Exercises to Lecture 111
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Prove that D" /0D" ~ S™.

Prove that the space S! x S! is homeomorphic to the space obtained by the
following identification of points of the square 0 < z, y < 1 belonging to its
sides: (z,0) ~ (z,1) and (0,y) ~ (1,y). (This space is called the torus.)

Let T = [0,1]. Prove that the space S!'xI is not homeomorphic to the
MGébius band.

Prove that the following spaces are homeomorphic:

(a) the set of lines in R™*! passing through the origin;

(b) the set of hyperplanes in R*! passing through the origin;

(c) the sphere S™ with identified diametrically opposite points (every pair
of diametrically opposite points is identified);

(d) the disc D™ with identified diametrically opposite points of the bound-
ary sphere S"! = 9D".

Prove that the following spaces are homeomorphic:

(a) the set of complex lines in C"*! passing through the origin;

(b) the sphere S2"+! c C"*t! with identified points of the form \a for every
A € C, |\ =1 (for any fixed point z € S*"*+1);

(¢) the disc D*™ C C" with identified points of the boundary sphere
S2n=1 = gD" of the form Az for every AeC, |\| = 1 (for any fixed point
xr € S~

Prove that C D™ ~ D""! and XD" ~ D1,
Prove that RP! ~ S and CP! ~ S

Prove that CS™ ~ D"™! and ©S" ~ S"H1.
Is it true (for arbitrary CW-complex) that (a) X %YV =~ Y x X;

bl

(b) (XY )xZ ~ Xx(Y*Z); (¢c) C(X*Y) = CXxY; (d) Z(X«Y) = TX Y7
Prove that S™ x §™ ~ Sntm+1,
Prove that R" \ RF v §n—k=1 x R+,

Prove that S"tm—1\ §n—1 m R™ x S™~1. (We suppose that the disposition
of §"~1in §S™t™~1 is standard.)

Let SP Vv .87 = (SP x {x}) U ({x} x S?) C SP x S9. Prove that (S? x S?)/
(SP v S1) ~ SPHa.

Prove that the sphere S? is a CW-complex.
Prove that the torus 72 is a CW-complex.
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III.20.

Prove that the sphere S™ is a CW-complex.
Prove that the real projective space RP™ is a CW-complex.
Prove that the complex projective space CP™ is a CW-complex.

(a) Find an example of a complex that satisfies the W-axiom, and does not
satisfy the C-axiom.

(b) Suppose some complex satisfies the C-axiom, is it true that it satisfies
the W-axiom?

Prove that the configuration spaces of the hinge mechanisms described in
Exercises 11.15—I1.18 are all CW-complexes.




