Puc. 1. CkpyuuBanue [ena

2. T'omeomeopdu3Mbl AByMEPHBIX MOBepxHOCTen. 14 dpespans 2013

3amewanune. Junsvi L(p,q) u L(p,q') comeomopduvt moeda u moavko moeda, xozda ¢ = £q' (mod p) uau q¢' = +1
(mod p). B wacmmuocmu, aunzvt L(7,1) u L(7,2) 2omomonuuecky 9K6U6aAMEHMHBL, HO HE 20MEOMOPPHDI.

3agaga 1. [[oxaxuTe, 9TO MOKHO CIATATH, ITO TOMEOMOPQU3M, CKICHBAIOMINY KPAs TEI ¢ PyIKAMU, COXPAHACT
opuerTanuio. (To ecTh ecam 106ABUTE TOMEOMOPHUIMEL, OGPAIIAIOIIAE OPUEHTANINIO, TO HOBLIX MHOT000ODa3Wil He
HOABUTCA. )

Omnpeaenenue 1. H30monus — 9mM0 20MOMONUA 8 KAGACCE 20MEOMOPPHUIMOE.

3agagya 2. [JoxkaxkuTe, YTO CKICUKA TeJ € PYyUYKAMU IO IBYM U30TONHLIM TOMEOMOpQHU3MaM HaéT roMeoMOpQHBIE
TpEXMepHBIE MHOT000Da3U.

3agaua 3. [JokaxkuTe, YTO CTAHJAPTHO BIOKEHHAA B S° cdepa ¢ pyIKaMm pas3buBaeT eé Ha [IBa Tela ¢ PyIKaMI.

CkpyuuBanusa [lena

IIpocrennmu roMmeoMopdu3M MOBEPXHOCTH HA €05, He M30TONHBIN TOXAECTBEHHOMY, YCTPOEH CJIEAYIOMUM O0Pa3oM.
PaspexeMm mOBEPXHOCTH IO KPUBOU -y, KOTOpas €€ He pa30buBaeT. B pesyabTaTe MOLyIUTCA ABA DK3EMILIAPA KPUBOU
~v. OouH U3 HUX 3aKpemuM, a APYyrou moBepHEM Ha 360° BIOAL ceOs; OJU3JIEKAIINE TOYKU TOBEPXHOCTHU MPHU DTOM
MOTAHYTCA 338 KpUBOM. Ilocie 5TOro moBopoTa BCe TOYKYU KPUBOU BEPHYTCA HA CBOM MECTA, M MBI MOXKEM CHOBA CKJIEUTH
06a DK3eMIUIsIpa KPUBOU. B pesyabTare mOLyYuM roMeoMOpPdU3M MOBEPXHOCTHU HA €05, HA3BIBAEMBIU CKPYUUBAHUEM
Aena Broab xpuBom 7y (HA caMOM Jeje eCThb ABAa DA3HBIX CKpyduuBaHus [leHa BOOIbL OQHOM KPUBOU — B DPa3HBIX
HAIPABJCHUAX ).

3agada 4. [Jokaxwurte, 9T0 ckpy4duBanue [leHa BIOJIb MEPUIUAHA TOPA HE M3OTOMHO TOXKJIECTBEHHOMY IOMEOMOD-
dusmy.

3agaga 5. A 4TO mOAYUUTCA, €CIM Pa3pe3aTh MOBEPXHOCTD MO KPUBOU, pasbuBaroiien eé?

Teopema 1. Jho6oi corpansouwutl opuenmayuio 20 MeomopPusm 3amxnymoti dsymeprnoti opuenmupyemots nosepruo-
cmu MoXcHo mpedemasums 6 6ude KOMNO3uuuY ckpyuusarnul Jena u 20MeomopPusmos, u30MONHbIL MoHcJIecmseH-
HOMYY.

TlepsbiM 5Ty Teopemy mokazaa [len (1910), HO y HEro GBLUIM CYIIECTBEHHBIE MIPOOEIH B JOKA3aTEIbCTBE. lonHoe
nokazaTeabcTBo gat Jluxopun (Lickorish, 1962). Jlukopuin 1okasan Takxke, 9TO B KAIECTBE OOPA3YIOUIMX MOXKHO B3ATH
KOHEYHBIN HAaOop ckpyumBanun Jena (1964). Coornomenus Mexay sTumu o6pasyommmMu Hamén Wajnrib (1983).

OpueHTUpyeMoe TpEXMEpPHOE MHOrooOpa3ue — I'paHHUIa 4eThIPEXMEPHOT O
IIpex e vem noxkaswiBaTh Teopemy [lena—Jlukopuma, BeiBegeM u3 HEE BaXKHOE CJIEICTBUE.
Teopema 2. Jloboe 3amxnymoe opuenmupyemoe mpéTmepnoe Muoz006pazue noayuaemcs u3 chepvr S° nocped-

CMBOM BbIPE3aARUA U3 CHepbl HECKOADKUT NOAHOMOPUL U NOCACIYIOUE20 NPUKACUSAHUAL UT NO IPY2UM 20MEOMOPPHU3-
MAM KPAES.



Puc. 2. Cpes, nepues gukyISpHBIA KPUBOU 7Y

Puc. 3. TlepecTpouka

Muoroo6pasue M? monydaeTcsa B pe3yabTaTe CKICHKE IBYX Tea ¢ g pyukamu. IIpeacrasum cdepy S° B Buge 005-
eIMHEeHUA IBYX Tel ¢ g pyakavu. Takum ob6pasom, M? moryuaerca ma S° caegyrommy o6pasom: cdepa pazpesaeTcsa
HA [IBa TeTa C PyYaM#U W OHW CKJIEWBAIOTCA CHOBA, HO HE TIO TOMY YK€ CAMOMY MOMEOMOp(hU3MY, a MPeIBAPUTEIHHO
IegaeTcsa emeé Kakon-Tto romeomopdmsm. CHavasa pacCMOTPUM CIydal, KOT4a 3TOT TOMEOMOP(U3M — CKPYIUBAHUE
[ena BIOIb KpUBOH 7. BoasuM Ty KpUBYIO B TeJO ¢ PyYKAMM B HAIIPABJICHUU HOPMAJIU K TPAHMIIE, & 3aTEM PACCMO-
TPUM £-OKPECTHOCTD CABUHYTON Kpubou. CnesaeM paspes mo TpaHuIe é-OKPECTHOCTH U MO TIOBEPXHOCTH, 3aMETAEMON
KPUBOU B TIPOIECCE NBUXKEHUA (puc. 2)

CkpyunBarue [[eHa TPOTOIKAM € TIOBEPXHOCTHU BIIyOh, 1O CAMOTO PAa3pe3a, BOCTIOAL30BABIINCE TEM, ITO TOJTHOTO-
pue BEIpe3aHo. [loToM OMHOTOPHE MOXKHO BKJICUTL CHOBA. IIpu 3TOM OHO Gy1€T BKJIEEHO TI0 APYTOMY FOMEOMOPQU3MY
kpaes. 1o cyTu gea, CKpydIMBaHUe, IPOUCXO AAIIEE Ha KPae Tea ¢ PyIKaMy BLLIABIMBACTCA HA TPAHUILY TOJIHOTOPHUA.

YT06kI cAeIATE TO XKe CaMOe A KOMIIO3UINYA HECKOILKIX CKpyYnBanni [eHa, HyKHO COOTBETCTBYIOMINE TOJHOTO-
pHsa CAETATH OY€Hb TOHKAMY U PACTIONOXKATE NX HA PA3HBEIX PACCTOAHUAX OT Kpas; TOTAa OHM He Oy1yT MepeceKaThCs.

B cBoro ouepens, 3 TeopeMbl 2 MOXKHO BLIBECTHU CJIEIYIOMICE.

Teopema 3. Jlo6oe 3aMKHYMOE OPUEHMUPYEMOE TMPETMEPHOE MHO2000PA3UE ABAAETNCA 2PAHUYET HEKOTOPO20 Ue-
MBIPETMEPHO20 MHO2000DA3UA.

BrumaTenbnoe n3yueHue mepecTporKu, KOTOPaA MPOUCXOMUT MPHU NEPEKIENKe MOJTHOTOPHA, TOKA3LIBAET, ITO 3TA
NepeCcTPONKa yCTPOEHA TaK: MEPUIMAH BEIPE3AHHOTO TIOMHOTOPHUS NPUKIEUBACTCA K TapaLIenu Kpad. [lpu 3ToM HAI0
3aMETHUTD, ITO 3aKPYIMBAHUE TAPALICTN B MEPUIUOHATLHOM HATIPABICHAN HE MEHAeT MHOTooOpasume. Ha pucynke 3
KpUBasA a4 — MEPUIAAH TOJHOTOPHUA, KPUBaA b CTAHOBUTCA MEPUAMAHOM MOCJIE CKPYYMBALIETO FOMEOMOP(hI3MA.

Takue nepecTpouKu MepPeBOAAT KPA MHOTOO0OPA3UA PA3MEPHOCTH 4 B Kpall APyroro MHOr0oOpasus. DTU MHOTO-
06pasua pasMepHOCTH 4 TIOMY9al0TCA IPYT U3 APyra CAeAyOIer IepeCcTPONKON, KOTOPYIO ya0OHO ONUCATEL B OOIEM
Buge (Hac mHTepecyeT caydan p = g = 1). Brpesaem DPH! x S9 u smecTo mero BkremBaem SP x DIt (kpan y mux
obmmn — SP x S9).

Temepb HECKOTBKO 3a1a4 CBA3AHHLIX C TEeM, KAKUe MHOTOOOPA3UsA ABIAIOTCA KPaAMU IPYTUX MHOTO0OpPa3wWm, a
KaKue HeT.

3agaua 6. /JoxaxkuTe, ITO BUIEPOBA XAPAKTEPUCTUKA 3AMKHYTOIO MHOT0OODA3UA HEUYETHON PA3MEPHOCTU PABHA
HYJIIO.

3agava 7. JokaxuTe, YTO €CIM MHOrooOpasue M ABIAeTCA KpaeM HEKOTOPOr'O MHOIOOOpPasusa, TO SUIEPOBa Xa-
PaKTEPUCTUKA MHOT000Opasusa M 4éTHA.



Puc. 4. Caygan 1

N

Puc. 5. Caywan 2

3agada 8. [JokaxwuTe, 9TO €Cayd HA 3AMKHYTOM MHOIOOODPAa3UU €CTh MHBOMIOUMS 0€3 HENOJBUXKHBIX TOYEK, TO OHO
ABJIAETCA KPpaeM HEKOTOPOI'0 MHOI'000pa3us.

3agada 9. IMocrpoure uuBOMIOUUY 6€3 HEMOABMKHBIX TOYEK HA CJAEAYIOMIUX MHOIOOOpasuax: a) OyTouika Kienna;
6) RP?"+1 ) CP?>"*!; r) npousBoibHAA KOMIIAKTHAA TPyTa Jlu.

[okazaTeabcTBO TeopeMbl [lema—JIukopuima

Teopemy lena—JIuxopuria yno6Hee I0Ka3LBATH B 001€€ 001IIen (hOPMYIUPOBKE — [ MHOTOOOPA3UN C KPAEM.

Teopema 4. IIycmv F' — xomnaxmuas opuenmupyemas 08Yymepnas nosepruocms ¢ kpaem. Toeda awboii 2omeo-
mopdusm h noseprrocmu F na ceba, moxcdecmeennviii na xpae, uzomonen xomnosuyuy ckpywusanut Aena. (Ecau
Kpati nYcm, mo JoNOARUMEALDHO HYHCHO NOMPEO0BATb, YN0 20MEOMOPPUIM COTPARALTT OPUEHMAYUI.)

Jlemma 1. ITycmb a u  — 3amxnymole kpusvie na F, xancdas uz xomopwvix ne pazbusaem F. Tozda o momxcho
nepesecmu 6 [ Komnozuyuel Ckpyuueanut u uU30monui.

Ciay4dant 1. Kpussie a u  TpaHBEpCAIbHO IEPECEKAIOTCA POBHO B OJHON TOYKe. Torga KOMIO3unus CKpyInBaHUN
[ena BIOJbL KPUBBLIX @ U § IEPEBOAUT KPUBYIO & B KpuBYyIo 3 (puc. 4).

Caydail 2. Kpussie o u [ He mepecekaroTcs. Torga cymecTByeT KpUBas <y, TPAHCBEPCAIBHO TEPECEKAIOIIAS
KAXIYI0 U3 KPUBBIX @ U 3 B OAHOU TOuUKe. /I MokaszaTeqbCTBAa HYXKHO PACCMOTDPETH IBa CAydasd: KPUBEE « u 3
MOryT Jub0 pa3buBaTh MOBEPXHOCTH, 1ub0 HE pa3buBaTh eé (puc. 5).

Cay4ant 3. Kpussie a u  nepecekatoTcsa Gosee 4eM B OJHON TOUKe. B 3ToM ciydae cymecTByeT KpuBas -y, KOTOpas
He PasOUBAET MOBEPXHOCTD, IIEPECEKALT (v HE OOJIee 9eM B OJHOU TOYKE U MEPECEKAET [3 B MEHBIIEM YHUCIE TOYEK, YeM
KpuBas .

N3 nemmbr TeopeMma Jlena—JIukopuria BEIBOAUTCA creayionmuM o6paszoM. IloBepxuocts F' — cdepa ¢ g pyukaMu u
HEKOTOPBIM YHCIOM ABIPOK. E€ MOXKHO pa3pesaThb 1Mo g KPUBEIM M1, . . ., Mgy TaK, YTO MOIYIUTECA Chepa C AbIPKAMH.
Ilpex e wem Tak paspesars, cgenaem BoT 4To. C moMompio JeMMbl nepeseiém h(mi) B m; MOCPEICTBOM U30TOMUN
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Puc. 7. O6pamenue opuenTanum

u ckpyuumsannit [lena. Ecan xpupbie h(mi) m m; NPOTUBONOIONKHO OPHEHTUPOBAHEI, TO HYKHO B3ATH KPUBYIO [3,
MEPECEKAIONIYI0 KPUBYIO (v = 1 B OJHOU TOYKE U CAEIATH TAKWe CKPYUMBAHUSA, KAK HA PUCYHKE 7.

Tenephb mocse M3OTOMMM MOXKHO CYMTATh, UTO KPUBHIE h(1mi) W mi TOTOYEYHO COBMAJAIOT, T.e. OTPAHUICHUE
oToOpaxenusa h Ha my TOXIECTBeHHO. KpuBas m pasOuBaeT CBOK £-OKPECTHOCTHL HA ABE YacTU. | oMeoMOpdusm
h coxpaHseT OPUEHTALNIO MOBEPXHOCTU ¥ OPUEHTALNI0 KPUBOU, MO3TOMY OH HE MEPECTABIIeT 3TU dacTu. llosTomy
MOZKHO Pa3pe3aThb IOBEPXHOCTD F' 10 KPUBLIM My, ..., My U B PE3YJIbTATE 0Ly UM I'OMEOMOP(U3M JUCKA C ABIPKAMH,
TOXKAECTBEHHBIN HA Kpae. OcTaéresa [0Ka3aTh, YTO TAKOU TOMEOMODP(MU3M MOXKHO MPEJICTABAUTHL B BUAE KOMIIO3UIIUU
CKPYYUBAHUN ¥ U30TOMUA. ITO OUEHBL TECHO CBA3AHO C KOCAMU, M MBI TOKAYKEM 3TO HA OTHOU U3 CJEIYIOMINX JEKIIUH,
xorga OyIeM 3aHUMATHLCA KOCAMMU.
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