HMY, Maremarnueckuii anaaus (2-it cemectp). JIncrok 13. 6 mapra 2024 r.
N3mepumbie pyHKIINN

1. (eduncmeenmnocmo aebezoscrozo npodosscenus). Llycts [i — o-anauTuBHAsT Mepa Ha HEKOTOPOIt -
anrebpe A nogmuoxects R™, cogepxamnieii Bee mapanenenuneap suaa Iy x...x Iy (voe Iy, ..., I, CR"
— mpoMmexkyTKH). [Ipenmonoxum, aro 17 06010 TaKoro napasienenunesa I cripaBeyinBo PaBeHCTBO
a(I) = pu(I) (u — mepa Jlebera). Hokaxknre, ato fi(A) = p(A) ans moboro m3mepumoro no Jlebery
Ac A

2. okazkure, uTo Jiroboe m3mepumoe 1o Jlebery mommuokecTBo R, nMeroiiiee moyoKuTEIbHYIO MEpPY,
COJIEPKUT HEM3MEPUMOE TIOJMHOYKECTBO.

Onpedeaum dynrxyuto c(x) 6 xonyaz ompeska [0, 1], noaazas ¢(0) =0 u (1) = 1, a s3amem doonpe-
deaum ee na «cpedueti mpemus [1/3,2/3] smozo ompesra gopmyaoti c(x) = (¢(0) + ¢(1))/2. Bamem
npodeaaem my osice npoyedypy ¢ ompesramu [0,1/3] u [2/3,1] 6 umoze noaywum Gynryuwio na mrosce-
emee {0} U[1/9,2/9]U[1/3,2/3]U[7/9,8/9]U{1}, npunumarowyro na ompeskaz [1/9,2/9] u [7/9,8/9]
snavernus 1/4 u 3/4 coomeememeenno. IIpodoasicas smom npovece, noaywum dynxyuto ¢ : D — [0, 1],
2de D D [0,1]\ C, a C — xanmoposo mmootcecmso.

3. a) Jlokaxkure, 4To nocTpoenHas Boiite Gyukius ¢ : D — [0, 1] equncrBentbiM 06pa3oM IpozoJi-
JKaeTcst 110 HempepbiBHO dyHKnu ¢ : [0, 1] — [0, 1]. DTa dyHKIMS HABBIBACTCS KaHMOPOSOT AeCMHU-
yed.

6) dokaxwure, uro c(z) He yobBaer Ha [0,1], u ¢(x) = 0 mw.B. Ha [0,1].

B) Bepro /1, 9T0O IpM HEMPEPHIBHOM 0TOOPAYKEHUN MHOYKECTBO MEPBI HOJTh MEPEXOJUT B MHOKECTBO
Mepbl HOJIb!

r) Bepro s, uro HenpepbiBHBIE PYHKIMU 0TOOPAKAIOT U3MEPUMBIE MHOXKECTBA B U3MEPUMBIE?

Iycmov X — muooicecmeo. Xapaxmepucmuneckot gynryuet (uau undurxamopom) mmnoscecmea A C
X nasweaemca dynwyua xa : X — {0;1}, pasnas 1 na A v 0 na X \ A. Ecau A C 2% — anzebpa
MHo02IcECG, Mo aunelnve Kombunayuu dynkuyul suda x4 (A € A) naswearomea A-npocmuimu.

4. Tycrs X — muoxectBo, A C 2% — g-anrebpa.

a) Jdokaxkwure, uro orpanndennas ¢yukuusg f : X — R A-uzmepuma Torga u ToIbKO TOT/a, KOTIA
CYIIECTBYET TOCIEI0BATETHHOCTD { fr ()} A-mipocThix (hyHKIH#, PABHOMEPHO CXOIAIIASICS K f.

6) Hokaxwure, uro dbyakiusa f : X — R A-usmepuma TOrja u TOIHKO TOTA, KOTJA CYIIECTBYET
nocaeaoBaTeabHoOCTh { fr ()} A-tpocThix dbyHKINMit, moTouedHo cxoxsmascsa K f(x).

Hycms I C R — npomescymor. Oyuxyua f: I — R nasvieaemca usmepumot no Jlebeey, ecau ona
(M(R); Bor(R))-usmepuma, u 6opesesckoti, ecau ona (Bor(R); Bor(R))-usmepuma.

5. Ilycts I C R — mpoMexyTOK.

a) Jdokaxwure, uTo Kaxmas HenpepbiBHas dyskiwa [ : [ — R — GopeseBckasi.

6) Ilycrs X — muoxectso, A C 2% — g-anrebpa, f: X — R — A-usmepumas dyukmus, g : R — R
— bopeneBckag yukiud. Jokaxkure, 9to g o f — A-u3Mepumast pyHKIHS.

B) Jokaxxure, uro jobasg nzmepumas 110 Jlebery dynknusa f : I — R sksusasenrna (1.e. pasHa
HOYTH BCIOAY) GOPEIEBCKOIi.

6. a) JlokaxkuTe, 9TO CyIIECTBYeT ToOMeOMOPGhU3M (B3aMMHOOIHOZHAYHOE HEITPEPBIBHOE 0TOOpaKe-
Hue, 0OpaTHOE K KOTOPOMY TOXKe HEMPEPBLIBHO) OJHOTO OTPEe3Ka Ha JPYTOil, MePeBoAsImnii HEKOTOPOE
u3Mepumoe 1o Jlebery MHOXKeCTBO B Hem3MepuMmoe. (YKasaHue: TPeOYEMBbIl TOMEOMOPMU3IM MOZKHO
M3TOTOBUTE, «IOMPABUE» KAHTOPOBY JIECTHHUILY. )

6) Hdokaxwure, 9T0 mpoobpas w3MepuMoro 1o Jlebery MHOKECTBA TIPH HEITPEPBIBHOM OTOODaKeHUH
f R — R moxer me ObITH n3MepuMbIM 110 Jlebery.

B) Bepno Jsin, 9To KOMIO3UIIMS W3MepuMbIX 110 Jlebery dyukuuit mamepuma mo Jlebery?

r) Ucnonbsys pesyabrar n. (6), mpumyMaiiTe e1e OJHO J0KA3aTeTHCTBO CYIIECTBOBAHNS N3MEPUMBIX
o Jlebery nebopesieBCKIX MHOXKECTB Ha MPSIMOIA.

1) Jokaxkure, 4T0o CyniecTBytoT n3mepumbie 110 Jlebery nebopenesckue dpyuxium va R.



BeposTHOCTHBIE MEPBI HA MPOCTPAHCTBE TIOCJIEI0BATEIHHOCTEN. 3aKOH
HYJId WJIN €JUHUIIHI.

BeposiTHOCTHO# Mepoil Ha MpoCTpaHcTBe §) HA3BIBAETCS O-a JINTUBHAS Mepa [, TaKasl, YTO
w() = 1.
3a {2 BO3bMEM IMPOCTPAHCTBO BCEX DECKOHEUHBIX TOCAEI0BATEBHOCTENH HYJIH W € IUHUIT
Q={wo,wi,...lwi=0wmm 1,i=0,1,...}.

Bazoit OTKPHITEIX MHOXKECTB OyleM CUMTATh MHOMXKECTBA {1y, . ., BCEX IOCJEeI0BATE]bHOCTE, MMero-

n

MUX OJWH U TOT K€ HadaJIbHBIN KYCOK Wi, ...,Wy, & B KaIeCTBE MEPBl MOXKHECTBA (1, . o, BO3BMEM

CIIEJTYIOTILYI0 MEpPY:
n
p, wi=0;
m(€) = | | T4, = ,
( W07-~~7wn) 0 ‘ ! 1 —p, Ww; = 1.

]

re p € [0,1]. ITocrpoum J1e6eroBo POIOJIZKEHIE (1 MEDBI M, 33/IaHHON Ha I10JIyKOJIbIe, 06pa30BaHHOM
MHOKECTBAaMH BHIA ... .-

7*. Hokaykure, 9TO MHOXKECTBO MOCIETOBATETHLHOCTEN HYIel U eIMHUI, THABPUAHTHOE OTHOCUTEThb-
HO CJBWTA, UMeET MePY W, paBuyio O nam 1.

(I1od cdsuzom nonumaemcsa npeobpasosanue (wWo,wi,ws, . ..) — (Wi, ws, ws,...).)

8*. JlokaxkuTe, 9TO MHOXKECTBO TTOCEN0BATEIBHOCTEH HYIelH U e NHUI] MHABPUAHTHOE OTHOCHTE b=
HO M3MEHEHUs] B KOHEUHOM YHuCJje 3HAKOB mmeeT mepy 0 mian 1.

9*. Ilokaxure, 9To pasuyc R CXONMMOCTH CTELEeHHOrO paia » . - wnpx', paBeH OAHON U TOi xKe
KOHCTAHTE JIJIs TI0UTH BCeX w = (wp, W1, w2, . . .) U3 MPOCTPAHCTBA ().



