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Narrow Escape: Finding a small target

02, Transition probability density:
Ofdy p(x,tly,0) = Pr{X(t) = x|X(0) =y}

Initial condition: p(x,0ly,0) =d(x —y)
Mixed Boundary Conditions:
p(x,tly,0) =0, x € 09,

%p(x,t\y,()) =0, x € 092,
/
Fokker-Planck equation: ap(Xéi’yt ) = L(x)p(x, tlyt')
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ackward Kolmogorov equation 577 = —L*(y)p(x, tlyt')




Narrow Escape Time

Boundary Layer First Passage Time (FPT)

/dx/ dt p(x,t|y,0)

Mean FPT (Narrow Escape Time)
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Gated Enzymatic Reaction

Only @@ binds to and activates the target

Large and Slow
Enzyme

Fast Regulatory
Protein

What is the optimal concentration of @ needed to
ensure fast target activation ?



Gated Narrow Escape

Equations for the MFPT:
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Intermittent search process with a ballistic phase
MFPT with ballistic motion in state 2
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Search with bulk and surface diffusion
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Bulk excursions beneficial for Do > £
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Transcription Factor Search and
Gene Activation



What is the search mechanism by which Transcription
Factors find a DNA promoter within a large genome ?

Biochemistry by McKeelMcKee, @ 1996 McGrawHill Higher Education
Prokaryotic Cell Structure

Cytoplasm

Capsule _4/ h
Cell Wall B S

Cytoplasmic :

Membrane

Flagella Chromatin

structure

Figure 1 /

DNA in Prokaryote (Bacteria) DNA in Eukaryote

Bacteria DNA ~ 1076 bps Human DNA ~ 1019 bps



In Vitro Association Rate of Lac-I Repressor

Experiment: k ~ 1019 M—1s71 | riggs etal, mor Biol, 1970

Theory: Pure 3D diffusion

14
T p—
3d 47TD36L
Ny, |V
kgd — A ‘ — NAU47TD36L
T3d

a ~ 5nm, |V|~ 1um?, D3~ 3um?2/s = T3d ~ 98, k3q ~ 10°M ~ts™t

Theory: Pure sliding along DNA

L?  (10°bp x 0.3nm)?
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Facilitated Diffusion: 3D diffusion and 1D sliding

MFPT to a target with antenna of length L >> a:

o~ 14 n 2L\ _a |V < 14
T 4rDsL a ] L

DNA in diluted solution where 3D search dominates: £k3q < k14
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Richter, Eigen, Biophys. Chem (1974)
Berg, Blomberg, Biophys Chem (1976)
Berg,Winter, von Hippel, Biochem (1981)



In Vivo Association Rate of Lac-lI Repressor

7T~3508 — k~10M1st <« 108151

In vivo search time of In vivo association rate is smaller
Lac Repressor in E.Coli compared to pure 3D search !
Elf et al, Science (2007)

Problem: Frequent bindings to DNA slow down the search
due to strong interactions with DNA base pairs !



Speed versus stability

Total number of DNA bps

v
Npp

Searchtime: T~ —— (ng _|_ Tld) Berg, Winter, von Hippel, Biochem (1981)
/ )

n ~ 2v/D1714 Number of DNA bps scanned during a sliding event

2 702 Effective 1D diffusion constant as
__ o — =g
Dl — DO (1 - 7) € % function of binding energy fluctuation

g << 2 kBT Requirement for a search time that is
compatible with reality

% Slutsky, Mirny, Biophys J (2004)

g ~ 5 kBT Estimations from binding energy measurements

Slutsky, Mirny, Biophys J (2004)
Gerland,Horoz,Hwa, PNAS (2002)



Search process with two sliding states

@ - Free diffusion

O - Non-specific binding, fast diffusion along the DNA

@ - Specific binding with DNA base pairs, slow diffusion

Berg, Winter, von Hippel, Biochem (1981)
Slutsky, Mirny, Biophys. J. (2004)

Experiment: Evidence for conformational switch of TF protein

free lac DBD nonspecific complex specific complex

Kalodimos et al, Science (2004)



Transcription Factor search
process with conformational
switching

Reingruber, Holcman, PRE (2011)
Reingruber, Holcman, submitted



Search process with switching between 3 states

AE{_ N7
State1 AE,,

State 2

Free TF with a stable (State 1) and
unstable (State 2) protein conformation

Schematic of the search process

State 3: Free diffusion in the

e JE f—\/ > ka2 cytoplasm
State 3

_____ | State 2: Non-specific interaction
| N with DNA backbone with fast
Az ) A diffusion in a smooth potential

+ <
AE E,Np--y--o----- State 2

T . | state 1 State 1: Specific interaction with
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TF with additional conformation dependent . —_—
DNA interactions in State 1 and 2 INn a rough potentlal




Modeling Assumptions

Highly coiled DNA

}

Subsequent DNA attaching
positions are uncorrelated

Uniform DNA strand (interaction does not dependent on the DNA
position) of length 2L with a target located in the center

3) 3D motion is mapped onto an effective 1D motion along the DNA

€ @ D;
Do




Consider equations for the Sojourn Times

Sojourn time spent in state n when starting initially in
state m

L e
tn(y, m) = / dw/ dt p(x,n,tly,m)
0 0)

MFPT when starting initially in state m :

t(x,m) =ti1(x,m) + ta(x,m) + t3(x, m)



Equations for the sojourn times

Sojourn times in state 1

Dltlll(ﬂi, 1) — klg(tl(iB, 1) — tl
Dgt/{(x, 2) — ]{21 (tl (CC, 2) — tl(CE‘, 1)) — k23(t1(£€, 2) — tl
Dgtlll(ilf, 3) — k32 (tl(a:, 3) — tl

Sojourn times in state 2 and 3



MFPT as a function of the sojourn times
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Uniform initial distribution: (t1(z,1)) = (t1(x,2)) = ({t1(x,3)) = 11(1)
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Uniform redistribution in state 3

Dlt’l’(x, 1) — klz(tl (:U, 1) — tl (.CIZ, 2))
Dgtlll(x, 2) — kgl(tl (x, 2) — tl(.fl?, 1)) — kgg(tl(a?, 2) — tl (CC, 3))
Dgt/l/(x, 3) — kgz(tl (ZE, 3) — 1 (113, 2))

D3 — 00 — t1(x,3) = const = 1 (1)

1L

Dltlll(il?, 1) — klg(tl(m, 1) — tl (.CC, 2))
Dgtlll(x, 2) — ]{?21(751(513, 2) — tl(LU, 1)) — kgg(tl (iE, 2) — tl(l))



Exact solution for the search time

. <L+1+ 1k23)
P\ ko ko1 ko kso

— coth(+/[ 1 + coth(+/]
R 5225 &1 (\/E (Vhiapa) _2> n 512 &2 <\/E (Vli2p1)
2 2 125 &2 251
I — L2k12
12 D
Dy k21 + kog ( Dy ko1 + k23>2 D ko3
— 14+ , — /(1 _ gk
2 Dy k12 2 \/ Dy k12 Dy k12
%_1+§1;§27 %_1+§1+§2



Numerical evaluations suitable for E. Coli bacteria

Fixed input parameters:

L|= 24x10%p Length of E. Coli genome

pm?

Dy | = 2

Diffusion constant for fast sliding along DNA
S

k3o | = 1.4ms Average Time spent in 3D Elf, Science (2007)
Malherbe, Holcman, PLA (2010))

Study of the search time as a function of physical parameters
characterizing the TF interaction with the DNA:

a1 |= & Sliding distance in state 1 before switching to state 2
k12
leo |= \/ Do Sliding distance in state 2 before switching to 1 or 3
ko1 + kos
9 = s Probability to detach from the DNA
ko1 + ko3 robability to detach from the
€_X — &
Do



Asymptotic for ¢ < 1 and «=1%/12, < 1

MFPT to find the target

L BV (2 2y o=l
T & — — T — Q
Dskso q o K 4 [s1k32

Ratio of the time spent bound to the DNA to diffusing in the nucleus

k32 ( kgl) 1 (BX 1 >
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Physical situation where binding in state 1 is such that a
TF becomes immobilized

Mean of maximal sliding distance in
state 1 (length in units of bp)

k1o = fe_AE (Arrhenius) AE ~ Binding energy in state 1

Dy = Doe™X =12 k1g = 1?62 —=| x~AFE




Optimal search process with given [s1 and X
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Results for general search
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Binding energy and sliding distance
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Conclusions and Outlook

» Search with conformational switch is faster and less sensitive to binding
energy fluctuations compared to a single sliding state

» Fast search is possible even with strong TF-DNA interactions

» TF spends more time bound to the DNA compared to freely diffusing in
the nucleus, in agreement with experiments

Outlook:
» Impact of binding energy fluctuations ?

» Better approximation for the search dynamics in state 3 (impact of DNA
conformation and finite correlation length)

» Analysis of the switching process from a molecular model of the TF-DNA
Interaction
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Gated Narrow Escape

Equations for the MFPT:

DlAT(yv 1) - kl?(T(yv 1) _ T(yv 2)) = —1
DoAT(y,2) — koy (7(y,2) — 7(y,1)) = —1
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(3D) [ Ths li1 < lorly >4 e "
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Modeling Virus Trafficking in a Cell

What is the MFPT and Probability for a Virus to reach a

nuclear pore ?

Microtubules n nuclear pores

Cytoplasm

Diffusion: D

o

Killing Rate: k

4 /Directed
motion

Holcman, J Stat. Phys (2007)
Lagache, Holcman, SIAM (2008)
Lagache, Holcman, PRE (2008)
Lagache et al, PRE (2009)

Fokker-Planck Equation:

owp = DAp — V (pV.b) — kp
diffusion drift killing

Mean time to find a pore:

5ot mep) [
€ X
AnDe 4maD ) Jq

~ (x)
~ o d (x
Jop® * x+< S )/k(x)e—“ﬁdx
Q

|0 dnDe  4maD



Modeling viral trajectories

Virus

trajectory [
1\?\“ %
‘ v§2
K5y
. gimulated trajectoy
Directed (drift+brownian mofion)
movgment . .
(dirift) (Q) ’Callbratlon
7/
-
" 00 s X
icrotubule
f , dX =b(X) dt + V2D dW
V2DW  Free virus < 7

+ degradation rate k(X)

| V(t) Attached virus



Calibration in the radial geometry

Initial radius

Pure Brownian
diffusion

Asymptotic results (N microtubules)
To — (fo — dm) N d — 7’0@2/12 F(ry)

b To) — ~
(ro) 7(ro) + tm Y m + 1502/(12D)  d,(,)
Directecéi(on Final radius
O=21/N<<1

Steady State

Distribution
0.010 Steady state Langevin distribution (with
00087 the asymptotic b(r)) against intermittent
0006 Brownian trajectories
0.004 - T. Lagache et D. Holcman, SIAM J. Of

Applied Maths (2008) et Phys. Rev. E
0.0021 (2008).
01 3 5 7 9 11 13 15 17 179— D. Holcman, J. of Stat. Phys. 127 (2007)

Radius (um) T. Lagache et al., Phys. Rev. E 79 (2009)



Modeling Viral Trajectories

Biological observations:

* Average time ~ 15 min from endocytosis to nuclear entry
(Seisenberger et al, Science (2001))

« Endosomal phase ~ 10 min (Rink et al, Cell (2005))
* Free trafficking phase ~ 5 min

Model predictions:
 Mean time for free virus to reach a nuclear pore ~ 3 min
« Infection efficiency ~ 94%

! - ! /_@(TX)dx
AdnDe  4maD Qe

P(x)
Jon € P dx 1 1 _ 20
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Equations for the transition probabilities

p(az,n,t’\y,m,t’) 0<z,y<lL 1<n,m<3

Forward Fokker-Planck equation

op(x,n,tly,m,t")
ot

Mz

— D’I’LAZUp(‘/'U7 n7t|y7m t nzp ':U n t|y7m t) kznp($727t|ya m7 t/))

1=1
p(z,n,t' ly,m,t") = 0pmd(x —y) Initial condition

Boundary conditions:
- State 2 and 3: Reflecting at x=0 and x=L
- State 1: Absorbing at x=0 (target) and reflecting at x=L

Backward Kolmogorov equation

N
Op(x,n,tly,m,t’ Z .
( 81|£ ) — DmAyp(xanat‘yamat/> o kmi(p(xanat‘y7m7t/) —p(a:,n,t\y,z,t/))
1=1




MFPT to a nuclear pore

fo Jy p(x,t)dtde — fQ fo x)tp(x,t)dtde
1— [, [3 k(x)p(x t)dtdw

Asymptotic Results

Tn =

1 _®(x)
e D dx
4Dne Jq D. Holcman, J. of Stat. Phys.
Tn = o (x) 127 (2007)
1 _®(x) fBZ e~ D dx T. Lagache et al., Phys. Rev. E
e” D k(x)dx + 79 (2009)
4Dne Jq 0%
Problem

|
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Transcription Factors and Gene Activation

@ ) RNA polymerase
/ lac genes
) J ) )
— _/
Y

ON
Lac Promoter site in E.Coli -7
Bacteria

CAP: Transcriptional Activator of the Lac gene

Current Biology

from Ptashne, Curr Biol (1998)

Rep: Transcriptional Repressor of the Lac gene



3D and 1D Sojourn Times for optimal search

Ny

T = — (73q + T14)
e K3d n
K1d
O——0 n ~ 2/ D174
Minimal search time forgiven 73d :  11d — 7T3d

r 4

Experiment: TF spends 80-90% of the search time
bound to DNA

Kalodimos et al, Science (2004)



Minimal search time

L2
Tmin —
Do k32
| DeX
@

Results for an optimal search process with a single
sliding state

L2 X
7’:min = 7 e?2
Do k3o

T"'min — 1




TF binding energy
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Figure 3

Transcription factor binding energies of the E. coli genome. (a) Energy "landscape” E(r) for specific binding of the CRP
factor at 200 consecutive positions r in an intergenic region, with a binding site at position 59. (b) Count histogram W/, (E)
with energy bins of width 0.| obtained from all intergenic regions, together with the distribution W((E) for a random sequence
(dashed line, shown with a 30 fold zoom into the region E < [4). From [16].

from Lassig, BMC Bioinf. (2007)



