ∈ [0; 1] ∃› > 0; V ⊃ ‚(t_0); F_V : V → C šăłĺě, ůšő F_V { ŕěřćőőąřăğŋă£ ťşŋłűĺĺ f(z) ć V ĺ ∀t : |t − t_0| < › FV (‚(t)) = F (t).

Ğăďăůă 5. Ŕşśšĳ f ∈ O(C ); |f| ≤ M |z|^n, šőčďă f { ŕőńĺŋőň śšěŕěŋĺ ≤ n. Ğăďăůă 6. Ďőłăęĺšě, ůšő ∫ |z|=1 z^kdz =

{ 2ıi; k = −1

0; ć őśšăńĳŋżţ śńşůă£ţ.

Ğăďăůă 7. Ďőłăęĺšě, ůšő šěőřěňă ěďĺŋśšćěŋŋőśšĺ ŋě ćěřŋă ďń£ čńăďłĺţ ťşŋłűĺľ, ďăęě, ŋăŕřĺňěř, ć šăłőľ ťőřňşńĺřőćłě:

f ≡ 0 ć V ⊃ U, śńěďőćăšěńĳŋő f ≡ 0 ć U.

Śěňĺŋăřż 6-9. 13.10.1997, 20.10.1997, 27.10.1997, 03.10.1997

ĆŻŮĚŠŻ. [Ěćč] Čń. IV, [ĆŃĂ] Čń. IV

Őŕřěďěńěŋĺě 2.

Res_{z=z0} f(z) := 1 2ıi ∮ |z−z0|=› f(z)dz; Res_{z=∞}f(z) := lim_{r→∞} 1 2ıi ∮ |z|=R f(z)dz:

Ğăďăůă 1. Ďőłăęĺšě, ůšő

(1) Res_{z=z0} f(z) := c_{−1}, čďě c_k { łő¡ťťĺűĺěŋš ŕřĺ (z − z_0)^k ř£ďă Ńőřăŋă řăğńőęěŋĺ£ ťşŋłűĺĺ ć őłřěśšŋőśšĺ šőůłĺ z_0;

(2) Res_{z=∞}f(z) := −c_{−1}, čďě c_{−1} { łő¡ťťĺűĺěŋš ŕřĺ^1_z ř£ďă Ńőřăŋă řăğńőęěŋĺ£ ťşŋłűĺĺ ć őłřěśšŋőśšĺ šőůłĺ ∞;

ă) Res_∞f(z) = Res_0{−^1_{z2} f(^1_z )}; ą) ∮ @D = ∑ zk∈D Reszk f(z);

ć) ěśńĺ f(z) ĺňěěš ć z_0 ŕőń¿ś ŕěřćőčő ŕőř£ďłă, šő

Res_{z0} f(z) = lim_{z→z0} (z − z_0) f(z):

č) ěśńĺ f(z) ĺňěěš ć z_0 ŕőń¿ś ŕěřćőčő ŕőř£ďłă ĺ f(z)"ď)" =^{ffi(z)}_{(z)} ; (z_) = 0; ^′(z_0) ≠ 0, šő

Res_{z0} f(z) = ffi(z_0) ′(z_0) : ě) ěśńĺ f(z) ĺňěěš ć z_0 ŕőń¿ś k-őčő ŕőř£ďłă, šő

Res_{z0} f(z) = 1 (k − 1)! { d^{(k−1)} dz^{(k−1)} [ f (z) (z − z_0)^k ]} |z_=z_0 :

Ğăďăůă 2. Ćżůĺśńĺšĳ ćżůěšż ğăďăŋŋżţ ťşŋłűĺľ ć ğăďăŋŋżţ šőůłăţ ă) f(z) =^1_{cos z} ; z_1 =^{−ı}_2 ; z_2 =^ı_2 ; ą) f(z) =^z_{sin3 z} ; z_1 = 0; z_2 = ı;

ć) f(z) =^{eiaz} (^{z2−b2})

z(z^2+b^2) ; z^1 = 0; z^2 = ib;

č) f(z) =^1_2 ( z +^1_z ) ; z_1 = 0; z_2 = ∞;

ď) f(z) = (z − 1)^2 e^{− 1}z^2 ; z_1 = 0; ě) f(z) = z^2 sin ( e^{frac1z} ) ; z_1 = ∞;

ę) f(z) =^1_{1+}√_z ; z_1 = 1.

ĆŻŮĹŚŃĚŊĹĚ ĹŊŠĚČŘĂŃŐĆ.

Ğăďăůă 3. Ćżůĺśńĺšĳ ĺŋšěčřăń ∮ @D f(z)dz:

ă) f(z) =^1_{(z−1)2(z2+1)} ; D = {|z − 1 − i| < 2}; ą) f(z) = z sin^{z+1}_{z−1} ; D = {|z| < 2}; ć) f(z) = sin^z_{z+1} ; D = {|z| > 3}. Ğăďăůă 4. (šĺŕ 1) I = ∫_2ı 0 R (cos t; sin t) dt:

Ŕşśšĳ R (x; y) { řăűĺőŋăńĳŋă£ ťşŋłűĺ£, őŕřěďěńěŋŋă£ ŕřĺ ń¿ąőň ğŋăůěŋĺĺ t, ěśńĺ x = cos t; y = sin t. Ďőłăęĺšě, ůšő

I = 2ı ∑ zk∈{|zk|<1} Res_{zk} { 1 z R ( 1 2 ( z + 1 z ) ; 1 2i ( z − 1 z ))} :

Ğăďăůă 5. (šĺŕ 2) I = ∫_∞ −∞ R (x) dx:

Ŕşśšĳ R (x) { řăűĺőŋăńĳŋă£ ťşŋłűĺ£ ąěğ ŕőń¿śőć ŋă ďěľśšćĺšěńĳŋőľ őśĺ, ĺŋšěčřăń I śşźěśšćşěš (š.ě. śţőďĺšś£) ĺ lim_{z→∞} |zR(z)| = 0. Ďőłăęĺšě, ůšő

I = 2ıi ∑ zk∈{ℑz>0} Res_{zk} R (z) :

Ğăďăůă 6. (šĺŕ 3) I = ∫_∞ −∞ f (x) e^{i–x}dx:

Ŕşśšĳ f (x) { ťşŋłűĺ£, čőńőňőřťŋă£ ć {ℑz ≥ 0} ğă ĺśłń¿ůěŋĺěň łőŋěůŋőčő ůĺśńă šőůěł, – > 0 ĺ lim_{|z|→∞;ℑz>0} f(z) = 0. Ďőłăęĺšě, ůšő

I = 2ıi ∑ zk∈{ℑz>0} Res_{zk} ( f (z) e^{i–z} ) :

Ğăďăůă 7. Ůšő ŋşęŋő ĺğňěŋĺšĳ ć ŕřěďżďşźěľ ğăďăůě, ěśńĺ – < 0? Ğăďăůă 8. (šĺŕ 4) I = ∫_∞ −∞ R (x) x^¸ dx; 0 < ¸ < 1:

Ŕşśšĳ R (x) { řăűĺőŋăńĳŋă£ ťşŋłűĺ£ ąěğ ŕőń¿śőć ŋă ďěľśšćĺšěńĳŋőľ őśĺ ĺ lim_{x→∞} R(x) = 0. Ďőłăęĺšě, ůšő I = 2ıi 1 − e^{−2ıi¸} ∑ zk∈C Res_{zk}

R (z) z^¸ : Ğăďăůă 9. Ćżůĺśńĺšĳ ĺŋšěčřăńż ă) ∫_2ıi 0 sin2 x 5+3 cos x dx; ą) ∫_∞ −∞ x^2 x^4+6x^2+25 dx; ć) ∫_∞ 0 x^2−b^2 x^2+b^{2 sin} ax x dx; č) ∫_∞ 0 x^α�^1_{1+}

x dx; 0 < ¸ < 1; ď) ∫_∞ 0 ln x (x^2+1)^2 dx; ě) ∫_∞ 0 ln x (x+a)^2+b^2 dx; ę) ∫_∞ 0 ln x x^2−1 dx;

ğ) (Ńăŕńăś, [ŃŸ] śšř. 441) ∫_∞ 0 cos x x^2+a^2 dx;

ĺ) (İľńěř, [ŃŸ] śšř. 442) ∫_∞ 0 sin x

x dx;

ł) (İľńěř, [ŃŸ] śšř. 443) ∫_∞ −∞ e^{ax}_{1+}

e^x dx;

ń) (Ŕşăśśőŋ, [ŃŸ] śšř. 444) ∫_∞ 0 e^{−ax2} cos bxdx;

ň) (Ńěęăŋďř, [ŃŸ] śšř. 445) ∫_∞ 0 e^{−ıx sin ax}_{sinh ıx} dx.

ĆŻŮĹŚŃĚŊĹĚ ŚŞŇŇŻ Ř§ĎĂ. [Ěćč] §30, [ĆŃĂ]) Čń. VI §2

Ğăďăůă 10. ([Ěćč] 30.01) Ŕşśšĳ f(z) { řăűĺőŋăńĳŋă£ ťşŋłűĺ£ ś ŕőń¿śăňĺ a_1; : : :; a_m, śřěďĺ łőšőřżţ ŋěš űěńżţ ůĺśěń, ĺ ŕşśšĳ f(z) = O(z^{−2}) ŕřĺ z → ∞. Šőčďă ∞∑ n=−∞ f(n) = −ı m∑ k=1 Res_{ak} (f(z)ctgız) :

Ğăďăůă 11. ([Ěćč] 30.02) Ŕşśšĳ f(z) čőńőňőřťŋă£ ťşŋłűĺ£ ćő ćśěľ ŕńőśłőśšĺ C pf ğă śłń¿ůěŋĺěň ŕőń¿śőć a_1; : : :; a_m, śřěďĺ łőšőřżţ ŋěš űěńżţ ůĺśěń, ĺ ŕşśšĳ |f(z)| < e^{a|ℑz|}›(|z|) ŕřĺ z ∈ G_r, čďě G_r = C \ ∪_k{|z − a_k| < r}; 0 ≤ a < ı; ›(t) → 0 ŕřĺ t → ∞. Šőčďă ∞∑ n=−∞ (−1)^n f(n) = −ı m∑ k=1 Res_{ak} f(z) sin ız : Ğăďăůă 12. Ćżůĺśńĺšĳ śşňňż: ă) ∑_∞ n=−∞^1(n−a)^2 ; ą) ∑_∞ n=1^1n^2+a^2 ; ć) ∑_∞ n=1^1n^2 ; č) ∑_∞ n=1(−1)^{n 1}_{(n2+a2)2} ; ď) ∑_∞ n=1(−1)^{n 1}_{n3} .

Śěňĺŋăř 10. 10.11.1997

[Ěćč] Čń. IV, §21,22, [ĆŃĂ] Čń. IV

Ğăďăůă 1. Ďń£ ćśěţ ćěšćěľ ňŋőčőğŋăůŋőľ ťşŋłűĺĺ f(z) ćżůĺśńĺšĳ ∮ @D f(z)dz:

(1) ([Ećč] 22.04.1) D = {|z| < 2; 9 } f(z) =^1_{2+ln(z+3)} ; (2) ([Ećč] 22.04.10) D = {|z − 5| < 9=2 } f(z) =^{ez}_{sin(1+}√_{z)} ; (3) ([Ećč] 25.05.1) D = {|z| < 1=2 } f(z) =^1_{(2+}√_{z−1) sin z} ; (4) ([Ećč] 22.05.11) D = {|z − 2| < 5=2 } f(z) =^{z+2}_{2ıi−ln(1+z)} .

[Ěćč] Čń. III, [ĆŃĂ] Čń. VIII

Ğăďăůă 2. Ĺğőąřăğĺšĳ śţěňż řĺňăŋőćżţ ŕőćěřţŋőśšěľ śńěďş¿źĺţ ňŋőčőğŋăůŋżţ ťşŋłűĺľ, ćżůĺśńĺšĳ řőď ŕőćěřţŋőśšĺ

ă) w = √ z; ą) w = ln z;

ć) w^2 = z(z − 1)(z + 1); č) w^2 = z^4 − 1; ď) w^3 + z^3 = 1; ě) w^4 + z^4 = 1; ę) w^n + z^n = 1;

ğ) w^2 = P_n(z), čďě P_n(z) { ňŋőčőůńěŋ ąěğ łřăšŋżţ łőřŋěľ. Ğăďăůă 3. Őŕĺśăšĳ řĺňăŋőćż ŕőćěřţŋőśšĺ śńěďş¿źĺţ ťşŋłűĺľ: ă) w = √ z−1 z+1 .

ą) w = √ z^2 − 1.

ć) w = √ z(z^2 + 1).

č) w =^3 √ z^2 − 1 Ğăďăůă 4. Řăğńőęĺšĳ ć ř£ď Ńőřăŋă ťşŋłűĺĺ f(z) ć łőńĳűăţ ś űěŋšřőň ć z_0 ă) f(z) =^1_{(z−1)(z−2)}; z_0 = 0; ą) f(z) =^1_{1+z2} ; z_0 = 0; ć) f(z) =^1_{1+z2} ; z_0 = i; č) f(z) =^{sin z}_{z2−ı2} ; z_0 = ı; ď) f(z) =^{z2−ı2}_{sin z} ; z_0 = 0; ě) f(z) =^{z2−ı2}_{sin z} ; z_0 = ı=2.

Śěňĺŋăř 11. 17.11.1997

ŔŘĹŊŰĹŔ ŚĹŇŇĚŠŘĹĹ. [Ěćč] Čń. VI, §34, [ĆŃĂ] Čń. II, 320 : : :

Ğăďăůă 1. Őšőąřăğĺšĳ D ŋă ćěřţŋ¿¿ ŕőńşŕńőśłőśšĳ ă) Ćŋěÿŋőśšĳ łřěśšă K = {[−1; 1]} ∪ {[−i; i]};

ą) C \ D1; D1 = {(−∞; −1] ∪ [1; ∞) ∪ (−i∞; −i] ∪ [i; i∞)};

ć) C \ D2 ; D2 = {[−1; 1] ∪ [1 + i; −1 − i) ∪ [1 − i; −1 + i]}; D = C − {[0; −¸i] ∪ {|z| = 1; −ı <

argz < 0}.

Ğăďăůă 2. Ŋăľšĺ łőŋťőřňŋőě őšőąřăęěŋĺě ğăďăŋŋżţ őąńăśšěľ ŋă ěďĺŋĺůŋżľ łřşč:

Ğăďăůă 3. Ŋăľšĺ ůĺśńő ŋşńěľ ťşŋłűĺĺ f(z) ć őąăśšĺ D: (1) f(z) = z^3 − 17z^2 + 3z − 1; D = {|z| < 2}; (2) f(z) = z^3 − z^2 + 3z + 5; D = {ℜz > 0}.

Śěňĺŋăř 12. 24.11.1997

`(z). [Ěćč] Čń. V, §31, [ŃŸ] śšř. 453, 589

Őŕřěďěńěŋĺě 3. Čăňňă-ťşŋłűĺěľ İľńěřă `(z) ŋăğżćăěšś£

`(z) = ∫_∞ 0 t^{z−1}e^{−t}dt; ℜz > 0:

Ğăďăůă 1. Ďőłăęĺšě, ůšő ă) `(z + 1) = z`(z);

ą) `(n + z + 1) = (n + z)(n + z − 1) · : : : · z`(z); n = 1; 2; : : :; n; ć)^Γ

0_{(z+1)}

Γ(z+1) −^Γ

0_{(z)}

Γ(z) =^1z ;

č) ăŋăńĺšĺůěśłĺ ŕřőďőńęăěšś£ ŋă ćś¿ ŕńőśłőśšĳ ąěğ z = −n; n = 0; 1; 2; : : :; ď) Res_{−n}`(z) =^{(−1)n}_{n!} ; n = 0; 1; 2; : : :. Ğăďăůă 2. (Ţăŋłěńĳ) Ďőłăęĺšě, ůšő

`(z) = 1 1 − e^{2ıiz} ∫ C e^{−“}“^{z−1}d“;

čďě C { łőŋšşř

Ğăďăůă 3. Ďőłăęĺšě, ůšő

`^′(z) `(z) = −C − 1 z − ∞∑ n=1 ( 1 n + z − 1 n ) : Ğăďăůă 4. Ŋăľšĺ śşňňş ∑_∞ n=1^1n^3 .

(Őšćěš: −1=2`^{′′′}(1) + 3=2`^′(1)`^{′′}(1) − (`^′(1))^3.)

Ŕřĺňěřż ğăůěšŋżţ ğăďăů.

Ğăďăůă 1. Őŕřěďěńĺšĳ ţăřăłšěř őśőążţ šőůěł ĺ ćżůĺśńĺšĳ ć ŋĺţ ćżůěšż. Ğăďăůă 2. Ćżůĺśńĺšĳ ĺŋšěčřăń.

Ğăďăůă 3. Őšőąřăğĺšĳ łőŋťőřňŋő ďăŋŋş¿ őąńăśšĳ ŋă ćěřţŋ¿¿ ŕőńşŕńőśłőśšĳ. Ğăďăůă 4. Ŋăľšĺ śşňňş ř£ďă.

Ğăďăůă 5. Ŋăŕĺśăšĳ řăğńőęěŋĺě ťşŋłűĺĺ ć ř£ď Ńőřăŋă ć řăğńĺůŋżţ łőńĳűăţ ś ďăŋŋżň űěŋšřőň.

Ğăďăůă 6. Őŕĺśăšĳ řĺňăŋőćş ŕőćěřţŋőśšĳ ťşŋłűĺĺ.

Ŕřĺňěř ğăďăů ¡łğăňěŋă ŕő łşřśş "Šěőřĺ£ ťşŋłűĺľ łőňŕńěłśŋőčő ŕěřěňěŋŋőčő". Ńěłšőř Ąěńőÿăŕłă Ć.Ł.

2 łşřś, 3-ĺľ śěňěśšř. Ćăřĺăŋš 1. 18.12.1994.

Ć śłőąłăţ şłăğăŋő ůĺśńő ąăńńőć, ć łőšőřżě ŕřěďćăřĺšěńĳŋő ążńă őűěŋěŋă šřşďŋőśšĳ ğăďăůĺ.

Ğăďăůă 1. (17) P_{n+1}(z) { ňŋőčőůńěŋ śšěŕěŋĺ n+1, f(z) { ťşŋłűĺ£, Q_n(z) { ĺŋšěřŕőń£űĺőŋŋżľ ňŋőčőůńěŋ ťşŋłűĺĺ f(z), ŕőśšřőěŋŋżľ ŕő ŋşń£ň ňŋőčőůńěŋă P_{n+1}(z) (š.ě. Q_n(z_i) = f(z_i) ⇔ P_{n+1}(z_i) = 0). Ďőłăğăšĳ, ůšő 1 2ıi P_{n+1}(z) ∫ Γ f() P_{n+1}() d − z = f(z) − Q_n(z) ;

čďě łőŋšşř ` őţćăšżćăěš łőřŋĺ ňŋőčőůńěŋă P_{n+1}(z) ĺ šőůłş z.

Ğăďăůă 2. (20) Ďőłăğăšĳ, ůšő şřăćŋěŋĺě tan z = z ĺňěěš šőńĳłő ďěľśšćĺšěńĳŋżě łőřŋĺ. Ğăďăůă 3. (7) Ŋă R \ 0 ğăďăŋă ďěľśšćĺšěńĳŋőğŋăůŋă£ ťşŋłűĺ£ f(x) = log x^2. Ňőęŋő ńĺ ěě ŕřőďőńęĺšĳ ďő őďŋőğŋăůŋőľ čőńőňőřťŋőľ ťşŋłűĺĺ ć łăłőľ-šő őąńăśšĺ, śőďěřęăźěľ R\ 0?

Ğăďăůă 4. (9) Ďőłăğăšĳ, ůšő ăŋăńĺšĺůěśłă£ şŋĺćěřśăńĳŋă£ ŋăłřżćă¿źă£ łőňŕńěłśŋőčő šőřă ś ćżłőńőšőľ šőůłőľ ěśšĳ łřşč.

Ğăďăůă 5. (11) f(z); g(z) { űěńżě ťşŋłűĺĺ, şďőćńěšćőř£¿źĺě śőőšŋőÿěŋĺ¿ exp(f(z)) + exp(g(z)) = 1. Ďőłăğăšĳ, ůšő f(z) = const; g(z) = const.

Ğăďăůă 6. (13) Ŋă ŕńőśłőśšĺ řăśśňăšřĺćăěšś£ šřěşčőńĳŋĺł ś şčńăňĺ 30,60 ĺ 90 čřăďşśőć. Ďőłăğăšĳ, ůšő śşźěśšćşěš ňěřőňőřťŋă£ ťşŋłűĺ£ ŋă ŕńőśłőśšĺ, őďŋőğŋăůŋő őšőąřăęă¿źă£ ¡šőš šřěşčőńĳŋĺł ŋă ěďĺŋĺůŋżľ łřşč.

Ğăďăůă 7. (5) Őţăřăłšěřĺğőćăšĳ ćśě őśőążě šőůłĺ ć C ťşŋłűĺĺ f(z) = exp(tan(1=z)). Ğăďăůă 8. (6) Ŋăľšĺ ůĺśńő ŋşńěľ ňőčőůńěŋă f(z) = z^3 − z^2 + 3z + 5 ć ŕřăćőľ ŕőńşŕńőśłőśšĺ. Ğăďăůă 9. (3) f(z) { űěńă£ ťşŋłűĺ£ ĺ |f(z)| ≤ const|z|^k. Ďőłăğăšĳ, ůšő f(z) ňŋőčőůńěŋ. Ğăďăůă 10. (4) Ŋăľšĺ ćśě ćőğňőęŋżě řăğńőęěŋĺ£ ťşŋłűĺĺ f(z) =^{7z−2}_{(z+1)(z−2)} ć ř£ď Ńőřăŋă ć łőńĳűăţ ś űěŋšřőň ć ŋşńě.

Ğăďăůă 11. (5) Ďőłăğăšĳ, ůšő u(x; y) = ℜf(z), čďě f(z) { čőńőňőřťŋă£ ťşŋłűĺ£ ć łřşčě ⇔

@^2u @x^2 +

@^2u @y^2 ≡ 0.

Ńĺšěřăšşřă.

[Ěćč] Ěćčřăťőć Ň.Ă., Śĺďőřőć đ.Ć., Ťěďőř¿ł Ň.Ć., Ÿăąşŋĺŋ Ň.Ĺ., Ąěęăŋőć Ł.Ă. "Śąőřŋĺł ğăďăů ŕő šěőřĺĺ ăŋăńĺšĺůěśłĺţ ťşŋłűĺľ", "Ŋăşłă", Ň., 1969 [ĆŃĂ] Ćőńłőćżśłĺľ Ń.Ĺ., Ńşŋű Č.Ń., Ăřăňăŋőćĺů Ĺ.Č. "Śąőřŋĺł ğăďăů ŕő šěőřĺĺ ťşŋłűĺľ łőňŕńěłśŋőčő ŕěřěňěŋŋőčő", "Ŋăşłă", Ň., 1975 [ŃŸ] Ńăćřěŋĳšĳěć Ň.Ă., Ÿăąăš Ą.Ć. "Ňěšőďż šěőřĺĺ ťşŋłűĺĺ łőňŕńěłśŋőčő ŕěřěňěŋŋőčő", "Ŋăşłă", Ň., 1973