EMBEDDINGS OF CONTINUA INTO THE PLANE

A. Skopenkov

Abstract. In these (unfinished) notes we present classical results on embedding and isotopy problems for graphs, 2- polyhedra and continua in the plane. Some of these results are unfortunately not so well-known, e.g. Exercise 5 of §1, Theorems 1.2 and 2.1. Embeddings of continua into the plane recently attracted much attention in the theories of dynamical systems [Zhi], Chebyshev systems [Kos] and superpositions and Hilbert’s 13th problem (see §§3,4). Each section contains exercises marked by smaller letters and bold numbers.

ðÏŒÔÏÒÑÑ ÓÌÏŒÁ, ìÉÛÅÎÎÙÅ ŒÓÑËÏÇÏ ÓÍÙÓÌÁ, îÏ ÂÅÚ ÎÁÐÒÑÖÅÎØÑ...

â.çÒÅÂÅÎÝÉËÏŒ, ’ðÌÏÓËÏÓÔØ.’

1. Embeddings and isotopy of graphs in the plane

The three classical main problems of geometric topology are the problems of homeomorphism, embedding and isotopy. An embedding is a homeomorphism onto its image. An isotopy of an embedding is a continuous deformation of this embedding in the class of embeddings.

0. a) Construct a continuous injection which is not an embedding. b) A continuous injection from a compactum is an embedding.

The homeomorphism problem for graphs is solved by the following exercise (in the sense that no better general homeomorphism criteria exist).

1. äŒÁ ÇÒÁÆÁ ÑŒÌÑÀÔÓÑ ÇÏÍÅÏÍÏÒÆÎÙÍÉ, ÅÓÌÉ ÏÔ ÏÄÎÏÇÏ ÍÏÖÎÏ ÐÅÒÅÊÔÉ Ë ÄÒÕÇÏÍÕ ÏÐÅÒÁÃÉÑÍÉ ÐÏÄÒÁÚÄÅ- ÌÅÎÉÑ ÒÅÂÒÁ (ÒÉÓ. 1.1) É ÏÂÒÁÔÎÙÍÉ Ë ÎÉÍ. Figures 1.1 and 1.2 approximately here In this section we present the solution of the homeomorphism and the isotopy problems for graphs in the plane. 2. çÒÁÆÙ K_5 É K_{3;3} (ÒÉÓ. 1.2) ÎÅ ÑŒÌÑÀÔÓÑ ÐÌÏÓËÉÍÉ.

3. (íÅÎÇÅÒ, 1920-Å) çÒÁÆ, ÓÔÅÐÅÎØ ËÁÖÄÏÊ ŒÅÒÛÉÎÙ ËÏÔÏÒÏÇÏ ÒÁŒÎÁ 3, ÑŒÌÑÅÔÓÑ ÐÌÏÓËÉÍ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ÏÎ ÎÅ ÓÏÄÅÒÖÉÔ ÐÏÄÇÒÁÆÁ, ÇÏÍÅÏÍÏÒÆÎÏÇÏ ÇÒÁÆÕ K_{3;3}.

ôÅÏÒÅÍÁ 1.1 ëÕÒÁÔÏŒÓËÏÇÏ. çÒÁÆ ÑŒÌÑÅÔÓÑ ÐÌÏÓËÉÍ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ÏÎ ÎÅ ÓÏÄÅÒÖÉÔ ÐÏÄ- ÇÒÁÆÁ, ÇÏÍÅÏÍÏÒÆÎÏÇÏ ÇÒÁÆÕ K_5 ÉÌÉ K_{3;3} (ÒÉÓ. 1.2) [Kur30].

ðÅÒÅÄ ÔÅÍ, ËÁË ÐÒÉŒÅÓÔÉ ÎÁÂÒÏÓÏË ÐÒÏÓÔÏÇÏ ÄÏËÁÚÁÔÅÌØÓÔŒÁ ÔÅÏÒÅÍÙ ëÕÒÁÔÏŒÓËÏÇÏ [Tho81, Mak97], ÓÆÏÒ- ÍÕÌÉÒÕÅÍ ÎÅÓËÏÌØËÏ ÚÁÄÁÞ.

Figures 1.3 and 1.4 approximately here 4. (ÏÔÎÏÓÉÔÅÌØÎÁÑ ŒÅÒÓÉÑ ÔÅÏÒÅÍÙ ëÕÒÁÔÏŒÓËÏÇÏ) îÁÚÏŒÅÍ ÎÅÓÁÍÏÐÅÒÅÓÅËÁÀÝÉÊÓÑ ÃÉËÌ C Œ ÓŒÑÚÎÏÍ ÇÒÁÆÅ G ÇÒÁÎÉÞÎÙÍ, ÅÓÌÉ ÓÕÝÅÓÔŒÕÅÔ ŒÌÏÖÅÎÉÅ G → R^2, ÐÒÉ ËÏÔÏÒÏÍ C | ÇÒÁÎÉÃÁ ÎÅËÏÔÏÒÏÊ ÇÒÁÎÉ. ãÉËÌ C ÑŒÌÑÅÔÓÑ ÇÒÁÎÉÞÎÙÍ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ C ÎÅ ÓÏÄÅÒÖÉÔÓÑ Œ ÐÏÄÇÒÁÆÅ ÇÒÁÆÁ G, ËÁË ÎÁ ÒÉÓ. 1.3.a ÉÌÉ 1.3.b (ÕËÁÚÁÎÉÅ: ÉÓÐÏÌØÚÕÊÔÅ ÔÅÏÒÅÍÕ ëÕÒÁÔÏŒÓËÏÇÏ).

5. çÒÁÆ G Ó ÚÁÄÁÎÎÙÍÉ ÃÉËÌÁÍÉ ÒÅÂÅÒ, ŒÙÈÏÄÑÝÉÈ ÉÚ ÏÄÎÏÊ ŒÅÒÛÉÎÙ, ÍÏÖÎÏ ŒÌÏÖÉÔØ Œ ÐÌÏÓËÏÓÔØ, ÞÔÏÂÙ ÕËÁÚÁÎÎÙÅ ÃÉËÌÙ ÛÌÉ ÐÏ ÞÁÓÏŒÏÊ ÓÔÒÅÌËÅ, ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ G ÎÅ ÓÏÄÅÒÖÉÔ ’ŒÏÓØÍÅÒËÉ’ ÉÌÉ ’ÂÕËŒÙ `’ Ó ÃÉËÌÁÍÉ, ÉÚÏÂÒÁÖÅÎÎÙÍÉ ÎÁ ÒÉÓ. 1.4 (ÕËÁÚÁÎÉÅ: ÎÅ ÉÓÐÏÌØÚÕÊÔÅ ÔÅÏÒÅÍÕ ëÕÒÁÔÏŒÓËÏÇÏ).

6. íÏÖÎÏ ÌÉ ÎÁÒÉÓÏŒÁÔØ ÂÅÚ ÓÁÍÏÐÅÒÅÓÅÞÅÎÉÊ ÓÌÅÄÕÀÝÉÅ ÇÒÁÆÙ:

a) K_5 ÎÁ ÔÏÒÅ? b) K_{3;3} ÎÁ ÌÉÓÔÅ íÅÂÉÕÓÁ? c) K_5 ÎÁ ÓÆÅÒÅ? d) K_5 ÎÁ ÃÉÌÉÎÄÒÅ (Œ ËÏÌØÃÅ)? e)* K_9 ÎÁ ÔÏÒÅ?

7. ìÀÂÏÊ ÇÒÁÆ ÍÏÖÎÏ ÎÁÒÉÓÏŒÁÔØ ÂÅÚ ÓÁÍÏÐÅÒÅÓÅÞÅÎÉÊ a) Œ ÐÒÏÓÔÒÁÎÓÔŒÅ. b) ÎÁ ÓÆÅÒÅ Ó ÎÅËÏÔÏÒÙÍ ËÏÌÉÞÅÓÔŒÏÍ ÒÕÞÅË, ÚÁŒÉÓÑÝÉÍ ÏÔ ËÏÎËÒÅÔÎÏÇÏ ÇÒÁÆÁ. c) Œ ËÎÉÖËÅ Ó ÎÅËÏÔÏÒÙÍ ËÏÌÉÞÅÓÔŒÏÍ ÓÔÒÁÎÉÃ, ÚÁŒÉÓÑÝÉÍ ÏÔ ÇÒÁÆÁ. d) Œ ËÎÉÖËÅ Ó 3 ÓÔÒÁÎÉÃÁÍÉ. 8. ìÉÓÔ íÅÂÉÕÓÁ É ÔÏÒ Ó ÄÙÒËÏÊ (É ÌÀÂÕÀ ÐÏŒÅÒÈÎÏÓÔØ Ó ËÒÁÅÍ) ÍÏÖÎÏ ŒÙÒÅÚÁÔØ ÉÚ ËÎÉÖËÉ Ó 3 ÓÔÒÁÎÉÃÁÍÉ. 9. çÒÁÆ G ÍÏÖÎÏ ÎÁÒÉÓÏŒÁÔØ ÎÁ ÐÌÏÓËÏÓÔÉ ÂÅÚ ÓÁÍÏÐÅÒÅÓÅÞÅÎÉÊ ÔÁË, ÞÔÏÂÙ ÏÎ ÂÙÌ ÇÒÁÎÉÃÅÊ ÎÅËÏÔÏÒÏÊ ÏÄÎÏÊ ÇÒÁÎÉ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ G ÎÅ ÓÏÄÅÒÖÉÔ ÐÏÄÇÒÁÆÁ, ÇÏÍÅÏÍÏÒÆÎÏÇÏ ` (Ô. Å. ÂÕËŒÅ `). Figure 1.5 approximately here

Typeset by AMS-TEX 1

îÁÂÒÏÓÏË ÄÏËÁÚÁÔÅÌØÓÔŒÁ ÔÅÏÒÅÍÙ ëÕÒÁÔÏŒÓËÏÇÏ (ÄÅÔÁÌÉ ÏÓÔÁŒÌÑÅÍ ÞÉÔÁÔÅÌÀ Œ ËÁÞÅÓÔŒÅ ÚÁÄÁÞ). ïÐÅ- ÒÁÃÉÉ ÕÄÁÌÅÎÉÑ ÒÅÂÒÁ G → G − e, ÓÔÑÇÉŒÁÎÉÑ ÒÅÂÒÁ G → G=e É ÕÄÁÌÅÎÉÑ ŒÅÒÛÉÎÙ G → G − x ÏÐÒÅÄÅÌÅÎÙ ÎÁ ÒÉÓ. 1.5. çÒÁÆ, ÐÏÌÕÞÅÎÎÙÊ ÉÚ ÇÒÁÆÁ G ÐÒÏÉÚŒÏÌØÎÏÊ ÐÏÓÌÅÄÏŒÁÔÅÌØÎÏÓÔØÀ ÕËÁÚÁÎÎÙÈ ÏÐÅÒÁÃÉÊ, ÎÁÚÙŒÁÅÔÓÑ ÍÉÎÏÒÏÍ ÇÒÁÆÁ G.

ìÅÍÍÁ. a) íÉÎÏÒ ÐÌÏÓËÏÇÏ ÇÒÁÆÁ ÐÌÏÓËÉÊ.

b) çÒÁÆ G ÎÅ ÓÏÄÅÒÖÉÔ ÐÏÄÇÒÁÆÁ, ÇÏÍÅÏÍÏÒÆÎÏÇÏ K_5 ÉÌÉ K_{3;3} ⇔ ÇÒÁÆ G ÎÅ ÉÍÅÅÔ ÍÉÎÏÒÁ, ÉÚÏÍÏÒÆÎÏÇÏ K_5 ÉÌÉ K_{3;3}.

ðÕÓÔØ G | ÍÉÎÉÍÁÌØÎÙÊ Œ ÓÍÙÓÌÅ ÍÉÎÏÒÏŒ ÎÅÐÌÏÓËÉÊ ÇÒÁÆ. éÚ ìÅÍÍÙ ŒÙÔÅËÁÅÔ, ÞÔÏ ÄÌÑ ÄÏËÁÚÁÔÅÌØÓÔŒÁ ÔÅÏÒÅÍÙ ëÕÒÁÔÏŒÓËÏÇÏ ÄÏÓÔÁÔÏÞÎÏ ÐÏËÁÚÁÔØ, ÞÔÏ G ÉÚÏÍÏÒÆÅÎ K_5 ÉÌÉ K_{3;3}.

úÁÍÅÞÁÎÉÅ. G ÎÅ ÉÍÅÅÔ ŒÅÒÛÉÎ ÓÔÅÐÅÎÉ 1 ÉÌÉ 2. ïÓÎÏŒÎÁÑ ìÅÍÍÁ. äÌÑ ÌÀÂÏÇÏ ÒÅÂÒÁ xy ÇÒÁÆÁ G ÇÒÁÆ G − x − y a) ÎÅ ÓÏÄÅÒÖÉÔ ÐÏÄÇÒÁÆÁ, ÇÏÍÅÏÍÏÒÆÎÏÇÏ `. b) ÎÅ ÓÏÄÅÒÖÉÔ ÄŒÕÈ ŒÉÓÑÞÉÈ ŒÅÒÛÉÎ. Ó) ÇÏÍÅÏÍÏÒÆÅÎ ÏËÒÕÖÎÏÓÔÉ.

äÏËÁÚÁÔÅÌØÓÔŒÏ ÕÔŒÅÒÖÄÅÎÉÑ (a). îÁÒÉÓÕÅÍ ÎÁ ÐÌÏÓËÏÓÔÉ ÂÅÚ ÓÁÍÏÐÅÒÅÓÅÞÅÎÉÊ ÍÉÎÏÒ G=xy ÇÒÁÆÁ G (ÒÉÓ. 1.6.a). ðÏËÒÁÓÉÍ Œ ÂÅÌÙÊ ÃŒÅÔ ÒÅÂÒÁ ÇÒÁÆÁ G=xy, ŒÙÈÏÄÑÝÉÅ ÉÚ ŒÅÒÛÉÎÙ xy. óÏÔÒÅÍ ÂÅÌÙÅ ÒÅÂÒÁ É ÐÏËÒÁÓÉÍ Œ ÞÅÒÎÙÊ ÃŒÅÔ ÇÒÁÎÉÃÕ ÇÒÁÎÉ ÐÏÌÕÞÉŒÛÅÇÏÓÑ ÇÒÁÆÁ G=xy − xy, ÓÏÄÅÒÖÁÝÕÀ ŒÅÒÛÉÎÕ xy. ôÁË ËÁË G=xy − xy = G − x − y, ÔÏ ÄÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ Œ ÇÒÁÆÅ G=xy ŒÓÅ ÒÅÂÒÁ ÌÉÂÏ ÂÅÌÙÅ, ÌÉÂÏ ÞÅÒÎÙÅ. ðÕÓÔØ ÜÔÏ ÎÅ ÔÁË. åÓÌÉ ÂÙ ÏÂSSÅÄÉÎÅÎÉÅ ÞÅÒÎÙÈ ÒÅÂÅÒ ÂÙÌÏ ÂÙ ÄÅÒÅŒÏÍ, ÔÏ ËÒÁÓÎÙÈ ÒÅÂÅÒ ÎÅ ÂÙÌÏ ÂÙ. ðÏÜÔÏÍÕ ÎÁÊÄÅÔÓÑ ÃÉËÌ C ÉÚ ÞÅÒÎÙÈ ÒÅÂÅÒ, ÏÔÎÏÓÉÔÅÌØÎÏ ËÏÔÏÒÏÇÏ (ÎÅ ÕÍÅÎØÛÁÑ ÏÂÝÎÏÓÔÉ) ŒÅÒÛÉÎÁ xy ÌÅÖÉÔ ŒÎÕÔÒÉ, Á ÎÅËÏÔÏÒÏÅ ÅÝÅ ÎÅ ÐÏËÒÁÛÅÎÎÏÅ ÒÅÂÒÏ | ŒÎÅ. ðÏËÒÁÓÉÍ Œ ËÒÁÓÎÙÊ ÃŒÅÔ ŒÓÅ ÒÅÂÒÁ ÇÒÁÆÁ G=xy, ÌÅÖÁÝÉÅ ŒÎÅ ÃÉËÌÁ C. ïÓÔÁŒÛÉÅÓÑ ÒÅÂÒÁ ÇÒÁÆÁ G=xy ÐÏËÒÁÓÉÍ Œ ÏÒÁÎÖÅŒÙÊ ÃŒÅÔ.

ðÏÓÔÒÏÅÎÎÁÑ ÒÁÓËÒÁÓËÁ ÇÒÁÆÁ G=xy ÐÏÒÏÖÄÁÅÔ ÒÁÓËÒÁÓËÕ ÇÒÁÆÁ G (ÒÅÂÒÏ xy ËÒÁÓÉÔÓÑ Œ ÂÅÌÙÊ ÃŒÅÔ). çÒÁÆ G−R, ÐÏÌÕÞÅÎÎÙÊ ÉÚ ÇÒÁÆÁ G ÕÄÁÌÅÎÉÅÍ ËÒÁÓÎÙÈ ÒÅÂÅÒ, ÍÏÖÎÏ ÎÁÒÉÓÏŒÁÔØ ÎÁ ÐÌÏÓËÏÓÔÉ ÂÅÚ ÓÁÍÏÐÅÒÅÓÅÞÅÎÉÊ (ÒÉÓ. 5.b). íÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ ÂÅÌÙÅ ÒÅÂÒÁ xy ÌÅÖÁÔ ŒÎÕÔÒÉ ÞÅÒÎÏÇÏ ÃÉËÌÁ C. ðÏÓËÏÌØËÕ ÏÂSSÅÄÉÎÅÎÉÅ B ÞÅÒÎÙÈ ÒÅÂÅÒ | ÇÒÁÎÉÃÁ ÇÒÁÎÉ, ÔÏ ÏÎÏ ÎÅ ÓÏÄÅÒÖÉÔ `. úÎÁÞÉÔ, ËÁÖÄÁÑ ËÏÍÐÏÎÅÎÔÁ ÓŒÑÚÎÏÓÔÉ ÇÒÁÆÁ B − C ÐÅÒÅÓÅËÁÅÔÓÑ Ó C ÎÅ ÂÏÌÅÅ ÞÅÍ ÐÏ ÏÄÎÏÊ ÔÏÞËÅ. ðÏÜÔÏÍÕ ÍÏÖÎÏ ÐÅÒÅËÉÎÕÔØ ËÁÖÄÕÀ ËÏÍÐÏÎÅÎÔÕ ÓŒÑÚÎÏÓÔÉ ÇÒÁÆÁ B − C ŒÎÕÔÒØ C. âÕÄÅÍ ÓÞÉÔÁÔØ ÄÁÌÅÅ, ÞÔÏ B − C ÌÅÖÉÔ ŒÎÕÔÒÉ C. á ÚÎÁÞÉÔ, É ŒÓÅ ÏÒÁÎÖÅŒÙÅ ÒÅÂÒÁ ÌÅÖÁÔ ŒÎÕÔÒÉ C. îÁÒÉÓÏŒÁŒ ËÒÁÓÎÙÅ ÒÅÂÒÁ ŒÎÅ C, ËÁË ÎÁ ÒÉÓ. 1.6.a, ÐÏÌÕÞÉÍ ŒÌÏÖÅÎÉÅ ÇÒÁÆÁ G Œ ÐÌÏÓËÏÓÔØ. ðÏÌÕÞÅÎÎÏÅ ÐÒÏÔÉŒÏÒÅÞÉÅ ÄÏËÁÚÙŒÁÅÔ, ÞÔÏ G − x − y ÅÓÔØ ÇÒÁÎÉÃÁ ÇÒÁÎÉ É ÐÏÜÔÏÍÕ ÎÅ ÓÏÄÅÒÖÉÔ `. Figures 1.6 and 1.7 approximately here õËÁÚÁÎÉÑ Ë (b) É (c). éÓÐÏÌØÚÕÊÔÅ (a) É úÁÍÅÞÁÎÉÅ. äÏËÁÖÉÔÅ ÓÎÁÞÁÌÁ, ÞÔÏ G − x − y ÎÅ ÇÏÍÅÏÍÏÒÆÅÎ ÎÉ ÇÒÁÆÕ ÎÁ ÒÉÓ. 1.7.a, ÎÉ ÇÒÁÆÕ ÎÁ ÒÉÓ. 1.7.b.

ïËÏÎÞÁÎÉÅ ÄÏËÁÚÁÔÅÌØÓÔŒÁ ÔÅÏÒÅÍÙ ëÕÒÁÔÏŒÓËÏÇÏ. ðÕÓÔØ xy | ÐÒÏÉÚŒÏÌØÎÏÅ ÒÅÂÒÏ ÇÒÁÆÁ G. ðÏ úÁÍÅ- ÞÁÎÉÀ, ÌÀÂÁÑ ŒÅÒÛÉÎÁ ÃÉËÌÁ G−x−y ÓÏÅÄÉÎÅÎÁ ÌÉÂÏ Ó x, ÌÉÂÏ Ó y. åÓÌÉ ŒÅÒÛÉÎÁ u ÃÉËÌÁ G−x−y ÓÏÅÄÉÎÅÎÁ Ó x É ÎÅ ÓÏÅÄÉÎÅÎÁ Ó y, ÔÏ ÓÏÓÅÄÎÑÑ Ó u ŒÅÒÛÉÎÁ v ÃÉËÌÁ ÎÅ ÓÏÅÄÉÎÅÎÁ Ó x (ÐÏÓËÏÌØËÕ Œ ÐÒÏÔÉŒÎÏÍ ÓÌÕÞÁÅ ÇÒÁÆ G − vx ÐÌÁÎÁÒÅÎ ÐÏ ÍÉÎÉÍÁÌØÎÏÓÔÉ ÇÒÁÆÁ G, ÚÎÁÞÉÔ, ÍÙ ÍÏÖÅÍ ÄÏÂÁŒÉÔØ ÒÅÂÒÏ vx Ë ŒÌÏÖÅÎÎÏÍÕ Œ ÐÌÏÓËÏÓÔØ ÇÒÁÆÕ G − vx É ÐÏÌÕÞÉÔØ ŒÌÏÖÅÎÉÅ Œ ÐÌÏÓËÏÓÔØ ÇÒÁÆÁ G). ðÏÜÔÏÍÕ ÌÉÂÏ ÌÀÂÁÑ ŒÅÒÛÉÎÁ ÃÉËÌÁ G − x − y ÓÏÅÄÉÎÅÎÁ Œ G É Ó x, É Ó y, ÌÉÂÏ ŒÅÒÛÉÎÙ ÃÉËÌÁ G − x − y, ÓÏÅÄÉÎÅÎÎÙÅ Ó x É ÓÏÅÄÉÎÅÎÎÙÅ c y, ÞÅÒÅÄÕÀÔÓÑ ŒÄÏÌØ ÜÔÏÇÏ ÃÉËÌÁ. œ ÐÅÒŒÏÍ ÓÌÕÞÁÅ G = K_5, ŒÏ ŒÔÏÒÏÍ G = K_{3;3}. □

ëÒÏÍÅ ÔÅÏÒÅÍÙ ëÕÒÁÔÏŒÓËÏÇÏ, ÓÕÝÅÓÔŒÕÅÔ ÍÎÏÇÏ ÄÒÕÇÉÈ ËÒÉÔÅÒÉÅŒ ÐÌÁÎÁÒÎÏÓÔÉ ÇÒÁÆÏŒ. îÅËÏÔÏÒÙÅ ÉÚ ÎÉÈ ÑŒÌÑÀÔÓÑ ÍÁÌÏÍÅÒÎÙÍÉ ÁÎÁÌÏÇÁÍÉ ËÒÉÔÅÒÉÅŒ ŒÌÏÖÉÍÏÓÔÉ, ÏÂÓÕÖÄÁÅÍÙÈ ÎÉÖÅ. óÐÉÓÏË ÚÁÐÒÅÝ-ÅÎÎÙÈ ÐÏÄÇÒÁÆÏŒ ÄÌÑ ŒÌÏÖÉÍÏÓÔÉ ÇÒÁÆÁ Œ RP^2 ÓÏÄÅÒÖÉÔ ÃÅÌÙÈ 103 ÇÒÁÆÁ [GHW79]. äÁÖÅ ÓÕÝÅÓÔŒÏŒÁÎÉÅ ÔÁËÏÇÏ ËÏÎÅÞÎÏÇÏ ÓÐÉÓËÁ ÄÌÑ ÐÒÏÉÚŒÏÌØÎÏÊ ÐÏŒÅÒÈÎÏÓÔÉ ÉÍÅÅÔ ÏÞÅÎØ ÄÌÉÎÎÏÅ ÄÏËÁÚÁÔÅÌØÓÔŒÏ [ArHu89, RoSe90].

ôÅÏÒÅÍÁ 1.2 üÄËÉÓÓÏÎÁ-íÁËÌÅÊÎÁ. äŒÁ ŒÌÏÖÅÎÉÑ f; g : N → R^2 ÓŒÑÚÎÏÇÏ ÇÒÁÆÁ N (ÉÌÉ ÄÁÖÅ 2-ÐÏÌÉÜÄÒÁ, ÉÌÉ ÄÁÖÅ ÐÅÁÎÏŒÓËÏÇÏ ËÏÎÔÉÎÕÕÍÁ, ÓÍ. §2) ÉÚÏÔÏÐÎÙ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ N ÎÅ ÓÏÄÅÒÖÉÔ ÔÒÉ- ÏÄÁ T ÉÌÉ ÏËÒÕÖÎÏÓÔÉ S^1, ÄÌÑ ËÏÔÏÒÙÈ ÐÁÒÙ {f|_T ; g|_T } ÉÌÉ {f|_S1 ; g|_S1 } ÔÁËÏŒÙ, ËÁË ÎÁ ÒÉÓ. 1.8 [McAd41].

Figures 1.8 and 1.9 approximately here 10. a) äÏËÁÖÉÔÅ ÔÅÏÒÅÍÕ üÄËÉÓÓÏÎÁ-íÁËÌÅÊÎÁ b) óÆÏÒÍÕÌÉÒÕÊÔÅ É ÄÏËÁÖÉÔÅ ÁÎÁÌÏÇ ÜÔÏÊ ÔÅÏÒÅÍÙ ÄÌÑ ŒÌÏÖÅÎÉÊ Œ ÓÆÅÒÕ.

11. (õÉÔÎÉ, 1932) çÒÁÆ ÎÁÚÙŒÁÅÔÓÑ ≤ k-ÓŒÑÚÎÙÍ, ÅÓÌÉ ÏÎ ÏÓÔÁÅÔÓÑ ÓŒÑÚÎÙÍ ÐÏÓÌÅ ÕÄÁÌÅÎÉÑ ÌÀÂÙÈ k ÒÅÂÅÒ. a) ìÀÂÏÊ ÔÒÅÈÓŒÑÚÎÙÊ ÇÒÁÆ (ÎÁÐÒÉÍÅÒ, ÌÀÂÏÊ ÇÒÁÆ ÍÎÏÇÏÇÒÁÎÎÉËÁ) ÏÄÎÏÚÎÁÞÎÏ ŒËÌÁÄÙŒÁÅÔÓÑ Œ ÓÆÅÒÕ. b) ìÀÂÏÅ ŒÌÏÖÅÎÉÅ ÄŒÕÓŒÑÚÎÏÇÏ ÇÒÁÆÁ Œ ÓÆÅÒÕ ÍÏÖÅÔ ÂÙÔØ ÐÏÌÕÞÅÎÏ ÉÚ ÌÀÂÏÇÏ ÄÒÕÇÏÇÏ ’ÐÅÒÅŒÏÒÁÞÉŒÁÎÉ- ÑÍÉ ÂÌÏËÏŒ’ (ÒÉÓ. 1.9).

c) ïÐÒÅÄÅÌÉÔÅ ÏÐÅÒÁÃÉÉ, ÐÒÉ ÐÏÍÏÝÉ ËÏÔÏÒÙÈ ÍÏÖÎÏ ÐÏÌÕÞÉÔØ ÌÀÂÏÅ ŒÌÏÖÅÎÉÅ ÏÄÎÏÓŒÑÚÎÏÇÏ (⇔ ÓŒÑÚÎÏÇÏ) ÇÒÁÆÁ Œ ÓÆÅÒÕ ÉÚ ÌÀÂÏÇÏ ÄÒÕÇÏÇÏ.

12. ìÀÂÏÅ ŒÌÏÖÅÎÉÅ ÇÒÁÆÁ (ÉÌÉ ÄÁÖÅ ÐÏŒÅÒÈÎÏÓÔÉ Ó ËÒÁÅÍ) N ⊂ R^3 ÉÚÏÔÏÐÎÏ ŒÌÏÖÅÎÉÀ, ÏÂÒÁÚ ËÏÔÏÒÏÇÏ ÌÅÖÉÔ Œ ’ËÎÉÖËÅ’ Ó ÔÒÅÍÑ ÓÔÒÁÎÉÃÁÍÉ T × I ⊂ R^3.

2. Embeddability of 2-polyhedra and continua into the plane

A polyhedron is a topological space representable as a simplicial complex (or as a CW-complex). A triangulation of a polyhedron is its representation as a simplicial complex.

Theorem 2.1. A ˛nite 2-polyhedron embeds into S^2 if and only if it does not contain any of the three subpolyhedra K_5, K_{3;3} and U (˛gures 1.2 and 2.1) [HaJu64, MaSe66].

Figures 2.1 and 2.2 approximately here A continuum is a compact connected space. A continuum N is peanian, if one of the following equivalent conditions hold: N is locally arcwise connected ⇔ N is locally connected ⇔ N is continuous image of an arc.

Theorem 2.2. A peanian continuum embeds into S^2 if and only if it does not contain any of the four subcontinua K_5, K_{3;3}, P^′ and Q^′ (˛gure 2.2) [Cla34, Cla37].

Let us de˛ne the continua P^′ and Q^′. Let P be the graph obtained from K_5 by deleting the interior of an edge ab. Let {P_n} be a null-sequence of copies of P , converging to a point x =∈^∞ ∐ n=1 P_n. Denote points of P_n corresponding

to a and b by a_n and b_n. Let {I_n} be a null-sequence of arcs, joining b_n ∈ P to a_{n+1} ∈ P_{n+1} and converging to the same point x =∈^∞ ∐ n=1 I_n. Then P^′ = I ∪_{0=x}^∞ ⋃ n=1 (P_n ∪ I_n). The continuum Q^′ is de˛ned analogously, replacing K_5 by

K_{3;3} and P by Q.

1. Prove non-embeddability in Theorem 2.2.

2. Prove that Theorem 2.2 is false for 1-dimensional non-peanian continua.

From Theorem 2.2 it follows that any contractible 1-dimensional peanian continuum embeds into the plane.

Example 2.3. There exists a contractible continuum, non-embeddable into R^2.

Example 2.3 is a folklor result of 1930s. We present two its short modern proofs. The ˛rst is completely elementary [CRS98, KoSk99]. The advantage of the second proof is that it works also for the higher-dimensional analogue of Example 2.3 [RSS95, proof of Corollary 1.5, ReSk01].

First proof of Example 2.3. □

The above argument also provides a short proof of the Moore theorem stating that the plane R^2 does not contain an uncountable collection of pairwise disjoint triods [RSS95’].

The second proof is based on the following Borsuk-Ulam Theorem (the proof is an exercise). A map f : S^n → S^m between spheres is equivariant, if f(−x) = −f(x) for each x ∈ S^n.

The Borsuk-Ulam Theorem 2.4. (a) Every equivariant map S^1 → S^1 is not null-homotopic.

(b) There are no equivariant maps S^2 → S^1.

(c) For any map f : S^2 → R^2 there exists x ∈ S^2 such that f(x) = f(−x).

Second proof of Example 2.3. Let T be a triod. Let N = T × (0 ∪ {^1_k }) ∪ x × [0; 1], where x ∈ T . Clearly, N is contractible.

Suppose that there existed an embedding f : N → R^2. There exist a map ’ : S^1 → T which does not identify antipodal points. Then we could de˛ne a map : S^1 → T × T by (s) = (’(s); ’(−s)). Since ’ does not identify antipodal points, it would follow that S^1 ∩ diag T = ∅. Hence we could de˛ne maps

g_0 : S^1 → S^1 by g_0(x; y) = f(x; 0) − f(y; 0) |f(x; 0) − f(y; 0)| and g_k : T × T → S^1 by g_k(x; y) = f(x; 0) − f(y;^1_k ) |f(x; 0) − f(y;^1_k )| :

The maps , g_0 and g_k would be equivariant with respect to involutions on S^1 ⊂ T × T and S^1, exchanging factors and antipodal points, respectively. Since |S^1; diag T | ¿ 0, it would follow that for su‹ciently large k and a point (x; y) ∈ S^1, the points g_0(x; y) and g_k(x; y) would be close and hence could not be antipodal. Therefore g_0 ≃_{eq} g_k|_S1 . But g_k|_S1 extends to a contractible space T × T and therefore is null-homotopic. Hence g_0 : S^1 → S^1 is null-homotopic. Thus the map g_0 ∘ : S^1 → S^1 is equivariant and null-homotopic, which contradicts the Borsuk-Ulam Theorem. So N cannot embed into R^2. □

Let ~N = {(x; y) ∈ N ×N | x ≠ y} be the deleted product of N . Let Z_2 act on ~N and on S^{m−1} by exchanging factors and antipodes respectively. If f : N → R^m is an embedding, then there exists an equivariant map ~f : ~N → S^{m−1}, de˛ned by ~f (x; y) =^{f(x)−f(y)}

|f(x)−f(y)| . The existence of an equivariant map ˘ :

~N → S^{m−1} implies embeddability of N in R^m under certain conditions [Hae63, ReSk96, §6, ReSk99, §4, Sko]. Thus it is interesting to know whether such a result holds for embeddings of continua into the plane.

Corollary 2.5. If N is a 2-polyhedron (or even a peanian continuum) and there exists an equivariant map ˘ : ~N → S^1, then N embeds into R^2 [Wu65, SSS98, Sko98].

Proof. We deduce Corollary 2.5 from Theorems 2.1 and 2.2. For a triangulation T of N denote ~T = {œ × ø ∈ T × T | œ ∩ ø = ∅}. In this paragraph we replace ~N to ~T , where T is its ’minimal’ triangulation (de˛ned in an obvious manner for each particular case). In order to prove Corollary 2.5 for graphs N , it su‹ces to prove that ~K_5 and ~K_{3;3} are spheres with 10 and 6 handles, respectively (with the obvious involutions). In order to prove Corollary 2.5 for 2-polyhedra N , it su‹ces to prove additionaly that ~U ≃_{eq} S^2.

3. Prove the above statements.

In order to prove Corollary 2.5 for peanian continua N , it su‹ces to prove that there are no equivariant maps ~P ′ → S^1 and ~Q′ → S^1. We prove this for ~P ′ (for ~Q′ the proof is analogous). Suppose to the contrary that ˘ : ~P^′ → S^1 is an equivariant map. Take any embedding P → R^2 and let S be a circle in P whose image separate a and b. Denote by S_n the corresponding circle of P_n.

Since S_n converges to x, it follows that ˘|_{Sn×1} is ’close’ to ˘|_{0×1} and hence homotopic to the constant map ∗ for su‹ciently large n. Taking a subsequence of {P_n} we may assume that ˘|_{Sn×1} ≃ ∗ for each n. Since ˘|_{Sn×t} is a ‘homotopy’ between ˘|_{Sn×0} and ˘|_{Sn×1}, we have that ˘|_{Sn×0} ≃ ∗. Since S_n converges to x, it follows that ˘|_{Sn×Sm} ≃ ∗ for each n and su‹ciently large m. Taking a subsequence of {P_n} we may assume that ˘|_{S1×S2} ≃ ∗ and ˘|_{S2×S3} ≃ ∗. Hence ˘|_{b1×S2} ≃ ∗, therefore ˘|_{a2×S2} ≃ ∗. Analogously ˘|_{S2×b2} ≃ ∗. Let J_2 be an arc joining a_2 to b_2 and such that J_2 ∩ P_2 = {a_2; b_2} (then P_2 ∪ J_2 ∼= K_5). Since ˘|_{S2×a2} and ˘|_{S2×b2} are ’homotopic’, it folows that ˘| ~_{P2} equivariantly extends over ~P_2 ∪ S_2 × J_2 ∪ J_2 × S_2 ∼=_{eq} ~K_5, which is a contradiction. □

There also exists a continuum, which locally embeds into the plane but globally does not embed in any surface. This is the Vietoris-van Danzig 2-adic solenoid, ˛rst appeared in the theory of dynamical systems. It is the intersection of an in˛nite sequence of ˛lled-tori, each of them inscribed into the previous one with degree 2.

Example 2.6. The 3-adic solenoid ˚ does not embed in R^2, although there exists an equivariant map ˘ : ~˚ → S^1 [Sko98].

Construction of an equivariant map ~˚ → S^1. Let S^1 = {x ∈ C : |x| = 1}. Denote

˚ = {(x_1; x_2; : : : ) : x_i ∈ S^1; x^3_{i+1} = x_i};

~˚ = {(x_1; y_1; x_2; y_2; : : : ) : x_i; y_i ∈ S^1; x^3_{i+1} = x_i; y^3_{i+1} = y_i for each i and x_i ≠ y_i for some i}

and U_n = {(x_1; y_1; x_2; y_2; : : : ) ∈ ~˚ : |x_n; y_n| ¿ 4^{−n}}

with the Tikhonov topology. Since |x_n; y_n| ≤ 3|x_{n+1}; y_{n+1}| for each n, it follows that U_1 ⊂ U_2 ⊂ : : : and ~˚ =^∞ ⋃ n=1 U_n.

Since U_n is open, it su‹ces to construct a sequence of equivariant maps R_n : U_n → S^1 such that R_n = R_{n+1}|_{Un} . Let ~S^1_” = {(x; y) ∈ S^1 × S^1 : |x; y| ≥ ”}. It su‹ces to construct a sequence of equivariant maps

r_n : ~S^1_{4−n} → S^1 such that r_n(x^3; y^3) = r_{n+1}(x; y) whenever (x^3; y^3) ∈ ~S^1_{4−n} :

We shall construct such maps r_n successively [cf. ReSk98, Example 1.3]. Let r_0 : ~S^1 → S^1 be an arbitrary equivariant map. Suppose that r_{n−1} is already constructed. For an arc M ⊂ S^1 with end points a and b let A(M ) = {(x; y) ∈ S^1 × S^1 | arg^x_y ∈ M } be the annulus with boundary circles A(a) and A(b). Denote ” =^1_{3·4n−1} . Using the condition r_n(x; y) = r_{n−1}(x^3; y^3) we can de˛ne the map r_n on the union of the three annuli (white on ˛gure 2.3) A[”; 2ß 3 − ”] ∪ A[ 2ß 3 + ”; 4ß 3 − ”] ∪ A[ 4ß 3 + ”; 2ß − ”]:

Since the restrictions of r_n onto the circles A(3”) and A(2ß − 3”) are homotopic, it follows that the restrictions of r_{n+1} onto the circles A(^{2ß}_3 − ”) and A(^{2ß}_3 + ”) are homotopic. Therefore r_n extends over A[^{2ß}_3 − ”;^{2ß}_3 + ”]. Hence r_n equivariantly extends over ~S^1_{4−n} . We take as r_n : ~S^1_{4−n} → S^1 any such extension. □ Figure 2.3 approximately here

Conjecture 2.7. There exist a non-planar tree-like continuum N for which there is an equivariant map ~N → S^1.

The example of p-adic solenoid ilustrates inverse limits approach to embeddability of continua into the plane.

3. 13-

ðÕÓÔØ ÄÁÎÁ ÓÉÓÔÅÍÁ ÆÕÎËÃÉÊ {f_i : X^{ni} → X}, ÇÄÅ X | ÐÒÏÉÚŒÏÌØÎÏÅ ÔÏÐÏÌÏÇÉÞÅÓËÏÅ ÐÒÏÓÔÒÁÎÓÔŒÏ. ïÐÒÅÄÅÌÉÍ ÉÎÄÕËÔÉŒÎÏ ÐÏÎÑÔÉÅ ÓÕÐÅÒÐÏÚÉÃÉÉ ÆÕÎËÃÉÊ ÉÚ ÄÁÎÎÏÊ ÓÉÓÔÅÍÙ :

1) ÌÀÂÁÑ ÆÕÎËÃÉÑ f_i ÑŒÌÑÅÔÓÑ ÓÕÐÅÒÐÏÚÉÃÉÅÊ ÆÕÎËÃÉÊ ÉÚ {f_i};

2) ÅÓÌÉ ÆÕÎËÃÉÉ g_1; : : : ; g_{ni} ÑŒÌÑÀÔÓÑ ÓÕÐÅÒÐÏÚÉÃÉÑÍÉ ÆÕÎËÃÉÊ ÉÚ {f_i}, ÔÏ ÆÕÎËÃÉÑ f_i(g_1; : : : ; g_{ni} ) ÅÓÔØ ÓÕÐÅÒÐÏÚÉÃÉÑ ÆÕÎËÃÉÊ ÉÚ {f_i}.

îÁÐÒÉÍÅÒ, ÐÏÌÉÎÏÍ ∑ a_{k1:::kn} x^{k1}_1 · · · x^{kn}_n ÅÓÔØ ÓÕÐÅÒÐÏÚÉÃÉÑ ÆÕÎËÃÉÊ f(x; y) = x + y, g(x; y) = xy É h(t) = t.

ðÒÉÞÅÍ g ÍÏÖÎÏ ÉÓËÌÀÞÉÔØ, ÔÁË ËÁË xy = exp(ln x + ln y) ÄÌÑ x; y ¿ 0.

òÁÓÓÍÏÔÒÉÍ ÓÌÅÄÕÀÝÉÅ ŒÏÐÒÏÓÙ ÄÌÑ ÎÅÐÒÅÒÙŒÎÙÈ ÄÅÊÓÔŒÉÔÅÌØÎÏÚÎÁÞÎÙÈ ÆÕÎËÃÉÊ: 1. íÏÖÎÏ ÌÉ ËÁÖÄÕÀ ÆÕÎËÃÉÀ ÎÅÓËÏÌØËÉÈ ÁÒÇÕÍÅÎÔÏŒ ÚÁÐÉÓÁÔØ Œ ŒÉÄÅ ÓÕÐÅÒÐÏÚÉÃÉÉ ÆÕÎËÃÉÊ ÎÅ ÂÏÌÅÅ ÞÅÍ ÄŒÕÈ ÁÒÇÕÍÅÎÔÏŒ?

2. íÏÖÎÏ ÌÉ ËÁÖÄÕÀ ÆÕÎËÃÉÀ ÄŒÕÈ ÁÒÇÕÍÅÎÔÏŒ ÚÁÐÉÓÁÔØ ËÁË ÓÕÐÅÒÐÏÚÉÃÉÀ ÆÕÎËÃÉÊ ÏÄÎÏÇÏ ÁÒÇÕÍÅÎÔÁ É ÎÅÓËÏÌØËÉÈ ÆÕÎËÃÉÊ ÄŒÕÈ ÁÒÇÕÍÅÎÔÏŒ, ŒÚÑÔÙÈ ÉÚ ÎÅËÏÔÏÒÏÇÏ ÆÉËÓÉÒÏŒÁÎÎÏÇÏ (É ÎÅ ÏÞÅÎØ ÂÏÌØÛÏÇÏ) ÓÅÍÅÊ- ÓÔŒÁ ÆÕÎËÃÉÊ ÄŒÕÈ ÁÒÇÕÍÅÎÔÏŒ?

áÐÐÒÏËÓÉÍÁÃÉÏÎÎÁÑ ÔÅÏÒÅÍÁ œÅÊÅÒÛÔÒÁÓÁ ÐÏËÁÚÙŒÁÅÔ, ÞÔÏ ÆÕÎËÃÉÑ ÎÅÓËÏÌØËÉÈ ÁÒÇÕÍÅÎÔÏŒ ÍÏÖÅÔ ÂÙÔØ ÒÁŒÎÏÍÅÒÎÏ ÐÒÉÂÌÉÖÅÎÁ ÎÁ ËÏÍÐÁËÔÎÏÍ ÍÎÏÖÅÓÔŒÅ ÐÏÌÉÎÏÍÁÍÉ, Á ÚÎÁÞÉÔ É ÓÕÐÅÒÐÏÚÉÃÉÑÍÉ ÆÕÎËÃÉÊ ÏÄÎÏÇÏ ÁÒÇÕÍÅÎÔÁ É ÓÌÏÖÅÎÉÑ.

çÉÌØÂÅÒÔ ÐÏÌÁÇÁÌ, ÞÔÏ ÄÌÑ ÔÏÞÎÙÈ ÐÒÅÄÓÔÁŒÌÅÎÉÊ ÜÔÏ ÎÅŒÏÚÍÏÖÎÏ. ïÎ ÓÆÏÒÍÕÌÉÒÏŒÁÌ ÓŒÏÀ 13-À ÐÒÏÂÌÅÍÕ ÔÁË: " äÏËÁÚÁÔØ, ÞÔÏ ÕÒÁŒÎÅÎÉÅ ÓÅÄØÍÏÊ ÓÔÅÐÅÎÉ x^7 + ax^3 + bx^2 + cx + 1 = 0 ÎÅÒÁÚÒÅÛÉÍÏ Œ ÔÅÒÍÉÎÁÈ ÆÕÎË- ÃÉÊ ÎÅ ÂÏÌÅÅ ÞÅÍ ÄŒÕÈ ÁÒÇÕÍÅÎÔÏŒ." æÕÎËÃÉÀ x(a; b; c), ŒÙÒÁÖÁÀÝÕÀ ÒÅÛÅÎÉÅ ÕÒÁŒÎÅÎÉÑ ÓÅÄØÍÏÊ ÓÔÅÐÅÎÉ, çÉÌØÂÅÒÔ ŒÙÂÒÁÌ ÎÅ ÓÌÕÞÁÊÎÏ. âÙÌÏ ÉÚŒÅÓÔÎÏ, ÞÔÏ ÁÌÇÅÂÒÁÉÞÅÓËÏÅ ÕÒÁŒÎÅÎÉÑ n-Ê ÓÔÅÐÅÎÉ ÓŒÏÄÉÔÓÑ (ÐÒÉ ÐÏ- ÍÏÝÉ ÒÁÄÉËÁÌÏŒ) Ë ÔÁËÏÍÕ, Õ ËÏÔÏÒÏÇÏ ËÏÜÆÆÉÃÉÜÎÔÙ ÐÒÉ x^n É x^0 ÒÁŒÎÙ 1, Á ÐÒÉ x^{n−1}, x^{n−2} É x^{n−3} ÒÁŒÎÙ 0 (ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÏÓÔÁÅÔÓÑ n − 4 ÐÅÒÅÍÅÎÎÙÈ ËÏÜÆÆÉÃÉÜÎÔÁ). ëÒÏÍÅ ÔÏÇÏ, ÐÏÓÌÅ ÄÏËÁÚÁÔÅÌØÓÔŒÁ áÂÅÌÅÍ É çÁÌÕÁ ÎÅÒÁÚÒÅÛÉÍÏÓÔÉ Œ ÒÁÄÉËÁÌÁÈ ÁÌÇÅÂÒÁÉÞÅÓËÉÈ ÕÒÁŒÎÅÎÉÊ ÓÔÅÐÅÎÉ ŒÙÛÅ 4, ÂÙÌÏ ÄÏËÁÚÁÎÏ, ÞÔÏ ÒÅÛÅÎÉÅ ÐÏÓÌÅÄÎÅÇÏ ÕÒÁŒÎÅÎÉÑ ŒÙÒÁÖÁÅÔÓÑ ÞÅÒÅÚ ÔÜÔÁ-ÆÕÎËÃÉÀ n−4 ÁÒÇÕÍÅÎÔÏŒ [PrSo95]. ôÁËÉÍ ÏÂÒÁÚÏÍ, ŒÙÂÒÁÎÎÁÑ çÉÌØÂÅÒÔÏÍ ÆÕÎËÃÉÑ ÔÒÅÈ ÐÅÒÅÍÅÎÎÙÈ | ’ÐÅÒŒÁÑ’ ÉÚ ÔÅÈ, ŒÙÒÁÖÅÎÉÅ ËÏÔÏÒÏÊ ÞÅÒÅÚ ÆÕÎËÃÉÉ ÍÅÎØÛÅÇÏ ÞÉÓÌÁ ÐÅÒÅÍÅÎÎÙÈ ÎÅ ÂÙÌÏ ÉÚŒÅÓÔÎÏ.

œÉÔÕÛËÉÎ ÄÏËÁÚÁÌ, ÞÔÏ ÎÅ ËÁÖÄÁÑ r ÒÁÚ ÎÅÐÒÅÒÙŒÎÏ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÁÑ ÆÕÎËÃÉÑ ÄÏÐÕÓËÁÅÔ ÐÒÅÄÓÔÁŒÌÅÎÉÅ Œ ŒÉÄÅ ÓÕÐÅÒÐÏÚÉÃÉÉ ÆÕÎËÃÉÊ ÍÅÎØÛÅÊ ÓÔÅÐÅÎÉ ÇÌÁÄËÏÓÔÉ [Vit54]. á ÐÏÌÏÖÉÔÅÌØÎÙÊ ÏÔŒÅÔ ÎÁ ÎÁÛÉ ŒÏÐÒÏÓÙ ÏÐÒÏŒÅÒÇÁÅÔ ÇÉÐÏÔÅÚÕ çÉÌØÂÅÒÔÁ. ôÁËÏÊ ÏÔŒÅÔ ÂÙÌ ÄÁÎ Œ 1957 ÇÏÄÕ áÒÎÏÌØÄÏÍ É ëÏÌÍÏÇÏÒÏŒÙÍ [Kol57, Arn62]. œ ÔÏÍ ÖÅ ÇÏÄÕ ëÏÌÍÏÇÏÒÏŒ ÄÏËÁÚÁÌ ÄÁÖÅ ÇÏÒÁÚÄÏ ÂÏÌØÛÅ, Á ÉÍÅÎÎÏ:

óÕÐÅÒÐÏÚÉÃÉÏÎÎÁÑ ÔÅÏÒÅÍÁ ëÏÌÍÏÇÏÒÏŒÁ{áÒÎÏÌØÄÁ 3.1. [ëÏl57, Arn62] äÌÑ ËÁÖÄÏÇÏ n ¿ 1 ÓÕÝÅ- ÓÔŒÕÅÔ 2n + 1 ÔÁËÉÈ ÎÅÐÒÅÒÙŒÎÙÈ ÆÕÎËÃÉÊ ’_1; : : :; ’_{2n+1} : [0; 1]^n → R^n, ÞÔÏ ÌÀÂÁÑ ÎÅÐÒÅÒÙŒÎÁÑ ÆÕÎËÃÉÑ f : [0; 1]^n → R ÐÒÅÄÓÔÁŒÌÑÅÔÓÑ Œ ŒÉÄÅ

f(x_1; : : : ; x_n) = g_1(’_1(x_1; : : : x_n)) + · · · + g_{2n+1}(’_{2n+1}(x_1; : : : ; x_n))

ÄÌÑ ÎÅËÏÔÏÒÙÈ ÎÅÐÒÅÒÙŒÎÙÈ ÆÕÎËÃÉÊ g_1; : : : ; g_{2n+1} : R → R.

âÏÌÅÅ ÔÏÇÏ, ÆÕÎËÃÉÉ ’_i ÍÏÖÎÏ ŒÙÂÒÁÔØ Œ ŒÉÄÅ ’_i(x_1; : : :; x_n) = ’_{i1}(x_1) + · · · + ’_{in}(x_n) ÄÌÑ ÎÅËÏÔÏÒÙÈ ÎÅÐÒÅÒÙŒÎÙÈ ÆÕÎËÃÉÊ ’_{ij} : [0; 1] → R (ŒÙÂÉÒÁÅÍÙÈ ÐÅÒÅÄ ÚÁÄÁÎÉÅÍ f É ŒÙÂÏÒÏÍ g_i).

úÁÍÅÔÉÍ ÞÔÏ ÆÕÎËÃÉÉ ’_{ij} (Á, ÚÎÁÞÉÔ, É ’_i) ÆÉËÓÉÒÏŒÁÎÙ ÚÁÒÁÎÅÅ É ÔÏÌØËÏ ÆÕÎËÃÉÉ g_i ÚÁŒÉÓÑÔ ÏÔ f. úÁÍÅÞÁÔÅÌØÎÏÅ ÉÚÌÏÖÅÎÉÅ ÄÏËÁÚÁÔÅÌØÓÔŒÁ óÕÐÅÒÐÏÚÉÃÉÏÎÎÏÊ ÔÅÏÒÅÍÙ ëÏÌÍÏÇÏÒÏŒÁ{áÒÎÏÌØÄÁ ÎÁÈÏÄÉÔÓÑ Œ [Arn58].

òÁÓÓÍÏÔÒÉÍ ŒÏÐÒÏÓÙ, ÓŒÑÚÁÎÎÙÅ Ó ÜÔÉÍ ŒÙÄÁÀÝÉÍÓÑ ÒÅÚÕÌØÔÁÔÏÍ ëÏÌÍÏÇÏÒÏŒÁ{áÒÎÏÌØÄÁ. îÁÞÎÅÍ Ó ÁÎÁ- ÌÉÔÉÞÅÓËÉÈ ÚÁÄÁÞ. îÁÐÒÉÍÅÒ, ÎÁÓËÏÌØËÏ ÇÌÁÄËÉÍÉ ÍÏÇÕÔ ÂÙÔØ ŒÙÂÒÁÎÙ ÆÕÎËÃÉÉ ’_{ij} ? ìÏÒÅÎÔÃ ÐÏËÁÚÁÌ, ÞÔÏ ÍÏÖÎÏ ŒÙÂÒÁÔØ ÜÔÉ ÆÕÎËÃÉÉ ÏÄÎÏŒÒÅÍÅÎÎÏ ÕÄÏŒÌÅÔŒÏÒÑÀÝÉÍÉ ÕÓÌÏŒÉÀ Lip_ff ÐÒÉ ŒÓÅÈ ff ¡ 1 [Lor65]. æÒÉÄÍÁÎ ÄÏËÁÚÁÌ ÔÏ ÖÅ ÓÁÍÏÅ ÄÌÑ ff = 1 [Fr67]. éÚ ÔÅÏÒÅÍ œÉÔÕÛËÉÎÁ É èÅÎËÉÎÁ ÓÌÅÄÕÅÔ, ÞÔÏ ÔÅÏÒÅÍÁ ÔÉÐÁ ëÏÌÍÏÇÏÒÏŒÁ ÎÅŒÅÒÎÁ (ÄÁÖÅ ÂÅÚ ÞÁÓÔÉ ’ÂÏÌÅÅ ÔÏÇÏ’ É ÅÓÌÉ ÞÉÓÌÏ ÆÕÎËÃÉÊ ’_i ÎÅ ÏÇÒÁÎÉÞÅÎÏ ÞÉÓÌÏÍ 2n+1), ÅÓÌÉ ÔÒÅÂÏŒÁÔØ ÎÅÐÒÅÒÙŒÎÕÀ ÄÉÆÆÅÒÅÎÃÉÒÕÅÍÏÓÔØ ’_i [ViHe67]. úÁ ÄÁÌØÎÅÊÛÅÊ ÉÎÆÏÒÍÁÃÉÅÊ ÏÔÓÙÌÁÅÍ ÞÉÔÁÔÅÌÑ Ë [Lor76, Lor77].

ôÅÐÅÒØ ÒÁÓÓÍÏÔÒÉÍ ÔÏÐÏÌÏÇÉÞÅÓËÉÅ ÚÁÄÁÞÉ. ïÓÔÒÁÎÄ ÚÁÍÅÔÉÌ, ÞÔÏ ÔÅÏÒÅÍÁ ëÏÌÍÏÇÏÒÏŒÁ{áÒÎÏÌØÄÁ ÏÂÏÂ- ÝÁÅÔÓÑ ÎÁ ÐÒÏÉÚŒÏÌØÎÙÅ ÍÅÔÒÉÞÅÓËÉÅ ÐÒÏÓÔÒÁÎÓÔŒÁ [Ost65].

ôÅÏÒÅÍÁ 3.2. [Ost65] ðÕÓÔØ X_1; : : : ; X_m | ËÏÎÅÞÎÏÍÅÒÎÙÅ ÍÅÔÒÉÞÅÓËÉÅ ÐÒÏÓÔÒÁÎÓÔŒÁ. ðÏÌÏÖÉÍ n = dim X_1 + · · · + dim X_m É X = X_1 × · · · × X_m. ôÏÇÄÁ ÓÕÝÅÓÔŒÕÀÔ ÎÅÐÒÅÒÙŒÎÙÅ ÆÕÎËÃÉÉ {’_{ij} : X_j → R}, i = 1; : : :; 2n+1, j = 1; : : : ; m, ÔÁËÉÅ ÞÔÏ ÄÌÑ ÆÕÎËÃÉÊ ’_i(x_1; : : : ; x_m) = ’_{i1}(x_1)+: : : ’_{im}(x_m) É ÌÀÂÏÊ ÎÅÐÒÅÒÙŒÎÏÊ ÆÕÎËÃÉÉ f : X → R ÓÕÝÅÓÔŒÕÀÔ ÎÅÐÒÅÒÙŒÎÙÅ ÆÕÎËÃÉÉ g_1; : : :; g_{2n+1} : R → R, ÄÌÑ ËÏÔÏÒÙÈ

f(x_1; : : : ; x_n) = g_1(’_1(x_1; : : : x_n)) + · · · + g_{2n+1}(’_{2n+1}(x_1; : : : ; x_n)):

ôÅÏÒÅÍÙ ëÏÌÍÏÇÏÒÏŒÁ-áÒÎÏÌØÄÁ É ïÓÔÒÁÎÄÁ ÍÏÔÉŒÉÒÕÀÔ ÓÌÅÄÕÀÝÅÅ ÏÐÒÅÄÅÌÅÎÉÅ. ðÕÓÔØ X | ÔÏÐÏÌÏÇÉ- ÞÅÓËÏÅ ÐÒÏÓÔÒÁÎÓÔŒÏ É ’_1; : : :; ’_k : X → R | ÎÅÐÒÅÒÙŒÎÙÅ ÆÕÎËÃÉÉ. ïÔÏÂÒÁÖÅÎÉÅ ’ = ’_1 × · · ·× ’_k : X → R^k

ÎÁÚÏŒÅÍ ÂÁÚÉÓÎÙÍ, ÅÓÌÉ ËÁÖÄÁÑ ÎÅÐÒÅÒÙŒÎÁÑ ÆÕÎËÃÉÑ f : X → R ÐÒÅÄÓÔÁŒÌÑÅÔÓÑ Œ ŒÉÄÅ f(x) = g_1(’_1(x)) + · · ·+ g_k(’_k(x)) ÄÌÑ ÎÅËÏÔÏÒÙÈ ÎÅÐÒÅÒÙŒÎÙÈ ÆÕÎËÃÉÊ g_1; : : :; g_k : R → R. ðÒÏÓÔÒÁÎÓÔŒÏ X ÎÁÚÙŒÁÅÔÓÑ ÂÁÚÉÓÎÏ ŒÌÏÖÉÍÙÍ Œ R^n, ÅÓÌÉ ÓÕÝÅÓÔŒÕÅÔ ÂÁÚÉÓÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ X → R^n.

ôÁËÉÍ ÏÂÒÁÚÏÍ, ÆÕÎËÃÉÉ ’_1; : : :; ’_{2n+1} Œ ÔÅÏÒÅÍÁÈ ëÏÌÍÏÇÏÒÏŒÁ{áÒÎÏÌØÄÁ É ïÓÔÒÁÎÄÁ ÏÐÒÅÄÅÌÑÀÔ ÂÁÚÉÓ- ÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ [0; 1]^n → R^{2n+1} É X → R^{2n+1}, ÓÏÏÔŒÅÔÓÔŒÅÎÎÏ. ðÏÓËÏÌØËÕ ÄÌÑ ÌÀÂÙÈ ÒÁÚÌÉÞÎÙÈ x; y ∈ X ÓÕÝÅÓÔŒÕÅÔ ÎÅÐÒÅÒÙŒÎÁÑ ÆÕÎËÃÉÑ f : X → R^n, ÒÁÚÄÅÌÑÀÝÁÑ ÉÈ, ÔÏ ÂÁÚÉÓÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ ÑŒÌÑÅÔÓÑ ŒÌÏÖÅ- ÎÉÅÍ. éÔÁË, ÏÓÌÁÂÌÅÎÎÁÑ ŒÅÒÓÉÑ ÔÅÏÒÅÍÙ ëÏÌÍÏÇÏÒÏŒÁ-áÒÎÏÌØÄÁ (ÂÅÚ ’ÂÏÌÅÅ ÔÏÇÏ’) ÕÔŒÅÒÖÄÁÅÔ, ÞÔÏ n-ÍÅÒÎÙÊ ËÕÂ ÂÁÚÉÓÎÏ ŒÌÏÖÉÍ Œ R^{2n+1}. éÚ ÔÅÏÒÅÍÙ ïÓÔÒÁÎÄÙ ŒÙÔÅËÁÅÔ, ÞÔÏ ÌÀÂÏÊ n-ÍÅÒÎÙÊ ËÏÍÐÁËÔ ÂÁÚÉÓÎÏ ŒÌÏÖÉÍ Œ R^{2n+1}.

ôÅÏÒÅÍÁ 3.3. [Ste85] äÌÑ ÌÀÂÏÇÏ n ≥ 2 ÌÀÂÏÊ n-ÍÅÒÎÙÊ ËÏÍÐÁËÔ ÎÅ ŒÌÏÖÉÍ ÂÁÚÉÓÎÏ Œ R^{2n}.

ôÁËÉÍ ÏÂÒÁÚÏÍ, ÏÓÔÁŒÁÌÏÓØ ÎÅÉÚŒÅÓÔÎÙÍ ÌÉÛØ ÏÐÉÓÁÎÉÅ ËÏÍÐÁËÔÏŒ, ÂÁÚÉÓÎÏ ŒÌÏÖÉÍÙÈ Œ ÐÌÏÓËÏÓÔØ (Ï ÈÁÒÁËÔÅÒÉÚÁÃÉÉ ÂÁÚÉÓÎÏ ŒÌÏÖÅÎÎÙÈ ËÏÍÐÁËÔÎÙÈ ÐÏÄÍÎÏÖÅÓÔŒ ÐÌÏÓËÏÓÔÉ ÓÍ. §4). ëÒÉÔÅÒÉÊ ÂÁÚÉÓÎÏÊ ŒÌÏÖÉ- ÍÏÓÔÉ ÌÉÎÅÊÎÏ-ÓŒÑÚÎÙÈ ËÏÍÐÁËÔÏŒ Œ ÐÌÏÓËÏÓÔØ ÐÏÌÕÞÅÎ Œ [Sko95]. äÌÑ ËÏÎÅÞÎÙÈ ÇÒÁÆÏŒ ÏÎ ÆÏÒÍÕÌÉÒÕÅÔÓÑ ÔÁË:

ôÅÏÒÅÍÁ 3.4. [Sko95] ëÏÎÅÞÎÙÊ ÇÒÁÆ K ÂÁÚÉÓÎÏ ŒÌÏÖÉÍ Œ R^2 ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ŒÙÐÏÌÎÅÎÏ ÏÄÎÏ ÉÚ ÓÌÅÄÕÀÝÉÈ ÄŒÕÈ ÜËŒÉŒÁÌÅÎÔÎÙÈ ÕÓÌÏŒÉÊ:

a) K ÎÅ ÓÏÄÅÒÖÉÔ ÐÏÄÇÒÁÆÏŒ, ÉÚÏÂÒÁÖÅÎÎÙÈ ÎÁ ÒÉÓ. 3.1; b) K ÓÏÄÅÒÖÉÔÓÑ Œ ÏÄÎÏÍ ÉÚ ÇÒÁÆÏŒ R_n (ÒÉÓ. 3.2).

Figures 3.1 and 3.2 approximately here ïÐÒÅÄÅÌÉÍ ÇÒÁÆÙ R_n (ÒÉÓ. 3.2). ðÕÓÔØ U_1 = T_3, A | ŒÉÓÑÞÅÅ ÒÅÂÒÏ ÇÒÁÆÁ U_1, a | ŒÉÓÑÞÁÑ ŒÅÒÛÉÎÁ ÒÅÂÒÁ A. çÒÁÆ U_{n+1} ÐÏÌÕÞÁÅÔÓÑ ÉÚ U_n ÒÁÚŒÅÔŒÌÅÎÉÅÍ ËÁÖÄÏÇÏ ŒÉÓÑÞÅÇÏ ÒÅÂÒÁ, ËÒÏÍÅ A. ðÕÓÔØ V_n | ÇÒÁÆ, ÐÏÌÕÞÅÎÎÙÊ ÐÒÉËÌÅÉŒÁÎÉÅÍ ÏÄÎÏÇÏ ÎÏŒÏÇÏ ŒÉÓÑÞÅÇÏ ÒÅÂÒÁ Ë ËÁÖÄÏÊ ÎÅ ŒÉÓÑÞÅÊ ŒÅÒÛÉÎÅ ÇÒÁÆÁ U_n. œÅÒÛÉÎÁ a ÎÁÚÙŒÁÅÔÓÑ ËÏÒÎÅÍ ÇÒÁÆÁ V_n. ðÕÓÔØ R_n | ÂÕËÅÔ ÔÒÅÈ ËÏÐÉÊ V_n É ÄÕÇÉ, ÔÁËÏÊ, ÞÔÏ ËÏÒÎÉ ÇÒÁÆÏŒ V_n ÐÒÉËÌÅÉŒÁÀÔÓÑ Ë ÏÄÎÏÊ ÉÚ ŒÅÒÛÉÎ ÄÕÇÉ.

ïÐÒÅÄÅÌÅÎÉÅ ÂÁÚÉÓÎÏÇÏ ŒÌÏÖÅÎÉÑ ÍÏÖÅÔ ÂÙÔØ ÏÞÅŒÉÄÎÏ ÏÂÏÂÝÅÎÏ ÎÁ ŒÌÏÖÅÎÉÑ Œ ÐÒÏÉÚŒÏÌØÎÏÅ ÄÅËÁÒÔÏŒÏ ÐÒÏÉÚŒÅÄÅÎÉÅ Y_1 × · · · × Y_k. åÓÌÉ X É Y ÇÒÁÆÙ, ÔÏ ÍÙ ÍÏÖÅÍ ÐÒÅÄÓÔÁŒÌÑÔØ ÓÅÂÅ ÐÒÏÉÚŒÅÄÅÎÉÅ X × Y ËÁË ÄŒÕÍÅÒÎÙÊ ÏÂSSÅËÔ (Œ ÎÅËÏÔÏÒÙÈ ÓÌÕÞÁÑÈ ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ ÜÔÏÔ ÏÂSSÅËÔ ÒÁÓÐÏÌÏÖÅÎ Œ ÔÒÅÈÍÅÒÎÏÍ ÐÒÏ- ÓÔÒÁÎÓÔŒÅ). îÁÐÒÉÍÅÒ, T × I ÑŒÌÑÅÔÓÑ ’ËÎÉÖËÏÊ Ó ÔÒÅÍÑ ÓÔÒÁÎÉÃÁÍÉ’, S^1 × I | ÃÉÌÉÎÄÒÏÍ É S^1 × S^1 | ÔÏÒÏÍ. ôÅÏÒÅÍÁ 3.4 ÂÙÌÁ ÏÂÏÂÝÅÎÁ ÎÁ ÓÌÕÞÁÊ ÂÁÚÉÓÎÙÈ ŒÌÏÖÅÎÉÊ Œ ÄÅËÁÒÔÏŒÙ ÐÒÏÉÚŒÅÄÅÎÉÑ ÎÅËÏÔÏÒÙÈ ÇÒÁ- ÆÏŒ Œ [Kur00]. îÁÚÏŒÅÍ ŒÅÒÛÉÎÕ ËÏÎÅÞÎÏÇÏ ÇÒÁÆÁ K ÕÖÁÓÎÏÊ, ÅÓÌÉ ÅÅ ÓÔÅÐÅÎØ ÂÏÌØÛÅ ÞÅÔÙÒÅÈ. îÁÚÏŒÅÍ ŒÅÒÛÉÎÕ ËÏÎÅÞÎÏÇÏ ÇÒÁÆÁ K ÓÔÒÁÛÎÏÊ, ÅÓÌÉ ÅÅ ÓÔÅÐÅÎØ ÒÁŒÎÁ ÞÅÔÙÒÅÍ, É ÏÎÁ ÎÅ ÑŒÌÑÅÔÓÑ ËÏÎÃÏÍ ÎÉ ÏÄÎÏÇÏ ŒÉÓÑÞÅÇÏ ÒÅÂÒÁ. äÅÆÅËÔÏÍ K ÎÁÚÙŒÁÅÔÓÑ ÓÕÍÍÁ ffi(K) = (degA_1 − 2) + · · · + (degA_k − 2); ÇÄÅ A_1; : : : ; A_k | ŒÓÅ ÓÔÒÁÛÎÙÅ É ÕÖÁÓÎÙÅ ŒÅÒÛÉÎÙ ÇÒÁÆÁ K.

ôÅÏÒÅÍÁ 3.5. [Kur00] ëÏÎÅÞÎÏÅ ÄÅÒÅŒÏ K ÑŒÌÑÅÔÓÑ ÂÁÚÉÓÎÏ ŒÌÏÖÉÍÙÍ Œ R × T_n ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ÌÉÂÏ ffi(K) ¡ n, ÌÉÂÏ ffi(K) = n É K ÓÏÄÅÒÖÉÔ ÕÖÁÓÎÕÀ ŒÅÒÛÉÎÕ, ÉÍÅÀÝÕÀ ŒÉÓÑÞÅÅ ÒÅÂÒÏ.

4. îÁÐÏÍÎÉÍ ÏÐÒÅÄÅÌÅÎÉÅ ÂÁÚÉÓÎÏÇÏ ŒÌÏÖÅÎÉÑ ÄÌÑ ÞÁÓÔÎÏÇÏ ÓÌÕÞÁÑ. A compactum K ⊂ R^2 is basically embedded into the plane, if for each continuous function f : K → R there exist continuous functions g; h : R → R such that f(x; y) = g(x) + h(y) for each point (x; y) ∈ K. V. I. Arnold [Arn58] raised the following problem: ˛nd conditions on a compactum K ⊂ R^2, under which K is basically embedded into the plane. This problem was solved by Y. Sternfeld [Ste85, Ste89], who apparently did not knew about [Arn58]. îÁÞÎÅÍ Ó ÐÒÏÓÔÙÈ ÐÒÉÍÅÒÏŒ, ÐÏÑÓÎÑÀÝÉÈ çÅÏÍÅÔÒÉÞÅÓËÉÊ ëÒÉÔÅÒÉÊ âÁÚÉÓÎÏÓÔÉ œÌÏÖÅÎÉÑ [ÓÒ. KuSk97]. þÅÒÅÚ [a; b] ÏÂÏÚÎÁÞÉÍ ÏÔÒÅÚÏË, ÓÏÅÄÉÎÑÀÝÉÊ ÔÏÞËÉ a; b.

1. íÎÏÖÅÓÔŒÏ {(0; 0); (0; 1); (1; 0); (1; 1)} ÎÅ ÂÁÚÉÓÎÏ ŒÌÏÖÅÎÏ Œ R^2.

ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ p_x É p_y ÐÒÏÅËÃÉÉ ÎÁ ËÏÏÒÄÉÎÁÔÎÙÅ ÏÓÉ x É y ÓÏÏÔŒÅÔÓÔŒÅÎÎÏ. õÐÏÒÑÄÏÞÅÎÎÙÊ ÎÁÂÏÒ {a_1; : : : ; a_n} ⊂ R^2 ÎÁÚÙŒÁÅÔÓÑ ÍÏÌÎÉÅÊ, ÅÓÌÉ ÄÌÑ ËÁÖÄÏÇÏ i ŒÙÐÏÌÎÅÎÏ a_i ≠ a_{i+1}, ÐÒÉ ÜÔÏÍ p_x(a_i) = p_x(a_{i+1}) ÄÌÑ ÞÅÔÎÙÈ i É p_y(a_i) = p_y(a_{i+1}) ÄÌÑ ÎÅÞÅÔÎÙÈ i. ðÒÉ ÜÔÏÍ ÎÅ ÏÂÑÚÁÔÅÌØÎÏ ŒÓÅ ÔÏÞËÉ ÍÏÌÎÉÉ ÄÏÌÖÎÙ ÂÙÔØ ÒÁÚÌÉÞÎÙ.

ðÒÉÍÅÒ 4.2. åÓÌÉ A = {a_1; : : : ; a_n} | ÔÁËÁÑ ÍÏÌÎÉÑ, ÞÔÏ a_1 = a_n, ÔÏ A ÎÅ ÂÁÚÉÓÎÏ ŒÌÏÖÅÎÁ Œ R^2.

äÏËÁÚÁÔÅÌØÓÔŒÏ. ðÕÓÔØ a_1; : : : ; a_n | ŒÅÒÛÉÎÙ ÚÁÍËÎÕÔÏÊ ÌÏÍÁÎÏÊ, ÌÀÂÙÅ ÄŒÁ ÓÏÓÅÄÎÉÈ ÚŒÅÎÁ ËÏÔÏÒÏÊ ÐÅÒÐÅÎÄÉËÕÌÑÒÎÙ (ËÒÏÍÅ, ŒÏÚÍÏÖÎÏ, ÐÅÒŒÏÇÏ É ÐÏÓÌÅÄÎÅÇÏ). åÓÌÉ ÐÅÒŒÏÅ É ÐÏÓÌÅÄÎÅÅ ÚŒÅÎØÑ ÐÁÒÁÌÌÅÌØÎÙ, Ô.Å. ÔÏÞËÉ a_1; a_{n−1}; a_n ÌÅÖÁÔ ÎÁ ÏÄÎÏÊ ÐÒÑÍÏÊ, ÔÏ, ŒÙÂÒÏÓÉŒ ÔÏÞËÕ a_n, ÍÙ ŒÓÅ ÒÁŒÎÏ ÐÏÌÕÞÉÍ ÍÏÌÎÉÀ. ðÏÜÔÏÍÕ ÍÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ ÞÉÓÌÏ ÚŒÅÎØÅŒ ÞÅÔÎÏ É n = 2k + 1. ðÕÓÔØ a_1 = (x_1; y_1), a_2 = (x_2; y_1), a_3 = (x_2; y_2), a_4 = (x_3; y_2), a_5 = (x_3; y_3); : : : | ËÏÏÒÄÉÎÁÔÙ ÔÏÞÅË ÍÏÌÎÉÉ. äÏËÁÚÁÔÅÌØÓÔŒÏ ÐÒÏŒÅÄÅÍ ÏÔ ÐÒÏÔÉŒÎÏÇÏ. äÌÑ ËÁÖÄÏÊ ÉÚ ÔÏÞÅË a_i ÎÁÐÉÛÅÍ ÒÁŒÅÎÓÔŒÏ ÉÚ ÏÐÒÅÄÅÌÅÎÉÑ ÂÁÚÉÓÎÏÇÏ ŒÌÏÖÅÎÉÑ:

f(x_1; y_1) = g(x_1) + h(y_1); f(x_2; y_1) = g(x_2) + h(y_1);

f(x_2; y_2) = g(x_2) + h(y_2); f(x_3; y_2) = g(x_3) + h(y_2); : : :

: : : ; f(x_k; y_{k−1}) = g(x_k) + h(y_{k−1}); f(x_k; y_k) = g(x_k) + h(y_k) = g(x_k) + h(y_k):

ðÒÏÓÕÍÍÉÒÕÅÍ ÜÔÉ ÒÁŒÅÎÓÔŒÁ, ÓÔÁŒÑ ÐÌÀÓ ÐÅÒÅÄ ÎÅÞÅÔÎÙÍÉ É ÍÉÎÕÓ ÐÅÒÅÄ ÞÅÔÎÙÍÉ. ðÏÌÕÞÁÅÍ:

f(x_1; y_1) − f(x_2; y_1) + f(x_2; y_2) − · · · + f(x_k ; y_{k−1}) − f(x_k; y_k) = 0:

üÔÏ ŒÅÒÎÏ ÎÅ ÄÌÑ ŒÓÅÈ ÎÅÐÒÅÒÙŒÎÙÈ ÆÕÎËÃÉÊ f : A → R^2. ðÒÏÔÉŒÏÒÅÞÉÅ. □

ðÒÉÍÅÒ 4.3. ëÒÅÓÔ K = [(−1; −2); (1; 2)] ∪ [(−1; 1); (1; −1)] ÎÅ ÂÁÚÉÓÎÏ ŒÌÏÖÅÎ Œ R^2.

äÏËÁÚÁÔÅÌØÓÔŒÏ. ðÕÓÔØ ÄÌÑ ÐÒÏÉÚŒÏÌØÎÏÊ ÎÅÐÒÅÒÙŒÎÏÊ ÆÕÎËÃÉÉ f : K → R^2 ÓÕÝÅÓÔŒÕÀÔ ÎÅÐÒÅÒÙŒ- ÎÙÅ ÆÕÎËÃÉÉ g; h : R → R ÔÁËÉÅ, ÞÔÏ f(x; y) = g(x) + h(y) ÄÌÑ ÌÀÂÙÈ (x; y) ∈ K. ðÏÓÔÒÏÉÍ ÂÅÓËÏÎÅÞ- ÎÕÀ ÍÏÌÎÉÀ {a_n} ⊂ K, ÎÁÞÉÎÁÑ Ó a_1 = (−1; 1). ôÏÞËÁ a_{i+1} ≠ a_i ÏÐÒÅÄÅÌÑÅÔÓÑ ÕÓÌÏŒÉÅÍ p_x(a_i) = p_x(a_{i+1}) ÄÌÑ ÞÅÔÎÙÈ i É p_y(a_i) = p_y(a_{i+1}) ÄÌÑ ÎÅÞÅÔÎÙÈ i. ñÓÎÏ, ÞÔÏ {a_n} ÓÈÏÄÉÔÓÑ Ë (0,0). íÏÖÎÏ ÓÞÉÔÁÔØ, ÞÔÏ f(0; 0) = g(0) = h(0) = 0. éÎÁÞÅ ÆÕÎËÃÉÉ f(x; y); g(x); h(y) ÚÁÍÅÎÉÍ ÎÁ ÆÕÎËÃÉÉ f(x; y) − f(0; 0) ,g(x) − g(0) É h(y) − h(0), ÓÏÏÔŒÅÔÓÔŒÅÎÎÏ. éÚ ÎÅÐÒÅÒÙŒÎÏÓÔÉ ÓÌÅÄÕÅÔ, ÞÔÏ g(a_n); h(a_n) ÓÈÏÄÑÔÓÑ Ë ÎÕÌÀ. ðÉÛÅÍ ÒÁŒÅÎÓÔŒÁ ÉÚ ÏÐÒÅÄÅÌÅÎÉÑ ÂÁÚÉÓÎÏÇÏ ŒÌÏÖÅÎÉÑ ÄÌÑ ŒÓÅÈ ÔÏÞÅË a_n É ÓÕÍÍÉÒÕÅÍ ÉÈ Ó ÞÅÒÅÄÏŒÁÎÉÅÍ ÚÎÁËÏŒ (ÉÓÐÏÌØÚÕÑ ÏÂÏÚÎÁÞÅÎÉÑ ÐÒÅÄÙÄÕÝÅÇÏ ÐÒÉÍÅÒÁ):

f(x_1; y_1) − f(x_2; y_1) + · · · − f(x_k; y_k) = g(x_1) − g(x_k);

f(x_1; y_1) − f(x_2; y_1) + · · · + f(x_{k+1}; y_k) = g(x_1) + h(x_{k+1}):

ðÅÒÅÈÏÄÑ Ë ÐÒÅÄÅÌÕ ÐÒÉ k ÓÔÒÅÍÑÝÅÍÓÑ Ë ÂÅÓËÏÎÅÞÎÏÓÔÉ, ÐÏÌÕÞÉÍ, ÞÔÏ ÒÑÄ

f(x_1; y_1) − f(x_2; y_1) + · · · + f(x_k ; y_k) − f(x_{k+1}; y_k) − · · · = g(x_1)

ÓÈÏÄÉÔÓÑ. îÏ ÜÔÏ ŒÅÒÎÏ ÎÅ ÄÌÑ ŒÓÅÈ ÎÅÐÒÅÒÙŒÎÙÈ ÆÕÎËÃÉÊ f : K → R^2. ðÒÏÔÉŒÏÒÅÞÉÅ. □

ðÒÉÍÅÒ 4.4. ïÔÒÅÚÏË [(0; 0); (0; 1)] ÂÁÚÉÓÎÏ ŒÌÏÖÅÎ Œ R^2.

äÏËÁÚÁÔÅÌØÓÔŒÏ. äÏÓÔÁÔÏÞÎÏ ÐÏÌÏÖÉÔØ g(x) = 0; h(y) = f(0; y). □

ðÒÉÍÅÒ 4.5. ëÒÅÓÔ K = [(0; −1); (0; 1)] ∪ [(−1; 0); (1; 0)] ÂÁÚÉÓÎÏ ŒÌÏÖÅÎ Œ R^2.

äÏËÁÚÁÔÅÌØÓÔŒÏ. äÌÑ ÌÀÂÏÊ ÎÅÐÒÅÒÙŒÎÏÊ ÆÕÎËÃÉÉ f ÎÁ K ÉÍÅÅÍ f(x; y) = f(x; 0) + f(0; y) − f(0; 0). ôÏÇÄÁ ÍÏÖÎÏ ÐÏÌÏÖÉÔØ g(x) = f(x; 0) − f(0; 0) É h(y) = f(0; y). □

þÔÏÂÙ ÓÆÏÒÍÕÌÉÒÏŒÁÔØ çÅÏÍÅÔÒÉÞÅÓËÉÊ ëÒÉÔÅÒÉÊ âÁÚÉÓÎÏÓÔÉ œÌÏÖÅÎÉÑ, ÄÁÄÉÍ ÎÅÓËÏÌØËÏ ÏÐÒÅÄÅÌÅÎÉÊ. ðÕÓÔØ Z | ÐÏÄÍÎÏÖÅÓÔŒÏ R^2. äÌÑ ËÁÖÄÏÊ ÔÏÞËÉ z ∈ Z ÎÁÒÉÓÕÅÍ ÄŒÅ ÐÒÑÍÙÅ, ÐÒÏÈÏÄÑÝÉÅ ÞÅÒÅÚ z ÐÁÒÁÌÌÅÌØÎÏ ËÏÏÒÄÉÎÁÔÎÙÍ ÏÓÑÍ. åÓÌÉ ÈÏÔÑ ÂÙ ÏÄÎÁ ÉÚ ÜÔÉÈ ÐÒÑÍÙÈ ÐÅÒÅÓÅËÁÅÔ Z ÔÏÌØËÏ Œ ÔÏÞËÅ z, ÐÏËÒÁÓÉÍ z Œ ÂÅÌÙÊ ÃŒÅÔ. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ E(Z) ÍÎÏÖÅÓÔŒÏ ŒÓÅÈ ÔÏÞÅË Z, ÎÅ ÑŒÌÑÀÝÉÈÓÑ ÂÅÌÙÍÉ:

E(Z) = {z ∈ Z : |Z ∩ p^{−1}_x p_xz| ≥ 2 and |Z ∩ p^{−1}_y p_yz| ≥ 2}:

ðÕÓÔØ E^2(Z) = E(E(Z)), E^3(Z) = E(E(E(Z))) É Ô.Ä.

Theorem 4.6. For a compactum K ⊂ R^2 the following conditions are equivalent:

(B) the embedding K ⊂ R^2 is basic; (E) E^n(K) = ∅ for some n;

(A) K does not contain any array of n points for some n.

We prove the equivalence by the scheme (A) ⇒ (E) ⇒ (B) ⇒ (A). Here (A) ⇒ (E) is trivial [Ste89, Sko95]. Our proof of (B) ⇒ (A) is essentially the same as in [Ste89], but we believe it is conceptually more clear. The purpose of this note is to outline an idea of a conjectural new short proof of (E) ⇒ (B), which is direct and much shorter than in [Ste89]: it does not involve reduction to linear operators and the Banach Inverse Operator Theorem.

Problem. Find a short proof of (E) ⇒ (B) (e.g. using the idea below).

Proof of (A) ⇒ (E). Suppose to the contrary that E^n(K) ≠ ∅. Take a point a_0 ∈ E^n(K). Then there exist points a_{−1}; a_1 ∈ E^{n−1}(K) such that p_x(a_{−1}) = p_x(a_0) and p_y(a_1) = p_y(a_0). Analogously, there exist points a_{−2}; a_2 ∈ E^{n−2}(K) such that {a_{−2}; a_{−1}; a_0; a_1; a_2} is an array. Analogously we construct an array of 2n + 1 points in K. □

Idea of a possible proof of (E) ⇒ (B). We shall prove even more general assertion: If K ⊂ R^2 is bounded and E^n(K) = ∅ for some n, then K is basically embedded in R^2 in the uniformly continuous sense (i.e. for each uniformly continuous function f : K → R there exist uniformly continuous functions g : p_xK → R and h : p_yK → R such that f(x; y) = g(x) + h(y) for each point (x; y) ∈ K). Denote

E_i(Z) = { {z ∈ Z : |Z ∩ p^{−1}_x p_xz| ≥ 2} i even {z ∈ Z : |Z ∩ p^{−1}_y p_yz| ≥ 2} i odd : Clearly, E(K) ⊃ E_2E_1(K). Therefore it su‹ces to prove our assertion under the assumption that E_nE_{n−1} : : : E_1(K) = ∅ or E_nE_{n−1} : : : E_2(K) = ∅. We shall prove it by induction on n. Base n = 0 is obvious. To prove the inductive step, suppose that E_nE_{n−1} : : : E_1(K) = ∅, where n ≥ 1 (the case E_nE_{n−1} : : : E_2(K) = ∅ for n ≥ 2 is proved analogously). Take any uniformly connected function f : K → R. Then f|_{E1 (K)} is also uniformly connected. Hence by the inductive hypothesis there exist uniformly continuous functions g : p_xE_1(K) → R and h : p_yE_1(K) → R such that f(x; y) = g(x) + h(y) for each point (x; y) ∈ E_1(K). Extend h to a continuous function Cl p_yE_1(K) → R, then to a continuous function R → R with bounded support. Then the restriction of the latter extension onto p_yK is a uniformly continuous function —h : p_yK → R. Clearly, for each x ∈ p_x(K − E_1(K)) there exists a unique y_x ∈ p_y(K − E_1(K)) such that (x; y_x) ∈ K − E_1(K). Therefore the function —g : p_x(K − E_1(K)) → R is well-de˛ned by the formula —g(x) = f(x; y_x)−h(y_x ) and is uniformly continuous as a di¸erence of uniformly continuous functions.

Why y(x) = y_x is un. continuous? Why g ∪ —g is uniformly continuous? □

Proof of (B) ⇒ (A). Denote by C(X) the space of continuous functions on X with the norm |f| = sup_{x∈X} |f(x)|. For

a subset K ⊂ R^2 de˛ne the linear superposition operator ’ : C(R) ⊕ C(R) → C(K) by ’(g; h)(x; y) = g(x) + h(y). Clearly, the embedding K ⊂ R^2 is basic if and only if ’ = ’_K is epimorphic. Some linear relation on im ’_K can force it to be strictly less than C(K). If (A) is not true, then we shall construct such a relation as a limit.

Denote by L(X) the space of bounded linear functionals (i.e. linear relations) on C(X) with the norm |¯| = sup{|¯(f)| : f ∈ C(X); |f| = 1}. For an embedding K ⊂ R^2 de˛ne the dual linear superposition operator

˘ : L(K) → L(R) ⊕ L(R) by ˘¯(g; h) = (¯(g ∘ p_x); ¯(h ∘ p_y)):

Since |˘¯| ≤ 2|¯|, it follows that ˘ is bounded. Clearly, the embedding K ⊂ R^2 is basic if and only if ˘ = ˘_K is monomorphic. (If an embedding K ⊂ R^2 is basic, then we can prove that ˘ is monomorphic without use of ’ as follows. De˛ne a linear operator

¯ : L(R) ⊕ L(R) → L(K) by ¯(¯_x; ¯_y)(f) = ¯_x(g) + ¯_y(h);

where g; h ∈ C(R) are such that g(0) = 0 and f(x; y) = g(x) + h(y) for (x; y) ∈ K. Clearly, ¯˘ = id, hence ˘ is monomorphic). By the Banach Inverse Operator Theorem, ˘ is monomorphic if and only if there exist ” ¿ 0 such that |˘¯| ¿ ”|¯| for each ¯ ∈ L(K). If (A) is not true, then for each n there exists an array {a_1; : : : ; a_n} ⊂ K. De˛ne a linear functional ¯ ∈ L(K) by ¯(f) =

∑_n i=1(−1)^if(a_i). Then |¯| = n and |˘¯| ≤ 4. So for n large |˘¯| ¡ ”|¯|, hence (B) is not true. □

Problem. In the de˛nition of a basic embedding we can replace continuous functions by uniformly continuous (for K non-compact), Lipschitz, H-older, smooth, C^n, analytic, etc. functions. Find conditions on a compactum (a subset) K ⊂ R^2, under which K is basically embedded into the plane in the uniformly continuous, Lipschitz, H-older, smooth, C^n, analytic, etc. sence.

Acknowledgements

This material was presented in February 2001 as a ˛rst part of a course ’Classical and modern problems of geometric toplogy’ at Independent University of Moscow. I would like to acknowledge V. Kurlin for translating the beginning of [Ste89] into Russian and for useful discussions concerning §4.

References

References to §§1,2 [ArHu89] D. Archdeacon and P. Huneke, A Kuratowski theorem for non-orientable surfaces, J. Comb. Th., Ser. B 46 (1989), 173–231. [Cla34] S. Claytor, Topological immersions of peanian continua in a spherical surface, Ann. of Math. 35 (1934), 809–835. [Cla37] S. Claytor, Peanian continua not embeddable in a spherical surface, Ann. of Math. 38 (1937), 631–646. [GHW79] H. H. Glover, J. P. Huneke and C. S. Wang, 103 graphs that are irreducible for the projective plane, J. Comb. Th. 27:3 (1979), 332–370.

[Hae63] A. Haefliger, Plongements differentiables dans le domain stable, Comment. Math. Helv. 36 (1962-63), 155–176. [HaJu64] R. Halin and H. A. Jung, Karakterisierung der Komplexe der Ebene und der 2-Sphäre, Arch. Math. 15 (1964), 466–469. [Kos] [KoSk99] P. Kozhevnikov and A. Skopenkov, Narrow trees in the plane (in Russian), Mat. Obrazovanie 5 (1999), 126–131. [Kur30] K. Kuratowski, Sur le problemes des courbes gauche en topologie, Fund. Math. 15 (1930), 271–283. [Mak97] Yu. Makarychev, A short proof of Kuratowski’s graph planarity criterion, J. of Graph Theory 25 (1997), 129–131. [MaSe66] S. Mardešić and J. Segal, A note on polyhedra embeddable in the plane, Duke Math. J. 33 (1966), 633–638. [McAd41] S. McLane and V. W. Adkisson, Extensions of homeomorphisms on the spheres, Michig. Lect. Topol. (1941), Ann Arbor, 223–230.

[RSS95] D. Repovš, A. B. Skopenkov and E. V. Ščepin, On embeddability of X × I into Euclidean space, Houston J. Math 21 (1995), 199–204.

[RSS95’] D. Repovš, A. B. Skopenkov and E. V. Ščepin, On uncountable collections of continua and their span, Colloq. Math. 69 (1995), 289–296.

[ReSk96] D. Repovš and A. B. Skopenkov, Embeddability and isotopy of polyhedra in euclidean spaces, Proc. Steklov Inst. Math. 212 (1996), 173–188.

[ReSk98] D. Repovš and A. B. Skopenkov, A deleted product criterion for approximability of a map by embeddings, Topol. Appl. 87 (1998), 1–19.

[ReSk99] D. Repovs and A. Skopenkov, New results on embeddings of polyhedra and manifolds into Euclidean spaces, Uspekhi Mat.

Nauk 54:6 (1999), 61–109 (in Russian); English transl., Russ. Math. Surv. 54:6 (1999).

[RoSe90] N. Robertson and P. D. Seymour, Graph minors VIII, A Kuratowski graph theorem for general surfaces, J. Comb. Theory 48B (1990), 255–288.

[Sko98] A. B. Skopenkov, On the deleted product criterion for embeddability in R^m, Proc. Amer. Math. Soc. 126:8 (1998), 2467–2476. [Sko] A. Skopenkov, On the Haefliger-Hirsch-Wu invariants for embeddings and immersions, submitted. [SSS98] J.Segal, A.Skopenkov and S.Spież, Embeddings of polyhedra in R^m and the deleted product obstruction, Topol. Appl. 85 (1998), 225–234.

[Tho81] C. Thomassen, Kuratowski’s theorem, J. Graph. Theory 5 (1981), 225–242.

[Wu65] W. T. Wu, A Theory of Embedding, Immersion and Isotopy of Polytopes in an Euclidean Space, Science Press, Peking, 1965. [Zhi] . .

References to §§3,4 [Arn57] V. I. Arnold, On functions of three variables, DAN SSSR 114:4 (1957), 679–681 (in Russian); English transl., ? ? (?), ?. [Arn58] V. I. Arnold, Problem 6, Math. Education 3 (1958), 273. (in Russian) [Arn62] . . , , T.56, N 3 (1962), 3-92.

[CRS98] A. Cavicchioli, D. Repovš and A. B. Skopenkov, Open problems on graphs, arising from geometric topology, Topol. Appl. 84 (1998), 207–226.

[Kol56] A. N. Kolmogorov, On the representation of continuous functions of several variables by superposition of continuous functions of fewer variables, DAN SSSR 108:2 (1956), ? (in Russian); English transl., ? ? (?), ?.

[Kol57] A. N. Kolmogorov, On the representation of continuous functions of several variables by superposition of functions of one variable and addition, DAN SSSR 114:5 (1957), 953–956 (in Russian); English transl., ? ? (?), ?.

[Kur00] V. Kurlin, Basic embeddings into products of graphs, Topol. Appl. 102 (2000), 113–137.

[KuSk97] V. Kurlin and A. Skopenkov, Basic embeddings of graphs into the plane (in Russian), Math. Obrazovanie 3 (1997), 105–113. [98] . . , , .: 9- , - (1998), 34–44, 106–113.

[Lor65] G. Lorentz, Approximation of functions, Holt, Reinhart and Winston, New York (1965). [Lor76] G. G. Lorentz, The 13th problem of Hilbert, Proceedings of Symposia in Pure Mathematics 28 (1976), 419-430. [Lor77] G. G. Lorentz, Problems in Approximation theory, The University of Arkansas Lecture Notes in Mathematics 1 (1977). [PrSo95] V. V. Prasolov and Yu. P. Solovyov, Elliptic functions and algebraic equations (in Russian), 1995. [Sko95] A. Skopenkov, A description of continua basically embeddable in R^2, Topol. Appl. 65 (1995), 29–48. [Ste85] Y. Sternfeld, Dimension, superposition of functions and separation of points in compact metric spaces, Israel J. Math. 50:1–2 (1985), 13–53.

[Ste89] Y. Sternfeld, Hilbert’s 13th problem and dimension, Lect. Notes Math 1376 (1989), 1–49. [Vit54] . . , 13- , .95 (1954), 701–704. [ViHe67] . . , . . , (1967).

skopenko@mccme.ru