HMY, Maremarnueckuii anaaus (2-it cemectp). JIncrok 12. 3 mapra 2017 r.
N3mepumbie pyHKIINN

1. (eduncmeenmnocmo aebezoscrozo npodosscenus). Llycts [i — o-anauTuBHAST Mepa HA HEKOTOPOIt 0-
anrebpe A nogmuoxects R™, cogepxamieii Bee mapasnenenuneap suaa Iy X ... x I, (vme Iy, ..., I, C R"
— mpomexkyTKH). [Ipenmonoxum, aro 17 060r0 TaKoro mapasienenunesa I cripaBeiinBo PAaBEHCTBO
a(I) = p(I) (u — mepa Jlebera). Hokaxure, aro ji(A) = p(A) aug gwoboro usmepumoro no Jlebery
Ac A

2. Hokaxkure, uTo Jitoboe m3mepumoe 1o Jlebery mommuokecTBo R, nMeroiee mooKUTEIBHYIO MEpY,
COZIEPYKUT HEM3MEPUMOE TTOIMHOKECTRO.

Onpedeaum Pynryuro c(x) 6 wonuyar ompeska [0,1], nosaean c¢(0) = 0 u ¢(1) = 1, a samem
doonpedeaum ee na «cpednetc mpemus [1/3,2/3] amozo ompeska dopmyaot c(x) = (c(0) + ¢(1))/2.
3amem npodeaaem my oice npouedypy ¢ ompeskamu [0,1/3] u [2/3,1] 6 umoee noaywum Pynryuio
na muoorcecmee {0} U [1/9,2/9]U[1/3,2/3]U[7/9,8/9] U {1}, npunumarowyro na ompesxazx [1/9,2/9]
u [7/9,8/9] snavenus 1/4 u 3/4 coomeememeenno. IIpodoasicas smom npouece, noaywum GyrKuuI0
c:D —0,1], 2de D D [0,1]\ C, a C' - Kanmoposo mnoorcecmao.

3. a) Jokaxkure, 4ro nocrpoernag Boie dbyakius ¢ : D — [0, 1] eauHcTBeHEBIM 06pa30M IPOI0JIKAETC S
210 HenpepbisHO# dynkuuu ¢ : [0, 1] — [0, 1]. D71a dyHnkums HazbIBAETCSH KAHMOPOGOT AecmHuyed.

6) Hdokaxure, aro ¢(z) ne yousaer na [0,1], u ¢(z) = 0 mw.s. na [0,1].

B) BepHo 111, 9TO IpH HEMPEPBLIBHOM 0TOOPAYKEHUN MHOYKECTBO MEDBI HOJTb IEPEXOJUT B MHOYKECTBO
MepBI HOJIB?!

r) Bepro s, aro HenpepbiBHbIe QYHKIMH 0TOOPAKAIOT H3MEPUMBIE MHOXKECTBA B H3MEPUMBIE?

ITycmov X — mmoorcecmeo. Xapaxmepucmuseckoti pynruueds (usu unduramopom) muoocecmea A C
X nasweaemea dynryus xa 0 X — {0;1}, pasnaa 1 na A v 0 na X \ A. Ecau A C 2% — anzebpa
MHOJHCECNG, MO AuHelinbe KomOunauuu dynruut euda x4 (A € A) naswearomesn A-npocmuimu.

4. IIycre X — muoxkectso, A C 2X — g-asnre6pa.

a) JToxkaxwure, uro orpanuuennas dynkuus f : X — R A-usmepuma Torga u TOIbKO TOTIA, KOTIA
CYIIECTBYET 10CIea0BaTebHocTh { fr(2)} A-pocrbix dyHKuii, paBHOMEPHO CXOAdIasics K f.

6) Hokaxwure, uro dyskuua f : X — R A-uzmepuma Torjga u T0IHKO TOrJA, KOIJAA CYyHIECTBYET
nocsreioBaTeabHoCTh { f ()} A-mpocteix dyHKIumit, morouedno cxoxgmmasics K f(x).

Hycmos I CR - npomesicymox. Oynxyua f: I — R nazveaemea usmepumoti no Jlebeey, ecau ona
(M(R); Bor(R))-usmepuma, u 6opesescrot, ecau ona (Bor(R); Bor(R))-usmepuma.

5. IIycts I C R — mpoMeXyTOK.

a) Jlokaxwure, uTo Kaxgas nernpepbiBaas dyaximus f @ [ — R — Gopenesckas.

6) Ilycts X — mmoxkectBo, A C 2% — g-anre6pa, f: X — R — A-m3mepumas dysknus, g : R — R
— bopenesckaa dynkuda. Jlokaxmure, aro g o f — A-m3amepumas PyHKIMA.

B) [okaxkure, aro sobas nsmepumas 1o Jlebery dbyurnus f : I — R skBuBasenTHa (T.€. paBHA
HOYTH BCIOAY ) GOPETEBCKOI.

6. a) Jlokaxkure, 9T0 CyIecTByeT roMeoMopdu3M (B3anMHOOIHO3ZHATHOE HEIIPEPBIBHOE OTOOpaKeHue,
06paTHOE K KOTOPOMY TOKE HEIPEPBIBHO) OJJHOTO OTPE3KA HA JIPYTO#, I€PEeBOAANINI HEKOTOPOE N3MEPUMOE
no Jlebery muoxecTBo B Hemamepumoe. (Ykazanue: Tpebyembrii roMeoMopdu3M MOXKHO M3TOTOBUTH,
«TIOJITIPABUBY KAHTOPOBY JIECTHUILY. )

6) Jdokaxwure, uTo npoobpas uamepumoro 1o Jlebery MHOKECTBA TIPU HEMTPEPBIBHOM OTOOPaKEeHUN
f R — R moxer He 6pITH u3MepUMbIM 110 Jlebery.

B) BepHo sin, uTo koMmosunms uaMepnMbix 1o Jlebery dyukuuit namepuma mo Jlebery?

r) Ucnosb3yst pesyabrart 1. (6), mpuyMaiiTe ele 0IHO T0KA3aTEeThCTBO CYIIECTBOBAHNS H3MEPUMBIX
o Jlebery mebope/eBCKUX MHOXKECTB HA MPAMOIA.

1) Jdokaxkure, 94T0 CYIIECTBYIOT u3MepuMble 110 Jlebery nebopenesckue dbyukimm Ha R.



BeposTHOCTHBIE MEPBI HA MPOCTPAHCTBE TIOCJIEI0BATEIHHOCTEN. 3aKOH
HYJId WJIN €JUHUIIHI.

BeposiTHOCTHO# Mepoil Ha MpoCTpaHcTBe §) HA3BIBAETCS O-a JINTUBHAS Mepa [, TaKasl, YTO
w() = 1.
3a {2 BO3bMEM IMPOCTPAHCTBO BCEX DECKOHEUHBIX TOCAEI0BATEBHOCTENH HYJIH W € IUHUIT
Q={wo,wi,...lwi=0wmm 1,i=0,1,...}.

Bazoit OTKPBITHIX MHOKECTB Oy1eM CUUTATH MHOKECTBA (), . 4, BCEX IOCJ/IeI0BATEILHOCTE, MMEIOIIIX

OJIMH U TOT Ke HadaJIbHBII KYCOK W1, . . . , Wy, & B KAIECTBE MePbl MOKHECTBA, (), . o, BO3bMEM CJIEIYIOMIyT0
Mepy:
n
Py wi =0;
m(Qw07...,wn) = Hria ri = . )
o 1—p, w;=1

re p € [0,1]. ITocrpoum J1e6eroBo POIOJIZKEHIE (1 MEDBI M, 33/IaHHON Ha I10JIYKOJIbIE, 06pa30BaHHOM
MHOKECTBAMH BHIA ...y, -

7*. JlokaxkuTe, UTO MHOXKECTBO TIOCIEIOBATEIFHOCTEM HY/IEl 1 € TUHUI], THABPUAHTHOE OTHOCUTETBHO
cZIBUTA, mMeeT Mepy W, papayio 0 man 1.

(I1od cdsuzom nonumaemcsa npeobpasosanue (wWo,wi,ws, . ..) — (Wi, ws, w3, ...).)

8*. JlokaxXuTe, 9T0 MHOYKECTBO MOCJIEI0BATEILHOCTEN HYJTei 1 € JMHUT] THABPUAHTHOE OTHOCHTE/THHO
M3MEHEHUs B KOHEYHOM Yucje 3HAKoB umeer mepy 0 min 1.

9*. Ilokaxure, 9To pasuyc R CXONMMOCTH CTELEHHOrO paia » . o wnpx', paBeH OAHON U TOil xKe
KOHCTAHTE JIJIs TIOUTH BCeX w = (wp, W1, w2, . . .) U3 MPOCTPAHCTBA ().



