
Óðîêè �61-62 11-12.02.10Ïðåäåë �óíêöèè1. Ïðåäåë �óíêöèè ïî �åéíåÎïðåäåëåíèå 1. lim
x→α

f(x) = β ⇐⇒ ∀(xn) → α f(xn) → β, ãäå α, β ∈ R èëè α, β = ±∞ è xn 6= α.Íàïðèìåð, ðàññìîòðèì f(x) = 1
x
è íàéäåì íåñêîëüêî ïðåäåëîâ.

lim
x→∞

1

x
= 0,ïîñêîëüêó èç òåîðåì î ïðåäåëàõ ïîñëåäîâàòåëüíîñòè ñëåäóåò, ÷òî åñëè lim

n→∞
xn = ∞, òî lim

n→∞
1
xn

= 0.
lim
x→2

1

x
=

1

2
,ïîñêîëüêó èç òåîðåì î ïðåäåëàõ ïîñëåäîâàòåëüíîñòè ñëåäóåò, ÷òî åñëè lim

n→∞
xn = 2, òî lim

n→∞
1
xn

= 1
2
.

lim
x→0

1

x
íå ñóùåñòâóåò,ïîñêîëüêó ïðè xn = 1

n
ïîëó÷èì lim

n→∞
1
xn

= lim
n→∞

n = +∞, à ïðè xn = − 1
n
� lim

n→∞
1
xn

= lim
n→∞

(−n) = −∞,÷òî ïðîòèâîðå÷èò ñóùåñòâîâàíèþ ïðåäåëà ïî �åéíå.2. �åøåíèå çàäà÷1) Èçâåñòíî, ÷òî lim
n→∞

f
((

1
3

)n)

= 0. Ñëåäóåò ëè èç ýòîãî, ÷òî lim
x→0

f(x) = 0? (Íåò, ò.ê. íåèçâåñòíî,êàêîâû ïðåäåëû äðóãèõ ïîñëåäîâàòåëüíîñòåé.)2) Äîêàæèòå, ÷òî lim
x→−∞

2x2−3
x2+1

= 2.Ïóñòü (xn) → +∞, òîãäà
lim
n→∞

2x2
n − 3

x2
n + 1

= lim
n→∞

2− 3
x2
n

1 + 1
x2
n

= 2.3) Äîêàæèòå, ÷òî lim
x→∞

sin x íå ñóùåñòâóåò.Âûáåðåì xn = πn
2
, òîãäà lim

n→∞
xn íå ñóùåñòâóåò.4) Íàéäèòå lim

x→k
[x], ãäå k ∈ Z.Ïðåäåëà íå ñóùåñòâóåò, ïîñêîëüêó äëÿ xn = k + 1

n
lim
n→∞

[xn] = k, à äëÿ xn = k − 1
n

lim
n→∞

[xn] = k − 1.3. Íåêîòîðûå òåîðåìû î ïðåäåëàõTåîðåìà . lim f + lim g = lim(f + g); lim f · lim g = lim(f · g); lim f

lim g
= lim f

g
(åñëè lim g 6= 0).Ýòè óòâåðæäåíèÿ ñëåäóþò èç àíàëîãè÷íûõ óòâåðæäåíèé äëÿ ïðåäåëîâ ïîñëåäîâàòåëüíîñòåé. Íàïðè-ìåð, äîêàæåì ïîñëåäíåå. Ïóñòü ñóùåñòâóþò ïðåäåëû f è g. Òîãäà äëÿ ëþáîé (xn) âûïîëíåíî:

lim
f

g
= lim

n→∞

f(xn)

g(xn)
=

lim
n→∞

f(xn)

lim
n→∞

g(xn)
=

lim f

lim g
.Îáðàòèòå âíèìàíèå, ÷òî èç ñóùåñòâîâàíèÿ ïðåäåëà f

g
íå ñëåäóåò ñóùåñòâîâàíèå ïðåäåëîâ f è g!Ñëåäñòâèÿ.

lim f − lim g = lim(f − g); lim cf(x) = c lim f(x). Óòâåðæäåíèÿ òåîðåìû òàêæå ìîæíî îáîáùèòü íàëþáóþ êîíå÷íóþ ñóììó èëè ïðîèçâåäåíèå.



4. �åøåíèå çàäà÷5) Íàéäèòå ïðåäåëû ïðè x → ±∞

f(x) =















3x

|x| − 1
, ïðè x ≤ −5;

|x| − |7− x|
3x+ 20

, ïðè x > −5.

lim
x→−∞

f(x) = lim
x→−∞

−3x

x− 1
= lim

x→−∞

−3

1− 1
x

= −3;

lim
x→+∞

f(x) = lim
x→+∞

x+ 7− x

3x+ 20
= lim

x→+∞

7

3x+ 20
= 0.6) Íàéäèòå lim

x→∞
Pm(x)
Qn(x)

.Ïðåäåëû áóäóò ðàçíûå â çàâèñèìîñòè îò ñòåïåíåé P è Q, îäíàêî âû÷èñëÿþòñÿ îäíèì ñïîñîáîì:
lim
x→∞

Pm(x)

Qn(x)
= lim

x→∞

m
∑

i=0

aix
i

n
∑

i=0

bixi

= lim
x→∞

m
∑

i=0

aix
i−n

bn + bn−1
1
x
+ . . .+ b0

1
xn

= lim
x→∞

m
∑

i=0

aix
i−n

bn
= lim

x→∞

m
∑

i=0

ai

bn
xi−n.Ïðè m = n ïîëó÷èì, ÷òî lim = am

bm
, ïðè m > n ïðåäåë ðàâåí +∞ èëè −∞ â çàâèñèìîñòè îò çíàêà am

bn
,à ïðè m < n � 0.5. Ïðåäåë �óíêöèè ïî ÊîøèÎïðåäåëåíèå 2.1) lim

x→±∞
= a, ãäå a ∈ R, åñëè ∀ε > 0 ∃M ∈ R|∀x ∈ D(f) è x > (<)M âûïîëíåíî |f(x)− a| < ε.2) lim

x→±∞
= ±∞, åñëè ∀m ∃M ∈ R|∀x ∈ D(f) è x > (<)M âûïîëíåíî f(x) > (<)m.3) lim

x→α
= a, ãäå a, α ∈ R, åñëè ∀ε > 0 ∃δ > 0|∀x òàêîãî, ÷òî 0 < |x− α| < δ âûïîëíåíî |f(x)− a| < ε.4) lim

x→α
= ±∞, ãäå α ∈ R, åñëè ∀m ∃δ > 0|∀x òàêîãî, ÷òî 0 < |x− α| < δ âûïîëíåíî f(x) > (<)m.Äîêàæåì ýêâèâàëåíòíîñòü îïðåäåëåíèé ïî Êîøè è ïî �åéíå äëÿ ñëó÷àÿ 1 (äëÿ îñòàëüíûõ àíàëîãè÷-íî).Êîøè → �åéíå:Ïóñòü ïðåäåë ïî Êîøè ðàâåí a, ò.å. ∀ε > 0 ∃M ∈ R|∀x ∈ D(f) è x > M âûïîëíåíî |f(x) − a| < ε.�àññìîòðèì ëþáóþ ïîñëåäîâàòåëüíîñòü (xn) òàêóþ, ÷òî lim

n→∞
xn = +∞. Òîãäà ∀M1 ∃N ∈ N|∀n > Nâûïîëíåíî xn > M1. Âûáåðåì M1 > M , òîãäà ∀n > N âûïîëíåíî |f(xn)− a| < ε, ÷òî è îçíà÷àåò, ÷òî

lim
n→∞

f(xn) = a.�åéíå → Êîøè:Ïóñòü ïðåäåë ïî �åéíå ðàâåí a, òîãäà ïðåäïîëîæèì, ÷òî îïðåäåëåíèå ïî Êîøè íå âûïîëíåíî, ò.å.
∃ε0 > 0 òàêîå, ÷òî ∀M ∈ R ∃x > M, x ∈ D(f) òàêîé, ÷òî |f(x) − a| > ε0. Òîãäà ðàññìîòðèì
(Mn) → +∞, è äëÿ êàæäîãî Mn âûáåðåì xn ∈ D(f) òàêîå, ÷òî |f(xn)− a| > ε0. Ïîëó÷èì ïîñëåäîâà-òåëüíîñòü (xn), (xn) → +∞ (ò.ê. xn > Mn), à lim

n→∞
f(xn) 6= a, ÷òî ïðîòèâîðå÷èò îïðåäåëåíèþ ïðåäåëàïî �åéíå. Ñëåäîâàòåëüíî, íàøå ïðåäïîëîæåíèå íåâåðíî, è ïðåäåë ïî Êîøè ñóùåñòâóåò è ðàâåí a.Îïðåäåëåíèå 3. Ôóíêöèÿ α(x) íàçûâàåò áåñêîíå÷íî ìàëîé ïðè x → β, ãäå β ∈ R èëè β = ±∞, åñëè

lim
x→β

α(x) = 0.Tåîðåìà . Ñóììà è ïðîèçâåäåíèå êîíå÷íîãî ÷èñëà áåñêîíå÷íî ìàëûõ � áåñêîíå÷íî ìàëàÿ �óíêöèÿ,ïðåäåë ñóììû áåñêîíå÷íî ìàëîé è êîíñòàíòû ðàâåí ýòîé êîíñòàíòå.



Ñîîòâåòñòâåííî, åñëè ïðåäåë �óíêöèè ðàâåí c ∈ R, òî ýòó �óíêöèþ ìîæíî ïðåäñòàâèòü â âèäå ñóììû
c è áåñêîíå÷íî ìàëîé.Îïðåäåëåíèå 4. Ôóíêöèÿ F (x) íàçûâàåòñÿ áåñêîíå÷íî áîëüøîé ïðè x → β, åñëè 1

F (x)
� áåñêîíå÷íîìàëàÿ ïðè x → β.Tåîðåìà . F (x) � áåñêîíå÷íî áîëüøàÿ ïðè x → β ⇐⇒ lim

x→β
= ±∞.Tåîðåìà . Ïðîèçâåäåíèå êîíå÷íîãî ÷èñëà áåñêîíå÷íî áîëüøèõ áåñêîíå÷íî âåëèêî; ñóììà áåñêîíå÷íîáîëüøîé è ïîñòîÿííîé áåñêîíå÷íî âåëèêà.6. Äîìàøíåå çàäàíèåÑààêÿí 443á, 451á, 453á, 456á, 457á, 458á, 459à.Óðîêè �63-64 17.02.10Ïðåäåë �óíêöèè. Îäíîñòîðîííèå ïðåäåëû �óíêöèè â òî÷êå1. �åøåíèå çàäà÷1) Äîêàæèòå, ÷òî lim

x→x0

Pm(x)
Qn(x)

= Pm(x0)
Qn(x0)

, åñëè Qn(x0) 6= 0.2) Íàéäèòå a è b, åñëè lim
x→∞

(

ax3+7
3x2−4

+ b(x− 1)
)

= 2.Íàéäèòå ïðåäåëû:3) lim
x→∞

( 3
√

(x+ 1)2 − 3
√

(x− 1)2); 4) lim
x→1

x4−1
x2−1

; 5) lim
x→− 2

3

3x2−x−2
6x2+10x+4

; 6) lim
x→4

2−√
x

x−4
;7) lim

x→0
(x sin 1

x
); 8) lim

x→4

√
1+2x−3√
x−2

; 9) lim
x→1

|−x2−2x+3|
|x−1| ; 10) lim

x→1

x101−5x+4
x202−6x+5

.2. Îäíîñòîðîííèå ïðåäåëûÂàæíîå çàìå÷àíèå î ïðåäåëå �óíêöèè. �àññìîòðèì �óíêöèè f1(x) = x + 1, f2(x) = x2−1
x−1

è
f3(x) =

{

x + 1, x 6= 0;

0, x = 0.
Âñå ýòè �óíêöèè èìåþò ïðåäåë ïðè x → 1, ðàâíûé 2. Âàæíûì ìîìåíòîì ÿâëÿ-åòñÿ òî, ÷òî â îïðåäåëåíèè ïî �åéíå íåëüçÿ áðàòü xn = x0, à â îïðåäåëåíèè ïî Êîøè îáÿçàòåëüíî

0 < |x− x0|!Îïðåäåëåíèå 5. Ïðîêîëîòîé δ-îêðåñòíîñòüþ ÷èñëà x0 (èëè ïðîñòî ïðîêîëîòîé îêðåñòíîñòüþ) íà-çûâàåòñÿ ìíîæåñòâî (x0 − δ; x0 + δ) \ {x0}.Îïðåäåëåíèå 6. Ïðîìåæóòêè (x0 − δ; x0) è (x0; x0 + δ) ñîîòâåòñòâåííî íàçûâàþòñÿ ëåâîé è ïðàâîéïîëóîêðåñòíîñòÿìè ÷èñëà x0.�àññìîòðèì �óíêöèþ èç äîìàøíåãî çàäàíèÿ f(x) = |2−x−x2|
x−1

è åå ãðà�èê. f(x) = |x+2|·|x−1|
x−1

. Ýòà �óíê-öèÿ íå èìååò ïðåäåëà ïðè x → 1, ïîñêîëüêó âñå òî÷êè ëåâîé ïîëóîêðåñòíîñòè ðàâíû (−|x + 2|), à âëþáîé òî÷êå ïðàâîé ïîëóîêðåñòíîñòè � |x+2|. Äëÿ òàêèõ �óíêöèé ââîäèòñÿ ïîíÿòèå îäíîñòîðîííåãîïðåäåëà.Îïðåäåëåíèå 7.1) lim
x→x0−0

f(x) = a ⇐⇒ ∀ε > 0 ∃δ > 0|∀x ∈ (x0 − δ; x0) âûïîëíåíî |f(x)− a| < ε.2) lim
x→x0+0

f(x) = a ⇐⇒ ∀ε > 0 ∃δ > 0|∀x ∈ (x0; x0 + δ) âûïîëíåíî |f(x)− a| < ε.Tåîðåìà . lim
x→x0

= a ⇐⇒ lim
x→x0−0

= lim
x→x0+0

= a.3. �àçáîð äîìàøíåãî çàäàíèÿ443: lim
x→ 1

4

4x−1
2
√
x−1

= lim
x→ 1

4

(2
√
x−1)(2

√
x+1)

2
√
x−1

= lim
x→ 1

4

(2
√
x+ 1) = 2.



451: Ïóñòü åñòü ε > 0. Âûáåðåì δ = ε2, òîãäà åñëè |x− 0| < δ,òî |√x cos(x+ 1)− 0| 6 |√x| < ε, ÷.ò.ä.453: Ïóñòü åñòü ε > 0. Âûáåðåì δ = ε2

9
, òîãäà åñëè |x− 0| < δ,òî |x2−2x√

|x|
− 0| = | x√

|x|
(x− 2)| =

√

|x| · |x− 2| 6 ε
3
· 3 = ε.456: lim

x→9

√
x+7−4√
x−3

= lim
x→9

(
√
x+7−4)(

√
x+7+4)(

√
x+3)

(
√
x−3)(

√
x+3)(

√
x+7+4)

= lim
x→9

(x+7−16)(
√
x+3)

(x−9)(
√
x+7+4)

= lim
x→9

√
x+3√

x+7+4
= 3

4
.457: lim

x→1

3
√
x−1√
x−1

= lim
x→1

√
x+1

3√
x2+ 3

√
x+1

= 2
3
.458: lim

x→2

|x2−6x+8|
|x−2| = lim

x→2

|x−2|·|x−4|
|x−2| = lim

x→2
|x− 4| = 2.4. Äîìàøíåå çàäàíèå1) Äîêàæèòå, ÷òî f(x) = n

√
x; f(x) = ax; òðèãîíîìåòðè÷åñêèå �óíêöèè îáëàäàþò ñâîéñòâîì

lim
x→x0

f(x) = f(x0).2) Âû÷èñëèòå: à) lim
x→0

(1+x)(1+2x)(1+3x)−1
x

; á) lim
x→3

x2−5x+6
x2−8x+15

; â) lim
x→−1

x3−2x−1
x5−2x−1

; ã) lim
x→2

x3−2x2−4x+8
x4−8x2+16

;3) Âû÷èñëèòå: à) lim
x→4

√
1+2x−3√
x−2

; á) lim
x→3

√
x+13−2

√
x+1

x2−9
; â) lim

x→1

(

3
1−√

x
− 3

1− 3
√
x

);ã) lim
x→+∞

x(x+
√
x2 + 2x− 2

√
x2 + x).


