Besedenue 6 meopuro wucen Jlucmox 6

Pa3zigoxkumbie dopMbl, petieTkd, e JMHUIBI U Y1CJIO
KJIaCCOB MA€eaJIOB.

Bamada 1° (Teopema Bauxdenbaa). [Iycrs k > 0 - narypasbhoe uncio, X C R™, Vol(X) >
k. Hokaxkute, uto Haiijierca k + 1 pasjM4HBIX TOYEK So,...,S; € X C yclIoBUeM s; — s; € Z"
npu i,j =0,...,k.
Bamaga 2. a) [lokaxkure, aro yciosue Vol(X) > 2" Vol(R"/L) B semve MUHKOBCKOTO HeJb3s1
3aMeHUTh 6ojiee crabbiM (311echb X — BBIMYKJIOE MEHTPATLHO-CUMMETPUIHOE MHOXKECTBO, a L
— pemerka B R™).

b) Hokaxkure, uro, eciu X — KOMIIAKTHO, TO yTBEp:KJeHUE JieMMbl MUHKOBCKOTO OCTAeTCs
BepubiMu 1 1pu Vol(X') = 2"Vol(R"/L).

Bamaua 3°. Ilycth ¢4, ..., ¢, — BeIleCTBEHHBIE TOJOKATEIbHBIE TNC/Ia, BEIIECTBEHHAT MATPHIIA
(a;;) obparuma u cics ... c, > |det(a;;)|. [lokazkure, 9TO HalIyTCA TAKHe IeJIble THCIA T;, HE
BCE paBHbIC HYJIIO, YTO Z?:l a;jr; < ¢y, 1 <0 <.

Bamaua 4°. a)llycrs a;; € Z,i,j = 1,...,n, a m; — IeJjble HOJIOXKUTeIbHBIE Yncia. [oka-
JKHUTE, 9TO MHOXKECTBO IIEJIBIX TOYEK (IT1,...,T,) € R™ yI0BIeTBOPSIONNUX CHCTEME CPABHE-
Huit Y, a;;2; = 0 mod my; obpasyer perierky HOIHOrO paxra B R™, kooGbema He GoJIblie
my...My.

b) Ilycts m > 0, r,s — neasle uuciaa, g KoTopeix 12 + s +1 = 0 mod m. Iycrs L —
MHOKECTBO BeeX (x,y,z,w) € Z* ¢ yenopuamu x = rz + sw mod m u y = sz — rw mod m.
[Tokaxkure, uro Haiigerca touka (a,b,c,d) # 0 uz L, nas xkortopoit a® + b* + ¢ + d* < 2m.
BriseguTe otciona, uto a® 4 b + ¢ + d? = m.

¢) Yoenurecn, 9T0 yCIOBH MIPEIBIIYIIEro IyHKTA BBITOIHEHBI, €CJIN 11 — HEUETHOE UJIH YIBOCH-
HOe HeYeTHOe YKCIo. BhiBeuTe 0TCIo/1a, 9TO KaK/10e MOJ0KUTETBHOE 1e/10€ YUCI0 €CTh CyMMa,
KBaJIPATOB YEThIPEX IEJIbIX THUCEI.

Bamaga 5. Ilycrs g(xq,...,2,) — kBagparudnas dopma HaJ Z ¢ oupejpenurenem D (1. e. eé
marpuiia A € M, (Z) u det A = D). Ilycro m = miZn (). Mokaxure, aro m < 4V, /™| D|"/",
TEL™

e Vn — 00BbeM CIMHUYIHOI'O Iapa pa3MepHOCTH 7.
Hodckaska: eam nomooicem aemma Munrosckozo o GHINYKAOM MTENE.

Banada 6 (Teopema MunkoBckoro—Xacce [jsi Tpex IepemMeHHbIX). [lycts a,b,c —
HOTAPHO B3aUMHO IIPOCThIE U CBOOOJIHBIE OT KBAIPATOB HEHYJIEBbIE [IeJIble YUCIa, U yCTh |abc| =
22p1 ... ps, TOE P; — PA3IUUIHbIC HedeTHBIE TpocThie, a A = 0 mm 1. IIpeamomoxkum, 9To dhopma
az? + by? + cz* upencrasnger Houb B Q, 11s Beex p.

a) JlokaxkuTe, 9T0 HANIyTCsS Takue IEIOYNCJIeHHbIE JUHeHHbIe (DOPMBI OT TPEX MePEMEHHBIX
Li,...,Ls, L', L", aro mius u, v, w € Z, yaoBieTBoOpsiomux cucreme cpasuenuit L;(u, v, w) = 0
mod p; (1 <i<s), L'(u,v,w) =0 mod 2™, L”(u,v,w) =0 mod 2 sbmosnneno au? + bv? +
cw? =0 mod 4|abe.

b) Ilycrs M — pemerka B R3, o6pazosannast Tpoitkamu uuces (u,v,w), yJA0BIETBOPAIONIIME
CPaBHEHUsIM W3 IPeJIbIIYINero myHKTa. [lokaxkute, uto B samancouse |a|u? + |bjv? + |clw? <
4|abe| naitnercss Touka uz M. Boiseaute, uto dopma ar? + by? + c2? umeer HeTpUBHAIBLHBI
Hostb Ha T Q.

Hodckaska: nposepvme, 4mo 006eM IAAUNCOUIL PABEH 32Tﬂabd U 8ocnoavaytimeco semmoti Munkoes-
cKo20.

Bamaua 7°. a) Haiiaure rpymmy knaccos nieanos Q(v/—D) ana D = 1,2,3,5,6,7,10, 11,13, 15.
Ilodcxaska:  ucnoavsyiime epanuyy Munkoscrozo. s noaywernus coommowerutds 6 epynne KAGCCo8
nocuumatime rnopmui aaemenmos us Q(v/—D).

b) Hokazxure, 410 B KoJibIle nesbix nosst Q(v/— D) umeercs oJJHO3HATHOE Pa3/IOXKeHHe Ha IPO-
cTble MuokuTesm Jyta D = 1,2,3,7,11,19,43,67,163.
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Memodamu meopuu assunmuveckur Kpusvlr U MOOYAAPHHLL POPM MOHCHO JOKA3AMDb, YMO
IMOM CNUCOK UCHEPNDIBAETN, BCE MHUMbLE KEAOPAMUYHDIE TOAA C 00HOZHAYHIM PA3NOHCEHUEM
Ha npocmuie mroscumenu (eunomesa laycea).

Bamada 8°. Uemy paBHO qmcsio KiaccoB mieatos moisa Q(«), rjie o — KOpeHb MHOrO4JIeHa
a)rd —zr—1; b)) +x+1; c)rd —x+2; d)a® —x— 1.

Banaua 9. [lycts py, ..., p, — pa3jIudHbIe HEYETHBIE TIPOCTHIE, DD = P ... py,. [lokaxkuTe, aT0
rpyma kiraccos maeanos Q(v/D) comepsxur moarpymy, msomopdmyio (Z/27)™ 1.

Iodcxkasxa: SOCHOJLbSyﬁmECb mem, 4mo p; pa3eemeneHHbvle NPOCINBLE.

Bamada 10 (Conpsiz2keHHOCTh MaTpUIl U rpynmna KjaaccoB). [lycts R — kosbio, M, (R)
— MHOXKECTBO . X n MaTpuil ¢ kKoaddurnuentamu u3 R. Byiaem rooputs, uro A u B u3z M, (R)
conpsizkeHbl HaJl R, ecom Haiijercs Takast obpatumas marpuna U € GL,(R), uto A = UBU L.
a) llycre R = F — noJie. [lokaxure, aro nBe marpuiiel u3 M, (F) ¢ oInHAKOBBIM XapaKTepu-
crudeckuM MHOrOwIeHoM f(t) conpsizkensl, ecin f(t) HenpuBogum Has F.

b) ITokazkure, 9T0 KIaCChl HIEAJTOB TOPSAIKA Z[(] €CTh B TOYHOCTH KJIACChl n3oMopdusma Z[al-
MOJLyJIelt, KOTOpble N30MOPMHBI Z" KaK adeseBbl I'PYIIIIHL.

c¢) dokaxkure, 9ro Kjaccel conpsizkeaHoctn marpull u3 M, (Z) ¢ XxapaKTepuCTUIeCKUM MHOTO-
wrenoM f(t) € Z[t] Haxonarcad B OMEKTHBHOM COOTBETCTBHUHU C KJIACCAME HJICAJIOB B MOPSJIKE
Z|a] mona Q(«), rae o — kopenb f(t).

Ilodckaska:  cmpyxmypa Zlal-modyas wa Z" — 2mo mo orce camoe, 4mo aunetinoe omobpasrcenue
A: 7" — 77, ydosaemesoparowee ycaosuto f(A) = 0.

d) Beimumure sigro marputisl u3 Ma(Z), pecTaB/isionye pa3indHble KJIACChl COMPI?KeHHOCTH
MATPHIL ¢ XapaKTEPUCTHIECKUM MHOTOUICHOM t2 + 5.

2
e) Illycrs d € Z — ne kBagpar um > 2. ConpsizKeHbl Jii HaJt Z MaTPHIIbI (2 ”8d> " ((1) mo d) 9

Kakum kiaccam nacaJioB OHN COOTBGTCTBYIOT?

f*) lpueepure npumep Takoit marpunsl A € My(Z), uto A u AT ne conpsizkennst naj Z (ma
[OJIEM STU MATPHIIBI BCET/Ia COMPSI?KEHBI ).

Bamada 11 (Opbutst SL; u rpynna kaaccoB). a)llycts K — auciosoe nose, SLy(Of) —

MHOXKECTBO 00paTuMbIix 2 X 2 marput] ¢ Koahdurmuearamu u3 Oy, UMEONNX OpeaeuTe b 1.

Pacemorpum geficreue SLy(Ok) ma P (K) npobro-smueitnbivm npeobpasosanusayu (A(z: y) =

a b
d

P!(K) paBno uucity Kiaccos ujeaynos K.

Hodckaska: wasncooili IpobHutl udean noposrcdaemcs 08Yma aremenmamis. Jas npocmomos moorceme

(ax + by: cx + dy), eciim A = ). Iokaxkure, uro uncio opbutr jeitcrus SLy(Of) Ha

CHAYAAG PA300PaMb CAYHAT, K0204 YUCAO KAAUCCO8 UIean08 pasho 1.

b) ITycth O — NOpA0K B MHUMOM KBajipaTudHoM nosie K ¢ juckpumunanTom D = f2Dp.
[TokaxkuTe, 9TO B KaXKJIOM KJIACCE UJI€aIOB €CTh €JIMHCTBEHHBIN ITPEJICTAaBUTENb BUIA 0 = Z~+YZ,
r,uey:_ng—f;mn—agb<a,cZa,bSO,c>a,b>O.

Iodckaska: 2mo na camom dese obuuti pesysvmam npo nodobue pewemor 6 R2 = C, scnommume,
Kax ycmpoena dyrdamenmanvhas ooaacms npu deticmeuu SLa(Z) na 6eprHion noayniockocmo.

¢*) KakoB anaJor mpeiblIyIieii 3a/iaun Jjisi BEIECTBeHHBIX KBaIPATHIHBIX MMOJIei?

Banada 12 (KBagparuunbie ¢dpopMbl M YuCiI0 KJjaccoB uieasion). a)llycrs K/Q —
KBaJIPATUYHOE pacIiupenne ¢ jgucKkpuMuaanToMm Dy, a C K — napobubrit ujgean B K, a1, ay —
6asuc a kak Z-momyis. [lokaxute, 910 Qq, 4, (%, y) = (Na) ™'+ Ng/g(a1z + azy) — nenouncien-
Has KBaJpaTudHas dhopma, UMeromas JUCKpUMAHAHT D .

b) Ectn D > 0, onpegemam C1H(K) = Id(K)/PT(K), tne P (K) — rpynmna riaBHbIX 11eajion
syia (), e o(a) > 0 ast goboro siaoxkenust o u3 K B R. Tlonoxum CIT(K) = Cl(K),
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ecm Dy < 0. Jlokazkure, 9TO KJIACC S9KBUBAJICHTHOCTH (GOPMBI (g, 4, (T, Y) 3aBUCHT TOJIBKO OT
obpaza mieasa a B CITK.

c) [Iposepbre, uT0 OTOGpaArKEHNE U3 HMPEBIIYIIEro MyHKTa Olpe/ieisieT OUEeKIHIO0 MeXK Ty Kiac-
caMU SKBUBAJEHTHOCTH OMHAPHBIX KBAIPATUIHBIX (POPM C JUCKPUMUHAHTOM Dy U T'PYIIOit
ClI(K).

B cayuae pacwupenuti 6oavuet cmenernu maxoll buexyuy Mescoy KAaccamu udeanos u Kaac-
CAMU IKEBUBANEHMHOCTNU POPM Ydice HEM.

d) Kak 06001muTh yTBep2KIeHAE TIPEJIBIIYIIEro IyHKTa Ha CIydail (hOpM ¢ MPOM3BOJILHBIM JIHC-
KPUMUHAHTOM?

e) [Tycrs kBajgparnanas dopma f(x,y) coorBercryer kiaccy uueasnos C' B nopsiyike O. [Toka-
JKHUTE, 9TO UMEETC B3AUMHO OJHO3HAYHOE COOTBETCTBUE MEXK/Ly HEACCOIMUPOBAHHBIME pellle-
HusiMK ypasuenus f(x,y) = m u ugeasamu O, npuHajexkanmmmu Kiaaccy C ™1 1 umerommmu
HOPMY M.

Ilodckasxka: pewenue, coomsememsyrowsee udeary a 3a0aemcsa maxum sremermom &, wmo a = e,
ede c € CL.

Bagaua 13. a)llycrs K — uuciiooe mosie, a C K — apobubiit uiean B K. [Ipeanonoxunm,
qro 0 = (a) — rnaBHbil ugeas. Jlokaxkure, 9o B nose K ( {/a) umeasn a CTaHOBUTCS TJTABHBIM.
b) ITokazkure, 4To cyiiecTByeT Takoe KoHeunoe pacimpenue L/K, aro Beskuit upean nz Ok
craoBuTcs TyiaBHbIM B O7,.

Ha camom dese kaorcouii udean uz K cmanosumcs 2aa6HbM 6 MAKCUMANOHOM GOEAEBOM HEPA3-
semeaennom pacuupenuy LK (euavbepmoso noae xkaaccos K) u L — naumenvwee ¢ maxum
c60UCTMBOM.

Bamaua 14. /lokaxkure, YTO CYIIECTBYeT KOHEIHOE YUCIIO IMOJIEl aJlredpamdecKux Iuces ¢ 3a-
JAaHHBIM JIUCKPUMHUHAHTOM.

Hodckaska: ucnosvaysa semmy Munko8cko20 0 8uNYKAOM MEAE, NOKAACUME, MO HATJeMCcA Ueabil
npUMUMUSHHLT ssemenm 6 K, xoaduyuernmo, MUHUMAADHO20 MHO20UAEHE KOTNOPO20 OUEHUBGIOMCH
8 mepmunrax D.

Bagaua 15°. [Tycth S — KOHEUHOE TTOJMHOKECTBO MHOYKECTBA IIPOCTBIX UJIEAJIOB TIOJIs airebpa-
maeckux 4ucest K. Oupegennm muozkectBo S-1enbix Kak O (S) = (0, = {a € K | ordy(a) >
P

0 mst Beex p ¢ S}. Ilokaxwure, aro rpymma S-emnmnnn Ok (S)* = {a € K | ordy(a) =
0 juist Beex p & S} sABJIsIeTCS KOHEYHO MOPOXKJIEHHON abeseBoil rpymmnoii panra r + s + S| — 1.
Kakogo eé kpydenue?

Bamada 16 (EaumHuiibl B BelIeCTBEHHBIX KBaJAPATUYHBIX moJisixX). [Iycrs d > 0 — cBo-
6omio or keaaparos, K = Q(v/d) — Bemecrsennoe kBajaparutmoe moje. [lycrs O F=7Z[fw] =
7+ 7Z.fw — nopsiiok B Kojiblie neibiXx Ok, w = %ﬂ (D — muckpumvunant K). [Tycrs € —
dbynramentampaan equanna B Oy, OIHO3HAYHO olpeseieHHas ycaosueM € > 1. [Ipennomaraem,
qro d # 5 wm f # 1 (B ciyuae d = 5, f = 1 Bce BBIYHCIISIETCS SIBHO: € = %g)

a) llycrs n > 1 — mobag emuanma w3 O, n = r + y fw. oxaxwure, uro z,y > 0.

1-yD
b) Hokazxwure, aTo —5 K

i
c¢) ObocHyiiTe Caeayomuil aaropuT™M HaX0XKJICHUA QyHIAMEHTATLHON e uHuIB! €. Packiia s
BaeM 4Iucyio — fw' B HEnHyto Apobb [ag; ay, ..., Ay, . .. |. Cuuraem noaxopsinue japobu Py /Qr =
lag; ay, ..., ax] m HOopMy 73, = Ng/o(FPr + wfQk). Ecin k — nepsoe uuciio Taxoe, uro 7, = £1,
TO EZPk—l-(JJka.

Hodckaska: KAGCCUMECKGA MEOPEMG U3 MEOPUL UenHuT Ipobeli ymeepocdaem, umo, ecau 0is & € R

1
2%

1 !
<W,rﬂew =

U HAMyparbrHuvlr 63AUMHO NPOCITNHIT T,1Y UMEET, MECMO HEPABEHCTNGO ‘% — &‘ < mo % — odna u3

nodxrodawur dpobeti dan passodcenus £ 6 uenmyo opobs.
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d*) Kax cBsi3ano qnciio k u3 mpeJbIyInero myHKTa ¢ JJIMHOM Tlepruojia IemHoi gpobu jayist — fw'?
e®) Haiinre ocnosmyto equnuiy mopsaxa Z[3+/6] nons Q(v/6).

3agaya 17°. Haitmure dyHIaMeHTAIBHYIO €IMHAILY W IPYIILY KJIACCOB MIEAJIOB OIS Q(\/ﬁ)
ma D =1,2,3,5,6,7,10,11,13, 15.

Bagaua 18°. Iokazkure, uro B noje Q(v/2) Beaxas epunma umeer sug +(1 + v/2)8 k € Z.
Bamaua 19°. Ilyctb a, b — HaTypasbHbIe YuCa, He SBIAIONecd KBaapaTaMu. [lokaxkure, 910
dbyHIaMeHTaIbHAS e uHKIa TopaaKa Z[/a] mona Q(y/a) sBisercsa Takxke dyHIaMEHTATIbHOl
eaummIeit nopsanka Z[y/a, v/—b] B mone Q(v/a, v/—b).

Bagaua 20. a°) [Tokaxkure, uro panr rpymmsl eauaul] Kyounaeckoro pacumperust K/Q pasen
1 Torja m TOILKO TOrJIa, Korjaa JuckpuMuHaHT Dy < 0.

b) Ilycts K/Q — kybudeckoe paciiupeHre ¢ OTPUIATeTbHBIM JUCKPUMIHAHTOM, € > 1 — dyH-

JaMeHTa bHas equHuna K (modemy Ha Hee MOXKHO HAJIOXKUTH TAKOe yCJIoBUe?), € = u?,u €

R,u > 1. [lycTh semMenThbl conpsizennble ¢ € umetor su u~lel?, u=le™® 0 < 0 < 7. Toso-
xum D' = D(1,€,€?) — AUCKPUMUHAHT MUHUMAJLHOIO MHOTOWICHA JUIA €. Y O0eIUTeCh, ITO
D' = 4(¢ — cos ) sin 6, tie 26 = ud + u3

c) [okazkure, uro | D'| < 16(£2—28xo+23)(1—22), rue xo — Kopenn ypasuenns {x—2x?+1 = 0,
|zo| < 1. Boiseaute orciofa nepasenctso |D'| < 4u + 24.

d) Tomyuure onenky |Dy| < 4€3 + 24.

e) [Tokazkure, ur0 av — yHmamerTaabHas eauania noist K = Q(«a), ecim o — KOpeHb MHOTO-
wrena z° 4+ 10z + 1.

f) Ilokaxure, aro Cl(K) = Z/6Z nias nons K n3 IpenblLyIiero myHKTa.

Bamaga 21. [Tose anrebpamdeckux uncen K Ha3bIBAETCS BIOJHE BEIECTBEHHBIM (YHCTO MHU-
MbIM), eciin 00pas Beex Bioxkenuit K B C siexxur B R (coorsercrsento ue jexut B R). C'M-nose
L — 310 4mcTo MHMMOE KBaJIpaTUIHOE paclIupeHue BHosiHe BemecrBenHoro noss LT. IToka-
xKure, uro uujexc rpymust gz, - OF, B Of pasen 1 uim 2. 3nech i, — rpymna KopHeil u3 1,
cojiepxKaimuxcs B L.

Hodckaska: peaausytime [y, - (’)Z+ xax aA0po omobpasicenus Op — ,uL/u%, nepesodawsezo a 6 a/a.

Bagaua 22°. a)Ilokaxure, uro B mosme Q(3/2) kombroMm MmuoxKuTeeH MOmynas M = 47 +
27 + /A7 asngerca HOPSIJIOK 7, + 227 + 2/47.
b) Haitiure kosbiio muoxkuresedi st moaynust M = 27, + 227 + /A 7.
Bagaua 23°. Onumure Bce peleHns B MEJIbIX YACIaX YPABHEHUI:
a)r? —2y* =T,
b) 3z? — 4y? = 11;
c) 1722 + 32:vy + 14y% = 9;
d) 802> = 16;
e) 1322 + 343:y + 22y% = 23.
Banauda 24 (Kourpnpumep Cenbmepa). B 510M yrnpayKHeHnn Hallla 11€J1b IOKA3aTh, YTO
ypasaenue 33 +4y° +52% = 0 He uMeer HeTpuBnabHOro pemntenns B Q. B ymmcTke 3 MBI BuIeH,

YTO TaKOe ypaBHEHHe Bcerga muMeer pemienue B (Q,. DTo HOKa3bIBaeT, YTO aHAJIOI TEOPEMBI
MunkoBckoro—Xacce jij1gd (popM CTeleHn > 3 He BBIITOJTHIETCS.

a) Ilycrs K = Q(+/6). Ilokazkure, uto, eciu ypasuenue 3z° + 4y° + 52% = 0 umeer nerpusu-
aJIbHOe paloHasbHoe pertenue, To ypasuenne Ng/g(a + bv/6) = 10¢® nveer nerpusmasiboe
paloHAILHOE pellleHre ¢ IIOIIAPHO B3aUMHO IPOCTLIMHE @, b, ¢ € Z.

b) Yéeurecs, uto O = Z[v/6].
¢) [lokazkure, uro h(K) = 1.
d) ¥Y6emurecn, aro rpymna eauHUIl moJs K mopoKeHa 9J1eMeHToM € = 1 — 6+/6 + 3+/36.



Besedenue 6 meopuro wucen Jlucmox 6

e) [Tycrs L/Q — kybuueckoe pacimpenue, p € Z — npocroe u pOf, = P1PaPps — MPOU3BEIeHNEe
TPEeX Pa3IMYHBIX HPOCTHIX HeasoB. ssectro, uro o € Op gemurcs Ha pi1po u Try o(a) = 0.
Hokazkure, 9To P3 | o 1, clieI0BATENbHO, P | (.

f) Ilpeanonoxum, aro ypasrenue Ng/g(o) = 10¢, o = a + b/6 € O mmeer perenue co
B3anMHO mpocTeiMu a u b. Jloxazxure, uro a = opé?, tae &€ € Ok, a ag — OJHO W3 UHCe
A e, Ape?, v, Ave, e, tie A = 2 — /6 (Ngjo(A) = 2); p = V6 — 1 (Ngjolp) = 5);
v= (V36 + V6 +1)>=13+8V6+3V/36 (Nx/o(v) =5-5%).

Iodcxaska: npumenume npedvdyuwuts nynEm K wuciy o - /6, ucnosvsyiime maksice pasroicenue na
npocmoie mroocumeny, 6 K wucen 2,3, 5.

g) B upeapurymenm mynkTe monoxuM € = u+vv/6 +wv/36 u samuutem a = apé® = ag(u, v, w) +
ay (u, v, w)v/6+as(u, v, w)y/36. Tokaxure, 4TO I BCEX MECTH BO3MOXKHDIX 3HAUCHUI () yPaB-
HeHue ay(u, v, w) = 0 uMeer TOIBbKO TpuBHaAIbHOE perienne B Qs (a 3uaunr u B Q).



