Awnanus 9: Oneparop Jlamnaca Muma BepGunxmit

Mg 3adeTa MO KaXIOMy JUCTKY HAJO CAATH BCE 33da9M CO 3BE3J0IKaMU, JTUOO Bce 3ajaum 6e3
3BE30YEK. 33097 C ABYMS 3BE€3J0IKAMU MOXKHO He c1aBaTh. CxasuuM k 33139 C IByMS 3BE30UKAMHA
paspemaeTcsa He cAaBaTh 2k 3a1a9 CO 3BE3J0YKAMHA U3 TOrO Xe JUCTOYKA. 3aja4d, 0603HadeHHbE (1),
ClIefyeT CIaBaTh BCEM.

Anamns 9: OnepaTop Jlamiaca

9.1. OmepaTop XogXka * Ha BEKTOPHOM IPOCTPAHCTBE

Onpegeaenne 9.1. Ilycts V — n-MepHOE BEKTOPHOE IPOCTPAHCTBO HAJ R, ODUEHTUPOBAHHOE U CHAO-
XKEHHOE EeBKJIMJOBOM METPHUKOU (TO €CTh CAMMETPUYHOU OWIMHEMHOU MOJOXUTEILHO OIPEIETeHHOU
2-dbopmon). O603Ha4NM 32 €j; A ... A €j, KOCOCHMMETDHYIHBIN IOIUBEKTOP

Z(—l)‘a\eg(il) ® €o(in) @ -+ @ €o(iy),

g

rge cyMMa 0epeTcs IO BCeM IepecTaHOBKAM MHOXECTBA i1, ...,%tk. Omepamua A 3a4aeT CTPYKTYPY
rpacCMaHOBOM aare6pbl Ha IPOCTPAHCTBE KOCOCAMMETPHAYHBLIX MOIABEKTOPOB.

Onpepaenenne 9.2. ®opmon o6bema Ha V HA3LIBACTCA MOJOXKHUTEIbHLIA dIeMeHT o6bema Vol €
A"V* rakou, aro Vol(ey, ...,e,) = £1 m1a 106000 OpTOHOPMUPOBAHHOTO GABUCA €1, ..., Ep.

3apgadga 9.1 (!). Hoxaxwure, aTo Vol onpemenen >TuMu JAHHBIMUA OJHOZHATHO.

3agaua 9.2. Tlycts || - || — emxmmgona merpuxa ma V. Jlokaxure, 9To dopmyra

[o1 ©v2 ® .. @ vgl|* := [Jor][*|[vz]|*... Jok ||®
3a/aeT METPUKy g Ha TemsopHon crenern VEF (V ¢ cammm coboit k pas).

Onpegenenne 9.3. Onpegenum metTpuky gp Ha AV Takum 06pazom, 9TOOH IPU €CTECTBEHHOM BJIO-
T ) g’
xeaun A'V — V@ merpuka g Tmomy4danach U3 METPHUKH ¢, OMMCAHHOM BhIeE, IO dopmyne ga(x,y) =

79(v (), v(y)).
3apgaua 9.3. okaxwure, 9o || Vol || = 1, rae merpuka Ha A"V™* onpejgeneHa Boimre.

3apgadga 9.4 (*). Ilycte B — OpueHTHPOBAHHOE BEKTOPHOE PACCIOeHUe, a A*B — i-1 KOCOCUMMETpH-
deckas crenenb B. Byxer au oHO opuenTHpOBAaHO?

3agaua 9.5. Ilycrs V — eBkummoso npocTpancTso Hang R, a ey, ..., €, — OpTOHOPMUPOBAHHEIA GA3HUC.
Moxaxure, 910 €;, A ej, A ... A €;, €CTh OPTOHOPMUPOBAHHLINA 6A3NC B A*V, rge iy, ..., i, mpoGeraer Bce
MOCIEeOBATEIHLHOCTH, YIOBJIETBOPAIOMINE 11 > g > ... > k.

3apgada 9.6 (!). IlycTs n-MepHOE BEKTOPHOE NPOCTPAHCTBO HAJA R, ODUEHTUPOBAHHOE W CHAOXKEHHOE
meTpukon g. O6o3HaMUM TOM X)e OykBou MeTpuky Ha A'V. [JokaxwuTe, 9TO CymeCTBYeT €IUHCTBEHHBIN

omepaTop * : AV — A" KV rmaxoit, aTo *a A B = g(a, B) Vol, ara moboir k-dopmsr S.

Onpepenenne 9.4. DTOT ONEPATOP HA3BIBAETCA *-0IEPATOP XOAXKA (3BE3MOUKA).
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Awnanus 9: Oneparop Jlamnaca Muma BepGunxmit

3aga4a 9.7. [lokaxwure, 9TO
*(ei; Nejy Ao Nej) = (—1)‘0‘6]'1 Nej, Ao Nej

THOE J1, .-y Jn—k — HAOOP MHAEKCOB, HOIOIHUTEIBLHBINA K %1, ..., 1k, & 0 — IEPECTAHOBKA
1, .., k, k+1, ., n
1y, ey Tk J1, vy In—k

3agaua 9.8 (!). Joxaxure, aro Ha AFV mmeer mecro ¥2 = (—1)k¥ k) |d, rge n = dim V.

3apgadga 9.9 (*). IIycTs MeTpuka Ha V He MOIOXUTEILHO ONPEAEICHA, & UMEET CATHATYDPY (¢, — q).
Toxaxwure, aro Ha AFV mmeer mecto #2 = (—1)k(n—k)(—1)a(n=9) |d,

3agaua 9.10 (!). IIycts dimV = 2n . [okaxwure, aTo y * ects 22"~ ! cobcrBennbix 3HadeHUn 1
22n—1

cOOCTBEHHBIX 3HAYEHUN —1.

3agaua 9.11. Iycrs z € V* — iumeiinas dopma, e; : AV* — A"HV* — oneparop gomuOXeHms
HA T, & iy : A'V — A" 'V - omepaTop moicTaHOBKM JBOMCTBEHHOro BekTopa z! € V B i-popwmy.
JlokaxmuTe, 9r0 €5 = —(—1)FHDm 54 5.

3agaua 9.12 (!). B ycroBuax mpegsIAymie 3a1a9d, TOKAXKATE, 9TO €ziz + izey = ||z]|? 1d.

3agaua 9.13 (*). IlycTs g - cTargapTHAS WIOCKas MeTpuKa Ha M = R?™, a x1, ..., To, — KOOpITHATHI,
a dzy, ...,dTo, — COOTBETCTBYIOIIAA UM OPTOHOpMUPOBaHHLIM 6asuc B T M. PaccmoTpuM cumiuiekTH-
9ecKyio hopMmy w = Y r  dxi_1 Adz;, moycts L(n) := w An, a A = «Lx, a H = [L, A]. lokaxure,
aro H memcTByeT Ha N + p-HOpMAX YMHOXKEHUEM HA P, IJIA JI060r0 —n < p < n.

9.2. Omepatop Jlamraca Ha MHOroo6pa3un

3ameuanmne. OTHBIHE U [0 KOHIIA JUCTKA, PAMAHOBO MHOrooOpasue M mO yMOXYaHWIO MPEAIOIATA-
€TCA OPUCHTUDOBAHHEBIM.

3ameuanmne. [lycts M — puMaHOBO, OpMEHTUPOBAHHOE N-MHOT00Opasue. Toraa Ha A*M 3aman ome-
parop Xogxa * : A¥M — A"KM, peiicTByrommit moTo4ewHO; TOT OmepaTop, oueBmaHO, C°M-
auuenaem. Takxke Ha M 3agama dopma Vol € A" M, onpenenreHHas KaK yKa3aHO BHImE. JTa GopMa
Ha3BIBaeTCA (pOpMa pUMaHOBa 006beMa.

Onpegenenune 9.5. [uddepennuansaas dopma Ha M HasbBaeTcsa (POPMOM C KOMIAKTHBIM HO-
CHUTEeJIEM, €CIU OHA PAaBHA HYJII0 BHE KOMOAKTHOrO MHOXecTBa K C M.

3agaua 9.14 (*). Iycrs o — n-popma ¢ koMmakTHEM HOCHTereM Ha R". Jokaxure, 910 [p, a =0
TOrjia W TOJIBKO TOTAa, Korgaa o = df, rae B — (n — 1)-dbopMa ¢ KOMIAKTHEIM HOCUTEIEM.

3apgaua 9.15 (!). IIycrs (M, g) — opumenTupoBaHHOE pUMAaHOBO MHOrooOpasme. O603HAYMM TOU XKe
OyKBOM ¢ GMIMHENHOe, cuMMeTpIdHOe coapuBanme g : A¥M x AFM — C>®° M, onpegerennoe xax B
3amade 9.6.

a. [lokaxwure, 910
/ xa A\ = / d(a, B) - Vol, (9.1)
M M

s m06oi popmbt B € AFM ¢ koMnakTHBIM HOCHTEIEM.
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6. [lokaxure, uTo ycaosme (9.1) 0JHO3HAYHO 33a€T ONEPATOD *.
3ameuanune. ITy HOpMyILy 9acTo 6EPYyT 34 ONpPEIEICHNE * HA MHOMOOODA3UH.

3agaua 9.16. Ilycts oy € AFM,3 € A" %M, npuuem 1 — dopMa ¢ KOMIAKTHEIM HOCHTEJEM.
Hokaxwure, ITO

/Momdﬁ = —(—1)k/ da A (9.2)

M

Yxazauue. Teopemon CTokca BOCIOIB3yUTECH.
3ameuanne. Popmyry (9.2) wacTo HA3HBAIT (POPMYJia HHTETPUPOBAHUA [0 IACTAM.
3apgaua 9.17 (*). ChopmynupyrTe ¥ JOKAXKATE AHAJIOT STON GOPMYIBL IS MHOT006DA3UA C KPAEM.

3agaua 9.18 (!). Jokaxwure, aro gua moboi dopmer B € A" F1M ¢ xomMmakTHEIM HocuTereMm,
6ot o € A¥ M, mmeer mecTo

—(—1)"_’C /M g(*_ld * o, 3) Vol = /Mg(a, dp).

Yxkazauue. Bocnoassyurecs dopmyaon (9.2).

3agaua 9.19. Onpegennm Ha npocTpancTBe guddepeHnuaIbabX k-HopM METPUKY (POpMyIon
gle,) = [ glesp)Vol.
M

Jokaxwure, 9T0 omepaTop d* := —(—1)(k+1)(”_k) xdx = (—1)"(k+1) CONPAXEH d B CMBICIE 5TON METPHUKX.

Ykaszaume. BocnonssyiiTech IpebIAyIIeH 3a,4axel, IpIMeHnTe GOPMYIy AL %2

3agaua 9.20 (*). Onpegernm va C°M merpuky no dopmyre g(f, f') == [,, ff Vol, m nycts D -
nudepeHImaILHBT ONepaTop NopAaKa i. JJokaxure, 9To cymecTsyeT nuddepeHnuagbHBIA OePaTop
D* nopsaka i Takon, uTo gus mobon f' ¢ kommakTHEIM HOCuTeneMm, umeeM g(D*f, f') = g(f, D f’).
Ounpepenenne 9.6. Oneparop Jlannaca (ou xe “omeparop Jlamraca-ge Pama”) Ha MHOr0o0oG6pasuu
M ects muddepennumansasi onepatop A @ A*M — A*M, xoTopwin onpenenserca dpopmyaon Aq :=
dd*a + d*da, rae d* :== —(—1)"k*D « d«. ®opma o HaskBaeTca rapmormuHOM, ecin A = 0.
3agaua 9.21. Jlokaxure, a0 ¢(Aw, f) = g(da, dB) + g(d*a, d*B), ana mobex o, B € A*M.
3apgadga 9.22 (!). IIycts a — rapmornvHas GOPMaA ¢ KOMOAKTHBIM HOCUTEIEM.

a. [!] Jokaxwure, uro da = d*a = 0.

6. [!] Joxaxwure, 9T0 @ = 0, ecaiut o TOIHA.

Yxazauue. BoCnorb3ynTecs IpeaBIAyIIeT 33 1a96H.

3agaua 9.23. [lokaxwure, aTo HA R" He MOXeT OBITHL HEHYJEBHIX TAPMOHUIHBIX (POPM C KOMIAKTHEIM
HOCHUTEJIEM.
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3agaua 9.24. Ilycts g — craEgapTHas miIocKas MmeTpuka Ha M = R", z1,...,Z, — KOOpAUHATHLIE
9 7 7

dyuknun, a dri,...,dT, — COOTBETCTBYIOIINA XM OPTOHOPMUPOBaHHBIM 6asuc B 1T* M. OGo3HaIUM 33

€dz; OIEPATOD, NOMHOXAIOMNYA HA dT;, & 33 igy, ONEPATOP —(—1)n(k+1D) 4 €da; *-

a. lokaxwure, 9TO e:‘m = ida; -

6. O6o03HaMUM 3a dizi : A¥M — A¥ M omeparop, guddepernupyommii Bce k0ahpumueETs hOPMEL

d * no d
B HAIIDABICHMN BEKTOPHOTO O - Jlokaxwre, 9T0 d* = ) ;"1 lda; g -

n d2

B. [!] llokaxwure, uTo A =5 ", da?

Ykazaume. [[11 BTOPOHU 9aCTH, BOCIOIB3YUTECH Caegyiomen hpopMyJIon Masa omepaTopa ge Pama:

- d
d= edp: —-

TpeTnbio JacTh 330349M BhHIBeAUTE U3 3a4a4u 9.12.

3agaua 9.25 (*). IIycte X € T*M — kx0BeKTOpHOE IOJE HA PUMAHOBOM MHOroo6pasmu. /Jokaxwure,
aro anTHKOMMyTaTop {d*,ex} mencrByer Ha pyHKIEMAX Kak auddHepPEeHINATBHBIA OIEPATOP TEPBOTO
HOPATKA.

3apgadga 9.26 (*). IIycrs BexkToproe none X € TM Ha KOMOAKTHOM PUMAHOBOM MHOTr00Gpa3wu ymao-
BretBopser [Liey, *] = 0. [lokaxwure, 9T0 1 10601 rapmornaHon dhopmsr 1) Ha M nmeem Liex (n) = 0.
9.3. ®opmyaa I'puna-Pucca

3apgadga 9.27 (!). Iycrs f — dyHknua Ha puManoBoM MHOroo6pasuu M, a X C M — opueHTHDO-

BaHHOE MOAMHOT006pasue kopasmepHocTa 1. O6o3HaumM 3a d% € TM|, monoXuTeIbHOE HOPMATHHOE

BekTOopHOE moae K X miumubl 1. JJokaxwuTre, ITO *df ‘X = g—’; Volx

3apgaua 9.28 (!). Iycrs (M, g) — pumanOBO N-MHOr006pa3ue € KpaeMm, a u, v € C°°M raagkue pyHk-
unu. [Joxaxure, 9TO

/uAv Vol +(—1)"1 /M g(du,dv) Vol = - u A *dv. (9.3)

Yxazauue. [Ipumenus ¢popmyry Crokca, morydure

/ u/\*dvz/ du/\*dv-l—/u/\d*d'u.
M M M

3agaua 9.29 (!). B ycaosmax npeasiaymen 3anaau, gokaxure popmyry I'puna-Pucca (“Green-Riesz
representation formula”)

dv du
/ uAv Vol —/ vAu Vol = (u—v—) Volyns
M M am \ d€ d¢
rue d% eTM oy ~ GAMHITIHOE HOPMATbHOE BEKTOPHOE IOIe K KPAlo.
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Ykazauue. Brrarure uz dopmyast (9.3) Takyio xe GhopMyry, TOIyYeHHYIO TEPECTAHOBKOU U U U, U
npuMmeHuTe 3aga41y 9.27.

3agaua 9.30. Ilycts d% — paguaIbHOE BEKTOPHOE moJde MIuHH 1 Ha R™ co cTaHIapTHON METPUKOU M
KOODAWHATAMU,

OKaxuTe, 9TOo Jqiobas rapMormdeckas yaknus v € C°R"™ ynosreTBOpseT
7

d Zi%’d%.

dv
— Volyg, = 0.
aB, 4

rpe B, — map c neaTrpom B 0 u paguyca r.
Yka3aumue. [Ipumenunre popmyrny I'puna-Pucca x u = 1.

3apgadga 9.31. O6osnauum 3a S, cbhepy pagmyca r ¢ mearpom B 0, m mycts Vol(S,) := fSr Volg,
obo3HauvaeT ee puMaHOB 06beM Jokaxure, 9TO PyHKIUA

_ fsrg—gvols,
flr) = Vol(S,)

(" cpeguee 3HAMEHUE Z—z Ha cdepe”) moCTOAHHA.

Ykazaume. BocnonbsynTech mpeqbIAyIIed 33, a9en.

3agaua 9.32 (!). Brisegure u3 T0ro0, 9T0 CpegHEe OT rapMOHAIECKON HyHKIUK ¥ 110 cepe S, PaBHO
v(0).

3apgadga 9.33 (*). IIycte v — rapMoHUYecKas (HYHKIUA HA PUMAHOBOM MHOrooOpasuu, B, — map
pajuyca r ¢ IeHTpoM B £g € M, a S, = 0B, — ero rpauuna. [lokaxwuTe, 9T0 11 HEOOIBIIAX T CPELHEE
3HaYeHUe v 1o S, paBHO v(Zg).

3agaua 9.34 (*). Ilycts v pyrxmus sa R™ ¢ miockon meTpukon, ygosrersopsomas Av > 0 (Takas
dbyHKnMA HA3EIBaETCA CyOrapMmonuveckon). /lokaxure, 9T0

dv
— VOL?BT > 0.
oB, d€

BrieguTe 3 5TOr0, 9TO CpefHEe OT ¥ U0 cdepe Sy YAOBIETBOPAET

s, v Vols,

Vol(S,) ~ v(0)

st ro6oro r > 0.
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