. Let f(€) denote the Fourier transform of a (Schwarz) function f(x) on R™. Put for any
a = a(z,§) € C(R*) (with suitable decay conditions)

Ona @) = [ alz s

Find Q; = Op(x;), P; = Op(&) and Op(z - €).

. Find the eigenvalues and eigenfunctions of the momentum operator P = > i P] in stan-

dard representation (see previous problem). Same for Q =5 y Qj.

. In previous notation, let n = 3. Find the expression for the angular momentum L =
QxP=> i Q;P; and its square in Euclidean spherical coordinates.

. Legendre’s polynomials P/(x) are determined by the formula

(1— 2zt +1t2)77 = ZPl

Prove the following properties of Pj(z):

a) ({+1)Pi(z) — 2L+ 1)zP(z) + P4 (x) = 0;

)
b) P/(z) = 2zP_ () + P_,(x) = P_(x);
(¢) P(x)= lled_l(x? — 1)! (Rodriguez recurrence formula);
(d) P ]
(1—=x )d 5 () — 2$%Pn(x) +nn+1)P,(z)=0

(Legendre differential equation).

. Let P™(z) = (1 —2?)2 L2 P,(x) be the associated Legendre polynomial. Prove that it

verifies the associated Legendre differential equation:

2

(1—x )dd —— Pu() — Qx%Pn(x) + (n(n +1)—

— 72

) Pu(z) = 0.

. * Use previous results and the information to compute eigenvalues and eigenfunctions of
the square of the angular momentum L? and of the z-component of the angular momentum
operator L.

. Let H be a Hilbert space, L any (real) vector space, L* its dual and U : L — U(H),V :
L* — U(H) be two representations of the Abelian groups in H such that

V(/)U(z) = " DU )V ().

This is called a Weyl representation of L.



(a) Check the formula
W(z+2) = e 2°CW ()W ()
for z = (x, f), 2 = (o, f') € V = L & L* with standard symplectic structure, where
W(z) = e2/@U )V (f).
(b) Let P(z) be the infinitezimal generator of t — U(tz), x € L; let Q(x) be the

infinitezimal generator of ¢t — V(tF(x)), where F' : L — L* is an isomorphism, de-

termined by a choice of basis. Show that the operators a; = \%(Q(ez) +iP(e;)), al =

\%(Q(ez) +iP(e;)) where ey, ..., e, is the basis used before, verify the relations:

[aja ak] = 07 [a;[7 CLM = 07 [a'jv az] = 5jk'



