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A Random Surface

[Courtesy of G. Chapuy (2009)]



A Random Quadrangulation




Random Quadrangulatidia Random Planar Map

RS & Random Matrices BIPZ '78; Ambjgrn, Durhuus, Fohlich,
Jonsson '83-85; David '85; Boulatov, Kazakov, Kostov, Mig@85...

Bijective Combinatorics Cori, Vauquelin '81;Schaeffer ‘97 Angel,
Schramm '03: Bouttier, Di Francesco, Guitter '04: Le Galljé&vimont...



Random Quadrangulatidia Conformal Map tolD

In the continuum scaling limittiouville Quantum Gravity
A.M. Polyakov '81

Correlation Functions Seiberg, '90; Goulian, Li '91; Ginsparg,
Moore '93; Dorn, Otto '94; Takhtajan '95; Teschner '95; Zatodchiko
'96,; Fateev-ZZ '00; Ponsot, Teschner '02; Kostov, Ponsetpan '04...



Random Quadrangulatidia Random Sets & Paths

Ising, SAW, ON) & Potts models:Random Matrix Models
Kazakov '86:D. & Kostov '88; Kostov; Daul; Eynard, Zinn-Justfn.
Bijective Combinatorics Chassaing & Schaeffer '02;
Bousquet-Mlou & Schaeffer '02; BDFG '02; Bernardi & B.-M. '09...
Continuum:Liouville Gravity & Conformal Field Theory



Gaussian Free Field (GFF)

Distribution hwith Gaussian weighéxp[—3(h,h)g], and
Dirichlet inner product in domainD

(f1. f)y = (2m) L /D f1(2) - Dfa(2)d%2
= COV((h, fl)D,(h, fZ)D)

{»> STARRING THE GFF! (Courtesy of N.-G. Kang)>






LIOUVILLE QG
RANDOM MEASURE

du=“e"d*z’
o

THE EMERGENCE OFQUANTUM GRAVITY

(Courtesy of N.-G. Kang)
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Discrete Quantum Gravity Measufpg= 3/2)

Euclidean squares sfmilar quantum area@



e Regularization
he(z) mean value ofh on circle dB¢(2)

e Variance
Varhg(z) =1log|C(z,D) /€]
C(z,D) conformal radius oD viewed fronz
he(z) Gaussian random variable

R erhe(@ _ aPVarhe(2)/2 _ (C(z, D)>v2/2
3




Boundary Liouville Quantum Gravity

e GFF withfree boundary conditionsnob;
e Half-circle averagebg(z).



QUANTUM AREA MEASURE
due := explyhe(2)] £¥/%d?z

converges to a random measure as 0 fory < 2.

QUANTUM BOUNDARY MEASURE
df := exp{% ﬁg(z)} e¥'/4dz

converges to doundaryrandom measure as— 0
fory < 2.



Scaling Exponents of (Random) Fractaldin

SAW in half plane - 1,000,000 steps

X1
|
NG

e

X1

Probabilities & Hausdorff Dimension(g.g., SLE,)

~

P=e Px¢&, D=2—-2% (=14K/8)



Quantum Gravity Scaling Exponents




KPZ '88
x andA (X andA) are related by th&PZ formula

X = (1—f> A+ fAZ

4 4

KPZis a Theorem [D. & Sheffield, '08]
PRL 102 150603 (2009) & Invent. MatH.85, 333 (2011)

Kazakov '86; D. & Kostov '8§Random matrices]
David; Distler & Kawali '88[Liouville field theory]
Benjamini & Schramm '08; Rhodes & Vargas '[Nlath]
David & Bauer '09



GFF & Brownian Motion

¢ h:(z) mean value oh on circledBg(2z)

e Definet .= —logeg, B+ := h._t(2); for zfixed,
the law of B¢ Is standard Brownian motion in t

Var|(hg —hg')(2)| = |log(e/€)| = [t —t'| = Var|Bi_B v




SLE- GFF (QG) COUPLING

(Dubedat,2009)
Sheffield,arXiv:1012.4797
D. & Sheffield,arXiv:1012.4800pRL (2011)



“Zipping-up” SLE Map

W= ft (2) f.(0)

ft(x’)°ft(x) N
t

o X 5
Let f; be the(reverse) SLE conformal map

ze H—->w= ft(Z) EH\I"]'[,

with tracen and tip f;(0) [t =0, fo(2) = Z].
It satisfies the stochastic differential equati@n $tandard
Brownian motioi

dft(Z) — —Zdt/ft(Z) — \/RdBt



SLE Martingale
Real stochastic process in the upper-half plane:

2
ho(2) = ﬁlog\z\,

hi(2) = hoo fi(2) +Qlog|f{(2)|.

This proces$:(z) is amartingalg(so thatlEht (z) = ho(2z)) for
the particular choice:

Q=kK/2+2/VK,
for whichdhi(z) = —0[2/ i (z)|dB.



SLE & GFF Coupling

i

h|ft Igwﬁoft +f)t
0 0

=N

Consideth := h+ ho, sum of the GFF onH with free
boundary conditionsn R, and of the deterministic function
ho. Given fi, the conditional law oh is

law) ~

h2) f: "2 Ro f(2) + be(2),
whereho f; is the pullback of the free boundary GRF



Conformal Welding
w=f.(2) f.(0)

Ny

f, (X ) ()

h(z) h(w)

X’ 0 X 0
h|f, Z'hof, +1,

Conformal weldingthe quantum boundary lengtleg any
pair of real segment®, x| and|[x’, 0] such thatf;(x) = f;(X)

~

on the SLE trace arequalfor h = h+ ho [Sheffield, 2010].



SLE Exponential Martingales & KPZ Relation

Mo (z) = E(e"?|f), aeR
(eah(z)|ft) 42, &) ft/(Z)\d_z (W) 42,
d = aQ—a?/2 (KP2)

wherew = f(z), d°w = | f/(2)|%d’z



Liouville Quantum Measure

th(Z) ‘ fi dZZ (Igv) yh(w) d2W (conformal invariance)

ford=2=yQ—-V?/2,i.e,Q=y/2+2/y=+/K/2+2/\/K

Y=+KALE/K, Y =4/y

e y < 2: KPZ predictiony = (/25— c—+/1—c)/v/6 for the
central charge = 7(6—K)(6— 16/k) < 1 of the SLE's CFT
coupled to gravity.

oV = 4/y> 2: Duality property of Liouville quantum

gravity; the guantum measure develops atoms with localized
area.

Conformally welding twoy-Liouville quantum surfaces
produces SLE




SLE Natural Length

Expected (w.r.t. the SLE o g law) lengthof an infiniteSLE
N in D (Lawler & Sheffield, 2009)

v(D) = / G(2)d%z
D
SLE Green'’s functiom H:

G(2) := |Z¥07°, a=1—-8/k, b=8/k+K/8—2.



SLE Quantum Length

h - ﬁ+ ho
Expected (w.r.tn, givenh) Liouville quantum length, in D

Vo (D, h) ::/De“h(Z)G(z)dzz,

a=+kK/2(=y/2fork <4, andy /2 for k > 4) satisfies
KPZ for the SLE Hausdorff dimensioth= 1+ K /8.
[Doob Meyer, second moment method.]



Expected SLE Quantum Length

w=T(2)

e SEET 1(D)

X’ 0 X 0
h|f, Z'hof, +b,

Eve (D0)If] = [ 97 (2G@d%z

Evg (D,h) — /D M3 (2)G(2)d?z = /D (sin9)®/K—2d?z

with 9 ;= argz. Itis finite fork € [0,8) and coincides with
the Euclidean areaof D for K = 4.



PERSPECTIVES

e Scaling limits of discrete models on random
planar graphs

e Quantum wedges and cones

e Quantum bubbles and foafyy’ = 4 duality)
o KPZ & Supersymmetry
e Geodesic&k random metrics

ARV
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