1. InarpammMbl Xeropa. 7 ¢pepauas 2013

Kakue 6niBaroT MHOrooGpasusa?

EcTb MHOrO pasHBIX BUIOB MHOrOOODA3UM, U B3AUMOCBS3Y MKy HUMU — TEXHUYECKHU CJIOKHBIE TEOPeMBbI (Win OT-
KPBITHIE IPO6JeMEL). B TpéxmepHoM ciaydae, KAK U B ABYMEPHOM, MEXKAY PA3HBIMU KJIACCAMYU MHOTOOODA3UN DA3HULIEL
HeT, HO B 60JIee BHICOKUX PAa3MEPHOCTAX CATyauus Apyras. Bkparie oHa BBIIVISIUAT TaK.

Muoroo6pasue kracca C! romeomopdpro MHOroo6pasmio k1acca C'. CymecTBYIOT TOIOIOITIeCKIe MHOT006pa-
3us, He TOMEOMOp(dHBIE TIaikuM MHOrooOpasusaM. CymecTByioT romMmeoMopdHbe, HO HEe AuddHeOMOPQHBIE TJIAIKAE
MHOroo6pasus. Jlo6oe riagkoe MEHOroo6pasue TpuaHry Iupyemo. Jlroboe Tonoaorndeckoe TpéxMepHOe MHOroo6pasue
romeoMopdHO raagkoMy Muoroobpasuwo (Moise, 1952).

Hauptvermutung cocrout us ABYX OpeanotoxeHuu: 1) no0be Be TPUAHTY/ALUM TPUAHTYIUPYEMOrO IPOCTPAH-
CTBa KOMOWHATOPHO SKBUBAJEHTHBI (CTAHOBATCA M30MOPQHBIMU TOCJE Tonpasaenenus). 2) Jlobon romeoMopdusm
O IPOB TOMOTOIEH CUMILTUIAAILHOMY U30MOPQU3MY UX TOApa3aeneHunn (OTAeIbHO — i MHOrooGpasui). [luas
1) B 1961 r. Milnor noctpoun xouTprpumep (He g MHOrooGpasui). IIoTOM OBLT MOCTPOEH KOHTPIPUMED U LS
muoroo6pasunt (Kirby, Siebenmann 1969). T'unoresa 2) Toxe okasajiachk HEBEPHOU.

[ust 3-mepubix MEHOr006pasun Hauptvermutung goxasan Moise (1952): m060e 3-MepHOE MHOr006pa3ue TPUAHTY-
JupyeMo u Jo6ble IBe TPUAHTYIANNN KOMOMHATOPHO SKBUBAJCHTHHI.

KoMm6uuaTopHas TPUAHTYIALNNA: 3B€3 04 JHOOOTO CUMILIEKCA — 3TO TPUAHTYJIUPOBAHHBIN [ucK. CyIIeCTBYIOT TpH-
AQHTYJIAIN MHOT000PA3UN, KOTOPHIE HE ABIAITCA KOMOMHATOPHLIMU. B 060U pasMepHOCTH He MeHee 4 CyIecTByeT
MHOrooGpasue, He JOIyCKalollee KOMOMHATOPHON TpuaHryasauun (pasmepHocts > 5 — Kirby, Siebenmann 1969; pas-
mepHOCTh 4 — Freedman, Quinn 1982).

B pasmepuoctu 4 cymecTByeT MEHOrooGpasue, He nommyckamouee Hukakon Tpuanry/suun (Freedman, Quinn 1982).
B pasmepHOCTH He MeHee 5 — 3TO OTKPHITAA MPOOIEMA.

B panbHemmeM MbI He GyJeM pa3iMYaTh TOMNOJOrMmIeckKme, TPMAHTYJIMPOBaHHBbIE UM TVIaJKHe TPEX-
MepHbIe MHOT006pa3usa: B TPEXMEPHOM CJIydae 5TO OJHO U TO XKe.

Pa36uennsa Xeropa

Teopema 1. 3amxnymoe opuenmupyemoe muo2000pasue NOAYUAEMCA 6 PE3YALMAME CKACTKYU JBYT Med ¢ PYUKamu
N0 20MeOMOPPUIMY 2DaAHUY.

[1s1 moKa3aTeabCTBA HYKHO B3ATH TPUAHTYIMPOBAHHOE MHOT000DA3ME U PACCMOTPETH €r0 BTOPOE OAPUIIEHTPU-
geckoe nogpasgenenue. OObeqUHEHNE CUMILIEKCOB BTOPOrO GAPUIEHTPUYECKOTO MOAPA3AETCHUsA, UMEOIMX 00Ime
TOYKU C OJHOMEDPHBIM OCTOBOM UCXOJHOU TPUAHTYJALUU, — 3TO OJHO TEJO ¢ pyukamu. [JomoaHeHue — BTOPOE TEIo
C PydYKaMU.

Takum 06pa3oM, OPHEHTUPYEMOE TPEXMEPHOE MHOT000pPa3Me MOXKHO 33JaTh MOMEOMOP(U3IMOM OPUEHTHUPYEMOU
IBYMEPHOU TIOBEPXHOCTU Ha, CEOI.

Pod mpérmepno20 mn02006pa3us — MUHUMAIBHBIA PO TEI C PYyUKAMU, U3 KOTOPHIX €ro MOXHO noay4uTb. Cde-
pa S? — emmncTBenHOE MHOTOOGpasue poma 0. MuorooGpasus poga 1 — 3TO Tax Ha3BIBAEMbIE JUH3BI (TMH30BHIC
IPOCTPAHCTBA).

3agaua 1. Ilpencrasete chepy S° B Buje O6LeIMHEHNA IBYX MOTHOTOPUH.

BE3 TOKA3ATEJBLCTBA. /[ HEOPUEHTUPYEMBIX MHOTOOOPA3UN €CTh AHAJOTUIHOE Pa3OueHre HA HEOPUEHTUPY-
emble Tena ¢ pydkamu. (Pyduky x mapy MOXHO IPUKIENTH ABYMs CIOCOOAME: ODUEHTUPYEMO U HEOPUEHTUPYEMO.)
JlokazaTeabCcTBO MOXKHO mpounTaTh B KHure Hempel, ¢. 14-23. [[na HeOpuEHTUPYEMBIX MHOMOOOPA3UU TOXKE MOXKHO
OIIpEeSUTH PO[I.

3agada 2. [JokaxwuTe, 9TO AP € OJHOU HEOPUEHTUPYEMO IIPUKICEHHOU PYIKOU U 1 OPUEHTPUPYEMO TTPUKICEHHBIMI
pydkamu roMemMopden mapy ¢ 1 + 1 HEOPUEHTUPYEMO NPUKICCHHON PYIKOU.

3agaua 3. [lokaxwuTe, 9TO CyIIECTBYET TOJIHKO OJHO 3aMKHYTOE HEOPUEHTUPYMOE TPEXMEPHOE MHOI000pasue poaa
1: HepumenTHUpy€EMOE paccioeHue cep Ha L OKPYKHOCTHIO.

duarpammblr Xeropa

ComocTasum pasbuenmio Xeropa MEOroo6pasus M3 Ha Tema ¢ g pyukamu M; m My cucTeMy 3aMKHYTBIX KPUBBEIX
Ha chepe ¢ g pyukamu N. Ha M; u M paccMOTpPUM MepUIMAHBI Ui, ..., Ug ¥ Vi, ..., Uy, PA3PE3AroONIMe PYyIKH.
Cxaenpatommuit Tomeomopduam f: OM; — M3 mpeicTaBuM B BUJe KOMIOZUIMA TOMeOMOpPdUIMOB fi 1 f, b (oM.
PUCYHOK).



Onpegenenne 1. Cucmemy xpusviz {f1(u;)} v {fo(vi))} (i =1,...,9) naswisarom duazpammoii Xeeopa mnoeoobpa-
3ua M3,

Teopema 2. Fcau déa mnozoo6paszus umetom 0wy u my sHe duazpammy Xea2opa, mo onu 20meomopPubl.

B xadvecTBe KaX 10U U3 IBYX CUCTEM KPUBBIX MOXKHO B3ATH IPOU3BOJLHBLIN HAOOP U3 ¢ TIONAPHO HE MEPECEKAIOIINXCSA
KPUBLIX, TOMOJHEHUE K KOTOPBIM CBA3HO. [JOKA3aTeIbCTBO OCHOBAHO HA CJELYIOUIEN JeMMe.

Jlemma 1. Ecau chepy ¢ g pyukamu paspe3ams no g 3aMKEHYMBIM KPUBbIM, He Pa30UBA0UWUM €€ Ha YaCmU, Mo 6
peayavmame noayuwum cPepy S, u3 xomopoi swpesaano 2g duckoe.

[lna nokazaTensCTBa JEMMBI HyXKHO 3aMETHUTh, ITO 3MIEPOBA XaPAKTEPUCTHUKA ChEpEl ¢ h pydkamu, u3 KOTOpPOU
BLIPE3AaHO 2¢g IUCKOB, pasHa (2 — 2h) — 2g.

3agaua 4. Cdepa ¢ IByMa pyIKaMM INIaJKO BIOkeHa B S°. O643aTeIbHO I XOTA OB OHA U3 UACTEH, Ha KOTOPLIE
oHa pa3buBaeT cdepy, ABAACTCA TEIOM C ABYMs PyUKaAMU?!

3ameuanue. Top, saoxncennviii 6 S°, pazbueaem cfepy na wacmu, 00na U3 KOMOPHIT — NOAHOMOPUE.

JInHu3bI

CKIEAKOM IBYX TIOMHOTOPUH MOKHO TIOTYInTh S° 1 (TIpu CKJIeike TI0 TOXK IeCTBEHHOMY 0ToOpaskeHmio Kpaés) St x S2.

[ycTs p u ¢ — B3auMHO TpOCTHIE uucaa, p > 3. Ha S® C C? zanaaum meiictue siementa o € Z /pZ cienyiomum
obpasom: o (z,w) = (e2™/Pz, >714/Pyy). OroxaecTsum Toukn & € S3, oz, ..., 0P~ x. DTO gercTBUE G€3 HEIO JBIKHBIX
TOYEK, IODTOMY B P€3yabTaTe HOLydaeTcs MHOroobpasue. Q6o3unauum ero L(p, ). Jlurzosoe npocrpancreo L(p,q)
TOXKeE NOJLYy9aeTCs U3 ABYX HOJIHOTOPUHU (3TO MBI JOKAXKEM IO3XKeE).

3agada 5. a) Onumure KIETOYHYIO CTPYKTYPY IpocTpancTsa L(p,q)-

6) Joxaxwure, aro 71 (L(p,q)) = Z/pZ.

B) lokaxute, 110 muassl L(p,q) u L(p,q ') romeomopdhHEL.

r)* Moxkaxure, 9o Juusbl L(p,q1) u L(p, g2) rOMOTONNYECKY SKBUBAJEHTHLI TOTAa U TOJBKO TOTA, KOTAA ¢ =
+a’gy (mod p).
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