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Minimum-weight perfect matching on a line

Arc weights ≈ distances:
I positive (not essential)
I increasing with |xi − xj|
I homogeneous (wxi,xj depends on xi − xj)
I triangle inequality (wxi,xj concave in xi − xj)
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Observation I: optimal matching is nested
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Remark I: nested matching as a forest

exposed arcs
hidden arcs
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Observation II: persistence of hidden arcs
— Add a few pairs of vertices outside an already existing
configuration; how will the optimal matching change?

— All hidden arcs are preserved and remain hidden.

yk · · · y1 x` z1 · · · zk z′k′ · · · z′1 xr y′1 · · · y′k′
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Observation III: recursion for optimal matching

W1,2 W2,3 W3,4 W4,5 W5,6 W6,7 W7,8

W1,4 W2,5 W3,6 W4,7 W5,8

W1,6 W2,7 W3,8

W1,8

W2,7

W3,6

= wx2,x7 + W3,6 ?

W4,5

W2,5 W4,7

= W2,5 + W4,7 −W4,5 ?

x1 x2 x3 x4 x5 x6 x7 x8

Goal: Find a simple recursion relation for Wi,j’s

Wi,j = min
[
wxi,xj + Wi+1,j−1, Wi,j−2 + Wi+2,j −Wi+2,j−2

]
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Remark II: hyperbolicity revealed

Wi,j = min
[
wxi,xj + Wi+1,j−1, Wi,j−2 + Wi+2,j −Wi+2,j−2

]
Wi,i+1 = wxi,xi+1 ; Wi,i−1 = 0

z =
i + j

2
· cτ, t =

j− i
2
· τ
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Remark II: hyperbolicity revealed

Wi,j = min
[
wxi,xj + Wi+1,j−1, Wi,j−2 + Wi+2,j −Wi+2,j−2

]
Wi,i+1 = wxi,xi+1 ; Wi,i−1 = 0

z =
i + j

2
· cτ, t =

j− i
2
· τ

0 = min
[
w(z− ct, z + ct) + W(z, t− τ)−W(z, t),

W(z− cτ, t− τ) + W(z + cτ, t− τ)− 2W(z, t− τ)

−W(z, t)−W(z, t− 2τ) + 2W(z, t− τ)
]
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Remark II: hyperbolicity revealed

Wi,j = min
[
wxi,xj + Wi+1,j−1, Wi,j−2 + Wi+2,j −Wi+2,j−2

]
Wi,i+1 = wxi,xi+1 ; Wi,i−1 = 0

z =
i + j

2
· cτ, t =

j− i
2
· τ

0 = min
[
w(z− ct, z + ct)− ∂tW(z, t− τ) · τ + o(τ),

∂2
zW(z, t− τ) · c2τ2 − ∂2

t W(z, t− τ) · τ2 + o(τ2)
]
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Remark II: hyperbolicity revealed

Wi,j = min
[
wxi,xj + Wi+1,j−1, Wi,j−2 + Wi+2,j −Wi+2,j−2

]
Wi,i+1 = wxi,xi+1 ; Wi,i−1 = 0

z =
i + j

2
· cτ, t =

j− i
2
· τ

0 = min
[
ω(z− ct, z + ct)− ∂tW(z, t),

c2∂2
zW(z, t)− ∂2

t W(z, t)
]

ω = lim
τ→0

1
τ

w
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The end
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