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1. Ðåçóëüòàòû, ïîëó÷åííûå â ýòîì ãîäó

1.1. Òåîðèÿ ñèãìà-ôóíêöèé.
Ïðèëîæåíèÿ ê óðàâíåíèÿì ìàòåìàòè÷åñêîé ôèçèêè.

Çàäà÷à äèôôåðåíöèðîâàíèÿ àáåëåâûõ ôóíêöèé ïî ïàðàìåòðàì ïîñòàâëåíà â [1].
Îíà ÿâëÿåòñÿ îáîáùåíèåì íà ìíîãîìåðíûé ñëó÷àé êëàññè÷åñêîãî ðåçóëüòàòà
Ô. Ã.Ôðîáåíèóñà è Ë.Øòèêåëüáåðãåðà 1882-ãî ãîäà [2], ïîñòðîèâøèõ îáðàçóþùèå àë-
ãåáðû Ëè äèôôåðåíöèðîâàíèé ýëëèïòè÷åñêèõ ôóíêöèé:

L0 = 4λ4∂λ4 + 6λ6∂λ6 − z∂z, L1 = ∂z, L2 = 6λ6∂λ4 −
4

3
λ24∂λ6 − ζ(z;λ4, λ6)∂z.

Ýëëèïòè÷åñêîé ôóíêöèåé [3] íàçûâàåòñÿ ìåðîìîðôíàÿ ôóíêöèÿ f(z) íà C, èìåþ-
ùàÿ ðåø¼òêó ïåðèîäîâ Γ, òî åñòü óäîâëåòâîðÿþùàÿ óñëîâèþ f(z+ω) = f(z) äëÿ ëþ-
áîãî ω ∈ Γ. Òîð C/Γ ÿâëÿåòñÿ ÿêîáèàíîì ýëëèïòè÷åñêîé êðèâîé Y 2 = X3+λ4X+λ6, è
òàêèì îáðàçîì ïàðàìåòðû (λ4, λ6) ýëëèïòè÷åñêîé êðèâîé ïàðàìåòðèçóþò ðåø¼òêè Γ.
Ëþáóþ ýëëèïòè÷åñêóþ ôóíêöèþ ìîæíî ïðåäñòàâèòü êàê ðàöèîíàëüíóþ ôóíêöèþ
îò ôóíêöèè Âåéåðøòðàññà ℘(z;λ4, λ6) ñ òåìè æå ïåðèîäàìè, è å¼ ïðîèçâîäíîé ïî z.
Òàêèì îáðàçîì, ìû ïîëó÷àåì ìåðîìîðôíóþ ôóíêöèþ f(z, λ4, λ6) îò òð¼õ ïåðåìåí-
íûõ. Îáðàòèì âíèìàíèå, ÷òî ∂zf(z, λ4, λ6) � òàêæå ýëëèïòè÷åñêàÿ ôóíêöèÿ ñ òåìè
æå ïåðèîäàìè, ÷òî è f(z, λ4, λ6), íî ∂λ4f(z, λ4, λ6) è ∂λ6f(z, λ4, λ6), â îáùåì ñëó÷àå �
ìåðîìîðôíûå, íî íå ýëëèïòè÷åñêèå ôóíêöèè. Äëÿ ïîñòðîåííûõ ïîëåé (L0,L1,L2) è
ýëëèïòè÷åñêîé ôóíêöèè f ìåðîìîðôíàÿ ôóíêöèÿ Lkf ÿâëÿåòñÿ ýëëèïòè÷åñêîé.
Äëÿ ðîäà g > 1 ìû ðàññìàòðèâàåì çàäà÷ó äèôôåðåíöèðîâàíèÿ ãèïåðýëëèïòè÷å-

ñêèõ ôóíêöèé, çàäàííûõ íà ÿêîáèàíàõ ãèïåðýëëèïòè÷åñêèõ êðèâûõ ðîäà g â ìîäåëè

Vλ = {(X, Y ) ∈ C2 : Y 2 = X2g+1 + λ4X
2g−1 + λ6X

2g−2 + . . .+ λ4gX + λ4g+2}.

Çàäà÷à ñîñòîèò â ïîñòðîåíèè 3g îáðàçóþùèõ àëãåáðû Ëè äèôôåðåíöèðîâàíèé òàêèõ
ôóíêöèé. Â ðàáîòå [4] ýòà çàäà÷à ðåøåíà äëÿ ðîäà g = 2, â ðàáîòå �Di�erentiation
of genus 3 hyperelliptic functions� ýòà çàäà÷à ðåøåíà äëÿ ðîäà g = 3. Â �The Problem
of Di�erentiation of Hyperelliptic Functions� ðàçðàáàòûâàåòñÿ ìåòîä äëÿ ðåøåíèÿ ýòîé
çàäà÷è äëÿ ëþáîãî ðîäà g. Ïëàíèðóåòñÿ ïðèìåíèòü ýòîò ìåòîä â ñëó÷àå g = 4.
Ðàçðàáîòàííûé ìåòîä îñíîâàí íà ïîñòðîåíèè 3g ïîëèíîìàëüíûõ âåêòîðíûõ ïîëåé,

ïðîåêòèðóåìûõ îòíîñèòåëüíî çàäàííîãî ïîëèíîìèàëüíîãî îòîáðàæåíèÿ. Ýòè ïîëÿ
ãðàäóèðîâàíû. ßâíî ïîñòðîåíû g âåêòîðíûõ ïîëåé íå÷¼òíîé ãðàäóèðîâêè. Ïîëó÷åíû
óñëîâèÿ íà àëãåáðó Ëè äëÿ 2g âåêòîðíûõ ïîëåé ÷¼òíîé ãðàäóèðîâêè.
Íà îñíîâå ðåçóëüòàòîâ äëÿ ðîäà g = 3 ïîñòðîåíû ÿâíî óðàâíåíèÿ òåïëîïðîâîäíîä-

íîñòè â íåãîëîíîìíîì ðåïåðå íà ãèïåðýëëèïòè÷åñêóþ ñèãìà-ôóíêöèþ Êëåéíà ðîäà 3.

1.2. Ôîðìàëüíûå ãðóïïû è ðîäû Õèðöåáðóõà.

Ýëëèïòè÷åñêîé ôóíêöèåé óðîâíÿ N ñ ðåø¼òêîé Γ íàçûâàåòñÿ ìåðîìîðôíàÿ ôóíê-
öèÿ f , òàêàÿ ÷òî f(0) = 0, f ′(0) = 1, è g(z) = f(z)N ÿâëÿåòñÿ ýëëèïòè÷åñêîé ôóíêöèåé
ñ ðåø¼òêîé ïåðèîäîâ Γ è äèâèçîðîì N · 0−N · ρ äëÿ ρ ∈ C. Ýëëèïòè÷åñêàÿ ôóíêöèÿ
óðîâíÿ N îïðåäåëÿåò ýëëèïòè÷åñêèé ðîä óðîâíÿ N .
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Ôóíêöèîíàëüíûì óðàâíåíèåì Õèðöåáðóõà íàçûâàåòñÿ óðàâíåíèå (ñì. [5])

n∑
i=1

∏
j 6=i

1

f(zj − zi)
= c

ñ êîíñòàíòîé c è íà÷àëüíûìè óñëîâèÿìè f(0) = 0, f ′(0) = 1. Â ðàáîòå �Ôóíêöèî-
íàëüíîå óðàâíåíèå Õèðöåáðóõà: êëàññèôèêàöèÿ ðåøåíèé� íàéäåíû âñå ðåøåíèÿ ýòî-
ãî óðàâíåíèÿ äëÿ n 6 6 â êëàññå ìåðîìîðôíûõ ôóíêöèé è â êëàññå ðÿäîâ. Ðàíåå,
ïîäîáíûå ðåçóëüòàòû áûëè èçâåñòíû ëèøü äëÿ n 6 4.
Ýòà çàäà÷à ïðîèñõîäèò èç òåîðèè ðîäîâ Õèðöåáðóõà. Ðîä Õèðöåáðóõà ÿâëÿåòñÿ îä-

íèì èç âàæíåéøèõ êëàññîâ èíâàðèàíòîâ ìíîãîîáðàçèé. Ðÿä f(z) = z +
∑∞

k=1 fkz
k+1,

ãäå êîýôôèöèåíòû fk ëåæàò â êîëüöå R, îïðåäåëÿåò ðîä Õèðöåáðóõà ñòàáèëüíî êîì-
ïëåêñíûõ ìíîãîîáðàçèé [6, ðàçäåë E.3]. Óñëîâèå, ÷òî êîìïëåêñíûé ðîä ïîñëîéíî
ìóëüòèïëèêàòèâåí îòíîñèòåëüíî CP n−1 çàäà¼òñÿ ôóíêöèîíàëüíûì óðàâíåíèåì Õèð-
öåáðóõà íà ôóíêöèþ f(z) (ñì. [5, ãëàâà 4], [6, ãëàâà 9]).
Ôóíêöèåé Òîääà íàçûâàåòñÿ ôóíêöèÿ f(z) = (eaz−ebz)/(aebz−beaz), îïðåäåëÿþùàÿ

äâóïàðàìåòðè÷åñêèé ðîä Òîääà (òî åñòü χa,b-ðîä). Îíà ÿâëÿåòñÿ ðåøåíèåì ôóíêöè-
îíàëüíîãî óðàâíåíèÿ Õèðöåáðóõà äëÿ ëþáîãî n. Ýëëèïòè÷åñêàÿ ôóíêöèÿ óðîâíÿ N
ÿâëÿåòñÿ ðåøåíèåì ôóíêöèîíàëüíîãî óðàâíåíèÿ Õèðöåáðóõà äëÿ n äåëÿùèõñÿ íà N .
Ðÿäîì, ñîîòâåòñòâóþùèì ìåðîìîðôíîé ôóíêöèè f ñ ïàðàìåòðàìè â U ⊂ Ck, ìû

íàçûâàåì ðÿä ñ ïàðàìåòðàìè â çàìûêàíèè U ïî Çàðèññêîìó â Ck, òàêîé ÷òî äëÿ
ïàðàìåòðîâ â U ýòîò ðÿä ñîâïàäàåò ñ ðàçëîæåíèåì â ðÿä ôóíêöèè f â íóëå.
Ìû ïîëó÷èëè, ÷òî

• Ëþáîå ðåøåíèå â êëàññå ðÿäîâ ôóíêöèîíàëüíîãî óðàâíåíèÿ Õèðöåáðóõà
äëÿ n = 5 ñîîòâåòñòâóåò ôóíêöèè Òîääà ëèáî ýëëèïòè÷åñêîé ôóíêöèè óðîâ-
íÿ 5.
• Ëþáîå ðåøåíèå â êëàññå ðÿäîâ ôóíêöèîíàëüíîãî óðàâíåíèÿ Õèðöåáðóõà
äëÿ n = 6 ñîîòâåòñòâóåò ôóíêöèè Òîääà ëèáî ýëëèïòè÷åñêîé ôóíêöèè óðîâ-
íÿ 2, 3 èëè 6.
• Ëþáîå ðåøåíèå ôóíêöèîíàëüíîãî óðàâíåíèÿ Õèðöåáðóõà äëÿ 3 6 n 6 6 â
êëàññå ìåðîìîðôíûõ ôóíêöèé ñ íà÷àëüíûìè óñëîâèÿìè f(0) = 0, f ′(0) = 1
ÿâëÿåòñÿ îäíèì èç ñëåäóþùèõ:
� Ôóíêöèÿ Òîääà, ãäå (−1)n(a− b)c = −(an − bn) è a 6= b.
� Ðàöèîíàëüíàÿ ôóíêöèÿ z/(1 + q1z), ãäå c = nqn−11 .
� Ýëëèïòè÷åñêàÿ ôóíêöèÿ óðîâíÿ N , ãäå N | n è c = 0.
� Ôóíêöèÿ exp(αz) sh(ηz)/η, ãäå Nα = (N − 2k)η äëÿ k = 1, 2, . . . , [N/2]
è N | n, η 6= 0, c = 0.

Ýòî äà¼ò ïîëíóþ êëàññèôèêàöèþ êîìïëåêñíûõ ðîäîâ, ïîñëîéíî ìóëüòèïëèêàòèâ-
íûõ îòíîñèòåëüíî CP n−1 äëÿ n 6 6. Òîïîëîãè÷åñêèì ïðèëîæåíèåì äàííîé ðàáîòû
ÿâëÿåòñÿ ýôôåêòèâíîå âû÷èñëåíèå êîýôôèöèåíòîâ ýëëèïòè÷åñêèõ ðîäîâ óðîâíÿ N
äëÿ N = 2, 3, 4, 5, 6 â òåðìèíàõ ðåøåíèé äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïàðàìåò-
ðàìè â íåïðèâîäèìîì àëãåáðàè÷åñêîì ìíîãîîáðàçèè â C4.
Â ðàáîòå �Óíèâåðñàëüíàÿ ôîðìàëüíàÿ ãðóïïà äëÿ ýëëèïòè÷åñêîãî ðîäà óðîâíÿ N�

âïåðâûå ïîëó÷åíû óíèâåðñàëüíûå ôîðìàëüíûå ãðóïïû, ñîîòâåòñòâóþùèå ýëëèïòè-
÷åñêîìó ðîäó óðîâíÿ N , ãäå N = 5, 6, 7. Ïðåäëîæåíà ñïåöèàëèçàöèÿ ôîðìàëüíîé
ãðóïïû Áóõøòàáåðà [6, (E.30)], çàäàþùàÿ ôîðìàëüíûå ãðóïïû, ñîîòâåòñòâóþùèå ýë-
ëèïòè÷åñêîìó ðîäó óðîâíÿ N . Ýòî ïðåäëîæåíèå äîêàçàíî äëÿ N = 3, 4, 5, 6.
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4. Ïåäàãîãè÷åñêàÿ äåÿòåëüíîñòü

Ïðèíÿëà ó÷àñòèå â ïðîâåäåíèè è ïðîâåðêå LXXXI Ìîñêîâñêîé Ìàòåìàòè÷åñêîé
Îëèìïèàäû.
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