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Ëèñòîê 2.

Çàäà÷à 1. Äîêàæèòå, ÷òî ñëåäóþùèå îòîáðàæåíèÿ äèôôåðåíöèðóåìû ïî Ôðåøå íà ñâîèõ
îáëàñòÿõ îïðåäåëåíèÿ è íàéäèòå èõ ïðîèçâîäíûå:
(a) f : Mn → Mn, f(A) = Ak, ãäå Mn � ïðîñòðàíñòâî ìàòðèö n× n;

(b) f : Mn → Mn, f(A) = A−1;

(c) f : Mn → Mn, f(A) = eA;

(d) f : Mn → R, f(A) = det A.
Çàäà÷à 2. (a) Ïðèâåäèòå ïðèìåð ôóíêöèè f : R2 → R, êîòîðàÿ äèôôåðåíöèðóåìà â íóëå

ïî Ãàòî, íî íå ïî Ôðåøå.

(b) Ïðèâåäèòå ïðèìåð òàêîé ôóíêöèè f : R2 → R, ÷òî äëÿ âñÿêîãî h ñóùåñòâóåò ∂hf(0),
íî ôóíêöèÿ f íå äèôôåðåíöèðóåìà ïî Ãàòî â x = 0.
Çàäà÷à 3. (a) Ïóñòü êðèâàÿ γ(t) = (x1(t), . . . , xn(t)), t ∈ [0, 1], çàäàíà íåïðåðûâíî

äèôôåðåíöèðóåìûìè ôóíêöèÿìè xk(t) Ïðåäïîëîæèì, ÷òî â êàæäîé òî÷êå êðèâîé âåêòîð
ñêîðîñòè γ̇ ïåðïåíäèêóëÿðåí ãðàäèåíòó ôóíêöèè f . Äîêàæèòå, ÷òî f ïîñòîÿííà íà γ.

(b) Îïèøèòå âñå äèôôåðåíöèðóåìûå ôóíêöèè f(x, y), óäîâëåòâîðÿþùèå óðàâíåíèþ
a∂f

∂x
+ b∂f

∂y
= 0, ãäå a, b � ôèêñèðîâàííûå ÷èñëà.

Çàäà÷à 4. (a) Èññëåäóéòå íà ýêñòðåìóì ôóíêöèþ f(x, y) = ax2+2bxy+cy2. (b) Íàéäè-
òå êðèòè÷åñêèå òî÷êè (ãäå grad f = 0) ôóíêöèè f(x, y) = 3xy−x3− y3 è êëàññèôèöèðóéòå
èõ.
Çàäà÷à 5. (Ìåòîä ãðàäèåíòíîãî ñïóñêà) Ïóñòü ôóíêöèÿ f íà Rn äâàæäû íåïðåðûâíî

äèôôåðåíöèðóåìà è m|h|2 ≤ D2f(h, h) ≤ M |h|2, ãäå m, M > 0 � ïîñòîÿííûå. Ïóñòü
xn+1 = xn−γ ·gradf(xn), ãäå 0 < γ < 2/M , x0 =. Äîêàæèòå, ÷òî ïîñëåäîâàòåëüíîñòü òî÷åê
xn ñõîäèòñÿ ê òî÷êå ìèíèìóìà ôóíêöèè f . Ïðîèëëþñòðèðóéòå ýòîò ìåòîä íà ïðèìåðå
ôóíêöèè f(x, y) = ax2 + 2bxy + cy2.
Çàäà÷à 6. Äëÿ z ∈ C ïóñòü f(z) = exp(−z−4) ïðè z 6= 0 è f(0) = 0. Äîêàçàòü, ÷òî f

êàê ôóíêöèÿ íà R2 èìååò âñå ÷àñòíûå ïðîèçâîäíûå ∂n
x∂k

yf íà âñåé ïëîñêîñòè, íî â íóëå
ðàçðûâíà, ïîýòîìó íå äèôôåðåíöèðóåìà.
Çàäà÷à 7∗. Ïóñòü ôóíêöèÿ f íà R2 èìååò âñþäó ÷àñòíûå ïðîèçâîäíûå ∂f/∂x, ∂f/∂y.

Äîêàçàòü, ÷òî â íåêîòîðîé òî÷êå îíà äèôôåðåíöèðóåìà ïî Ôðåøå.
Áóäåì ãîâîðèò, ÷òî ôóíêöèÿ f íà Rn âûïóêëà, åñëè

f(αx + (1− α)y) ≤ αf(x) + (1− α)f(y) äëÿ âñåõ x, y è âñåõ α ∈ [0, 1].

Çàäà÷à 8. (a) Ïóñòü f � äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Äîêàæèòå, ÷òî âûïóêëîñòü
ôóíêöèè f ðàâíîñèëüíà íåðàâåíñòâó

〈gradf(x)− gradf(y), x− y〉 ≥ 0 ∀x, y ∈ Rn.

(b) Ïóñòü f � äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Äîêàæèòå, ÷òî âû-
ïóêëîñòü ôóíêöèè f ðàâíîñèëüíà íåðàâåíñòâó D2f(h, h) ≥ 0.
Çàäà÷à 9. Ïóñòü f : Rn → R � âûïóêëàÿ ôóíêöèÿ. Äîêàæèòå, ÷òî èç äèôôåðåíöèðó-

åìîñòè ôóíêöèè f ïî Ãàòî â òî÷êå a ñëåäóåò åå äèôôåðåíöèðóåìîñòü ïî Ôðåøå â ýòîé
òî÷êå.
Çàäà÷à 10. Ïðèâåäèòå ïðèìåð ôóíêöèè f äâóõ ïåðåìåííûõ, äëÿ êîòîðîé

∂2f

∂x∂y
(0, 0) 6= ∂2f

∂y∂x
(0, 0).


