õÐÒÁÖÎÅÎÉÑ ÐÏ ÇÏÍÏÌÏÇÉÞÅÓËÏÊ ÁÌÇÅÂÒÅ Ë 15 ÎÏÑÂÒÑ

1. ôÏÞÎÏÊ ÐÁÒÏÊ ÎÁÚÙŒÁÅÔÓÑ ÎÁÂÏÒ ÉÚ ÄŒÕÈ ÍÏÄÕÌÅÊ D, E (ÎÁÄ ËÏÌØ- ÃÏÍ R) É ÔÒÅÈ ÇÏÍÏÍÏÒÆÉÚÍÏŒ i, j, k, ÏÂÒÁÚÕÀÝÉÈ ÔÏÞÎÕÀ ÐÏÓÌÅÄÏŒÁ- ÔÅÌØÎÏÓÔØ . . . → D^i−→ D^j−→ E^k−→ D^i−→ D → . . . œ ÞÁÓÔÎÏÓÔÉ, 0 = (jk)^2 : E → E, ÔÁË ÞÔÏ ÏÐÒÅÄÅÌÅÎÁ ËÏÇÏÍÏÌÏÇÉÑ H(E, jk) =Ker(jk)/Im(jk). ðÒÏÉÚŒÏÄÎÁÑ ÐÁÒÁ . . . → D^{′ i} 0 −→ D^{′ j} 0 −→ E^{′ k} 0 −→ D^{′ i} 0 −→ D^′ → . . . ÓÔÒÏÉÔÓÑ ÔÁË: D^′ =Im(i), E^′ = H(E, jk), i^′, j^′, k^′ ÉÎÄÕÃÉÒÕÀÔÓÑ i, j, k:

i^′ | ÏÇÒÁÎÉÞÅÎÉÅ i ÎÁ Im(i) ⊂ D; j^′(i(x)) | ËÌÁÓÓ j(x) Œ H(E, jk), x ∈ D; k^′(ËÌÁÓÓÁ y) = k(y), y ∈ E, jk(y) = 0.

äÏËÁÖÉÔÅ, ÞÔÏ ÐÒÏÉÚŒÏÄÎÁÑ ÐÁÒÁ ÔÏÞÎÏÊ ÐÁÒÙ ÔÏÞÎÁ. ôÅÍ ÓÁÍÙÍ ÏÐÒÅÄÅÌÅÎÁ ÐÏÓÌÅÄÏŒÁÔÅÌØÎÏÓÔØ ÔÏÞÎÙÈ ÐÁÒ P_r = (D_r, E_r, i_r, j_r, k_r): ÐÒÉ r = 1 ÜÔÏ ÉÓÈÏÄÎÁÑ ÔÏÞÎÁÑ ÐÁÒÁ P_1 = (D, E, i, j, k), a ÐÒÉ r ≥ 1 ÐÁÒÁ P_{r+1} ÑŒÌÑÅÔÓÑ ÐÒÏÉÚŒÏÄÎÏÊ ÄÌÑ P_r.

2. ðÒÅÄÐÏÌÏÖÉÍ, ÞÔÏ ÔÏÞÎÁÑ ÐÁÒÁ P_1 ÂÉÇÒÁÄÕÉÒÏŒÁÎÁ, Ô.Å. ÍÏÄÕÌÉ D, E ÂÉÇÒÁÄÕÉÒÏŒÁÎÙ, D = ⨁ D^{p,q}, E = ⨁ E^{p,q}, a ÍÏÒÆÉÚÍÙ i, j, k ÉÍÅ- ÀÔ ÂÉÓÔÅÐÅÎÉ, ÓÏÏÔŒÅÔÓÔŒÅÎÎÏ, (−1, 1), (0, 0), (1, 0). äÏËÁÖÉÔÅ, ÞÔÏ ÐÒÏ- ÉÚŒÏÄÎÙÅ ÐÁÒÙ P_r ÔÏÖÅ ÂÉÇÒÁÄÕÉÒÏŒÁÎÙ, Á ÍÏÒÆÉÚÍÙ i_r, j_r, k_r ÉÍÅÀÔ ÂÉÓÔÅÐÅÎÉ (−1, 1), (r − 1, −r + 1), (1, 0). óÌÅÄÏŒÁÔÅÌØÎÏ, d_r = j_rk_r ÑŒÌÑÅÔÓÑ ÄÉÆÆÅÒÅÎÃÉÁ- ÌÏÍ Œ E_r ÂÉÓÔÅÐÅÎÉ (r, −r + 1), É ÅÇÏ ËÏÇÏÍÏÌÏÇÉÉ H_r ÉÚÏÍÏÒÆÎÙ E_{r+1} Ó ÓÏÈÒÁÎÅÎÉÅÍ ÂÉÇÒÁÄÕÉÒÏŒËÉ. ôÁËÉÍ ÏÂÒÁÚÏÍ, (E^{pq}_r , d_r) ÏÂÒÁÚÕÀÔ ÓÐÅË- ÔÒÁÌØÎÕÀ ÐÏÓÌÅÄÏŒÁÔÅÌØÎÏÓÔØ.

3. œ ÕÓÌÏŒÉÑÈ ÐÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÉ ÒÁÓÓÍÏÔÒÉÍ ÄÉÁÇÒÁÍÍÕ i i . . . −−−→ E^{p−2,q k}−−−→ D^{p−1,q j}−−−→ E^{p−1,q k}−−−→ D^{p,q j}−−−→ . . . i i . . . −−−→ E^{p−1,q−1 k}−−−→ D^{p,q−1 j}−−−→ E^{p,q−1 k}−−−→ D^{p+1,q−1 j}−−−→ . . . i i úÄÅÓØ ËÁÖÄÁÑ ÐÏÓÌÅÄÏŒÁÔÅÌØÎÏÓÔØ, ÓÏÓÔÏÑÝÁÑ ÉÚ ÏÄÎÏÇÏ ŒÅÒÔÉËÁÌØÎÏÇÏ ÛÁÇÁ i, ÄŒÕÈ ÇÏÒÉÚÏÎÔÁÌØÎÙÈ ÛÁÇÏŒ j, k, ÎÏŒÏÇÏ ŒÅÒÔÉËÁÌØÎÏÇÏ ÛÁÇÁ i É Ô.Ä., ÑŒÌÑÅÔÓÑ ÔÏÞÎÏÊ. ðÒÉ ÔÁËÏÍ ÏÐÉÓÁÎÉÉ E^{p,q}_r ÅÓÔØ ÐÏÄÆÁËÔÏÒ E^{p,q}, ÐÏÌÕÞÁÀÝÉÊÓÑ ÆÁËÔÏÒÉÚÁÃÉÅÊ k^{−1}(Im(i^{r−1})) ÐÏ j(Ker(i^{r−1})) (ÇÄÅ k^{−1} | ÐÏÌÎÙÊ ÐÒÏÏÂÒÁÚ ÐÒÉ ÍÏÒÆÉÚÍÅ k). ïÐÉÛÉÔÅ ÐÒÅÄÅÌ E^{p,q}_∞ ÐÒÉ r → ∞.

4. ðÕÓÔØ F^pK^• | ÕÂÙŒÁÀÝÁÑ ÆÉÌØÔÒÁÃÉÑ ËÏÍÐÌÅËÓÁ K^•. a) éÓÐÏÌØÚÕÑ ÔÏÞÎÙÅ ÐÏÓÌÅÄÏŒÁÔÅÌØÎÏÓÔÉ ËÏÇÏÍÏÌÏÇÉÊ, ÏÔŒÅÞÁÀÝÉÅ ÔÏÞÎÙÍ ÔÒÏÊËÁÍ ËÏÍÐÌÅËÓÏŒ 0 → F^{p+1}K^• → F^pK^• → F^pK^•/F^{p+1}K^• → 0, ÐÏÓÔÒÏÊÔÅ ÂÉÇÒÁÄÕÉÒÏŒÁÎÎÕÀ ÔÏÞÎÕÀ ÐÁÒÕ Ó D^{p,q} = H^{p+q}(F^pK^•), E^{p,q} =

H^{p+q}(F^pK^•/F^{p+1}K^•) É ÍÏÒÆÉÚÍÁÍÉ i, j, k ÂÉÓÔÅÐÅÎÅÊ (−1, 1), (0, 0), (1, 0) ÓÏÏÔŒÅÔÓÔŒÅÎÎÏ. óÐÅËÔÒÁÌØÎÁÑ ÐÏÓÌÅÄÏŒÁÔÅÌØÎÏÓÔØ ÜÔÏÊ ÔÏÞÎÏÊ ÐÁÒÙ ÅÓÔØ ÓÐÅËÔÒÁÌØÎÁÑ ÐÏÓÌÅÄÏŒÁÔÅÌØÎÏÓÔØ ÆÉÌØÔÒÏŒÁÎÎÏÇÏ ËÏÍÐÌÅËÓÁ F^•K^•.

Â) ðÒÏŒÅÒØÔÅ, ÞÔÏ E^{p,q}_r = Z^{p,q}_r /(Z^{p+1,q−1}_{r−1} + dZ^{p−r+1,q+r−2}_{r−1} ), ÇÄÅ Z^{p,q}_r = d^{−1}(F^{p+r}K^{p+q+1}) ∩ F^pK^{p+q}, a d^{p,q}_r : E^{p,q}_r → E^{p+r,q−r+1}_r ÉÎÄÕÃÉÒÏŒÁÎ ÄÉÆÆÅÒÅÎÃÉÁÌÏÍ d ËÏÍÐÌÅËÓÁ K^•.

5. ðÕÓÔØ Œ ÕÓÌÏŒÉÑÈ ÐÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÉ ÆÉÌØÔÒÁÃÉÑ F^• ÎÁ ËÁÖÄÏÍ ÞÌÅÎÅ ËÏÍÐÌÅËÓÁ K^n ËÏÎÅÞÎÁ É ÒÅÇÕÌÑÒÎÁ, Ô.Å. ∃p_+(n), p_−(n) Ô.Þ. F^p+^{(n)}K^n = K^n, F^p�^{(n)}K^n = 0. äÏËÁÖÉÔÅ, ÞÔÏ ÐÒÉ r ≥ r_0(p, q) :=max(p_+(p + q + 1) − p_−(p + q) + 1, p_+(p + q) − p_−(p + q − 1) + 1) ÉÍÅÅÍ d^{p,q}r = 0, d^{p−r,q+r−1}r = 0. ôÁËÉÍ ÏÂÒÁÚÏÍ, Œ ÐÒÅÄÅÌÅ E^{p,q}_∞ = Z^{p,q}_r /Z^{p+1,q−1}_{r−1} ÐÒÉ r ≥ r_0(p, q), É Z^{p,q}_r =Ker(d|_F p_Kp+q ), Z^{p+1,q−1} r−1 =Ker(d|_F p+1_Kp+q ) ÐÒÉ r > r_0(p, q).

œŒÅÄÅÍ ÎÁ H^n := H^n(K^•) ÆÉÌØÔÒÁÃÉÀ F^pH^n =ÏÂÒÁÚH^n(F^pK^•) ÐÒÉ ÅÓÔÅÓÔŒÅÎÎÏÍ ÏÔÏÂÒÁÖÅÎÉÉ F^pK^• → K^•. ôÏÇÄÁ ÄÌÑ n = p + q ÉÍÅÅÍ E^{p,q}_∞ = F^pH^n/F^{p+1}H^n, Ô.Å. gr_F H^n = ⨁ p+q=n E p,q ∞ , Ô.Å. ÓÐÅËÔÒÁÌØÎÁÑ ÐÏÓÌÅÄÏŒÁÔÅÌØÎÏÓÔØ ÓÈÏÄÉÔÓÑ Ë ËÏÇÏÍÏÌÏÇÉÑÍ H^•(K^•).

6. a) òÁÓÓÍÏÔÒÉÍ ËÁÎÏÎÉÞÅÓËÕÀ ÆÉÌØÔÒÁÃÉÀ ËÏÍÐÌÅËÓÁ (F^pK^•)^n = K^n ÐÒÉ n < −p, (F^pK^•)^n =Ker(d_n) ÐÒÉ n = −p, (F^pK^•)^n = 0 ÐÒÉ n > −p. äÏËÁÖÉÔÅ, ÞÔÏ ÓÏÏÔŒÅÔÓÔŒÕÀÝÁÑ ÆÉÌØÔÒÁÃÉÑ ÎÁ H^n(K^•) ÔÒÉ- ŒÉÁÌØÎÁ: F^pH^n = H^n ÐÒÉ n ≤ −p, F^pH^n = 0 ÐÒÉ n > −p. äÏËÁÖÉÔÅ, ÞÔÏ E^{p,q}_1 = H^p(K^•) ÐÒÉ q = −2p, E^{p,q}_1 = 0 ÐÒÉ q ≠ −2p, É d^{p,q}_1 = 0 ÐÒÉ ŒÓÅÈ p, q. ôÁËÉÍ ÏÂÒÁÚÏÍ, d_r = 0 ÄÌÑ ŒÓÅÈ r ≥ 1 É E^{p,q}_r = E^{p,q}_1 .

Â) òÁÓÓÍÏÔÒÉÍ ÇÌÕÐÕÀ ÆÉÌØÔÒÁÃÉÀ ËÏÍÐÌÅËÓÁ (G^pK^•)^n = 0 ÐÒÉ n < p, (G^pK^•)^n = K^n ÐÒÉ n ≥ p. äÏËÁÖÉÔÅ, ÞÔÏ ÓÏÏÔŒÅÔÓÔŒÕÀÝÁÑ ÆÉÌØÔÒÁÃÉÑ ÎÁ H^n(K^•) ÔÒÉŒÉÁÌØÎÁ: G^pH^n = H^n ÐÒÉ p ≤ n, G^pH^n = 0 ÐÒÉ p > n. äÏËÁÖÉÔÅ, ÞÔÏ E^{p,q}_r = 0 ÐÒÉ q ≠ 0, E^{p,q}_r = K^p ÐÒÉ q = 0, r = 1, E^{p,q}_r = H^p(K^•) ÐÒÉ q = 0, 2 ≤ r ≤ ∞. îÁËÏÎÅÃ, d^{p,q}_r : E^{p,q}_r → E^{p+r,q−r+1}_r ÓÏŒÐÁÄÁÅÔ Ó d_p : K^p → K^{p+1} ÐÒÉ q = 0, r = 1 É ÔÒÉŒÉÁÌÅÎ Œ ÏÓÔÁÌØÎÙÈ ÓÌÕÞÁÑÈ.

7. ðÕÓÔØ K^• ÑŒÌÑÅÔÓÑ ÔÏÔÁÌØÎÙÍ ËÏÍÐÌÅËÓÏÍ ÂÉËÏÍÐÌÅËÓÁ (L^{••}, d^′, d^{′′}) (ÓÍ. ÚÁÄÁÞÕ 4 ÐÒÅÄÙÄÕÝÅÇÏ ÌÉÓÔËÁ). òÁÓÓÍÏÔÒÉÍ ÎÁ K^• ÕÂÙŒÁÀÝÕÀ ÆÉÌØÔÒÁÃÉÀ F^′_p(K^n) := ⨁_{i≥p} i+j=n L ij (ÓÒ. ÚÁÄÁÞÕ 6 ÐÒÅÄÙÄÕÝÅÇÏ ÌÉÓÔËÁ).

óÏÏÔŒÅÔÓÔŒÕÀÝÁÑ ÓÐÅËÔÒÁÌØÎÁÑ ÐÏÓÌÅÄÏŒÁÔÅÌØÎÏÓÔØ ÏÂÏÚÎÁÞÁÅÔÓÑ^′E^{pq}_r . äÏËÁÖÉÔÅ, ÞÔÏ^′E^{pq}_2 = H^p_d0(H^{•,q}_d00 (L^{••})).