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MaremaTnyeckas WHAYKIMA: TpAMepbl

Kak BumHO M3 caMoro Ha3BaHWsI, MHIYKIS ObIBAcT HE TOJbKO B MaTeMaTH-
ke. MlHOrja Ha3BIBAIOT «HEIMIOJIHOW MHIYKLIKAE» IePexo]] OT YACTHBIX IIPUMEPOB K
00IMM 3aKOHOMEPHOCTSIM. BrIBaeT mMHAyKIWs M B (rsuke (KaTYIIKW MHIYKTHB-
HOCTH, SIBJICHHE caMomHAyKimu). Ho B 3Toif Opolmope MBI TOBOPUM TOJIBKO O
MaTEMATUYECKOM (110JIHOM) MHJIyKLIMU.

Uro 3T0 Takoe, MpoIe BCErO OOBACHUTH Ha
npuMepax. Pa3oepém HeckoJIbKO 3a/1ay.

3amaua 1. Heckoipko MpSIMBIX JIeIST TLIOC-
KOCTh Ha 4acTh. JloKa3aTh, YTO MOXKHO PACKPACHUTh
STU YaCTU B O€JIbIN U YEPHBIN 1IBET TaK, YTOObBI CO-
ceHUE YacTh (MMeole OOl OTPE3OK T'PaHU-
IIbI) OBLTM PasHOTO IBeTa (KaK Ha PHCYHKE).

Pemenne. 3amerM mpexzae BCEro, 4ro HE

JIIOOYIO «KapTy» (YacTu — CTPaHbl, pa3JcJIEHHbIC
JIMHUSIMYA T'PaHMIL) MOKHO TakK packpacuts. Hampu-
Mep, €CJIM B OJHOI TOUKE CXOAATCSA TPU CTPAHBI U
BEPXHsS CTPaHA, CKaXKeM, OeJias, TO /(B OCTABLIH-
€Csl CTPaHBI JJOJDKHBI OBITh YEPHBIMU, XOTSI I'PaHU-
9aT MEXTy COOOI.

Ho s miockoctu, paspe3saHHOM Ha vacTu
MIPSIMBIMH, TAaKOTO CJIyUUThCSI HE MOXKET, ¥ MBI Celi-
qac 3To JokaxkeM. Ilycts mpsmMas Tosbko omHa. Torga BcE IpocTo: ogHA IIO-
JIYTUIOCKOCTh OeJiasi, ipyrasi — 4épHast (JIeBHIIf pHCYHOK). Ecmm mpsiMbIx 7Be,
TOJIyYaTCsl YEThIPE YacTu (CPEJHUIA PUCYHOK).

[TocmoTpuM, 4TO HPOM3OHAET, €C/IM MBI HA PUCYHKE C JIByMs NPSIMBIMU U
YeTHIPbMS YacTSIMU IIPOBEJEM TPEThIO NpsiMylo. OHa MOJEJMT TPU CTPAHBI M3
YeTBIPEX; IIPH STOM HOABSTCS HOBBIE YYACTKU I'PAHULIBI, 110 00€ CTOPOHBI KOTOPBIX
LIBET OJMH U TOT K€ (IIpaBblil PUCYHOK).
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Kak sxe 0b1T6? C 0THOI CTOPOHBI OT HOBOM Mpsi-
MO ToMeHsieM 11BeTa (OesTbIi cies1aeM YEPHBIM U HAO-
6opor). Torna HoBast IpsiMast OyAET BCIOAY Pa3ACsTh
YYaCTKM Pa3HOro IBeTa. Jlpyrumu caoBamu, C OTHOIMA
CTOPOHBI OT IPSIMON MBI OEpEM IOZUTHB KapTHI, A C
JIPYroil — HETaTuB.
(ITpyupYMBHIL YATATEIIh CIPOCUT: A TIOYEMY CTa-
pBle TPAaHUIBI PACKPAILEHBl IPaBWIBHO? JTO JIETKO
MTOHSTh: B TIO3UTHBHOI YacTH IRETA HE M3MEHILINCH,
a B HETaTWBHOI 00a I[BETA 3AMCHUJIMCH HA TIPOTHUBOIOJIOXKHEIE. )
Tenepp sICHO, YTO TE€M ke CIOCOOOM MOXHO JI00ABUTH €LIE OHY HPSIMYIO
(mepekpacuB KapTy C OJIHOW CTOPOHBI OT He€), 3aTeM elIé OHy W TakK Jajiee —
IOKa MBI He TIOJTy4YAM HYXXHYIO HaM KapTy. 3ajada pellcHa.

3agaua 2. Yncno 111 pemmrcs ma 3, wnciao 111111111 gesmarca Ha 9, um-
cao 111...111 (27 emmuwmin) pesmrcst Ha 27. Jlokazats, uro umciao 111...111
(3" emunmir) pemurcst Ha 3" TpM JIOOOM 71.

Pemenue. g uncen 3 © 9 MOXKHO BOCIIOJIb30BATLCSl NIPU3HAKAMU JICJIHU-
MocTd Ha 3 1 Ha 9 (ecym cymma 1adp Jeaurcs Ha 3, TO YUCIIO JIeJUTCs Ha 3,
AQHAJIOTUYHO 151 9). A MOXHO U IPOCTO pasAeyiuTh; nosyuurcs 111 : 3 = 37
111111111 :9 = 1234579.

Yuciio n3 27 enuHul] y’Ke HE TaK NPOCTO pas3JesvuTh Ha 27, M IPU3HAKA Jie-
JymMoct Ha 27 (¢ cymmoit 1mgp) HeT. (Hampumep, uncno 1899 mmeer cymmy
mmdp 27, HO He memwmrcs Ha 27 — ybemurecs!) Urto xe aenaTe?

Beprémes k wmciry 111111111 u gokaxeM JpyruM CHOCOOOM, YTO OHO Jie-
Jmatcs Ha 9. Jlyist 3TOTO 3aMeTMM, YTO OHO HAlleJIo Jaejutcs Ha 111:

111111111 = 111 x 1001001.

OTO MOXHO IPOBEPUTH, IIOJECJIMB YroJKOM miad ymHOXkuB 111 ma 1001001 B

CTOJIOUK:
-
1001001

~ 0111
- 111
- 111
0111 .
1t 11111111
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O06a comuoxureis B npomsBeieHnn 111 x 1001001 gensitest Ha 3 (1o mipu-
3HAKy JEJIMMOCTU Ha 3). BbIHOCS M3 KaXI0r0 MHOXXUTEb 3, MOJIy4aeM, 4TO Mpo-
M3Be/ICHUE JIeJUTCSA Ha 9.

OTOT Crocod MOXHO MPUMEHUTH 1 K umcay 111...111 (27 emunmi). Ono
JeJmTca Haueso Ha unciao 111111111, B yactHOM mostydaercs 4mciio, COCTO-
sIiee U3 TPEX €IMHMLL M OOJIBLIOrO 4mcja HyJied mexay Humu. (Paspgeimre n
MPOBEPHTE: JTOJHKHBI ITOJIYIUTHCSI JIBE TPYIIIBI IO 8 HYJIEHt. )

Teneps cmotpure: uncao 111111111 gesutcs Ha 9 (MBI 9TO yKe AOKa3aJIH,
Jaxe AByMs criocodamm). A gactaoe 10...010.. .01 gemmrcs Ha 3, TOCKOIBKY
ero cymma 1udp pasHa 3. BerHocs MHOXwWTEIM 3 ¢ 9. MoJydaeM, 4TO YHCIIO M3
27 eguHull Aejdrcsa Ha 27.

[Tponomxum: uucio u3 81 = 3 -3 -3 - 3 equHuI] eCTh MIPOU3BE/JCHUE YKCJIA
w3 27 eVHUI] U YMCIA U3 TPEX €VHUI] U MHOTMX HyJsei. [lepBblil MHOXUTEJIb
(MBI y>Ke 3HaeM) AeJUTCS Ha 27, a BTOPOM Ha 3, IODTOMY BCE UHCJIO JICJIUTCS HA
27 -3 = 81.

Hainee, uncio w3 81 - 3 = 243 exununiy geanrcs Ha 243, IOTOMY 4TO OHO
ecTb rpomsBejieHre uncia u3 81 eaunmiibl (esismierocs Ha 81) u unciia u3 Tpex
€IMHUL] ¥ MHOTUX HyJIel (Jiessierocst Ha 3).

SIcHO, uTO Tak Oy[eT W Jajblie. 3aJada pelicHa.

3amava 3. [lokasaTh, 9TO JTIOOYIO CyMMY, HAYMHAsI C 8 KOIEEK, MOXXHO YILIa-
TUThb MOHETAMH B 3 U 5 KoIlcek.
Pemenwue. Iokakem, kak yruatuth 8, 9 u 10 koreek:

8=5+3;
9=3+3+3;
10 =5+5.

Jlo0aBuB emé ofHy TPEXKOIMECYHYI0 MOHETY, TOJIy4acM

11=8+3=(0G5+3)+3;
12=9+3=03+3+3)+3;
13=10+3=(5+5) +3.

EHIC OJHa Tpéxxoneeq]-[a;{ MOHCTA IIO3BOJIUT YIUIATUTH

14 =11 + 3;
15 =12+ 3;
16 =13+3

KOIIECK, U TAK JaJicc. 33,&8‘{21 peuicHa.



3amaua 4. Urpymika («XaHolickuie OalHU») UMeeT TpU cTepkHs. Ha omHOM
HAxXOJUTCSl NMpPaMUJKA W3 HECKOJIbKUAX KoJiell (YMEHBIIAIOUIUXCSI CHU3Y BBEPX).
DTy MMpaMHIKy HYKHO TEPEJIOXWUTh Ha JPYroi CTEpeHb, COOIIOTAas MPaBMIa
WTPHI: HEJB3s TIEPEHOCHUTh CPa3y HECKOJBKO KOJEIl W HEJB3s KJIACTh OOJbIIee
KOJIBIIO TTOBEPX MEHBLIETO.

Hanpumep, nupamujxy u3 JAByX KOJIEI] MOKHO TEPEJIOXUTh TaK: IMOJIOXKUThH
MCHbIIIee KOJIBIIO Ha BTOPOU CTEPKEHb, 3aTeM OOJIbllee Ha TPETHIA, 2 3aTEM MCHb-
nree moBepx Oospirero (1 — 2, 1 — 3, 2 — 3, ecyii CTep>KHI HyMepoBaTh CJIeBa
HAIIPaBo).

1 2 3

Hama 3a/la4a — HO0Ka3aTh, YTO BO3MOXKHO IICPEMECTUTH HA I[pyFOI‘/‘I CTCPIKECHDb
IIMPpaMUJIKy W3 JI00Oro urca KOJI€II, CO6JIIO,Z[3H IIpaBUJIa UI'PbI.

Pemenwne. [lycts B mupamuxe Tpu KoJiblia. BpeMeHHO 3a0yzneM Mpo HIK-
Hee, camMoe 00JIbIIoe (MBICJICHHO MPUKJIEUM €r0 K OCHOBAaHMIO). Toryia ocraHercs
MMPaMUJIKA U3 JIByX KOJIEll, KOTOPYIO MBI Y€ yMeeM IepeKIa/IbIBaTh.
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Puc. 1. Cnyuaii Tpéx koJell.

JaBaiiTe mepesioXUM €€ C MEpPBOro CTEpXKHs Ha TpeTuit. (DTO JAenaetcs B
HECKOJIBKO TIPUEMOB, HO JUIS HAac ceivac 9To Kak Obl oamH miar.) [ocse sToro
BCIIOMHHM IO OOJIBIIOE KOJIBLIO U ITEPEJIOKUM ET0 Ha BTOPOU CTEP)KeHb (KOTOPBINA
IoKa mycT). Termeps MepesiokM MUPAMUAIKY U3 JBYX BEPXHUX KOJEIl C TPETHETO
CTEPXHsI Ha BTOPOU. Bce 3T neiicTBust M300paXKeHbl HA PUCYHKeE 1.

[TporpamMmuctsl ckazaiu Obl, Yr0 Yy HAC e€Crb npoyedypa (1101Iporpamma,
BCIIOMOTATEJIBHBII AJITOPUTM) MEPEeKIabIBAHNS IMPAMUAIKA U3 JIBYX KOJIEll, KOTO-
PYIO MBI BBI3BIBAEM JBX/6I. Ha OoJsiee HU3KOM ypoBHE (€CJIH 3aIJIs/IbIBaTh BHYTPb
IIOIIPOI'PAMMBI) HAIllM JICHCTBUSI TIOKA3aHbl HAa puc. 2 (c. 8).

Barmcath uIXx MOKHO Tak: 1 —+ 2,1 —+3,2—+3,1—-2,3—-1,3—>2,1—2
(MOCTATOYHO yKa3bIBaTh HOMEPA CTEPXKHEH, TaK KaK MbI BCEIJ]a MEPEKJIAIBIBACM
BEpXHEE KOJIBIIO).

Teneps, UCIIOJIB3YS MEPEKIIaIbIBAHIE IMPAMUAIKA U3 TPEX KOJIEL] KaK MOAIIPO-
IrpPaMMY, MBI MOXKEM IIEPETIOKUTD YETHIPE KOJIBIIA (JJOCTATOYHO 3aMEHUTD Ha puC. 1
MIPAMIJIKy M3 JIBYX KOJICIl Ha TIMPAMUJIKY U3 TPEX).

[Mocsie 5TOro MOXHO NEPEJIOKHUTH ISITh KOJIEL, MCIIOJIB3YsI IEPEK/IaIbIBAaHIC
YeTBIPEX KaK MOANPOrpaMMy M Tak Jajiee. 3ajada pelleHa.



Puc. 2. Cayuait Tpéx KoJien: mopoOHOCTH.



3amaua 5. Ilpung Ha BCTpedy, HEKOTOPHIE M3 €€ YYaCTHUKOB IIOXKANU JIPYyT
JpYry pyku. Jloka3arh, 9TO YKCJIO JHO/EH, CAEABIIAX HEYEMmHOoe YHACIIO PYKOIO-
KaATHIL, 4€émHo.

Pemenne. Bynem cunrarh, 4TO pyKONOMXKaTHs IIPOMCXOIAT 110 ouepenun. Ms-
HAYQJIBHO BCE YYAaCTHHMKM caeiamm O pyKomoxaTuii, a HyJIb — YETHOE 4YHUCJIO.
[To3TOMY HM O/IHOIO «HEYETHOI'O» yYACTHUKA HET, U YTBEPXK/ICHHUE 33/1a4M BEPHO.
(J1J11 KpaTKOCTH MBI Ha3bIBaeM «YETHBIMU» U «HEUETHBIMUAY YYACTHHKOB, CEJIaB-
1IIAX YETHOE U HEYETHOE YKCJIO PYKOIIOXKATUA. )

IMocsie epBOro pyKOmoXatust 00a €ro yJaCTHHUKA CTaJIM HEYETHRIME (OHU Cie-
JIAJIN 110 OJJHOMY PYKOIOXKATHIO), TO €CTh MOSIBUJIOCH 1BA HEUECTHHIX yYaCTHHKA.
JlBa — 4ETHOE uUMCIIO, ¥ YTBEPXKJICHUE 3a7auM OCTAETCsl BEpHBIM. [labie yxe
BO3MOXXHBI BAPUAHTHI: BO BTOPOM PYKOIIOXATHXA MOTYT Y4acCTBOBAaTh HOBBIE JIIOIH,
a TaK)Ke yYaCTHHKHU IepBoro. Mul pa3OepéM Tpy BO3MOXHBIX CITydas:

a. JIBa 4€THBIX y4YaCTHHKA XMYT JIpyr Apyry pyku. Ilociie 3Toro xakiplii us
HUX CTAHOBUTCS HEYETHBIM (YETHOE UMCJIO IUIIOC €IMHUIIA — HEYETHOE UYMCJIO).
OOuiee 9nCI0 HEYETHBIX YYACTHUKOB YBEJIMUYMBACTCS HA 2.

0. /Ia HEUETHBIX YUaCTHHUKA XMYT Jpyr Apyry pyku. Oda craHoBsitCs 4€T-
HBIMH, 1 00lllee YKCJIO HEYETHBIX YYACTHUKOB YMEHBUIAETCS! HA /iBa (M OCTaTcs
YETHBIM, Pa3 OHO OBLJIO TAKOBBIM).

B. UETHBII y4acTHHK )XMET PyKy Hed€THOMY. [Ipr 5TOM OHM MEHSIOTCS MeCTa-
MHU: HEYETHBIN CTAHOBHUTCS YETHBIM 1 HA000pOT. [TosTOMYy 0OOlee 4MC/I0 HEUE THBIX
YUYACTHUKOB HE MEHSIETCSI.

TakuM 00pa3oM, MBI BUAVM, 9TO MHTEPECYIOllee HAC YNCJI0 (KOJMIECTBO He-
YETHBIX YYAaCTHUKOB) BCE BpeMsl OCTa€TCsl YETHHIM (BHAYajle OHO PAaBHO HYJIO,
IIOTOM MOXKET yBEJMUMBATBCS M yMEHBIIAThCA Ha 2). 3ajada pelleHa.

Oomaga cxema

Uro ke Takoe «MaTeMaTrudeckast MHIYKuusay? UTo oOuero B peleHusx pas3o-
OpaHHBIX HAMU 3a/1a4?

B xaxk/10it U3 HUX MBI BBIIEJISIEM B 33/1a4€ MI0CJIE0BATEIbHOCTh YTBEPKACHUIA,
KOTOPHIC JTOKA3hIBAEM TI0 ouepenu. B 3aqade o kapTe MBI CHavajIa yOeAWIIVCh, 9TO
JUISL O/THOM M BYX IPSIMBIX MCKOMAsi PaCKpacka BO3MOXKHA. 3aTE€M MBI TOKA3aJd,
KaK W3 PACKPACKM JJIs BYyX INPSIMBIX C/I€JIAaTh PACKPACKy ISl TPEX, 3aTeM JIs
YeTHIPEX U TaK Jajiee.

Bo BTOpOI1 3a7a9e MBI cHavaIa yoeauwch, uyro 111 genurces Ha 3, moToM —
gro 111111111 pemurcsa Ha 9, 3atreM — 4rto 111...111 (27 eaunmiy) AenATCA
Ha 27 w Tak jganee. Ilpy 5TOM Kak/blil pa3 Mbl ONMPAJMCh HA YXeE JIOKA3aH-
HOE: 3Hasl, 9TO 4ucjo u3 3" equHuMil JesuTcs HA 3", MBI IPOBEPSUIN, YTO UKCIIO



ws 3" enuHMIT MOMyvaeTCa W3 HETO YMHOKEHMEM HA UMCJI0, KPAaTHOE TPEM, U
notoMy Aemmrcs Ha 37T,

B 3aaue 0 MoHeTaX MBI JOKa3bIBAJIU, YTO 11 KOIIeEK (IIpU n > 8) MOXKHO yIUIa-
TUTh MOHETaMM B 3 m 5 koneek. CHawaja Mel mpoeepuim »To nipu n = 8,9, 10,
3aTEM 3aMETHIUIM, YTO MPHOABJICHUEM OJIHOM TPEXKOIEEYHON MOHETHI MOXKHO IO-
Jgyunts n = 11,12, 13, 3arem n = 14,15, 16 u tax nanee.

B Ramade o «xaHOWCKMX OAIIHIX» MBI JIOKa3bIBAJIM, YTO MPH JIIOOOM n > 2
MMPAMUAZIKY U3 1 KOJIEI[ MOXHO TepeHecTH (I0 MpaBUjIaM) C OJJHOTO CTEPXKHS Ha
npyroii. Ilpu aTom miepeHoc n + 1 koJiell B Ka4eCTBE MOIIPOTPaMMEI BKJTIOYAT B
ceOs IEPEeHOC 11 KOJIEIl, TaK UTO KaKI0e M3 YTBEPHK/ICHMIT IIETIOUKY OIIPAIOCH HA
TIpeBITyLIee.

Hakoneri, B 3a/1ade 0 pYKOITOXKATUSAX MBI JJOKA3BIBAJIHM, UTO UKCJIO HEUYETHHIX
YYaCTHUKOB TIOCJIC 71 PYKOIIOKATHIA Oy/IeT YETHHIM (ITOCKOJIBKY IIPH IIepexojie OT
n x n+ 1 9uciio pyKonokaTuii MO0 He MEHSETCs, JIMOO MEHsETCS Ha 2).

Wrak, obmas cxemMa J0Ka3aTeIbCTBA 10 MHIYKIMM TakoBa. EcTh HekoTOpas
110CJ1€/10BaTeIbHOCTD yTBepx)IeHuit (Aq, Aa, ..., Ay, ... ). Mbl JlOKa3biBaEM, 4TO
ouepesiHoe yTBepk/IeHue (A,) BEpHO, CUMTAst U3BECTHBIM, UTO BCE MPEIBIyIINE
yrBepkaeHus (Ag npu k < n) BepHBI. ITO MO3BOJISIET HAM YTBEPKIaTh, YTO BCE
yTBEpxK/JeHUST A, BEpHEL

Taxkoi1 crioco0 paccysk/ieHust Ha3bIBACTCSI Mamemamuyeckoil uHoykyuetl, a Be-
JIMYMHA N Ha3bIBacTCS napamempom uHOykyuu. TOBOPAT, YTO MBI JTOKA3HIBAEM
yTBepKIeHne A, undykyueil no n.

Harpumep, B 3aj1aue 0 pPyKOIOXATHSX YTBEpXk/IeHHe A, TaKOBO:

II0CJIE N PYKOIIOXKATUIl YMC/I0 YYACTHHUKOB, CAECJIABIINX HEUETHOE
YHCJIO PYKOIIOXKATHI, YETHO.

MBI HyMEpOBAJIN YTBEP>K/ICHIS, HAYMHAS C ¢TVHUIIBI, HO 3TO HE 00S3aTEJIBHO.
Hamprmep, B 3agavue 0 MOHETaX TMOCJIEAOBATEIBHOCTD YTBEPKACHUIN HAYMHACTCS
¢ Ag (po 8 Korieek). Mpl cHavasia jioKasbiBaeM yrBepxkjeHust Ag, Ag, Ajo, a
3aTeM BCe CJe/yIolye Mo odepeu. [Ipu 3TOM J0Ka3aTehCTBO YTBEPKAeHUus A,
ormpaeTcs Ha A,_3 (3Has1, KaK YIUTATUTh N — 3 KOTEHKA MOHETaMU B 3 1 5 Korie-
€K, MBI MO’KEM YIUIATUTh N1 KOIIEEK: IOCTATOYHO J00ABUTH OJHY TPEXKOIICCUHYIO
MOHETY).

Nnero mMetoa MaTeMaTHUECKON MHAYKIIMM MO>KHO TOSICHUTh TaK: BBICTPOUM
PAJIOM APYT € APYroM KocTu AoMuHO (puc. 3). Ecim Tenepb MoBaJIMTh NEPBYIO U3
HUX, TO 32 HEl IOCJIeAYeT BCS LICMOYKA: I1a/1asl, KOCTSILIKA TOJIKAET CJIEAYIOLIYIO
(puc. 4).

Bort emé aBe HArJIsAHBIX WUTIOCTPALIMY K IPUHIIAILY MaTeMATUIeCKOM UH/YK-
1.

10



Puc. 3. Koctu gomuno.

Puc. 4. naykiys B JeiCTBUA.

BexximmBas ouepenp. [IpaBria Xopolero ToHa 3aIpelaT MY>KYIHE CTOSTh B
ouepeau cpasy Iepe[ *KEeHIIMHOM (OH JOJDKEH POy CTUTh e€ Briepén). [lostomy,
€CJIV TICPBHIIT YEJIOBEK B OUEPE/I — MY>KUMHA, TO U BCE OCTAJILHBIE — MY>KYMHBI.

Pe3uHoBBIIT aBTOOYC. [lokaxeMm, 4TO B aBTOOYC TMOMEIIAETCS JIIOOOE KOJIH-
4eCcTBO Hapoay. B camom jnese, ofmH 4YesoBeK momeniaercs 0e3 Tpyaa (6asumc
WH/IyKIIAN); C JAPYTOil CTOPOHBI, KaK Obl HM OBLT HAOWT aBTOOYC, YK OIUH-TO
YeJIOBEK B HEro Bcerja BJie3eT (IIar MHIAYKIVN).

Bosepammasice k 0osee cephE3HOMY pasroBOpy, pazdoepéM eme HEeCKOJBKO 3a-
Jad, BbIEJIsIsE 00Jiee YETKO LIAry MHIYKTUBHOIO PACCY>K[ICHMS.

3amaya 6. Ha nocke Hammcaubl cTo nmudp — HYJIM U eTUHUIB (B JIFOOOM
KoMOMHaIWM). Paspeniaercst BBITOJHATD 7Ba ACHCTBUS:

(a) 3aMeHATH mepByIo 1Py (HyJIb HA IUHUIYY W HA00OPOT);

(0) 3ameHATH IUQPY, CTOSIIYIO TIOCTE TICPBOI €TMHUITHL.
(Ilpumep: B mocaenosareasHocT 0011001 ... MOXHO 3aMEHUTH IIEPBYIO LGPy
WM YeTBEPTYI0 — OHU NOAUYEpKHYTHL.) [lokazaTh, YTO C IOMOIIBIO HECKOJBKUX
TaKWX 3aMEH MOXHO TOJIYYHTH JIOOYI0 KOMOMHAIIMIO U3 CTa HYJICW ¥ eTUHUII.

Pemenue. JlokakeM [0 MHIYKIIMU Takoe yTBep:k/eHue A,: Ha nepevix n
Mecmax MOJCHO NOAyYumsy 1io0yl0 KOMOUHAYWIO Hynell i eOUHUY.
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basuc nnayknuun. [Ipu n = 1 3T0 HaM JaHO N0 YCJIOBHIO: NIEPBYIO IU(DPY
MOXXHO MEHSITh KaK YT'OJTHO.

I[lTar naaykunuu. [IpeanosoxuM, 94To MBI yKe JOKa3aJd, 9TO HA IIEPBBIX
n —1 Mectax MOXHO TMOJIy9IUTh JII0OYI0 koMOmHaiwo 1mdp. Torga, B gactHOCTH,
TaM MOXHO 1oJTyunTs 1 komOuHarmio 000 . . . 0001 (eqummiia va (n—1)-oM mMecTe
U HyJIU 10 He€). DTa KOMOMHALIMS [TO3BOJISIET 3aMEHUTH 1Py, CTOSAIIYIO HA 11-M
MecTe, MOCKOJbKY MMEHHO OHA OKa3bIBaeTCs LUGPON, CTOSIIE Mocye MepBoit
emuHubl. [locne 3Toro Mbl MOXXEM CHOBA BOCIIOJIB30BATHCS IIPEATIOJIONKEHUEM
VHIYKIMU A, 1 ¥ TIOJIyYnTh Ha TIEPBBIX n—1 MecTax JiIoOble HyKHbIe HaM 1I1(PHI.

3amaua pemrena? Ha camom nmene mer. Hame pemieHme coaep:kuT He cpasy
3aMETHBIA, HO BAXKHBII IPOOEJI: 1oYeMy m3MeHeHue n — 1 1mdp Ha HOCJIeIHEM
niare He UCHOPTUT n-ii nudpbr? UTOOBI UCIIPABUTH TOJIOKEHUE, HAM TIPUAETCS
V3MEHUTD PEIICHAE W JOKA3hIBATH 110 MHIYKIMH 0OJIee CUIFHOE YTBEPXK/ICHUE: Ha
nepevix N Mecmax MO}CHO noiyuums ndvle yugpsl, He mpo2asi Cleoyiouux
yughp. Terieps yKe BCE MPOXOIUT TIIAKO: TIPOBOJIS 1ITAT MH/TYKITAW, MBI TTOJTY YVJIH
HY>HBIC HaM LI(PHI HA TEPBBIX 71 MECTAX M HE KACAJHChH CJAeTYIONmMX 1udp.

Teneps 3aa4a 1€ACTBUTEIBHO PeleHa. [IJ1s1 CaMOIIPOBEPKY IIOJIE3HO 3aIHCATh
MOCJIEAOBATEILHOCTh ACUCTBUI MIPU mepexose, ckaxkeM, oT 001 x 000. (Otser:
001 — 101 — 111 — 011 — 010 — 110 — 100 — 000.)

3amava 7. PaccMOTpUM BCEBOBMOXHBIE OOBIKHOBEHHBIE JIPOOM C YMCJIUTEIIEM
1 u 00bM (LIEJIBIM TOJIOKUTEIbHBIM) 3HaMeHateem: 1/2,1/3,1/4,1/5,...
Jlokazarte, 4TO I JHOOOTO n > 3 MOXXHO TIPEICTABUTh €IUHUILY B BHJIC CyMMBI
n PasJIMYHBIX APOOEit TAKOro BHUIA.

Hanpumep, nipy n = 3 MOXXHO HalMcaTh TaK:

1= 1 1 1
=32%3%%

(SlcHoO, 9TO ABYMS APOOSMU HE OOOMTHCH, TIOCKOJIBKY BCE JPOOU, KpOMe IIepBOii,
MCHBIIIE TTOJOBUHB. MOXXHO Take IIPOBEPUTH, ITO IS TPEX APo0Eii €CTh TOIBKO
OJIH BAPMAHT.)

Pemenue.

Basuc unpgykuuu (n = 3) yxke Jl0Ka3aH.

[Tar manyxuunu. [peamonoxum, 9to s n — 1 1podeit 3a/1a4a penreHa:
€CTh IpeJICTaBJICHUE

1= 1 1 1
B KOTOPOM n— 1 cJlaraeMbIX ¥ Bce 3HAMEHATeJU pasHble. ByieM cuuratsh, 4ro apo-
OM yOBIBAIOT (3HAMEHATEJNIM BO3PACTAIOT CJICBA HATIPABO, TaK YTO kK — HAMOOJIb-

M1 U3 3HAMEHaTeJsIel). MBI 110Jly4uM UCKOMOE IIPE/ICTaBJICHUE B BUJIC CYMMBI 11
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JpoOeii, ecii pa3o0bEM OIHY JpoOb Ha JBe. DTO MOXKHO C/AEJIaTh Tak:

11 N 1
ko k+1  k(k+1)°

(B camom pniente, pasHocts 1/k —1/(k + 1) pasua 1/k(k + 1), mockosbky mocie
MIPUBEICHUS K OOIIEMY 3HAMEHATEJTIO YMC/IUTENN OTJIMYAIOTCS Ha €TUHMUILY. )
IMocaenHee (HO BaKHOE) 3aMEYaHMe: BCE JPOOM OCTAJIMCh Pa3IMYHBIMK, Tak
KaK k ObUIO HAMOOJIBLIMM 3HAMEHaTesieM, a kK + 1 OoJbiie k (He roBOpst yX O
k(k + 1), xoropoe emg Gouibliie).
3ajava pemreHa.

Ecsu paccyx/eHve 1o VHTYKIUN KAKETCsk HEOHSTHBIM, MOJIe3HO MTPOCIIe/TUTh
HECKOJIBKO €T0 IIAroB IPU KOHKPETHHIX 3HadeHusx n. Hampumep, mipu mepexoje
ot Tpéx /ipodeit K YeThpéM Mbl pazouBaem 1/6 Ha1/7u1/6—-1/7=1/(6-7) =
1/42:

Ll 1 11111
2 3 6 2 3 7 42

B maHHOM KOHKpPETHOM CiIydae MOXHO ObUTO OBl pazdouth Ha 1/6, a 1/3 (xax?),
HO B 00IEM CJlyyae Mbl XOTUM TapaHTAPOBATh, YTO BCE JAPOOU OYAyT pasHbIMHU,
7 TIOTOMY pa30MBacM CaMyl0 MAaJICHBKYIO JPOOB.

3amaua 8. Jlokaszarts, 4TO 000N M3 KBAAPATOB 2 X 2, 4 X 4,

8x8,...,2"x2", ..., U3 KOTOPOI'O BHIPE3aH YIJIOBOI KBA/[PATUK
1 X 1, MOXHO pa3pe3aTb Ha YrOJIKU U3 TPEX KJIETOK.
Pewenue.

Basuc ungyxkuuu. s kpagpara 2 X 2 (1o ecTb pu n = 1) 5T0 TpUBU-
AJIFHO: TIOCJIC BBIPE3AHUS YIJIOBOTO KBA/IPATHKA KaK pa3 W OCTAETCS YTOJIOK.

IMar muayxuuun. s ksagpara 4 X 4 (T0 eCTb 1IpU
n = 2) 3aJaya TaKKe PENIAeTCs JIETKO: YTOJIOK U3 TPEX w
KBQ/IpaToOB pasMepa 2 X 2 MOXHO paspe3aTh Ha YETHIpe == —I—
MAJICHBKUX YTOJIKA, X OCTAETCS TI0OABUTh K HAM €I O/TH _
YTOJIOK).

Tot e rpuém rogurcst u B odweMm ciaydae. I[Tycts mMer ! !
paspesaim kpajipar 2771 x 2771 Ge3 yruiosoro ksajiparuka
1% 1 Ha yroaxu u3 TpéX KJIETOK. YBEJIUYUM Ty KapTUHKY
BABOe. MBI yBUAMM, YTO KBaJpaT BABOE OoJIbLIero pasmepa 2" X 2" 6e3 yrioBoro
KBajipaTa 2 X 2 pa3pe3aH Ha YrOJIKY U3 TPEX KBAAPATOR 2 X 2. OCTalTCs KasKIplil 13
STHX YTOJIKOB pa3pe3aTh HAa YETHIPE MAJICHBKUX (Kak Ha puc. 5, ¢. 14) u no0aButh
eué OMH YroJIOK B BeIpe3 2 X 2.

3agava pemreHa. (JIyst caMOIpPOBEPKUA MOXHO HApPHCOBAThb CXEMY Pa3pe3aHUs
JU1s kBazapata 8 X 8.)
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Puc. 5. bosbloit yroyiok paspe3aH Ha 4 MEHBIINX.

WNHIyKIas KaKk TPIOK

Yacro, pacckasbiBasg O MATEMATUUECKOM MH/YKLIMM, HAYMHAIOT C TAKOM 3a/1a4un:

3amaua 9. Jlokazats, yto (Tipm JodoMm n > 1)
1
1+2+3+...+n:%.

Pemenune.

basuc nuayknun. [lpu n = 1 yreepk/IeHne UMEET BUJL
1.2

2

1

” o4eBHHO. Eciim cymMMa M3 OJHOrO WieHa KaXKETCsl 9eM-TO CTPAHHBIM, MOYHO
MIPOBEPUTH U CJIy4ail n = 2: B 9TOM CJIydae

22+ 1)

1+2=3=
+ 2

IMar uaayxkuuu. Beyesoum B cymme 14+2+3+. . .+ (n—1)+n nocneaHuit
YJICH:

1+424+3+...+(n—1)+n=[1+2+...+(n—1]+n

Ilo HIPEAIIOJIIOKECHNIO UHAYKIUU TIPABYIO YaCTh MOXHO IIEPCIIMCaTh KakK

(n—l)((r;—l)+1)+n:(n—21)n+n:
(n—1n+2n
— =
n>+n _ n(n+1)
22

4yTo " Tp€6OBaJIOCI) JI0OKa3aThb. Baaaqa penieHa.
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PemnieHue mpocToe, ecim OTKyIa-To y3HATh OTBeT n(n+1)/2, HO KakK JI0 Hero
Joraiatbest? MosKHO pelmmTh 3Ty 3a7ady U uHave. [lepectaBuM B cymme

S§=14+24+...+(n—1)+n
4JICHB B OOPATHOM IOPSIJIKE:

S=n+n-1+...+2+1.
Ci10%uM 3T1 /1BAa PABEHCTBA MOYJICHHO:

28 =0+n+R2+0m-D]I+...+(n—-1)+2]+ [n+1].

B mparoit wacTi n KBajpaTHBRIX CKODOK (B KaX/0i M3 CYMM OBIJIO 1 CJIAracMbIX),
Kak/1asi CKoOKa paBHa n + 1, nodromy 28 = n(n + 1).

B cnenyromeit 3aade He Tak MPOCTO OOBSICHUTH OTBET, HO 3HAsl €ro, YKe
JIETKO TIPOBECTH J0KA3aTEIBCTBO 10 MH/TYKIVIH.

3amava 10. JJokazats, uro (1ipu JodoMm n > 1)

n(n+1)2n+1)

1+4+9+...+n°= s

Pemenue.

Basuc naayknum 1 =(1-2-3)/6.

[ITar nagykuun. ITycTs MBI yske 3HAEM, YTO PABEHCTBO 3a/[a4M BEPHO JIS
CyMMBI 1 — 1 KBaJ[paToOB:
(n—1)n2n —-1)

6

(B mpaBOIl Y4acTH 3aIMCAHO BBHIPAKCHUE M3 YCJIOBUS 337a4d, B KOTOPOM 7 3aMe-
HeHo Ha n — 1). TlpubasuM k o6euM yacTsam uucio n2. TodyduM, 9To cymMma n
KBa/IpaToOB paBHA

124224324+, . +(n—-1>%=

(n—1Dnn—-1) , (n—1n@2n—1)+6n?
+n? = =
6 6

nl(n—-1Q2n—1)+6n] _

. =
n[2n* —3n+1+6n] _

s =
_n2n’+3n+1]

6
_n(n+1)2n+1)

6 )

4yTo " Tp€6OBaJIOCI) JI0OKa3aThb.
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Ho xak sxe BcE-Taku yragath (GopMyJly JJIsE CyMMBI KBaapaToB? Bot oqmHa m3
BO3MO)KHBIX PEKOHCTPYKIIWIL: [IJIs1 CYMMBI IIEPBHIX CTerieHeit otBeT (n(n + 1)/2)
OBbIJI MHOTOWJICHOM BTOPOI cTereHu. [103ToMy MOXKHO OXKHJaTh, YTO JISI CyMMEI
KBQ/IPATOB TIOJIyYNTCS MHOTOWIEH TPETHEH CTEMEHM, TO €CTh BRIPAXKEHVE BHIA
an® + bn? + cn + d ¢ nexkoropriMu Kodpduimentamu a, b, ¢, d. Tlocse sroro
MOXXHO 110J00paTh TH KO3((PUIMEHTEI, ITOCTABIISIS KOHKPETHBIC 3HAYCHUS N U
pelast CHCTeMy JIMHEMHBIX ypaBHEHMI. A 1T000paB MPaBIJIbHBIE KOD(MD(DHUIIUEHTHI,
yKe JIETKO IIPOBECTH JIOKAa3aTEJIbCTBO MO MH/TYKIVIN.

3agada 11. Ha nocke Harmcans! gBa uucia 1, 1. Brmcas Mex/y duciamu ux
CyMMY, MbI HoTyunM yucia 1,2, 1. TIoBTopuB ATy onepaiuio emg pas, MoJydum
gncia 1, 3,2, 3, 1. Iocre Tpéx omeparmit 0yayT uucna 1,4,3,5,2,5,3,4,1. Ka-
KoBa OyZeT cyMMa Bcex 4rces Ha jJocke nocie 100 omeparprii?

Pemenne. fdcno, uyro g semosHenus: 100 omepanmii HaM HE XBaTAT HU
MeCTa, HA BPEMEHU. 3HAYUAT, HYXHO MBITATHCS HAUTH KaKyIO-TO OOIIyIO (hopmy-
JIy JUIsL CyMMBbI 4muces1 rocjie n orepauuii (0003nauum e€ S,). [locmorpum Ha
TabuIy:

n S,
0 2
1 4
2 10
3 28

Bummte 51 BB 371eCh KaKyHO-TO 3aKOHOMEpHOCTh? Ecimm HeT, MOXHO cfiefiath emeé
OJIVIH 1IIar: IIOCJIe YeTHIPEX OIlepariyii OyayT drcia

1,5,4,7,3,8,5,7,2,7,5,8,3,7,4,5,1,

cymma kotophix (Sy) paBHa 82.

Ha camoM [ejie MO>KHO He BBITHCBIBATh YHCTIA, 2 CPa3y CKa3aTh, KaK U3MEHUTCS
cyMMa HocJie 1o6aBIeHusT HoBbIX wmcen. Ilycts cymma 6pi1a paBHa S. Kakoit oHa
CTaHET, KOT/a /100aBsATCs HOBBIC uncia? Pa3o0péM Ka/10€ HOBOE YMCJIO B CYMMY
AByx crapeix. Harmpumep, ot

1,3,2,3,1

MBI IIEPEXOJUM K
1,1+3,3,3+2,2,2+3,3,3+1,1.

Kaxxgoe crapoe wmcio (kpome JByX KpallHWX €IMHHIL) BXOAWT TEHEPh B CyMMY
TPH paza, HO3TOMY HOBasi cyMMa paBHa 3S — 2 (MBI BHIWIM 2, 4TOOBI y4eCTb
He/ocTaonme emuuib). [losromy Ss = 35, — 2 = 244 u BooOIEe

Sn - 3Sn,1 — 2.
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Ho Bcé-Taku, xakoBa o0mas ¢opMmysa? Eciau Obl He BHIUMTAHUE JIBYX €/IMHUIIL,
TO KaX[blil pa3 CyMMa YBEJMYMBAJIAch Obl B TPHU pa3a, KaKk B CTEICHSX TPOWKHU
(1,3,9,27,81,243,...). A Haum 4ncia, KaK TENeph BUIHO, HA €TUHUITY OOJIh-
me. Takum 00pa3oM, MOXKHO TPEATIOIOKHUTh, YTO

S, =3"+1.

Teneps ATO JIETKO JOKA3aTh MO MHIYKLWN.
Basuc naayknun. Cmotpm tabmmyy (mas n = 0, 1,2, 3).
ITar nunykuun. Ecim

Sn—l = 3”71 +1,

TO
Sy =38,1—-2=33"141)—-2=3.3"143_2=3"41.

Hama gopmyna nokazana. M3 He€ BUAHO, YTO MOCJIE CTAa OIEpalvil CyMMa BCEX
YrcesT Ha I0CKe (XOTSI, YECTHO TOBOPSI, OHHU YXK€ BPSI JIA ITOMECTSTCS. Ha JOCKE)
Oyner pasma 3'%° + 1.

3agava pemreHa.

KCTaTI/I, a CKOJIBKO 4YHCECJI 6y,Z[CT II0CJIE CTa onepaumﬁ‘? OTO aHAJIOrMYHAs 3a-
Ja4da, 4yTb boJiee Ipocras.

Ycuiienne yrBepxKaeHus

3amava 12. Jlokazarh, 4TO CymMMa
P+2+3+...+n

SIBJISIETCSI TOUHBIM kBaJgpatoM. (Hanpumep, 1 = 12,1+48=9=23%1+8+27 =
=36 =6 1+8+27 + 64 =100 = 10 u Tax nauee.)

Pemenne. UroObl mpoBecTr pacCyXA€HUE 10 MHIYKLMM, MBI, KaK 9TO 4Ya-
CTO JIEJIAIOT, ycunum AoKasbiBaeMoe yTBepxkJeHue. HaMm majo 3HaTh, 4TO cyMMa
KyOOB SIBJISIETCSI TOYHBIM KB3/IpaTOM — HAJO0 CIIE CKa3aTh, KBAPAaTOM %e20 OHa
SIBJISIETCS.

Uro »T0 32 MociaenoBaTeabHoOCTh 1,3, 6,10, . .. ? MOXHO 3aMeTUTh, 9TO pas-
HOCTM MEX]y COCEJHMMM WICHAMU YBEJMUMBAIOTCA Ha eamnmuy: 3 — 1 = 2,
6—3 =3, 10—6 = 4 u tak ganee. C Takoil OCJIEI0BATEJIBHOCTBIO MBI YK€ CTaJI-
KUBAJIMCh: 3TO OBLIA ITOCIeIoBaTeIBHOCTh cyMum 1, 142, 14243, 1424344, .. ..
TakuM 00pa3oM, MOXKHO IIPE/IIOIOKUTH, ITO

P+24+. .+ =0+2+...+n)
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JItoGoIBITHO OBUTO OBl TPUIYMATh MPSIMOE JOKA3aTeJIhCTBO ATOM (popMyssl. Ho
0 WHAYKIMU e€ JT0Ka3aTh HECJIOXKHO. YJOOHO Iepemnvcarh IPaByl0 YacTh Kak
n?(n + 1)? /4, ucrons3oBas 3agauy 9. Ilo npearnosioxkeHuio UHYKIAN

_12 2
13+23+...+(n—1)3:¥.

Ipubasus n®, momyyaem, uro cymma 1% + 23 + ... + n* papma

(n —1)2n? g (n—1)%n? + 4n°

4 "= 4

_ ((n=12+4n)n?® _

= i =
(n> —2n + 1+ 4n) n?

= 7 =

_(m*+2n+1)n?

==

_ (n+1)*n?

=—F

9TO U TPEOOBAJIOCH JOKA3ATh.

3amava 13. Jlokaszath, uro (Tpu JIF0OOM HATypajbHOM n > 1)

1+ ! + ! + + ! <2
stat ot , .
Pemenue. Kak u B npe/pi/iynieit 3ajiaue, Mbl Oy/ieM JI0Ka3bBaTh 110 MH/YK-
1uu Gosiee CUITBHOE YTBEpXk/IeHHe. B TaHHOM ciiydyae 9TO Oy/eT paBeHCTBO
1 1 1 1
1+-4+-+...+—==2—-—.
+ 7 + 2 + + 7 7
basuc uupykuum: 1 +1/2=2-1/2.
[lar vHAY KUK eclTn

1 1 1 1
TO
1+1+1+ +1—2 1+1—2 21+1—2 !
2 4 T o 2n-1 " on on o ogn on’

YTO ¥ TPeOOBAIOCh. 3ajada peleHa.
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.H}O6OHI>ITHO, 4UTO €CJIM TOCTAapaThCd, TO MOXHO [d0Ka3aTh MO HUHAYKINN U
HUCXOMHOC YTBEPXK/ICHUEC (He ycnjmBas €ro HpeIIBapI/ITeJIbHO). 210 JEJIACTCA TaK:

[S{ea)15
11 1
T+-+-+...+

2,
2 4 2n-1 <
TO (€M MOIOJIaM)

! + ! + + ! <1

2 4 7 on ’

" T10CJIC HpI/I63BJ'IeHI/I$I CAVHUALIBI TI0JTyYacM

LY
24 T T

9TO U TPeOOBATIOCH.
3agaua 14. Jlokasarp, uTo (11pM JIOOOM HATypajbHOM 1 > 1)

’ 1 1 1 )
+4+9+...+n2< .

Pemenue. 3aecy 00a mpuéma m3 IpeAbIAYIIEH 3a1a491 BCTPEIAIOTCS C TPY/-
HOCTSIMU: HeT HU 0OIeit (GOPMyJIBI IS CyMMBI B JIEBO# YacTH, HU CIOCO0a MPo-
BECTH 1Al UHAYKIMHM, He MEHSS yTBEPK/ICHUS.

O/IHAKO MOXKHO YCHJIUThH YTBEPXK/ICHHUE TAK:

TFRLIEL B R
4 9 72T n’

[Ipu n = 1 HepaBeHCTBO NpeBpaliaeTcst B papeHCTBO 1 = 2 — 1. IlpoBeném mar
WH/TyKIIWM: €CIA
1 1 1 1

1+-4+-4+... <2-— ,
+4+9+ +(n71)2 n—1

TO ToCJIe TIPUOABJIEHU K 00euM yacTaM apobu 1/n? momyuaem

TETIE VI VI S SR I
4 9 n? = n—1 n?
:zinz—n+l
(n—1)n2
<o n—n 1
(n—1)n2 n’

4yTo " Tp€6OBaJIOCI).
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Ilo CYHIECTBY DTO K€ PEHICHUEC MOXKHO U3JIOKUTH U B Oostee HarJIgaHOM BU/JIC:
3aMCTUM, 4YTO

Lo 1
n “(m—-Ln n—-1 n’

HOSTOMY
1 1 1 1
1+?+§+E+'”+ﬁ

MCHBIIC CyMMBI

(DG Do)

Tenepsb Bce IPOMEXYTOUHBIE WICHBI COKpamaloTes 1 octaéres 1 +1 — 1/n, Tak
YTO MCXO/IHASI CyMMa MEHBIIE 2.

3amaua 15. Ha kpato mycTHIHE MMeeTcsl OOJIBINOM 3arac OeH3MHA W MallliHa,
KOTOpasl IpY MOJIHOI 3arpaBke MoxeT IpoexaTh 50 kwiomeTpoB. Mmerotcs (B
HEOTPaHWMICHHOM KOJIMYECTBE) KAHWCTPHI, B KOTOPhIE MOXXHO CJIMBAaTh OCH3WH U3
OeH300aKa MAIIMHBI M OCTABJISITh HA XpaHeHue (B JII0OOi Touke mycTHHM). J{oKa-
3aTh, YTO MAIFHA MOXET MpoexaTh Jo0oe paccrostaue. (Kanuctpsl ¢ OeH3uHOM
BO3UTH HE PA3pPEUIACTCs, IYCTHIE MOXXHO BO3UTH B JIIOOOM KOJIMYECTBE.)

Pemenue. [onbiTaemcs JoKa3aTh UHAYKIUEN IO 71, YTO MAIIIMHA MOXKET OTh-
exaTh Ha n KWIoMeTpoB oT kpas. [Ipu n < 50 310 u3BectHo. OcCTas1OCh IPOBECTH
IIar WHAYKIMA 1 OOBSICHUTh, KaK MPOEXaTh 1 KWIOMETPOB, €CJIM M3BECTHO, UTO
(n — 1) xwIoMeTpOB mpoexath MOKHO. OJHAKO TyT MBI BCTPEYAEMCS C TPYAHO-
CTBIO: TIOCJIE TOTO Kak MBI mpoexai (n — 1) KujIoMeTpoB, OCH3MHA MOXKET He
XBaTUTh JJaXKe Ha OOPATHYIO JOPOry (He TOBOPS YK€ O XPaHEHWM).

Kak u B mpeapiiynmx 3aavax, BBIXOJ COCTOMT B YCWJICHHU JIOKA3bIBAEMOIO
yTBepk/ieHU. ByzieM Tokas3bIBaTh, YTO MBI HE TOJIBKO MOXEM IIPOEXaTh 11 KUJIO-
METPOB, HO U

MOXEM CJIeJIATh CKOJIb YTOJHO OOJIBINON 3armac OCH3WHA B TOUKE HA
paccrosgHuM n KUWJIOMETPOB OT Kpas IIyCThIHM, OKa3aBIIMCh B DTOM
TOUKE II0CJIe OKOHYAHMS TIEPEBO3OK.

Basuc muayknuu (n = 1). Peiic Ha paccrostHre 1 m oOpaTtHO TpeOy-
eT 2 eauHur] OcH3uHA (OyfeM HaA3bIBATh CAMHUIICH KOJMYECTBO OCH3MHA HA KU-
JIOMETP TyTH), TIO3TOMY MBI MOKEM OCTaBHUTH 48 eIMHMII OCH3MHA B XPAHUJIALIE
(Ha pacCTOSIHMM KMJIOMETpPA OT Kpasl) M BEPHYThCS 3a HOBOW mopumeit. (Ocro-
POKHBII YEJIOBEK OCTABJIS/I OBl 9yTh MEHBIIE — CKaKeM, 47 eIMHUI], — YTOOBI
HE BO3BPAIIAaThCSl C COBCEM YK MycThIM OakoM.) Ho Tak mim mHadve, 32 HECKOJIb-
KO PE}iCOB B XPaHWJIMILE MOXHO CZEJIaTh 3alac IIPOM3BOJIBHOTO pa3sMepa, Kakoro
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HaM noTpedyeTcs. (Ilpu 3ToM «xo3(hGUIMEHT TOIE3HOTO JASUCTBUS» COCTABIISET
48/50: urobsI co3aath 48 emuHmMII 3amaca, MBI pacxoayem S50 eTuHMII. )

[lar uHAYKUKUUA. MBI JO/DKHB HAyYUTHCS CO3JAaBaTh XPAaHWJIMILE HA pac-
CTOSTHUM 1 C JIIOOBIM 33/IaHHBIM HArepé] 3amacoM OeH3MHA (M OKa3aThCs y HTOTO
XpaHWJMIa B KOHIIE HepeBOSOK). Kax MbI TOJIBKO 4TO BUJIC/ I, DTO BO3MOXKHO,
ec/i B TOUKe n — 1 MMeeTcss HeOrpaHWYEHHBIA 3armac OeHsuHa (0a3sucC MHIYK-
). Ho mo npeanosioxeHuio HHAYKIMY MBI MOXKEM 3aIlaCTH JII000€e KOJIUYECTBO
OemsuHa (A eVHWII IIPH CKOJIb YTOJHO GomblioM A) Ha paccrosHiM n — 1 oT
kpas!

Jlpyrumu cj1oBamu, €CJIM HaM HAJI0 3aBE3TU 3aJaHHOE KOJIMYECTBO B OeH3MHA
HA PacCTOSIHUE 1 OT Kpasi, Mbl CHauaJIa IPEACTaBJIsieM cebe, uTo B n — 1 OeH3MHA
CKOJTBKO YTOJTHO, 1 CMOTPUM, KaKoe KOIMIecTBO (A) HaM peasibHO ITOHAI00HTCS.
3aTeM MBI (HOJB3YSICh MPEAMOIOKCHACM MHIYKIIAN) 3aBO3UM A e/IMHMII GeH3HHA
B TOUKy n — 1.

HpI/IHI_IPIl'I HAaHMECHbBIIECTIO YHCJIa

YacTo pacCyX/JeHusl M0 MHAYKIMM 3aMEHSIOT CCBIJIKOM Ha «IIPUHLIAI Hau-
MCHBIIICTO YHCJIaYy: BCSIKOE HEeNnycmoe MHOMCeCME0 HAMYpPAalbHbiX Yucen umeem
HaumeHbwuil snemerm. HemonsatHo? Hudero crpammHoro, ceiigac oOBSICHIM Ha
IpuMepax.

BoT xak MOXHO TepeckasaTh pelleHue 3a7a9u 1 (o KapTe ¢ MPsIMBIMH, KOTO-
PYIO MOXHO PAcKpPacHTh B [[Ba 1IBETA).

ITpenrnoJioxknm, 4TO yTBEPKICHUE 33/1auM HEBEPHO M €CTh KapTa, KOTOPYIO
PacKpacuTh B 1Ba 1IBETA HEJIb3sl. BoOOIE roBOPs, TaKMX KapT MOXKET ObITh MHOT'O
Y KOJIMUECTBO IIPSMBIX B HUX MOXET ObITh pasHbIM. PaccmMorpum Ty u3 HuX, B
KOTOPOI IIPSIMBIX MeHbllle Bcero. ITycTs B Helt n IpsiMbIX. MOXKeT JTi 1 paBHATBCS
enunuie? Her, OCKOJIBKY KapTy C OJHON IPSMOI PaCKpPaCUTh MOXHO.

Bribepem B Hameit (HepacKpanmBaeMoil) KapTe OfHy W3 MPSMBIX (BCE paBHO
KaKyl0) ¥ BPeMEHHO yzaaymM e€. TTojyanTcst kKapTa ¢ MEHBIIMM YHCJIOM IPSIMBIX.
Pa3 Hamra xapra Opl1a MMHMMAJIBHOM (110 4MCJIy IIPSIMBIX), 9Ty HOBYIO KapTy pac-
KpacuTth MOXHO. Tak u ciesmaeM. [Tocie 5Toro Mpl BepHEM 00OpPATHO BPEMEHHO
YIAJIEHHYIO NIPSIMYIO M IIEPEKPACHAM BCE CTPAHBI C OJHOI CTOPOHHI OT He€. [Tomy-
YMM PaCKpacKy KapTbl, KOTOPYIO (II0 NPEIIONIOKEHNI0) PACKPACUTD HEJIb3Sl.

M5l 1oJTy9/Ii IPOTUBOPEYME. 3HAYMT, HAIIE MPEATIOJIOKEHHE (O CyIIECTBO-
BaHMM KapThl, KOTOPYIO PACKPACUTh HEJIb3s1) HEBEPHO.

AHQJIOTHYHBIM 00PA30M MOXXHO MEPEW3IIONRUTH U Jpyrue paccyxenus. Ha-
HPUMED, MBI JOKa3bIBAIN, 4TO JIOOYIO CyMMY, Ha4MHAasl C 8§ KOIEEK, MOKHO YIUIa-
TUTh MOHETaMH B 3 1 5 KoreeK. Tenepp 310 paccykaeHue Oy/eT BBIIJISICTb TaK.

21



[Ipenmnonoxum, ecTb Takue CyMMBI (1IEJI0O€ YMCJIO KOIleeK, He MeHbllee §),
KOTOPBIE HeJIb3s yILUIATUTh MOHETaMH B 3 U 5 koreek. Bo3spMEM caMylo MaIeHbKYIO
w3 HuX. [lycts o10 Oyaer n. Ilo mpeamojiokeHmio n 2> §, TOCKOJIBKY MEHBIIVE
3HAYEHWS N MBI HE PACCMATPUBAEcM. MEI 3HaeM, KpOME TOTO, 9TO /1 HE MOXKET OBITh
paBHO 8, 9 wym 10, MOCKOJIBKY TH CyMMBI YIUIATUTh MOXHO. 3Haumt, n > 11.
Torma n — 3 > 8 u, kpome Toro, n — 3 < n. 3HaunT (pa3 n OBUIO HAUMEHBIINM
ILUIOXUM 3HAUYEHHEM), CYMMY B 1 — 3 KOII€€K MO>KHO yIUIATUTh MOHETaMU B 3 U 5
koreek. Ecymt 100aBUTh TPEXKOIIEEUHYIO MOHETY, TO HOTYYUTCS N1 KOIEEK. A MBI
MPEAIOJIATaiv, YTO 1 KOIIEEK YILUIATUTh HeJib3s. [IporuBopeune.

HexoTopsie 3agaun mpolie cpasy pemnath, UCXOS WX MPUHIINITA HAUMEHBIIETO
yucJa.

3agaua 16. B nociaegosaresarHoct Gudonavun
1,1,2,3,5,8,13,21,34,55, ...

KaX/IBI CJICTYIONMI WICH PaBeH CyMME JBYX HMpeAbITyImx. Jloka3aTs, 4To /1Ba
JEJISIIMXCSt HA 7 4MC/Ia B HEW HE MOI'YT CTOSITh PSIOM.

Pemennme. [lycTs 9TO He Tak M €CTh /1Ba CTOSIIMX PS/JIOM UYHCHA, ACTISIIAXCS
Ha 7. Jlpurascp cjieBa HallpaBo, HAWJAEM IEPBYIO TaKylo Iapy:

a7k 710

(cocennue uncia, aessiuvecs Ha 7, 3armicanbl Kak 7k u 71). [lockosbky B Hauajie
II0CJICAOBATCIIPHOCTU CTOST ABC CAMHUIIBI, DTU 4YUCJIa HE MOFyT 6I)ITb HepBLIMI/I,
3HAYNT, Tepe/l HUMU eCTh Kakoe-To uncio a. [lo ycnosuio 71 = a + 7k, to ecth
a=7l—7k =7( — k) u noromy a toxe aerurcs Ha 7. 3Hauut, napa 7k, 7!
He ObUTa TIEPBOIl — BOIIPEKU IIPETIOJIOXKCHUIO.

HpOTI/IBOpe‘H/Ie TIOKA3bhIBACT, YTO HapLI pﬂ/:[OM CTOAIIUX WU OCAIINXCI Ha 7
uguces1 Her. (Ha camom nesie uuciio 7 B ycJIOBUM 3aJa4d MOXKHO 3aMECHUTL Ha
JiIo0oEe JIpyroe 1eJI0e 10JI0KUTEIbHOE YMCIIO. )

JlJist TPEHMPOBKH TIEPECKaKEM DTO e paccyk/ieHue 1o uuaykipu. OHo Oyier
BBIJISIAETD TaK: MHYKLUEH 110 /1 MBI JOKA3bIBAEM, 4TO X0msi Obl 00HO u3 uucen I,
u Fy41 He oenumcst na 7. (3aech yepes F, obosnayeHo n-e uuciio Oubonayuu.)

Basuc naagykuuu ovyeBuJeH (/1Ba MEPBBIX YKCIA HE ACJIATCS Ha 7).

[lar MHAYKIIUK: €CJIU 3TO HEe Tak U oba uncna F, u F,4q pensarcs Ha 7,
To U npenpiayee yncio F,_y = Fpy — F, nesmrcst Ha 7, 4TO NPOTHBOPEYUT
HPE/IIOJIONKEHNIO UH/TYKIIUH.

Takoit MeTox paccyx/ieHust (C HAUMEHBIIMM YUCJIOM) 4acro IIPUMEHSICICS B
TEOPUM UHCEJI, TJIe ero HAa3hBAIOT Memooom cnycka. Mbl TIOKaXKeM JIUIIb CAMbIit
[IPOCTOM MIPUMEP TAKOTO PO/IA.
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3agauya 17. JlokaszaTh, YTO HUKaKash OOBIKHOBEHHas ApOOb (OTHOIIECHUE JIBYX
LIEJIBIX TTOJIOKUTEIBHBIX YKCETT) HEe MOXKET B KBajipaTe OBITh paBHA 2.

(Kak roBopsT, 4Mcio \/2 uppayuonansio, T0 €cTh He MPEICTABEMO B BH/IE
JIPOOM C IIEJIBIM YMCJINTEJIEM W 3HAMEHATEJIEM. )

Pemenwue. [lycts 2TO He Tak u ecTh APOOM, B KBagpaTe paBHBIC 2. Bribepem
cpeau HuX JpoOb C HaMMEHBUIMM 3HaMeHarejaeM. (MoxxHO ObuIO OBl BHIOPATh
Jpo0b ¥ C HAaUMEHBIIUM YHCJWTEJIEM, TO OJHO U TO €, TaK KaK OTHOILICHUE
YUCIUTENS K 3HAMEHATETIO TOCTOSHHO U PAaBHO v/2.)

Iycth 5Ta 1pods ecth p/q, Toraa (p/q)* = p%/q? = 2, 10 ecTh

p2 — 2q2

Ortcroma BUTHO, UTO 9MCJIO p YETHO. B camom feste, ecivt p HEYETHO, TO OHO MIMEET
sua p = 2k + 1, nosromy p2 = 2k +1)2 = 4k2 +4k+1 =22k +2)+1,u
p? toxe HeudTHO, a y Hac p? = 2¢? u 10TOMY YETHO. 3HAUUT, p YETHO U UMEET
Bug p = 2k. Toraa
p’ = 2k)* = 4k* = 2¢4°.
Cokpainas Ha 2, nostyuaem, uto 2k% = g¢2. Terepb Mbl BUIUM, YTO ¢ TOKE YETHO
(unaue g2 ObLIO Obl HEUETHBIM), TO ecth ¢ = 2[. [lodTOMy M umMC/IMTEND P, U
3HAMEHATeJIb ¢ Hallel JpoOU YETHBI, U €€ MOXKHO COKPATHUTh Ha 2:
p_ 2k Kk
g 20 I
pu srom (k/1)2 = (p/q)? = 2 (oT cokpamieHus Ipodu €& KBajpaT HE MEHseT-
Cs1), TOPTOMY MBI HAIIUTM JIPOOb C (BJJBOE) MEHBIIVM 3HAMEHATEJIEM, KBaapaT KO-
TOPOM paBeH /IByM — HPOTHBOpeYre (110 IPE/I0/I0KEHUIO Obula BRIOpaHa Jpo0b
C HaUMCHBIIMM 3HaMEHATEJIEM).
3amava peleHa.
Ha camoMm /iejie MBI MOTJIM OCTAHOBUTKLCS M PaHbllie: OOHAPY*)UB, 4To 2k2 =
g%, bl 3aksmouaem, uto (g/ k)2 = 2, oTKyza ciieyer Takke, uto k < g, osToMy
oT Jipodu p/q Mbl LIepenur K JApodu ¢/ k ¢ MEHBIIMM 3HAMEHATEJIEM.

HesepHble paccykaeHHus

PacckaseiBast 0 MaTeMaTHYeCKOM MHIYKIMM, OOBIYHO MTPUBO/ST IIPUMEPHI HE-
MPABUJIBHBIX PACCYX/ICHMI. MBI C/ie/1aeM TO K€ caMoe: TEpBHIi IpuMep Oyzer
COBCEM HAMBHBIM, /1B JPYTMX — UyTh IIOCJIOXKHEE.

IlepBoe HeBepHOe paccyiAeHue. [lokaxxeM 110 MHIYKIMHM, YTO COCEIHME Ha-
TypaJIbHBIC UMCTA PaBHEL JIpyrMME coBamu, yTBepxk/aeHUe A,, JoKa3bBaeMoe
MHIYKIUei 1o n, OyjeT UMeTh BUA n = n + 1.
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JlokaxeM ero, Mpe/ImoJIOKUB, UTO OHO BEPHO IS BCEX MEHBIINX 3HAUCHVIA 1.
Tor/a OHO JIOJBKHO OBITH BEPHO U JUJIS TIPEIBITYIETO 3HAYEHUS TTapaMeTpa n. ITo
o3HavaeT, urto (n — 1) = (n —1) + 1, to ectb n — 1 = n. [IpudaBnssa equHIy
K 00EMM YacCTsIM PaBEHCTBA, MOJIy4aeM, 4To n = n + 1.

BTopoe HeBepHOe paccyxaeHHe. [loKaxeM, UTO JIIOOBIC 11 YACEJI PABHBL: €C/IU
a,...,d, — TIPOU3BOJbHBIC YUCIA, TO @ = Ay = ... = a,. (OOBIYHO Tpes-
JIaraloT JI0Ka3aTh, YTO JIOOBlE N JIOMIAJEH OJHOrO 1IBeTa, HO MBI OyneM OoJiee
HAyKOOOpas3HbI — TaK IIPOLIE CKPBHITh OLIAOKY.)

IIpyu n = 1 noka3bIBaTh HEYErO: YKUCJIO TOJIBKO OJHO M OHO PABHO CaMOMY
cebe.

JlokaskeM Terneps, 4TO JIOOBIC 71 YMCEJI PABHBI, IIPEAOJI0XKUB (KaK 3TO O0BIY-
HO JIeJIaeTCsl MIPUA PACCYXKACHUAX TI0 MHIYKLUM), YTO JUISL MEHBIIUX 71 3TO YK€
M3BECTHO.

PaccMoTprM TIPOM3BOJIBHEIE UHICTA 41, Az, - - - , Ap—1, Ap. OTOpPOCHB TIOCIIE/T-
HEE YMCII0, MoJIyunM Habop m3 n — 1 uncest. [1o npearnoioxKeHnuio MHIY KN OHU
PaBHbI:

ay =da = ... =ddp1.-
Tenepp orOpocum mepBoe ymcso. CHoBa mosiyunm Habop w3 n — 1 gwces1, u
TIPE/ITOJIOKEHNE MHYKIINA JaéT

ay = ... =ddp—1 — Uy.
06’beI[I/IH$ISI OTU JIBa PABCHCTBA, ITOJy4YacM, 4YTO
a1 =ay = ... =dUp—1 = Ay,
qTOo U Tpe6OBaJIOCL JI0Ka3aThb.

TpeTse HeBepHOe paccyaeHHe. [lokakeM, 4YTO JIFOObIE N TOYEK JieKaT Ha
ouHoit npsmMoil. Ilpy n = 1 muw n = 2 310 sICHO (B reoMEIpuU €CTh COOT-
BeTCTByIOIIass akcuoma). OCTajioch JOKa3aTh 3TO ISl MPOW3BOJIBHOTO 71, TIpe]l-
moJlarast, 94To Jyisi n — 1 3To BepHO. B camom fene, paccMOTpEM IIPOU3BOJIH-
Hele n touek Ay, Az, ..., Ap_1, Ay. OTOpPOCHMM TOCIIENHIO TOYKY W TpUMe-
HUM TIPe/IIIoJIoKeHne MHAyKImK. [Tosiyunm npsimyio [, Ha KOTOPOU JieKaT TOYKH
A1, A, ..., A,_1. Ham Hajg0 J0Ka3arh, 4r0 M IIOCJIEIHSAS TOYKA A, JICKAT Ha
3TOol TIpsiMoii. OTOPOCKUM TEPBYIO TOUKY ¥ TIPHIMEHUM TIPEIITOJIOKCHUEC UHAYKITN
K TOUuKaM Aj, Az, ..., A,. Tlofydnm, 4To OHM BCE JIEKAT HA HEKOTOPOI TPAMOIA
I’. Moryr s npsampie | u I’ ObiTh pasimunbl? Her, Tak Kak 00€ OHM IIPOXOIAT
yepe3 Toukn A, u A,_1, a KaK W3BECTHO M3 TOW XK€ aKCHOMbBI I'€OMETPUM, Ye-
pe3 [BE TOYKM MOKHO IIPOBECTU TOJIbKO OJIHY IIPAMYIO. 3Hauut, rpsmbie | u [’
COBIIA/IAIOT U HPOXOJIST Yepe3 BCE N TOYCK.

Hy xax, Hanum ommoku?
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BnoJiHe ynopsio4eHHbIe MHOXKECTBa

Metog MaTeMaTH4eCKOi MHIYKLIUU, KaK MBI yXe He pa3 TOBOPUJIH, COCTOUT B
CJIEyIOIIEM: MBI JIOKa3blBaeM MHTEPECYIOIIEe HAC YTBEPXKAEHHUE I HEKOTOPOIo
3HAUEHUSI N, CUATASI, YTO JJIsI BCEX MEHBIIMX N OHO BEPHO. 37€Ch IO/ N TIOHMMA-
JIOCh HAaTypasibHOE 4ucji0. OHAKO 3TO HE 00s3aTEJIBHO — BMECTO HATYPAJIbHBIX
9pICe]T MOXHO DAcCMATpUBAaTh M JPYTHE 6NMONHE YNOPsIOOYEHHbE MHOJNCeCmaa.
Ceityac MBI OOBSCHUM, 4TO STO 3HAYUT.

[Tyctb uMeeTcs MHOXXECTBO OOBEKTOB OIPEIEIEHHOTO BU/A, IPUYEM IS JIIO-
OBIX JIBYX PA3IMIHBIX €TO DJIEMEHTOB M3BECTHO, KAKOM M3 JIBYX CUMTAETCS «OOIb-
mmmM». Take MHOXECTBA HA3BIBAIOTCS ynopsidoueHnvimu. Tlpexnae dem gaBath
TOYHOE OIIPEJICJICHUE, IPUBEIEM HECKOJILKO 1IPUMEPOB.

I[Ipumep 1. B suuke JIeKUT MHOXKECTBO KaMHEH, U CPEIU HUX HET JIBYX
KaMHEe! OIMHAKOBOTO Beca. BOIbIIM KaMHEM CUMTAeTCs TOT, KOTOPBI TshKeEJIee.

Mpumep 2. Ha mMuoxkectse w3 33 pycckux Oyks (cumtas OykBy E), Hashl-
BAaEMOM PYCCKMM aJI(haBUTOM, MMEETCS TIOPSIAOK, M3yYaeMBblil B IIKosie: Oyksa A
MeHblie OykBbl B, xoropast membiue Oyksbl B, koropast menbuie Oyksbr I', .
KoTOpast MeHblle Gyl E, koTopast MeHblle OykBH F, KOTOpas MeHblle 6yKBI>I
2K, ..., xoropas meHsiie OykBol FO, koTopast Mmenbiie OykBbl 5. (Apyrumu cio-
BaMu, OoJIbLIEN cuMTaeTCs OykBa, KOTOpas UAET Jajblie 110 al(aButy.)

I[Tpumep 3. Ha MHOXecTBe BCEX CJIOB PYCCKOTO SI3bIKA MOXKHO BBECTH all-
¢hasummuuiii TOPSIOK, IIPU KOTOPOM OOJIBIIMM CUUTACTCS TO CJIOBO, KOTOPOE UAET
IO3%e B cJIoBape. DTO Je/IaeTCs TakK: JBa CJIOBA CPABHMUBAIOTCS IO OyKBaM CJICBa
HAIIPaBo, IIOKa HE OOHAPY)KATCs pa3Hblc OYKBBI; OOJIBIIMM CUATAETCS TO CJIOBO,
y KOTOpOro CooTBeTcTByommasi Oyksa Oosbine. Hampumep, ciioBo KOT mensire
cioBa KOIIKA, nockospky 0ykBa T Mensbiiie 6yksbl 111 (B cMbICTIe TIpEABITYIIETO
IIpUMEPA).

KOT
KOO KA

NcuepnbiBarone Jim Haile ormcanue ajiadasutHoro nopsiaka? Ha camom gene Her,
MBI IPOIYCTYJIM BRKHBI CIIyYail: 9To Oy/eT, €CM OTHO CIOBO SBJSETCS HAYAJIOM
napyroro? Hare rpaBmio He roBopHT, Kakoe u3 cjioB BOPOH u BOPOHA 60s1p-
nre. B ciomapsx o0wsraro pamsiie uaét BOPOH, n »To mpaBmio Hat0 BKJIIOYUTH
B ONpEACTCHIE AI(PABUTHOrO TOPSIKA: CJIOBO TMPEALICCTBYET BCEM CBOMM IIPO-
Jo/pKkeHnsM. [103ToMy, B 9aCTHOCTH, CJIOBO «W» OTKPBIBACT Pa3/eJl CJIOBaps, B
KOTOPOM CJIOBA HAYMHAIOTCSI Ha OYKBY «U».

[Mops/iok B cjIoBape MHOI/IA HA3BIBAIOT JeKCuKoepaguieckum (CIOBapH Co-
CTaBJISIOT yYEHBIE-JIEKCUKOTPA(BhI).
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[Mpumep 4. BBeném mopsAmoK Ha Mapax HATYPAJIBHBIX UKICE], HATOMHHAIO-
Il CJIOBAPHBI: CHAYaa CPABHUBAEM IEPBbIC WIEHHI [1ap, a B CJIyyae PaBeH-
crBa — Bropeie. Hampumep, mapa (3,7) menbiiie mapst (4, 5), HOCKOJIBKY Y HeE
MeHbIe TepBbiit wieH (3 < 4). A mapa (4,9) Gosbine napsl (4, 6), MOCKOJIBKY
MIEPBBIC WICHBI PaBHEL, a 9 > 6.

Heuro noso06HOe npuMEHsIeTCsl IPU OIIPEACICHUN 1100EANTE/IsSI B HEKOTOPBIX
CIIOPTUBHBIX TYPHUPAX: CPABHUBAETCS UHCJIO OYKOB, A [P PABEHCTBE CPABHUBA-
eTCsI PasHUIIA 3a0UTHIX U MPOIYIIECHHBIX 1IIAi0, MsJeil WX 4ero-Huoy/ab euie.

[locsie >TUX IPUMEPOB 1AM TOYHOE OIPEACJICHUE JIMHEHHOIO MOPSIIKA.

OnpeaeJieHHe JIMHEIHO yNOPsI0Y€HHOT0 MHOXeCTBa. [OBOPST, YTO MHOXe-
CTBO JIUHEUHO yNnopsi004eHo, eCv Ha HEM 3a/1aH JUHEUHbI NOPSIOOK, TO €CTh IS
JIOOBIX /IBYX Pa3/JIMYHBIX JIEMEHTOB X,y OTOrO MHOXXECTBA OIIPE/IEJICHO, KaKOW
W3 HUX CUATAETCS OOMBIIMAM, 2 KaKOW — MEHBUIMM. TakuM 00pas3oM, /IS JIOObIX
X ¥ y IMEET MECTO POBHO OJJHA M3 TPEX BOBMOXKHOCTEIA:

x<y X=y y<x
IIpu 5TOM [OJKHO BBIIIOJIHSITHCSI TAKOE CBOICTBO:
ecmx<ymy<z, 10Xx<Z.

Kak 00pr4HO, MBI cCunTaeM BhIpaskeHUs X < y (X MeHblIe y) uy > x (y 00b-
IIIe X) CMHOHUMAaMH (OHU O3HAYAIOT OJHO U TO XKE).

BoT mpumep, xorga mnpuBenéHHOE yCIIoBHE HapylaeTcs. [Ipennonoxum, 9To
NIAXMATHBIN TypHUP IIPOXOIMJI B OTMH KPYT (KK/IBI UTPAJ C KOKIBIM 10 pazy)
¥ HUYBMAX He OBUI0. MOXKHO JIM BBECTH HAa MHOXECTBE ITAXMATHCTOB ITOPSIOK
tak: waxmaruct X Oosblue maxmartucra Y, ecsm X Bpmrpain y Y B TypHupe?
BooO1ire roBopst, HET: BITOJIHE BO3MOXHO, 4TO A Bhmrpan y b, b Bemrpan y B, a
B Bemrpan y A, u yciioBre JIMHEHHOTO MOPS/IKa HE BHIIOJTHEHO.

3aueM HyXHBI Bce 2TH ompenesneHusi? Ceifuac MBI yBUIUM, YTO OHH MOTYT
OBITH JEHCTBUTEJIBHO IOJIC3HBI IIPH PEIICHUM 3371a4.

3apava 18. Illepenra HoBoOpaHIeB (puc. 6) crout mepes crapumHoi. Crap-

Puc. 6. lllepeHra HOBOOpAHLIEB: BUJI CBEPXY.

1IMHA KOMaH/yeT: Hae-BO! Ho mmo HeombpITHOCTH YacTh COJIAAT IMOBOPAYMBACTCA
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Puc. 7. Ilyranuia (OykBa yKasbIBaeT HAIPABJICHHUE [TOBOPOTA).

HAJIEBO, a4 4aCTh — Hanpaso (puc. 7). Ilocjie 3TOro Kasx/yro CeKyH/y IIPOUMCXOAUT
BOT YTO: COJIJATHI, OKa3aBIIMECS APYT K APYTY JIMIIOM, ITOHUMAIOT, YTO MPOU30-
1a oumoka, 1 obda mopopaunBaioTcst kpyrom. (Hanpmmep, depes cekynny mociie
puc. 7 xoHpUryparms OyJIeT Takoii, Kak Ha puc. 8. Ha 3ToM moBOpOTH He 3a-

> P g P

Puc. 8. Yepes cexynny

KOHYATCS: IIOJIOXKEHME el yepe3 CeKyH/y IIOKa3aHO Ha puc. 9, u Tak jJajee.)
TpebyeTcst JoKa3aTh, YTO PAHO FUTH ITO3/THO MTOBOPOTHI MIPEKPaTATCs (IIpU JIIOOOM

<4 g padpp

Puc. 9. YUepes aBe cexyHAbI

qycJie COJ/IAaT ¥ IIPH JII0OOM HX ITOJIOKEHUH TI0CJIe KOMAH/IBI).

Pemenne. Ora 3amaya npeasarajach Ha OJHON W3 OJIMMITHAT M OKa3ajach
BOBCE HE TAKOW y* MPOCTOM ISl y9acTHUKOB. HO ¢ MOMOIIIBIO TOHSTHS TOpS/IKA
et peumTb JIErKo. ByzieM KoampoBaTh I0JI0KEHHUE COJIAAT C HOMOLIBIO II0CJIEI0-
BatesibHOCTH OYyKB JI m I1. Hamprmep, mosokeHre Ha puc. 7 KOTUPYETCs Kak

IMITJITJJIIL
HIOJIOKECHUE YEPe3 CEKyH/y KOAMPYETCsl KaK

OamJarJr,
Yepes JBE CEKYH/IbI — Kak

JOJOJI,

" TaK JaJice.



Yro mpoucxoauT Ha kaxjaoM mare? I[lo ycioBmio 3agadd coJiaThl, CTOSIIME
HOC K HOCy (IIpM HalleM KOJMPOBAHHM 5TO oOo3HadaeTcs kak [1JI; Takue maper
MMOYEPKHYTH), TIOBOpaunBaloTCsl Kpyrom. [Ipu stom Oykeo [1J] 3ameHsIOTCS Ha
JIIT). Ha xaxk0oM 1mare mpoucxXoJyuT HECKOJIbKO TAKMX 3aMEH — CTOJIBKO, CKOJIBKO
ects rpyrm L.

Tenepp ocrajoch czesaTh IPOCTOE HAOJIOAEHME: IIPU TAKUX 3aMEHAX CJIO-
BO yMEHBIIIAETCS C TOUKM 3peHus ajipaBUTHOrO nopsjkal B camom fene, nmepsast
cnepa rpyrma [1JI 3amensiercs na JII1, a Oyksa JI menbiie Oyksol I1 B andasut-
HOM rmopsjke. (3aMeHBI B JPYTUX Ipynmnax Ha MOpsIoK He BJmsioT.) TTostomy c
KQKI0M CEKYH/ION CJIOBO CTAaHOBUTCS BCE MCHBIIEC U MEHBIIE, M PAHO WM TO3[-
HO HPOLIECC J0JDKEH OCTAHOBUTBCS, TAK KAK CYIIECCTBYET JIMIIb KOHEYHOE UKCIIO
cioB naHHO# jumHEL n w3 OykB JI u I1 (a mmeHHO, 2" — HO TOYHOE 3HAUCHUC
HaM ceidac He BAXXHO).

3aava pelleHa.

B 5roi1 3a/1a4e Mbl MCIIOJIb30BAIMA TAKOE CBOMCTBO: HE CYLIECTBYET OECKOHEY-
HOI1 yObIBatolieil (B cMbiciie aji(paBUTHOTO MOPSIIKA) TOCJICAO0BATEIBHOCTH CJIOB
w3 n Oyks JI u I1. (Mb1 roBopum 0 «cjioBax» u3 Oyks JI u [1: XoTs1 B pyccKoM si3bIKe
TAaKUX CJIOB HET, 3TO HE MEIIAET PaCCMAaTPUBATh MHOYKECTBO TAKUX «CJIOBY C aJi(ha-
BUTHBIM IIOPAZAKOM.) JIpyruMu CJIOBaMH, €CJId Ha Ka)JIOM LIare MBI yMEHBIIAeM
DJIEMEHT HAIUETO JIMHEHHO YIIOPSATOYEHHOIO MHOKECTBA, TO PAHO MJIM IIO3JHO
JIOJKHBI OCTAaHOBUTBCS.

MHOXXECTBO C TAKUM CBOICTBOM HA3bIBACTCSI «BIIOJIHE YIIOPSITOYCHHBIMY.

OnpeJeJieHre BIIOJIHE YIIOPSI0YEHHOTO MHOXKeCTBa. JIMHEIHO yropsi/i0ueH-
HOE MHOXECTBO M HasBIBAIOT 8NOJIHE YNOpsiOOUeHHbIM, €CJIM He CYIIECTBYeT Oec-
KOHEYHO! YOBIBAIOIIEH II0CIIE/I0BATEIBHOCTH

m>m > m > ...

€ro 5JICMCHTOB.

JUJ1s1 KOHEYHBIX MHOXKECTB MBI HE I10JIy4aeM HUYEro HOBOI'O, IIOCKOJIBKY B HHUX
BOOOIIIE HET OECKOHEYHO! MOCJIEJOBATEIBHOCTH PA3INIHBIX 1eMeHToB. Ho ObiBa-
10T 1 OGCKOHEYHbIC BIIOJIHE YIOPsZIOYEHHbIE MHOXECTBA. [Ipeskae Bcero, TakoBo
MHOXecTBO N HaTypaJIbHbIX 4KCe/1 (BCIIOMHUM IIPUHIMII HAMMEHBLIETO YUCJIA).

BrioyiHe ynopsi1oueHHBIE MHOMKECTBA UT'PAIOT BXKHYIO POJIb (HAa HUX OCHOBAHO
0000IIeHIe MAaTeMAaTHICCKOI MH/YKIUY, Ha3hIBAEMOE MPAHCHUHUMMHOU UHOYK-
yueir). MpI HE OyieM TOBOPUTH 00 DTOM MOAPOOHO; O TPAHC(IMHUTHON MHYKIINA
MOXHO IpouecTs B KHImKKe «Hauasa teopun mHOkecTBy» (aBToper H. K. Bepeura-
ruH u A. lllens, Mocksa, mgareascteo MLIHMO, 2007, cBoboaHO pacnpocTtpa-
HSIETCS B BJIEKTPOHHOU (dopMe, ftp://mccme.ru/users/shen/logic/sets).
[NpuBenéM Jmib NpUMep 3afadu, Ie 3TO IOHATHE MOJIE3HO.
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3agaya 19. Ha nocke Hammcana nociefoBateabHocTs 01010. C Heit pasperna-
€TCsI BBIITOJIHATH TaKOE JICHCTBYE: B JIIOOOM MECTEe MOKHO 3aMeHUTH Tpyray 10 Ha
rpymmy 000. ..0001 (ckoJibKO yTrogHO HyJIel M OfiHa euHMLA). Jlokas3aTh, 4To
STO JEUCTBMEC MOXHO BHIITOJHUTE JIAIIH KOHEYHOE UMCJIO pa3 (PaHO MM TO3IHO
MBI IPHIEM K TTOCJIEIOBATEJIBHOCTH, B KOTOPOU €TMHUIIBI CTOSIT CIIpaBa OT HYJIEH,
U JICACTBUE BBIIIOJHUTH HEJIB3S).

Pemenwue. [Ipexxae Bcero 3aMeTiM, UTO B JIIOOOIT MOMEHT B TIOCJICIOBATETb-
HOCTH OyJeT POBHO /BE €IVHUIIBI, IIOCKOJIBbKY CIVHUIILI HE MOSBILIOTCS W HE
ncue3aloT. Vs cripara HajleRO, TOCMOTPHAM, HA KaKUX MECTAaX CTOST OTU €VHU-
el [losmywaTcst 1Ba HATYpaAIBHBIX UYHCTIA.

Harrpumep, s nexonnoit nociienosaresibHocty 01010 nosyunrcs nmapa un-
cen (2,4), a ana nmocaemoatessHoct 0100000001, koTopast mostydaeTcs u3
He€ 3aMenoit Bropoit rpymmsl 10 ma 0000001, mosyuntes mapa (1,9) (equauimt
CTOSIT HA IIEPBOM U [JEBSITOM MECTaX, CUMTAasl CIIPaBa).

Teneps 17151 pemeHust 3391 OCTAJIOCh JOKA3aTh /IBE BEIIH:

(a) Tpu KaXI0M IIPeoOPA30BAHMY Tapa Y¥ICEsT YMEHBIIACTCS C TOYKHA 3PEHIS
OTIPEICJICHHOTO HAMM TTOpsiIKa (CHAYasIa CPABHIBAEM TICPBBIC WICHHI Map, a 3aTeM
BTOPBIC);

(0) MHOXECTBO AP HATYPAJIBHBIX YHCEJ C DTHM IIOPSIKOM SIBJISICTCS BIIOJTHE
YIOPSA0YCHHBIM (M TIOTOMY TIapa He MOKET YMEHBIIAThCs OECKOHEUHO MHOTO pa3
TOJPSIA) .

Oa »THX yTBEepsKICHUS JJOKa3aTh HecJIoxHO. Eci mpeoOpa3zoBaHue 3aTparu-
BacT IPaByIO e¢VHUILY (KaK B PACCMOTPEHHOM IIpPUMEpE), TO OHA MPUOIIDKACTCS
K IIPaBOMY Kparo, IEpEcKakuBasl depe3 HyJIb (KOTOPHINA IPH STOM Pa3MHOXKAeT-
cs1). Tlpu 3TOM TIEpBBIT WIEH Maphl YMEHBIIACTCS HA €AWHUILY, 2 BTOPOU MOMXKET
BO3pacTH (Ha CKOJIBKO MMEHHO — 3aBHCHT OT YMCJIA JOOABJICHHBIX HyJeit). Ho
10 OIPE/IEICHUIO MOPsi/IKa (CPABHUBAIOTCS CHAYAJIA IIEPBBIC YJICHBI, a IOTOM BTO-
pHle), POCT BTOPOrO YJcHA HE WIPaeT POJIM: pa3 MEpBbHll WIEH YMEHBIAeTCs,
YMEHBIIACTCS U Tapa.

Ecmm e mipeoOpazoBaHye 3aTparmBaeT JICBYIO eTMHUITY, TO TpaBast OCTalTCs
HA MECTE U MOTOMY MEPBBI WICH Maphl HE MEHseTCS. BTopoit WieH mpu 3ToM
YMEHBIIIAETCS HAa €AVHMUILY, IIOCKOJIBKY JIEBAsI €/IIHUIIA MIEPETIPHITUBAET 9€pe3 CTO-
SIIWIA CIIpaBa OT He€ HYJIb.

Urak, ytBepxkaeHue (a) gokaszaHo. [lokaxeM Tternepb, 4TO MHOXECTBO Iap
BIIOJIHE YIIOPSITOYEHO, TO €CTh UTO HE CYIIECTBYEeT OECKOHEYHOM IOCTIET0BATEb-
HOCTH Tap

<a1, b]> > <612, b2> > <613, b3> > ...

(C TOYKHA 3pPEHUSA BBCHéHHOI‘O Ha Imapax Hop;[m(a). HyCTL TaKas IIOCJIEJOBATEIb-
HOCTb €CTb. Torz:a TICPBLIC YJICHBI IIap 06p33leT HEBO3PACTAOIYIO ITOCJIEIOBA-
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TEJIBHOCTh:
mZzaza ...

(T10CKOJIBKY BO3PACTaHUE IIEPBOIO WICHA [1apbl GE3YCJIOBHO 03HAYACT BO3PACTAHUC
mapsl). B 3T0it HeBo3pacTaroleit HocIe10BaTeIbHOCTH HATYPAJIbHBIX YKCET MOYXKET
OBITh JIVIIIb KOHEYHOE YKCJIO CTPOTMX HEPABEHCTB: HATYPAJIBHOE UHCIO HEJIb3s
YMEHBLIATh OCCKOHEYHO MHOTO pa3. 3HAYUT, HauyvHas ¢ HEKOToporo mecra N,
BCE€ TICPBBIC YJICHBI ITAPD PABHBI:

aN = adN41 = aN42 = ...

Tor/a MopsAIOK Ha Mapax IEJUKOM OIpeIesIseTCss BTOPEIMU WICHAMH, U [TO3TOMY
€ 9TOro MeCTa BTOPBIC WICHHI Map yobBaroT. Ho 3T0 mpogoynkaThess GECKOHEYHO
HE MOXET.

3agava pemieHa.

Emeé neckoJibKo 3ajau

3agada 20. [T1ockocTh paspe3aHa Ha YaCTU N MPSIMBIMH, IPUYEM N > 3, HET
TApPAJVICJIbHBIX IIPAMBIX 1 HC BCC IIPSAMBIC IIPOXOAAT YEPE3 OAHY TOUYKY. ﬂOKaBaTb,
YTO XOTsl Obl OJTHA U3 YaCTel — TPEYTOJIBHUK.

3amaua 21. Jloka3ats, uto (a) /I MEPEKJIAILIBAHMST XaHOUCKOM OalHu 13 n
KOJIEI C OJTHO MAJIOYKH HAa APYTYIO 10CTaTO4HO 2" — 1 neficTBumii n uto (0) MEHb-
1M 4YKCJIOM ACHCTBUI HE OOONTHUCH.

3anaua 22. Jlokazarh, 410 \/6 +1/64+ 16+ V6 < 3, a TaKKe aHAIOrNYHOE

YTBEP)K/ICHUS /ISl JTIOOOTO YHC/Ia KOPHEH.

3apmava 23. Jlokasars, yro cymma 1+ 1/2 4+ ...+ 1/k moxer ObiTh criesta-
Ha Oouiblue JIOOOro HANepEl 3aJAHHOIO YUC/IA N, eciu k BBIOpPATh JHOCTATOYHO
OOJIBIIIVIM.

3amaya 24. OavH BBITYKJIBI MHOTOYTOJIFHAK HAXOUTCSI BHYTPH Apyroro. [lo-
Ka3aTh, YTO MEPUMETP BHYTPEHHETO MHOTOYTOJIBHMKA MEHBIIE TIEPHMETPA BHEII-
HET0 MHOT'OYT'OJIBHUKA.

3agauya 25. Ha cKOJIBKO YacTei JeJIST IVIOCKOCTh N IIPSIMBIX, HUKAKUE JIBE U3
KOTOPBIX HE TIAPAJIJICJIbHBI I HUKAKWEe TPHU HE MPOXO/ST Yepe3 OTHY TOUKY?

3amaua 26. Jloka3arh, 9TO KBaJpaT MOXXHO pa3pe3aTh Ha n KBaJpaToB (BO3-
MOXKHO, Pa3HBIX PasMEpOB) IIpH JIIOOOM 711 > 6.

3anava 27. Jloka3ats, 4TO /IS JIOOOTO IEJIOTO 71 > 3 MOYXHO HAMTH N pa3jind-
HBIX 1[eJIBIX TTOJIOKUTEIBHBIX YMCEJI, CyMMa KOTOPBIX HAlIEJIO JICJIUTCS Ha KaX10€e
W3 4ucel.
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3agaua 28. Mwmeertcs no oxHout rupe B 1,3,9,27,81, ... rpaMmmoB (kaxkaas
cJeylolias BTpoe TsbkeJiee Tpepaylein). Jloka3ars, 4To ¢ MX IOMOIIBIO MOKHO
YPAaBHOBECHUTH JIIO0O0 Tpy3, BECSNINI [IJI0€ YMCJIO TPAMMOB, €CJIM pa3pelacTcst
KJIACTh THIPM HAa 00€ YallIKM PHIYaXKHBIX BECOB.

3agaua 29. Yuciao

1
X+ -
X
SABJISICTCS 1LICJIBIM. HOKaBaT]}, YTO 4HucCJjia
1 1 1 1
X2+7, X4+7, x8+*8, X16+7,---
X X X X

TOXe OYIyT IIeJTBIMU.

3amaua 30 (mpogoimkenne). Jloka3aTh, 94TO UMCIIO

1
n
X ‘f‘;
OyIleT 1eJIBIM Tipu Ji'obom n = 2,3,4,5,6. ..
3agaya 31. loxasars, uto 2" > n mpu Bcex n = 1,2,3,4, ...

3amava 32. Yncna OubdoHaquw orpenessioTcs GopMyIaMu
k=1 KE=1 F,=F_1+F,_,upun>3.

Jlokasatp, 4TO
1,5" < Fpypy < 2"
npu Bcex n =1,2,3,4...

3amava 33. JlokazaTs, 9TO KOJMYECTBO PA3IMUHBIX cJjioB w3 n Oyks JI m 11
pasHO 2".

3amaua 34. Ha nocke nammcano cioBo w3 n 0yks JI u I1. 3a omuH X011 MOXHO
mMeHUTh oqHy OykBy (3amenmts JI Ha Il mmm mHaobopot). [lokazaTh, 4To 3a
HECKOJIBKO XOJOB MOXHO IIOJIy9MTh Ha JOCKe (OHO 3a ApyrmM) Bce 2" CIIoB,
MIPUYEM HUKAKOE CJIOBO HE BCTPETUTCS BAXK/IBL.

3apaua 35. Jloka3aTh, YTO KOJMYECTBO pa3indHbIX cJioB m3 n Oyks JI u I1, B
KoTophix OykBbl JI He WayT Moapsii APYT 3a JIPyrom, paBHO Fjj.

3amaua 36. JlokazaTh, 9YTO MPSIMOYTOJBHUK 2 X N MOXHO pa3pe3aTh Ha Mps-
MOyToJbHUKH 1 X 2 poBHO Fj1; crocodamu.

3amaua 37. Jlokaszats, uro (mpm Bcex n = 2,3,4,...)

Fi4+FE+F+...+F =Fy,—1.
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3agaya 38. JlokazaTh, yto (TIpu TI0OOM n = 3,4,5,...) CyMMa YyIJIOB BbHI-
IyKJIOTO Nn-yroJibHUKA paBHa (n — 2) - 180°.

3agada 39. B kosionmio Oakrepuil momajgaer Bupyc. B nepBylo muHyTy OH
YHUYTOXXAET OfIHYy OaKTepHIO U JEJUTCS MOI0JIaM, a OCTaBIIMECS OaKTEPUM TOXE
JeJIsTCs TooJIaM. 3a BTOPYIO MUHYTY [Ba BHpYCa YHUYTOXKAIOT JiBe OAaKTEpUU
U JIeJIATCA TonoJiaM (BCEro IoJIydaeTcsl YeTbipe BUPYCa), OCTaBIIMeCs OaKTepUn
TOXE JICJISTCS TIONOJIaM, M TaK Aajiee. BrIMpeT i KoJioHusT OakTepwmit?

3anaua 40. Jlokasath, 9To KBajgpat 2" X 2", B KOTOPOM BhIpe3aHa Jir00ast (He
00s13aTE/IFHO YTJIOBAs) KJIETKA, MOXHO pa3pe3aTh Ha YTOJIKM M3 TPEX KIIETOK.

3agaua 41. Jloka3aTh HEPABEHCTBO

2n —1 1

5
'8'... 72’1 \/ﬁ.

(YxazaHue: 1MoJIe3HO YCWINTH HEPABEHCTBO, 3aMEHVB B TIPaBOi 4acTu 71 Ha n+1.)

N —
&~ w

3amada 42. 3anady 0 HOBOOPAHLIAX MOKHO PELIMTh U JPYTMM CHOCOOOM, MH-
JYKIMeH TI0 9HCTy coiiaT. B camom nmerne, kpaifHMil coJITaT MOBOPAYMBACTCS He
0oJiee O/IHOTO pasa, TOCIIe Yero OCTaETCs BOCIOJIb30BAThCS IIPE/IIIOIOKEHACM HH-
ayximw. [IpoBectr 5To paccyx/ieHre HOAPOGHO.

3agaua 43. Tlokas3ath, YTO B 33/1a4€ C 1 COJ/IaTaMUd HOBOPOTHI MOTYT IIPO-
JThest He Oostee 10n cekyH[.

3aaaua 44. Pemmts 3agauy 19 17151 TpOM3BOJIBHOM HAUAIBHON TIOCJIETOBATEIb-
HOCTH HYyJIeW W eTUHUI] (He 00S3aTeJIbHO C IBYMS €AVHUIIAMH).

3anmaua 45. Jlokazarb, 40 JIMHEHWHO YIIOPS/IOYEHHOE MHOXKeCcTBO M siBjisier-
sl BIIOJIHE YMOPSJIOYEHHBIM TOT/IA U TOJIBKO TOI/A, KOIZA JI000E HEIyCTOEe ero
MOIMHOXECTBO X MMEET HAUMEHBIINIA 2JIEMEHT (3JICMEHT, MEHBIIMI BCEX APYTHUX
DJIEMEHTOB MHOXeCTBa X ).

3amava 46. BrsHecMeH 3aKITIOUYMIT ¢ YEPTOM TaKYIO CICJIKY: OH MOXET JIOOYIO
AMEIONIYIOCS Y HETO KyMIOpy OOMEHATh Y Y4épTa Ha 000 Habop KyMIop JII000ro
MEHBILIET0 JOCTOMHCTBA (II0 CBOEMY BBIOODY, 0€3 OrpaHMYEHUsT OOILICH CYyMMBI).
OH MOXET TakXe TPATUTH JICHBI'W, HO HE MOXET II0JIyYaTh UX B JPYIOM MECTE
(xpome kak y u€pta). [Ipu 5TOM Kax/IBIil IeHb Ha ey eMy HyxXeH pyoss. CMoxkeT
JI OH TaK HUTh OECKOHEYHO /I0JT0?
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