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[1peancnosue

IIpemaraemas BamreMy BHUMAHHUIO KHUTA HAIMCAHA 110 MaTepPHAJIAM
JIEKIIN JIJI MJIRJIIIEKY PCHUKOB, KOTOPBIE YUTAJIMCh aBTOPaMH B pa3-
HbIE TOJIbI Ha MeXaHUKO-MaTeMarudeckoM dakynbrere MIY. (B sty xe
cepuio BxonaT kauru «Hadaja Teopun MHOXKeCTB» U «SI3bIKM U mcduc-
JICHUST». )

Teopust BEIMUCIUMBIX (C TTOMOINIBIO KOMIIBIOTEPOB) (DYHKIMH MOSIBU-
stack B 1930-e rojpl, KOT/1a HUKAKMX KOMITBIOTEPOB elné He ObL1o. [lepBhie
KOMITBIOTEpHI ObLIN pasdpaboransl B 1940-x rojax, u cpeu ux pazpador-
9UKOB ObLT aHrIuiickuit MareMaTuk Ajian ThIOpUHT, OJUH U3 co3maTeieit
Teopuu BeIYUCIUMBIX dyukimit. B 1936 roxy o ommcan abcrpakTHbBIE
MAaIlIMHbI, KOTOPbIE Teleph HA3BIBAIOT MAUWUHAMU 1b0putea, 1 MOXKHO
[oJIaraTh, YTO HJiesl XPAHUMOI B TAMSITH KOMIIBIOTEPA IIPOrPaMMbI ObLIa
ITO/ICKAa3aHa JIOKA3aTEeJILCTBOM TEOPEMBI O CYIECTBOBAHUM YHUBEPCAJIb-
HO# Marmwabl ThOpUHTA.

Vike I09TOMY OCHOBHBIE TIOHSITUSI TEOPUU BBIUUCIMMOCTH (MM, KaK
rOBODAT, 00l TeOpUU AJIrOPUTMOB) JOCTOWHBI BHUMAHUS MATEMATH-
KOB 1 mporpammucToB. Ho ata Teopusi umeer u GoJiee MIUPOKUIT KyJTb-
Typubiit acnekr. OnuH U3 €€ ocHOBaTesell, aMEPUKAHCKUI MaTeMATUK
Ommite [ocr, ucan B 1944 romy, 910 «OPMYIUPOBKA 9TOTO TMOHSITHSI
[BBIMECIMMOCTH| MOMKET CBHITPATH B UCTOPWUHU JUCKPETHOH MaTeMATHKH
POJIb, YCTYIAIONIYIO 110 3HAYEHUIO JIUIIb (DOPMYJIMPOBKE IIOHSITHS HATY-
PAJILHOTO YHCTIAs.

Tloxkamyit, ceitqyac 3To BbIcKasbiBanue llocTa BBINISIUT mpeyBesn-
YeHueM: 3 IOCJeIHIE JIECATUIIETHsI CTAJIO0 SICHO, YTO PA3JINYNE MEXKJLy
OBICTPO U JIOJITO PEIIaeMbIMU 33JIadaMu He MeHee (puocodckn BaxKHO,
JeM paz/invuue MeXK Iy aJIfOPUTMUAYECKU PA3PEIIUMbIMI U HEPA3PEITNMbI-
MW, U TEOPHUs CJIOKHOCTH BBIYUCJIEHUN CTajIa OHON M3 IEHTPAJIbHBIX B
Jioruke (1 BooOIIe B MaTeMaTHKE).

Mpbt co3HaTETBHO HE KACAEMCS TEOPUU CJIOXKHOCTH BBIUUCIEHUH — 9TO
GoJibIllas U OTIEIbHAsT TeMa. BMeCcTo 3TOro MbI IOIMBITAJINCH OTOOPATH
[EHTPAJIbHBIE TIOHATHs U (DAKTHI ODIIEN TEOPUH AJITOPUTMOB U U3JIOXKUTH
UX MOHSTHO, CTAPAsCh HE 3aCIOHATH IIPOCTHIE ODIINE UIEH TEXHUIECKU-
MU JeTansaMu. Mbl He mpejmoiaraeM HIKAKUX CHEIHAIBHBIX IPeIBaPH-
TEJIbHBIX 3HAHUI, XOTs PACCUUTHIBAEM Ha HEKOTODBIH YPOBEHb MaTeMa-
THUYECKON KYJIbTYDHI (1 He O0bsICHSIEM, CKayKeM, ITO TAKOe MHOXKECTBO,
dyHKIMA Win JefCTBUTEIBHOE YUCIO).

Hameemcs, 9To epBoe 3HAKOMCTBO C T€OPHEH aJITOPUTMOB JIOCTABUT
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yIOBOJIbCTBHE. J[Jisi TeX, KTO 3aX09YeT MPOIOJIKATH 3HAKOMCTBO C 3TOMH
Teopueil (ABJIAOIIEHCs IEHTPAJIBHOI YaCThI0 MATEMATHIECKO JIOTHKH ),
MbI YKa3bIBaeM Ha c. 151 HEKOTOpble U3/IaHHbIE HA PYCCKOM SI3bIKE KHUTH.

ABTODPBI TOIB3YIOTCS CITydIaeM H0HJIAr0IApUTH CBOETO yuanTesisi, Bira-
auMupa AHjpeeBnYa YCIEHCKOrO, JIEKIMH, TEKCThI U BHICKA3BIBAHUS KO-
TOPOrO IOBJUSAIN HA HUX (M Ha COJEp:KaHUE ITOH KHUIH), BEPOSATHO,
Iake B OOJIBINEIl CTEIIeHN, Y€M aBTOPBI ITO OCO3HAIOT.

[Ipu moaroroBke TekcTa UCHOJb30BaHbl 3amucu A. EBpumbeBcKoro
u A. Pomamenko (KOTOpBIi TakzKe IPOYEN [IPeBAPUTEIbHBIA BAPHAHT
KHUTU U HAIIET TaM HEMAJIO OIIMUOOK ).

Opurunai-maker mepBoro nsnanus kauru nogrorosser B. B. [lysa-
JIOBBIM; 6e3 ero HacTOWYMBOCTU (BIUIOTH JI0 MOTOBHOCTU Pa3JIEJIATH OT-
BETCTBEHHOCTDb 3a OLIMOKHU) OPUIMHAJI-MAKET BPSJl JIA IOABUJICH Obl K
KaKOMY-JTI0O CPOKY.

Asrops npusnaressasl Ecole Normale Supérieure de Lyon (®pan-
Us1) 38 NOJJIEPIKKY U FOCTEIIPUMMCTBO BO BPEMs HAIIUCAHUS ITOU KHUTH.

[TepBoe m3manme KHUTHM CTAJIO BO3MOXKHBIM Oj1aromapsi Poccuiickomy
douay PpyHIAMEHTATBLHBIX HCCaIemoBanmii, a Takxke . B. dmenko, ko-
TOPBIN yTOBOPUJI aBTOPOB IOJATH TY/a 3asABKY. BO BTOpOM M3JaHUM UC-
[PABJIEHBI 3aMevYeHHble OlledaTKN (YBbl, MHOTOUNCJIEHHBIE) U J00aBJIEHO
HECKOJIBKO 33J1a4. B TperbeMm m3maHuu ObLI JIOMOJTHEH MMEHHOU yKas3a-
TeJib; B 9eTBEPTOM JT00ABJIEH MaTeprua 00 OHO3ZHAYHBIX HYyMEPAIUsX U
HECKOJIbKO 3a71a4 (a TakKe u3MeHEH (hopMaT BEPCTKU U UCIOJIH30BAHBI
mpudrel LH). IIaroe uzganue BOCHPOU3BOAUT YeTBEPTOE IIPAKTHUECKH
6e3 m3Menenuil (nobaBieHa 3aj@4a O BBIUUCIMMBIX JIEPEBbIX B KOHIIE
[JIABBI O HEIIOJIBUKHON TOUKE).

ITpocum cooBImaTh 0 Beex OmmubKax U OledaTkax aBTopaM (3JIeKTPOH-
Hble azpeca ver at mccme dot ru, nikolay dot vereshchagin at gmail
dot com; sasha dot shen at gmail dot com, alexander dot shen at 1irmm
dot fr; moutossrit azpec: Mocksa, 119002, Boabmoit BiiackeBckuit mep.,
11, MOCKOBCKUIA TIEHTD HENPEPHIBHOIO MATEMATHIECKOIO 00PA30BAHMS ).

Hakoner, Mbl 6/1arojapuM COTPYJIHUKOB, ACIUPAHTOB U CTYIEHTOB
kadeapbl MaremaTuueckoii joruku mexmara MIY (ormenbhas Giaro-
napaoctb — M. P.Ilenrycy, HammemneMy HeMaJo ONEYATOK), a TaKiKe
BCEX YYACTHUKOB HAINX JIEKIIUY M CEMUHAPOB U YUTATEsEH IIpeIBapH-
TeJIbHBIX BAPUAHTOB 9TON KHWUIU.

H. K. Bepewazun, A. Ilenv



1. Boluncinmble pyHKUMM, pa3pelinmble u
nepevyncanmMble MHOXECTBA

1.1. Beluncnnmble yHkymn

Oyukims f ¢ HATYpaJbHBIMEA apr'yMeHTaMU U 3HAYEHUSIMU HA3bIBa-
eTcd 6uYUCAUMOT, €CTIN CYIIECTBYET aJIlOPUTM, €€ BBIYUC/IAIONIH, TO
eCcTb Takoi ajropurm A, 9T0

e ecau f(n) oupeesieHO JJIsi HEKOTOPOI'O HATYDAIBHOIO 72, TO AJII0-
purMm A ocraHaBiauBaercs Ha BXoze n U nedaraer f(n);

e ecau f(n) He olpeJesIeHO, TO aJropuT™M A He OCTAHABIMBAETCH Ha
BXOJIE T.

Heckosibko 3aMedaHmii 110 TIOBOJLY 9TOIO OLPEIEIEHIS:

1. TloHsiTve BBIYUCIUMOCTH OIPENEJSIETCS 3eCh JJId YAaCTHUIHBIX
dbynkuuit (061aCTBIO ONpEJIE/IeHUsT KOTOPBIX SIBJISIETCS HEKOTOPOE 10
MHOXKECTBO HATYDPaJIbHOIO psna). Hampumep, Hurme e orpeeséHHas
dyukuus BerauciauMa (B kadecrse A Ha/0 B34Th IPOrPAMMY, KOTOpasi
BCer/1a 3aI[KJINBACTCH).

2. Moxuo ObLTO OBl M3MEHHUTDL OIpPEIeeHUe, CKa3aB TaK: <EeCJId
f(n) we ompenesneno, To ubo asropur™m A He OCTAHABIUBACTCH, JIU-
60 OCTaHABIMBAETCsI, HO HUYEro He mevyaraers. Ha camom jiesie oT 3T0ro
HU4Yero Obl He M3MEHWJIOCh (BMECTO TOrO, YTOOBI OCTAHABJIUBATHCS, HU-
9ero He HAIEYATAB, AJITOPUTM MOYKET 3al[MKJINBATHCS).

3. BxogaMu u BBIXOIaMU AJITOPUTMOB MOI'YT OBITH HE TOJBKO HATY-
paJIbHBIE YUCIA, HO U JIBOMYHBIE cTpoKH (csoBa B andasute {0, 1}), naps
HATYPAJIBHBIX YUCEJ, KOHEUHBIE TIOCJIEI0OBATEILHOCTH CJIOB U BOOOIIIE JTI0-
Oble, KaK TOBOPST, «<KOHCTPYKTHUBHBIE O0BEKTHI». [[09TOMY aHAIOrHIHBIM
06pa30M MOYKHO OIPEJIEIUTh [TOHSATHE, CKAYKEM, BBITUCIUMON (DyHKINN
C JIBYMsI HATYPAJIbHBIME apryMEHTAME, 3HAYEHUSIMU KOTOPOIl sIBJISFOTCS
paIMOHAIBHBIE YUC/IA.

Jas dyHKImii, ckaxkeMm, ¢ JeHCTBATEILHBIMA APIyMEHTAMY U 3Ha-
YEHUSIMU TIOHSTHE BBIYUCIUMOCTH TPEOYET CIENUaATbHOTO OIPE/IeIeHNUs.
3mech cuTyanus CJIOXKHEE, OINpe/eeHrs] MOTYT ObITh Pa3HBIMU, U MBI
O BBIYUCJIUMOCTH TaKMX (DYHKIWI roBopuTh He 6yjgeMm. OTMeTuM TOJIb-
KO, UTO, HAIPUMED, CUHYC (IPU PA3yMHOM OIPEIEJIEHIN BBIYUCIIMOCTH )
OKa3bIBAETCA BBIYUCIUMBIM, a dyukius sign(x), pasaag —1, 0 u 1 npu
x < 0,z =0wux > 0 coorBerctBeHHO — HeT. TO9HO Tak ke TPedy-
€T CIENUATLHOTO OIPE/IeJIeHNsT BEITUCIUMOCTh (DYHKITUIN, apryMeHTaMu
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KOTOPBIX SIBJISIOTCS OECKOHEUHBIE [TOCJIEIOBATEIbHOCTH HYJIEH U €INHUAIL
7 T.10.

4. HecKoJIbKO JIeCATUIIETHII Ha3a/| [IOHATHE aJropuTMa TpeboBaJjIo
crenuaabHOro padbsacHenus. Ceifiuac («KOMIbIOTEPHAsI IPAMOTHOCTH> ?)
Takne OObsICHEHUS BCE PABHO HUKTO YUTATh HE OYyJIET, IIOCKOJIBKY M Tak
sICHO, ITO Takoe ajaroput™. Ho Bcé ke Hai0 cOOJIIOIATH OCTOPOKHOCTD,
9TOOBI HE MPUHSITH 32 aJITOPUTM TO, YTO MM He sIBJisieTcs. BoT mpumep
HEBEPHOI'O PACCYKICHUS:

«JlokaxkeM», 9TO BCsIKasl BBIYUC/IUMAasi (PYHKIUsS [ C HATypaJibHBI-
MM apryMeHTaMH U 3HAYEHUSIMU MOXKET OBbITH IIPOJIOJI2KEHA JO BCIOILY
onpenenénnoit Berancanmoii dyukmuu g: N — N. B camom nese, eciu
f BBIUHCIsIETCS AITOPUTMOM A, TO CJIeAyIoNwii ajaroputM B BbeIIucs-
er PYHKINIO ¢, MPOJOJIKAIOILYI0 f: «eciu A ocraHaBIMBaeTCs Ha N, TO
B nmaér Tor ke pe3yabTar, 9ro u A; ecim A He OCTAHABIUBAECTCS HA N, TO
B naér pesyabrar (ckaxeM) 0». (B uém ommbka B 3TOM paccykiaeHnu?)

1.2. Pa3pelwnmblie MHOXeCTBa

MHOKeCTBO HATYPAILHBIX drcel X HA3BIBACTCS PA3PEUUMbBLM, €CITA
CYIIECTBYET AJTOPUTM, KOTOPBIN MO JIFOOOMY HATYPAJILHOMY 7. OIpejie-
JIsIeT, TIPUHAJJIEXKUT JIN OHO MHOXKECTBY X .

Hpyrumu ciaoBamu, X paspermMo, eCJId €ro TapaKmepucmuieckas
dynryua x(n) = (if n € X then 1 else 0 fi) Boraucimma.

OueBnHO, TepecederHne, OODbEIUHEHNE W PA3HOCTH Pa3PEIIIMbBIX
MHO>KECTB pa3pemuMbl. J[1000e KOHETHOe MHOXKECTBO PA3PEITHMO.

AHAJIOTUYIHO ONPEIENAIOT PA3PENIMMOCTD MHOXKECTB AP HATYPAJIb-
HBIX YHUCEJI, MHOXKECTB PAIlMOHAIBHBIX YHCET U T. 1I.

1. JlokaxxkuTe, 9TO MHOXKECTBO BCEX DAIMOHAJBHBIX UHMCEJ, MEHBITUX THC-
Ja e (OCHOBaHUs HATYPAJbHBIX JIOrapu(pMOB), PA3PEIINMO.

2. JlokazkuTe, 9TO HEIyCTOE MHOXKECTBO HATYPAJbHBIX YUCEs Pa3PEIINMO
TOI'JTa U TOJIBKO TOI'/la, KOT/Jla OHO €CThb MHOXKECTBO 3HAYECHUN BCIOJly OIIpe/e-
JIEHHOU HEyOBIBAIONIEH BBLIUNCINMON (DYHKIHH C HATYPAIbHLIMA apryMeHTaMu
" 3HAYCHUAMMU.

OTMeruM TOHKHMH MOMEHT: MOYXKHO JIOKA3aTh Pa3pernmMOCTh MHOYKE-
CTBa HEKOHCTPYKTHUBHO, HE TIPE/IbSABIISAS aIrOpUTMa. BOT TpaIuIuOHHbIH
IpuMep: MHOXKECTBO Te€X 1, JIJIsT KOTOPBIX B YUCJIE T €CTh HE MEHee N Jie-
BSTOK IOJIPsJI, Pa3PEIuMo. B caMoM Jiesie, 3T0 MHOXKECTBO COJIEPIKHUT
Jnb0 BCe HATYPAJIbHBIE TUCIIA, TUOO BCe HATYPAJIbHbIE YHCJIA BIJIOTH J0
HEKOTOpOTro. B 0boux ciydasix oHO paspemunMo. TeM He MeHee Mbl Tak 1
HE MPEIbsABIIA AJTOPUTMA, KOTOPBIA 10 1 y3HABAJ ObI, €CTh JIU B T HE
MeHee N JEBATOK MOJIPSIJI.
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3. Mcnosb30Banbl i B 9TOM PACCy’KICHUM KaKHe-TO CBOMCTBA WHCJIA 7!
YTo M3MEHUTCs, €C/M 3aMEHUTH CJIOBA «HE MeHee N JEeBATOK» Ha «POBHO 1
JIEBSITOK (OKPY?KEHHBIX He-JeBSITKAMHA)» 7

CymecrByior ju Hepasperumble MHOXKecTBa? CyInecTByIOT — IIpO-
CTO MOTOMY, 9TO AJI'OPUTMOB (M HO3TOMY Pa3PENIMMbIX [IOJMHOXKECTB
HATYPAJILHOIO PAJIa) CIETHOE YHUCIIO, 8 BCEX MOJAMHOXKECTB HATYPAJILHOIO
psAa HeCYETHOE YNCII0. Boslee KOHKPETHBIE TPUMEDPHI MBI €1T€ IOCTPOUM.

1.3. lNepeuncnumble MHOXeCTBa

MHOXKeCTBO HATYPAIbHBIX YHUCE] HA3BIBACTCS NEPEeHUCAUMDBIM, ECIIUT
OHO II€epEeYIHnC/IsieTCsd HEKOTOPBbIM aJITOPUTMOM, TO €CTbhb €CJIn CYIIeCTBY-
eT AJIrOpUTM, KOTODLIii nedaTaer (B IPOU3BOJBHOM IIOPSAIKE U C [IPOU3-
BOJIbHBIMHA ITPOMEXKYTKaMH BpeMeHI/I) BCE€ 9JIEMEHTDHI 9TOI'0O MHO>KECTBa 1N
TOJIBKO UX.

Takoit aJropuT™M He UMeeT BXOJa; HAIEYATAB HECKOJbKO YHUCEs, OH
MOXKET HaJ0JIr0 3aJyMaTbCs M CJeAyIOINee YUCJIO HaledaTaTb I10CJe
6OJILIIOrO TIEpephIBa (8 MOKET BOOOIIE GOJIbIle HUKOTa HAYEro He Ha-
HeyaraTb — TOLJA MHOXKECTBO OyIeT KOHEUHBIM).

CyImecTByeT MHOTO 3KBHBAJEHTHBIX OINPEJEJIEHUI TePEeTUCIMMOTO
MHOZKECTBa. BOT HEKOTOPbIE U3 HUX:

1) MHOXKeCTBO IEePEYUCoUMO, €CJIM OHO €CTh O0JIACTH OIIPEJIEJICHUs]
BBIYHACIUMON (DYHKITAH.

2) MHOXKeCTBO HEPEUYNCINMO, eCIU OHO €CTh OOJIACTh 3HAYEHWH BbI-
qUCTUMON DYHKIUH.

3) MuoxkecTBo X HEPEUHUCIUMO, eciii ero (KaK HHOIJA TOBOPSIT) «I0-
JIyXapaKkTepucTudeckasy (pyHKiusi, paBHas 0 Ha smemenTax X u
He omnpeJiesiéHHas BHe X, BOIYACIIMA.

YT06bI J0KA3aTh SKBUBAJEHTHOCTH ITUX OIPEJEJIEHUIl, BOCIOIb3Y-
€MCsl BO3MOYKHOCTBIO TIOIIArOBOr0 UCIIOJTHEHUSI AJITOPUTMA.

Ilycts X nepeuncisiercs vekoropbiM ajaroputmoM A. [Tokazkem, aTo
[OJTyXapaKTepUCTUIecKas: (pyHKIMs MHOXKecTBa X BbIYUCAHMA. B ca-
MOM JIeJie, AJITOPUTM €€ BBIYNCJIEHUs] TAKOB: TOJIYYUB HA BXOJ, YUCJIO 1,
IOIIAT0OBO BBITOIHATE AJTOPUTM A, OKHUasl, IIOKa OH HAIEYaTAET IUC-
g0 n. Kak Tosbko OH 3TO cienaer, BbIIATh Ha BbIXOJ 0 M 3aKOHYUTH
pabory.

HaoGopor, mycts X ectb 06/1acTh onpeiesienus (BoaucanMoii) hyHk-
nun f, Beraucisiemoit HekoropbiM ajiropurmoMm B. Torma X mepeunciis-
eTcst TaKUM ajaroputMom A:
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IapaJsnenpro 3amyckars B Ha Bxomax 0,1,2,..., gemast Bcé 6oJibiire
maroB pabornl ajaropurma B (cnauasa oqun mar pabors Ha Bxogax 0
u 1; morom mo gBa mara paborsl Ha Bxogax 0, 1, 2, moToM 1o Tpu Ha BXO-
aax 0,1,2,3 u rak gasee). Bce aprymenTsl, Ha KOTOPBIX aJiropur™m B
3aKaHIIBAET paboTy, MedaTaTh 10 Mepe OOHAPYKEHHSI.

Urak, MBI yCTAHOBUIU SKBUBAJIEHTHOCTH HMCXOJHOIO OIPEIEICHUs
onpegesienusm 1 u 3. Ecim B TOJIBKO 9TO MPUBEJEHHOM OMUCAHUU aJIr0-
purMma A medaTaTh He apryMeHTBI, Ha KOTOPBIX B 3akanduBaeT pabory,
a Pe3yJIbTATHI 9TOM PabOTHI, TO MOIYUIAETCS AJTOPUTM, [T€PETUCIISTIONTII
obsractb 3Havenuit pyukmun f. OcTanoch emg yoeauThes, YTO BCAKOE TIe-
PEYHCIMMOE MHOYKECTBO €CTh 00JIaCTh 3HAYEHUH BBIYUCIUMON (DyHKINN.
DTO MOXKHO CJIeIaTh, HAIPUMED, TakK: MycTh X eCcTh 00JIaCTh Olpeesie-
HUsl BEIYUCTAMON (DYHKIMH, BBIYUCIAEMON HEKOTOPBIM ajaropuTMoM A.
Torma X ectnb obacTb 3HadeHUt QYHKITAN

5 x, ecau A 3akaHuuBaeT paboTy HA T,

(@) = He OIIpe/IeJIEHO B IPOTUBHOM CJIydae.
Beruncsstroruii 91y GyHKITIO aJrOpUTM JIEHCTBYET Tak Ke, Kak u A, HO
TOJILKO BMECTO pe3yJibraTa paboThl ajropuT™Ma A BbIIAET KOIUIO BXOZA.

Emgé omHo sKBUBaJIEHTHOE OLPEEIeHIEe [IEPEUUCIUMOr0 MHOKECTBA!
MHOKECTBO HATYPAJIbHBIX YUCEJI IIEPEIUCIIMMO, €CJIH OHO JIMOO ILyCTO, JIU-
60 eCTh MHOXKECTBO 3HAYEHUIT BCIOJLy OIIPEJIEJIEHHON BBIYNCINMON (DyHK-
U (IPYrUMHU CJIOBAMHU, €r0 3JIEMEHThI MOXKHO PACIOJIOXKHUTH B BBIUHC-
JIIMYTO TI0CJIE0OBATEIbHOCTD ).

B camom zete, mycTh nepedncauMoe MHOKECTBO X, II€PEYHUCIIAEMOe
anropurMoM A, Hemycto. Bo3pMéM B HEM KaKOR-TO 3jieMeHT . Tenepb
PACCMOTPHM TaKYI0 BCIOJLY OIIPeIeNSHHY0 (DYHKIMIO G: €CJIM HA N-M IIa-
re paborel ajgropur™Ma A nosiBisiercst 4ucsio t, To mosjoxuMm a(n) = t;
€CIM 2Ke HUYEro He HOsiBJIsieTcsi, TO mojokuM a(n) = zg. (Mer npea-
[OJIATaeM, YTO Ha JAHHOM Inare paboThl ajrOPUTMA MOYKET IOSBUTHCSI
TOJIKO OJ[HO YHCJIO — B IPOTHUBHOM CJiydae pabory Hajo pa30bUThb Ha
GoJiee MeJIKHUe IIari. )

3aMeTuM, 9TO 9TO PACCYKJCHWE HEKOHCTPYKTHUBHO — WMesl aJjiro-
put™ A, MBI MOXKEM HE 3HATD, IIYCTO JIM [IEPEUNCISIEMOE UM MHOXKECTBO
WJIN HeT.

Teopema 1. Ilepecedenre u oObeIMHEHNE IEPEYNCIUMBIX MHOXKECTB
MIEPEYINCTUMBI.

< Ecmn X n Y nepeuncisiiores anroputmamu A u B, 1o ux 06be1u-
HEHHE TEPEIUCIIIETCs] AJITOPUTMOM, KOTOPBIN MapaJUIeILHO BBIOTHSIET
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o maraM A u B u nedaraer Bcé, uro nedaraior A u B. C nepeceyenuem
HEMHOI'O CJIOYKHee — pe3ysIbTaThl paboTel A U B HaJl0 HAKAIIMBATH U
CBEPATH JIPYT C JIPYTOM; UTO MOSIBUTCS ODOIIEro — revdarars. >

4. [IpoBemuTe 3TO paccyKAeHUE, UCIOIb3Ys KAK0e-JInbOo JIpyroe SKBUBa-
JICHTHOE€ OIIpeJe/IeHuEe IIePEeInCIMMOCTH.

Kak MbI yBUIUM, JOMOJIHEHUE TIEPEIUCTIUMOTO MHOYKECTBA, HE 005132~
HO OBITH TEPEYNUCTUMBIM.

5. lHorma roBopsT 0 Tak HAa3bIBAEMBIX «HEIETEPMUHUPOBAHHBIX AJTOPUT-
Max» (OKCIOMODOH, HO DACIPOCTPAHEHHDIH) — TaKON aJrOpUTM BKJIIOYAET B
cebst KOMaHIbl TUIA

n = IIPOU3BOJJIbHOE HATYPAJIbHOE THUCJIO

(mocrarouno, BrpodeM, KoMaHabl «n := 0 mwin 1», Tak KaK HPOU3BOJILHOE THC-
JI0 MOXKHO opMuUpoBaTh 110 6uram). HeerepMuHUpOBaHHBIH ajgroput™ (npu
OJIHOM M TOM K€ BXOZIE€) MOXKET NEHCTBOBATH IIO-PA3HOMY, B 3ABUCUMOCTH OT
TOTO, KaKHe <«IIPOU3BOJIbHbIE» YHCJIa OyyT BbIOpaHbl. JloKaxXure, 9To Irepe-
YHUCJIMMOE MHOXKECTBO MOYKHO 9KBUBAJIEHTHO OIPEJIEJIUTH KAK MHOYXKECTBO YH-
CeJi, KOTOPbIe MOTYT TIOSBATHCS Ha BBIXOE HEJAETEPMUHUPOBAHHOI'O aJrOPUTMa
(upu puKCHPOBAHHOM BXOJE).

6. Tokarkure, uro eciim MmuoxkecrBa A C N u B C N nepeunciumbl, To ux
nexkaproBo npoussegenne A X B C N x N Takke nepednciammo.

1.4. Tepeyncnumble n paspelnMbie MHOXECTBA

Teopema 2. Besikoe pa3pernMoe MHOYKECTBO HATYPAIBHBIX THUCEJT TIe-
peunciaumMo. Ecin MHOXKecTBO A U ero jpononHenye (10 MHOMKECTBa BCEX
HATYDPAJBHBIX IHCEN) IIEPEUNUCTUMBI, TO A paspermumo.

<1 Ecmu npuHaj1e2kHOCTh 9nc/ia K MHOXKECTBY A MOXKHO IIPOBEPUTH
HEKOTOPBIM aJIFOPUTMOM, TO A 1 ero J0mo/IHeHre IePeIrC/IMMbL: HAJIO 110
ovepein MIPOBePATh MPUHAIEXKHOCTD yncen 0, 1,2, ... 1 medyaraTs Te U3
HUX, KOTOpbIe npuHajyiexkar A (i Te, KoTopble He npuHajex)ar A).

B npyryio cropomy: ecin y HAC €CTh AJITOPUTM, MEPEeducsonuii A,
a TaKXKe JIPYTOil aJrOpUTM, [EPEdncCIsionuii Jomoinenne Kk A, To st
BBISICHEHUSI IIPUHAJJIE’KHOCTU 38JJAHHOTO dncia n K A Hajo 3amycTuTh
06a 9TH ANTOpPUTMa U JKJATh, [IOKA OJUH U3 HUX HamedaTaeT N (Mbl 3Ha-
€M, 9TO PAHO WJIU IIO3/[HO POBHO OJWMH U3 HUX 9TO cuenaet). IlocMoTpes,
KAKOI aJIrOPUTM 3TO CJEIAJ, Mbl Y3HAEM, JIEKUT i n B A. >

Oror dhakT HazbBAOT meopemoti IIdcma.

OHa roBOpHUT, YTO Pa3pEIINMble MHOXKECTBA — 3TO IMIEPEUUCTUMBIE
MHO2KECTBA C IIEPEYUCTUMBIMU JOMOIHeHnAMY. HampoTus, mepeduciu-
MbI€ MHOYKECTBA MO2KHO OIPEJEIUTh YePe3 pa3peninMble:
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Teopema 3. MuokecTBO P HATypaJIbHBIX YUCEJ IEPEIUCTUMO TOTIA U
TOJILKO TOTJIA, KOT/Ia OHO SIBJISIETCS IPOEKIINeil HEKOTOPOTO Pa3PEIInMOro
MHOKeCTBa () ap HaTypajabHbix duced. (IIpoekius nosxyvaercs, ecau or
ap OCTaBUTh UX IepBble KoMIOHeHTH: = € P < Jy((z,y) € Q).)

< Ipoekuumst H06OroO MEPEIUCIUMOrO MHOKECTBA, Hiepeducuma (1e-
PEYUC/IAIONUl aJrOPUTM JIOJIXKEH JIUIIh YIAAJSITh BTOPbIE YJI€HBI Hap),
TaK 9TO IMPOEKIINs PA3PEIINMOr0 MHOXKECTBA TeM 0oJiee IepedncinMa.

Hamporus, ecnin P — mepedncinMoe MHOYKECTBO, IEPETUCTIEMOE aJl-
roput™MoM A, TO OHO €CTb IPOEKITUsT PA3PEIIIMOro MHOXKeCTBa (), COCTO-
SIIEro W3 BCEX TaKWX Iap (T, M), 9TO & TOSIBJSIETCS B TeUEHNe EePBBIX N
nraros paborer ajropurma A. (DTo CcBOHCTBO, 09EBUIHO, PA3PEIIUMO. ) [>

1.5. rlepe‘-IVICfIVIMOCTb N BbIHNCIIMMOCTb

Mpb1 Buzesid, 9TO MEPEIUCTUMOE MHOXKECTBO MOXKHO OIIPEIE/INTh B
TePMUHAX BBIYUCJUMBIX DYHKIWI (HalpuMep, Kak 06JacTb Olpejese-
HUst BRraucanMoit dyHkmn). MoxkHO ¢enaTh u Ha060pOT:

Teopema 4. @yukius f ¢ HATYpaJbHBIMU apryMeHTaMU U 3HAYEHUsI-
MM BBIUHCJIIMA, TOTJA U TOJIBKO TOTJA, KOrja eé rpaduk

F = {{x,y) | f(z) onpezneneno u pasHo y}

SIBJISIETCS TIEPEYUCTUMBIM MHOYKECTBOM AP HATYPAJHHBIX YHCEJT.

< ITycre f Beramcaunma. Torma cyriecTByeT ajropuTM, MEPEIUCTISIO-
it e€ 0b61acTh OIpeJIeIeHNs], TO €CTh MEeYATAIONIHI BCe X, Ha KOTOPBIX
f ompegnesnena. Eciu temnepn Ui KaXKJI0TO U3 TaAKUX & BBIYUC/IATH €I
u 3HaueHne f(x), MOJYyINM aJrOPUTM, [EPEIUCIISIONH MHOXKeCTBO F.

Hamporus, eciiv mmeercst ajaropurm, rnepeducisommiit F', To GpyHK-
nust f BBIYUCIISETCS TAKAM AJTOPUTMOM: UMesT Ha BXONE 7, YKJIEM I10-
siBJIeHUsT B F' 1apbl, MEpBBIi 9IeH KOTOPOH PaBEH M; KAK TOJHKO TaKas
rapa IMosiIBUJIACh, TledaTaeM e€ BTOPOil WieH u KOH9aeM pabory. [>

IIycrs f — gacTtuuynas GYHKIUSA ¢ HATYPAJbHBIMA apryMEHTaMu U
snavyenusiMu. Ob6pas MHOXKecTBa A Tipu f onpejiesnisieTcst Kak MHOXKECTBO
Beex uuces f(n), pig koropeix n € A u f(n) ounpeuneneno. IIpoobpas
MHOXKecTBa A mpu f omnpejiesisieTcss KAK MHOXKECTBO BCEX TeX N, MpU
KOTOPBIX f(Nn) OUpeeseHo U NPUHAIIEKUT A.

Teopema 5. IIpoobpa3 u 0b6pa3 mepeInucanMoro MHOXKECTBA, TIPU BbI-
YUCTUMON (DYHKIUHN [IE€PEUNCTUMBI.

<1 B camomMm geire, mpoobpas mepedncamMoro MHOXKeCTBa A Ipu BbI-
qucauMOoil (pyHKIN f MOXKHO IOJIy9ATh TAaK: B3ATh rpaduk f, mepecedn
€ro ¢ MepevncaInMbIM MHOKeCTBOM N X A U CIIpoeKTHpOBaTh Ha TEPBYIO
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KoopauHaTy. Paccykmenne a1 06pa3oB aHAJIOTHIHO, TOJIBKO KOOPINHA-
TBI MEHSIOTCSI MecTamMu. >

7. llycte F' — mepedncanMoe MHOXKECTBO Iap HATypaJibHbIX uuces. [lo-
KayKUTe, 9TO CYIIECTBYeT Bbluuciaumasi (PyHKIus [, onpeleséHHas HA TeX U
TOJIbKO T€X &, JyIsd KOTOPBIX Haiinércs y, upu KoropoM (z,y) € F, npuuém
snadenne f(r) ABISAETCA OAHUM M3 TakuX Y. (DTO yTBEpXKJCHUE HA3BIBAIOT
uHOTZA Meopemoli 06 YyHuPopmu3ayuy. )

8. /laHbI J1Ba repecekaroImxcs mepeuncjauMbix Muoxkectsa X u Y. /loka-
JKHTe, 9TO HAHyTCs HellepeceKaroIecs epeducinMbie MaoxectBa X' C X
nY' CY, nna xoropuix X' UY' = X UY.

9. JTuogarmosvim Ha3bIBaETCs ypaBHeHNe, umemomee Bun P(z1,...,x,) =
= 0, rme P — MHOTOWIEH ¢ nesbiMu Koaddurmentamu. Jlokaxkure, 970 MHO-
2KECTBO JMOMAHTOBBIX YPABHEHUH, UMEIOIIUX IEJIble PEIIEeHNUs], TIePEIUCTIMO.
(OHo HepazpemuMo: B 5TOM COCTOUT M3BeCTHBIH pesyibrar H0. B. Marusicesu-
94, IBUBINUICS permenneM 3HaMeHnToil «10-i mpobaembr ['minbepTas. )

10. He ccoinasice na teopemy Pepma, mOKaxkKuTe, 9TO MHOXKECTBO BCEX I10-
Kazareyieil n, JJis KOTOPBIX CYIIECTBYeT pelnenue ypasuenus " + y" = 2"
B IEJIBIX TOJIOXKUTENIBHBIX Yncjaax, nepeancanmo. (Kak reneps mssecrno, sTo
MHOXKECTBO COJEPKUT JIMIID dncya 1 u 2.)

11. [TokaxkuTe, 9TO BCSIKOE GECKOHEUHOE TIEPETUCTUMOE MHOYKECTBO MOK-
Ho 3anucars B Buge {a(0),a(1),a(2),...}, rme a — Beraucimmas dbyHKIUS,
BCe 3HA4YeHMsl KOTOPOil pa3in4Hbl. (YKa3aHUe: B XO/ie [IePedrCIIeHNs] yIalseM
HOBTOPEHUSL. )

12. TlokakuTe, 9TO BCIKOE OECKOHEYHOE MEPEUYMCIUMOE MHOXKECTBO CO-
JIepKUT GECKOHEYHOE pa3pelInMoe IOAMHOXKeCTBO. (YKa3aHue: BOCIOJIb3yeMCsl
IpeIbIIy el 3a1adeii 1 BBIGEpeM BO3PACTAIONLYIO TOANOCIEI0BATEBHOCTD. )

13. Ilokaxkure, 9TO st BCAKON BBIYHCIAMMON dyHKumu f cyliecrByer
BBIYUCIUMAsT (DYHKIIUsI, SIBJISIOIIASICS <«IICEBA00OpaTHO» K f B clemyroieMm
CMBICJIe: ODJIACTh OIPE/IeJIEHNsI § COBIAMAET C OOJIACTHIO 3HAYeHUit f, u mpu
stoM f(g(f(z))) = f(x) nna Beex z, npu KoTopbIx f() onpeseseHo.

14. JleficTBATEILHOE THCJIO (v HA3BIBAETCS 8bHUCAUMBIM, ECITH CYIIECTBYET
BBIYKCIUMAs (DYHKIUS @, KOTOpasi 110 JII0OOMY palioHaJIbHOMY € > 0 1aér pa-
[MOHAJIbHOE NPUOJIKeHNe K « ¢ omubKoii He Gosee €, T.e. |a —a(e)| < € ma
mo6oro panuoHaabHOTo € > 0. (Panumonansbaoe IruCIo ABASETCI KOHCTPYKTHB-
HBIM OOBEKTOM, TaK YTO IOHSTUE BBIYMCJIUMOCTH HE TpEOyeT CIEerUuabHOIO
YTOYIHEHUS. )

(a) Jdokakure, 9TO YUCJIO (¢ BBIYUCIMMO TOTJA M TOJBKO TOTJA, KOTJA
MHOXKECTBO PAIMOHAJBHBIX YNCEJ, MEHBIIUX (v, PA3PELIUMO.

(6) JlokaxkuTe, ITO IUCJIO (v BEIYUCIUMO TOTJIA U TOJBKO TOT/IA, KOTJA MO~
CJIeJI0BATEJIbHOCTb 3HAKOB IIPECTABJIAIONIECH €TI0 JeCATUIHON (mm ,II;BOI/I‘{HOI‘/'I)
po6U BBIYUCIAMA.

(B) Jlokaxkwure, 9TO WMCIO (¢ BBIMUCIUMO TOTJA M TOJBKO TOTJA, KOTJIA
CYIIECTBYET BBIMUCIUMAs IIOCJIEI0BATEILHOCTD PAIIMOHAIBHBIX YUCEJI, BHITIC-
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JIIMO CXOIAMAACA K ¢ (TIOCIeTHEE O3HATAET, ITO MOXKHO AJITOPUTMUAIECKU yKa-
3arb N II0 € B CTAaHJAPTHOM &-N-ONPEIEICHAN CXOIUMOCTH. )

(r) Iokaxkure, 9TO CyMMa, IPOU3BE/EHHE, PA3HOCTh U YACTHOE BBIYMCIIH-
MBIX JeHCTBATEIBLHBIX YUCE BBIYUCTUMBI. [[0KayKuTe, 9T0 KOPEHb MHOTOWJIEHA
C BBIYUCJIUMBIME KO3 DUIMEHTAMYI BHIYUCIUM.

() Chopmynupyiite n oKaKUTE YTBEPXKIEHHUE O TOM, ITO IIPEEsI BHIUUC-
JIMMO CXOZISATIENHCS TTOCIEI0BATETEHOCTH BHIYACIUMBIX JeHCTBATETEHBIX IUCETT
BBIYUCJIAM.

(e) [deitcTBuTesbHOE YHCIIO (v HABBIBAIOT NEPEHUCAUMDIM CHUSY, ECITA MHO-
2KECTBO BCEX PAIMOHAJBHBIX YUCEs, MEHBIMUX «, epeancaumo. (Ilepeancim-
MOCTB CBEPXY OIIPEIEJISIeTCsl AaHAJIOMMYHO.) JJoKaXKnuTe, YTO 9UCIO (¢ IIEPEIHC-
JINMO CHU3Y TOTJa W TOJILKO TOIJIa, KO/ OHO SIBJISIETCS MIPEIEIOM HEKOTOPOX
BBIYUCJIAMON BO3PACTAIONIEH TTOCIEOBATEILHOCTH PAIMOHAIBHBIX YUCE].

(x) Jokarkure, 9TO JEHCTBUTEIBHOE HUUCJIO BBIYUCIMMO TOLZA U TOJBKO
TOr/Ia, KOTJA OHO MEPEYrCIUMO CHU3Y U CBEPXY.

JlaJibHeliIme cBOMCTBA BBIYUCIUMBIX JIEHCTBUTEIBHBIX UHCEJT CM. B
3ajtaue 25.

15. TTokaxkuTe, 9TO CJIe/IyIONUe TPU CBOHCTBA MHOXKECTBA X DABHOCUJIBHBI:

(1) X moxkno mpeacrasurs B Buge A\ B, rape A — mepedncimMoe MHO-
JKECTBO, a B — ero mepequncimmoe moMHOXKECTEO;

(2) X moxkuo npezcrasuth B Buge A \ B, rne A u B — nepeduciuMble
MHO>KECTBA;

(3) X MOXKHO HPEICTABUTH B BUJE CUMMETPUIECKONH PA3HOCTH JBYX II€pe-
YUCJIMMBIX MHOYKECTB.

16. ITokaxxkure, uro MHO)KecTBO X MOKHO npescrasuts B Buje A\ (B\C),
rne A D B D C — nepednciiuMble MHOYKECTBA, €CJIU U TOJIBKO €CJIM €r0 MOYXKHO
[IPEJICTABUTD B BUJE CHMMETPUYIECKON Pa3HOCTH (CYMMBI IO MOIYJIIO 2) TPEX
MIEPEYUCTIUMBIX MHOXKECTE.



2. YHunBepcanbHble yHKLUUN U HEPA3PELIMMOCTb

2.1. YHuBepcanbHble PyHKLUN

Ceifgac MBI IOCTPOUM IPUMED TIEPEIUCTUMOTO MHOXKECTBA, He SIBJISI-
orerocs paspemuMbiM. [Ipu 3ToM OyIeT ucmobp30BaThCs TaK Ha3bIBae-
Masl YHUBepCAJIbHAsT (PyHKITUS.

ToopsiT, uro dyarnus U nByX HATYpPAJbHBIX apIyMEHTOB SIBJISETCS
YHUBEPCAADHOU JJISI KJIACCA BBHIYUCIUMBIX (DYHKITMI OHOTO apryMeHTa,
€CJIN IS KayKI0T0 1 (DYHKITHST

Un,: x+—U(n,z)

(«ceuenne» dynkuun U npu GUKCHPOBAHHOM 1) SIBJISIETCST BEIYHCIUMOMN
U ecjii BCe BbIUUCIUMbIe (DYHKIUU (OJHOTO apryMeHTa) BCTPEYAIOTCs
cpenu U,,. (Hamomuum, uro vu dyrkius U, HU BbraucauMble (DyHKIUHT
OJIHOI'O apryMeHTa He 00s3aHbI ObITh BCIOY OIIPE/ICJIEHHBIMI. )

AmnajioruvdHoe OmpeJie/ieHne MOXKHO JaTh W JJIs JPYIUX KJIACCOB
dbynxmit (omHOTO aprymenTa): Hanpumep, dbyHakus U AByX apryMeHTOB
OyIeT yHUBEPCAJIBHON JJIsI KJIACCa BCEX BCIOIY ONPEIEIEHHBIX BHIYUCIH-
MBIX (DYHKIIHN OJHOTO apTyMEHTa, ecyn eé cedeHus U, sIBJISIOTCS BCIOILY
OIIPEICJIEHHBIMI BBIYUCIUMBIMEU (DYHKIIUSIMA OJIHOTO APTyMEHTa M WC-
YepIBIBAIOT Bee Takne (hyHkinu. OUeBUHO, YHUBEPCAJIbHbBIE (DYHKINN
CYIIECTBYIOT JIJIs JIOOBIX CUETHBIX KJIACCOB (M TOJIBKO JIJIST HUX).

KiroueByto posib B 9TOM pa3zjiesie urpaer Takoil hakr:

Teopema 6. CymecrByer BbramcimMasi (DYHKIMS JIBYX apryMeH-
TOB, SIBJISIONIASICS YHUBEPCAIbHON (DYHKITHEH [JTsT KJIACCA BBIIUCIUMBIX
dbyHKIMit 0IHOTO apryMenTa.

<1 3ammineM Bce TPOrPaMMBI, BBIYUCIIAIONHE (DYHKIIMA OJTHOTO ap-
[YMEHTa, B BBIUUCIUMYIO IIOCJIEI0BATEILHOCTD Do, P1, ... (HANPUMED, B
nopsizike Bozpacranug ux Jymbl ). [ojgoxum U (4, £) paBHBIM pe3yibTaTy
paboThl i-it mporpammbl Ha Bxoje x. Torna dyuknus U u Oymer ncKoMoit
BBIYUCIMMOl yHUBepcaabHOil dynknueii. Cedenne U; OymeT BBIYUCIH-
MOI (pyHKIIMEH, BEIYUCIAEMON IPOrpaMMOil p;. AJIPOPUTM, BBIYUCIISIO-
muit camy GyHkmio U, ecTh 1Mo CYIIeCTBY UHTEPIPETATOP Il UCIIOJb-
3yeMOr0 sI3bIKa [IPOrPAMMUPOBAHUA (OH MPUMEHSIET IIEPBBIA apryMeHT
KO BTOPOMY, €CJIU OTOXKJIECTBUTD IIPOIPAMMY U €€ HOMED). >

17. Bce ceuenns U,, HekoTopoit dyukimu U 1ByX apryMeHTOB BBIUNCIUMBL.
Cnenyer sz orcrofa, uro ¢dyukims U Berancanma?

18. JlaiiTe (ecTecTBEHHOE) ONpEIEIEHUE TIOHATHS BBIYUCIUMON QyHKIMN
TPEX apryMEHTOB, YHUBEPCAJbHOMN JJIsi KJIaCCa BBIYUCIUMBIX (DYHKIHH JBYX
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APryMEeHTOB, U JOKazKUTe eé CymieCcTBOBaHUE.

LIt MHOKECTB HMCHOIB3yeTCs aHAJOTHYHAs TEPMUHOJIOTHS: MHO-
xkectBo W C N x N HazbBaior yrusepcasbhvum A HEKOTOPOTO KJIacca
MHOXKECTB HaTyPaJIbHBIX YHCEJI, €CJIU BCe CeYeHUs

W, ={z | (n,z) e W}

MHO)KeCTBa W HpUHA/JIEXKAT STOMY KJIACCY U JIPYTUX MHOYKECTB B KJIacce
HET.

Teopema 7. CymiecTByeT IepedrC/JIMMOE MHOXKECTBO Iap HATypaJib-
HBIX YHCeJI, YHUBEPCAJIBHOE JJIsi KJIACCA BCEX IEPEUUCTUMBIX MHOYKECTB
HATYPAJIBHBIX YUCEI.

< Paccmorpum obstacth onpesiesiennst yauBepcaabaoit dyaxnun U.
Ona Oy/ieT yHUBEPCAJBHBIM TEPEIUCTUMBIM MHOYKECTBOM, MMOCKOJBKY
BCSKOE IEPEYUCIMOE MHOXKECTBO SIBJISIETCSI ODJIACTBIO OIpPeJIeICHIsT
HEKOTOpPOi#t BeraucanMoii dyukmuu U,. >

19. Kak IIOCTPOUTH YHUBEPCaAJIbHOE€ MHO2KECTBO, UCXO/Id U3 TOI'O, 9TO BCs-
KOe TMEePEUNCINMOe MHOYKECTBO €CTh MHOXKECTBO 3HAYEHWI HEKOTOPO (DyHK-
mau U, ?

20. CymiecTByeT JiM pa3penmMoe MHOXKECTBO I1ap HATYPAJbHBIX YHUCEJI,
YHHUBepCaJIbHOE JIJIsI KJIacCa BCEX Pa3PEelIMMbIX MHOXKECTB HATYDaJIbHBIX YH-
cest?

2.2. [lnaroHanbHasi KOHCTPYKLMSA

B mpenpiaymem pazzese Mbl IOCTPOWIA YHUBEPCAIBHYIO (DYHKITIIO
JJIsT KJIACCA BCEX BBIYUCIUMBIX (DYHKIIUN OFHOrO aprymeHTa. MoxKHO jim
cZlesaTh TO YK€ CaMoe I KJIACCa BCIOJY OIPEIEJIEHHBIX BBIYHCIMMBIX
dyuknumit? OKa3bpIBaeTCsI, 9TO HET.

Teopema 8. He cyrmecTByeT BBIMHCINMOI BCIOLY OIIPEIETEHHON (PYHK-
UK JBYX apryMEHTOB, YHUBEPCAJBHON I KJIACCA BCEX BBIYHC/IMMBIX
BCIOJLy OIPEJIEEHHBIX (PYHKIUI OJHOINO ApPTryMEHTA.

<1 Bocnosibayemcst «uaroHaabHON KOHCTPYKIMEH» — TOYHO TaK Ke
JIOKA3bIBAETCS HECIETHOCTh MHOYXKECTBA BCEX OECKOHEUHBIX JIECATUIHBIX
npobeit. Ilycrs U — mpowm3BosibHAS BBIYUACAAMAS BCIOJY OIIPEIEIEH-
Hast PYHKIUS JBYX apryMeHTOB. PaccMOTpUM IMAroHAJbHYIO (DyHK-
o u(n) = U(n,n). OgeBunHo, Ha aprymenTe n GbyHKIAS U COBIAIAET
¢ dyuknpmeit U, a dyakuus d(n) = u(n) + 1 ormgaercs ot U,,. Takum
06pa3oM, BEIYHC/IUMAZ BCIOLY onpeeénnas dhyHkus d(n) oramdaeTcs
ot Bcex cedennit Uy, u moromy ¢yukius U He SBIISIETCS yHUBEPCAJb-
HO#. >
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IToueMy 3TO paccyKJeHne He IPOXOIUT JJId KJIACCA 6CET BLIMUCIIN-
Mbrx GyHKIMA (B ToM umcse gactuanbix)? Jleso B TOM, 9TO 3HAUEHUE
d(n) = U(n,n)+1 reneps He 00g3aHO OTINIATHCA OT 3HadeHus Uy (n) =
= U(n,n), Tak Kak 06a OHU MOT'YT ObITH HE OIPEJIEJIEHBL.

Tem He MeHee, YACTh PACCYKICHUST OCTAETCS B CHJIE.

Teopema 9. Cymecryer BoruncauMas Gyuknusa d (¢ HATYpPATbHBIMA
apryMeHTaMU U 3HAYEHUsIMU), OT KOTOPO#l HUKaKas Bbraucaumas GyHkK-
nust f He MOXKeT BCIOAY OTJIUYATHCS: s JF000# BBIYUCIUMON (DYyHK-
muu f Hahaéres rakoe duciao n, uro f(n) = d(n) (umocsennee paBeHCTBO
MOHUMAETCST B TOM CMBICJIE, ITO Jn60 0ba 3Havenust f(n) u d(n) He onpe-
JIeJIEHDI, JTUOO0 064 ONPEIEJICHbI U PABHDI).

< Ilo cymecTBy BCE yKe CKA3aHO: TAKOBA JUATOHAJILHAS (DYHKIUS
d(n) = U(n,n) (3mece U — BbrunciauMas QyHKIMs ABYX apryMEHTOB,
YHUBepcaJjbHast JJIs KJIacCa BBIYUCIUMBIX (DYHKIIUH OIHOrO apTyMeHTa).
JIrobast Beraucimmast yuknust f ects U, Ipu HEKOTOPOM 7, U IOTOMY
f(n) =U,(n) =U(n,n) =d(n). >

Teopema 10. CyimecTByer BuraucanMasi (DYHKITHS, HE UMEOIIas BCIO-
JIy OIPEeIIeIEHHOIO BBIYUCIUMOTO IIPOIOJIZKEHS.

< Takosa, nanpumep, dyukius d'(n) = d(n) + 1, tae d — dyukImMst
u3 MpebIayIeit TeopeMbl. B camMoM Jienie, i0060e €€ BCIOy OIpeeséH-
HOE IIPOJIOJIXKEHHE BCIO/Ly OTm4daeTcs ot d (B Tex MecTax, rjae GyHkms d
onpenenena, dpynknusa d Ha egquHMIly Gosbine d, M IOTOMY JIIOOOE TIPO-
noskenne dbyuknun d orimgaercd ot d; Tam, rae d He ONpeIeseHa,
Jobast BCiojy oupezenéHaas byHKIMs oTandaercs or d). >

21. Jlokaxkute, 4TO U cama (pyHKIHUA d U3 TOKA3ATETHCTBA MPEIBIIYIIE
TeoOpEeMbl HE UMeEET BBIIUCJIUMOI'O BCIOAY OHpe,He.J'IéHHOI"O IIPOJOJIZKEHU A.

2.3. I'Iepeqmcnmmoe HEPa3peELNMOE MHOXECTBO

Terepb MBI MOXKEM [IOKA3aTh OOEIIAHHOE yTBEPXK/ICHUE.

Teopema 11. CymiecTByeT MepevIncJInMOe HEPA3PENTNMOe MHOYXKECTBO.
(IlepedopMyIMpOBKa: CyIECTBYET MEPEYNCINMOE MHOYKECTBO C Helepe-
YUCJMMBIM JIOIIOTHEHHIEM. )

< Paccmorpum Berunciaumyo byHkiwo (), He UMEIONIYIO BCIO-
JIy OIIPEJIEJIEHHOTO BBIYMCIUMOrO IIPOJoJKeHus. € obacTh onpesee-
uust F GyJier HCKOMBIM MHOXKeCTBOM. B camom jgeste, F' nepeauncmmo (1o
OZIHOMY W3 olpeesienuii nepeanciaumoctn). Ecjm 661 F' 6b110 pasperiu-
MO, TO (DyHKIHIS
f(z), ecmx € F,

€Tr) =
9() 0, eciu x ¢ F
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ObL1a OBl BBIYUCIMMBIM BCIOY OIIPEIETEHHBIM TPOIOJIZKEHUEM (DYyHK-
muu f (upu BbraucseHuu () Mbl CHAYAJIA IPOBEPsIeM, JIe?KUT Jid & B F,
€CJIN JIEXKUT, TO BeramciseM f(z)). >

[Tonezro mpocieuTh, KAKOE MMEHHO MHOXKECTBO B UTOI'e OKAa3aJI0Ch
[IEPEYNCTUMBIM U HEPa3pemuMbIM. JIerKo MOHATH, YTO 9TO MHOXKECTBO
Tex n, upu Kotopbix U(n,n) ounpenesnero. Eciu BCIOMHUTB KOHCTDYK-
nuto GyHkun U, TO 3TO MHOXKECTBO TE€X 7, IPA KOTOPBIX 7-s1 TPOrPAMMA,
octaHaBuBaeTcs Ha n. [loaToOMy MHOTIA TOBOPST, 9TO «IpObJIEMa CaMO-
IPUMEHUMOCTU» (IIPUMEHMMOCTH IIPOIPAMMBI K CBOEMY HOMEpY) Hepas-
peruMa.

3aMeTuM, 9TO OTCIONA CJIE/yeT, 9TO U OOJACTb OIpeleeHus] Beeil
yHuBepcabHO GyHKIN U sBII€TCS MEPEINUCTIMBIM HEPA3PEITUMbIM
muOKecTBOM 11ap. (Ecim 661 pobiiema BbIsICHEHNsT IIPUMEHUMOCTH [IPO-
rpaMMbl K IIPOM3BOJIBHOMY apryMeHTy ObLjaa Obl pa3permmma, TO U eé
9aCTHBIN CIydail — MIPUMEHUMOCTb IIPOrpaMMbl K cebe — ObLT ObI pa3-
permm. )

D1y 6osee 0b6MIIyI0 — U OOJIEe eCTECTBEHHYIO, Y€M BBISCHEHUE CAMO-
PUMEHUMOCTH, — 3aja4y (y3HATb, OCTAHOBUTCS JIM JIAHHAS [IPOrPAMMA
HAa JIAHHOM BXOJIe) Ha3BIBAIOT MHOTA «IIPoGJeMoit octanoBKm». (MHorne
CJIyIIaTe/Id KypPCoB I10 JIOTUKE W TEOPUU AJITOPUTMOB IIOMHST TAUHCTBEH-
HBbIE U I'po3HbIe cjioBa «[Ipobiiema ocranoBKY jijist MamuH TeopuHTa aJ-
POPUTMUYECKU HEPa3PeNInMay, JIazKe 3a0blB BCE OCTAJIbHOE. )

22. Ilycte U — mepedncimmoe MHOXKECTBO Map HATYPAJLHBIX YHUCEJT, YHU-
BepcCaJiIbHOE IJId KJlaCCa BCEX IIEPEYUC/IMMbBIX MHO2KECTB HaTypPaJIbHBIX YHCEJI.
Jlokaxkute, 9TO €ro «uaroHajabHoe ceuenne» K = {z | (z,z) € U} saBusercs
IIEPEIUCJINMBbIM HEPa3pPEIINMbIM MHOXKECTBOM.

23. HekoTtopoe MHO2kKeCTBO S HATYypaIbHBIX JHCEN paspennmo. Pazmoxum
BCe uncia u3 S Ha MPOCThIE MHOYKUTEU M COCTABAM MHOXKeCTBO [ BCex IIpo-
CTBIX YHCEeJI, BCTPEYAIOIIUXCA B 3TUX PAZJIOZKECHUAX. MO}KHO JIX yTBEP2K/1aTh,
9TO MHOXKeCTBO ) pazperumo?

24. Muoxectso U C N X N pazpermumo. MoxkHO u yTBEpKIATH, ITO
MHOKECTBO «HHKHUX TOYeK» MHOxKecTBa U, TO eCTh MHOXKECTBO

V={z,y)| (z,y) €U)nu ((z,z) ¢ U nya Bcex z < y)}

SABJIsIeTCsT pa3permuMbiM? MOoXKHO 1 yTBep:K/IaTh, YTO V IEPEYNCTUMO, €CJTH
U mepeunciaumo?

25. [lokaxkuTe, 9TO CyHmIECTBYIOT MEPEYUCIUMbIE CHU3Y, HO HE BBIYUCIIU-
MBI€ YNCJIA B CMBICJIE ONIPEIesIeHnH, TanHbIX Ha c. 14. (Ykazanne. PaccMorpum
cymmy psma 3 27F o Becem k M3 KaKOTO-THGO MEPETHCIMMOrO MHOMKeCTBA, P.
Omna Bcerja nepevdncanMa CHU3Y, HO OyIeT BBIYUCIUMOI TOJBKO IPU Pa3PEIIi-

mom P.)
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Mgl BepHEMCS K BBIYUCIUMBIM JIEHCTBUTEIBHBIM YHCJIAM B 337~
qax 35 u 70.

26. ITokaxkurte, 9TO CyIIECTBYET MHOYXKECTBO, KOTOPOE MOYKHO IIPEJICTABUTH
B BHJI€ CUMMETPHUYIECKON PA3HOCTU TPEX MEPEUNCIUMBIX MHOXKECTB, HO HEJIb3S
IIPEJICTABUTH B BUJIE CHMMETPUYECKONH DPA3HOCTU JBYX II€PEYUCIUMBIX MHO-
xectB. CMm. 3amaqm 15 u 16. (Ykasanue. B kjacce MHOXKECTB, KOTOPBIE MOXKHO
[IPE/ICTABUTH B BUJIE CHMMETPUYIECKON PA3HOCTU JABYX IMEPEUUCIUMBIX MHO-
JKECTB, €CTh YHUBEPCAJILHOE. )

2.4, I'IepeqmchMble HEOTAESINMbIE MHOXXECTBA

Hebompmas moandukamms paccyKIeHns MO3BOISIET J0Ka3aTh yCH-
JIeHVEe JIOKA3aHHOM BBIIIE TEOPEMBI:

Teopema 12. CymectByer BbIYHCIHMAsi (DYHKIUS, TPUHAMAIONIAS
ToJIbKO 3HavUeHnda 0 m 1 u He mMeromasa BCIOY ONPEIETEHHOTO BHIMUCTI-
MOT'O IIPOJOJIKEHUS.

< Bumecro dyukmun d’'(z) = d(z) + 1 MoxkHO paceMoTpersh DyHKITHIO

g 1, ecim d(z) =0,
(@) = 0, ecsm d(x) >0

(nmeercst B By, uTo d”(x) He ompemeneno, ecamn d(x) He ONPEIETEHO).
Torpa soboe Beiomy onpejesénnoe npojoszkenne dgynxiuu d’ Gymer
[TO-TIPEsKHEMY OTJIMYAThCA OT d BCIOJy W IIOTOMY HE OYIET BBIYUCJIH-
MBIM. >

DTOT pe3ysbTaT MOXKHO IMEPEBECTH HA SI3BbIK MEPEeYUCIUMBIX MHO-
2KecTB. ['0BOpAT, ITO JIBa HEIEPECEKAIONINXCsT MHOXKecTBa X u Y om-
deasromes muoxkectBoM C, eciim MHOXKecTBO C' COJIEP’KUT OJIHO U3 HUX
U He [IEPECEKAeTCs C JIPYTHUM.

Teopema 13. CymiecTByIOT JiBa HEIEPECEKAIONIMXCS TEPEIUCTUMBIX
MHOKecTBa X M Y, KOTOpDbIe HE OTIEJSIOTCS HUKAKUM Pa3pPelnMbIM
MHOXKECTBOM.

<1 B camom neste, mycth d — BbIYucanMast QyHKIUsI, TPTHIMAOIIAS
ToJIbKO 3HavdeHnd 0 1 1 u He mMeroIas BCIOY ONPEJIETIEHHOTO BBIMHUCIH-
moro npoxposnkenus. I[Iyers X = {z | d(z) =1} u Y = {z | d(z) = 0}.
Jlerko BujieTh, yTo MHOXKecTBa X 1 Y mnepedncyiumMbl. [lycTb OHE OTIE IS
I0TCsl paspermuMbiM MHEOXKecTBOM C'; 6yeM cuantarh, uro C' comepkut X
u He nepecekaercd ¢ Y (ecam Hao0OpOT, HepeiéM K gonosaHenuo). To-
rja xapakrepucrudeckad ynkiusa muoxecrsa C (paBuas 1 Buyrpu C
u 0 BHe Hero) mpojoKaer d. >



[o. 5] IIpocmuie mrootcecmea: koncmpyruyus Ilocma 21

3aMeTnM, 9TO 9TOT Pe3y/IbTaT YCUINBAET YTBEPKICHUE O CYIIECTBO-
BaHUM [EPEYUCIUMOrO HEPA3PENInMOro MHOXKECTBa (eC/iu JiBa MHOXKe-
CTBa HE OTHEJIMMbI PA3PEIIUMbIMUA MHOXKECTBAMHU, TO HUA OJIHO U3 HUX HE
pas3permmo).

27. Kak onucaTth HOCTPOEHHBIE [TEPEYNCINMbIE HEOT/IENMbIE MHOYKECTBA B
TepMuHaxX yHHUBepcasnbHoil dyskupn U(n,z)?

28. ITokaxkure, YTO CyIIECTBYET CYETHOE UHUCJIO HEIIEPECEKAIOIIMXCsI ITepe-
YUC/IMMBIX MHOXKECTB, HUKAKUE JIBA U3 KOTOPBIX HEJIb3sl OTIEJUTH Pa3pelu-
MBIM MHO?KECTBOM.

29. [oarwvim dsouunvim depesom ByieM Ha3BIBATH MHOYKECTBO BCEX JTBOUY-
HBIX CJIOB (KOHEYHBIX MOCJIEI0BATEIBHOCTEH HyJIEH U eIMHMUI); €r0 JEMEHTbI
HA3BbIBAIOT 6EPUIUHAMU JIEPEBA; IIyCTOE CJIOBO SIBJISETCS KOPHEM ITOTO Jepe-
Ba, a cioBa x0 u xl SBISIOTCS CHIHO6LAMU BEPIIUHBI X, KOTOPAs SIBJISIETCS
omuyoMm CBOUX CbIHOBe#. [loddepecom TOJTHOIO JIBOMYHOIO JI€PEBa HA3BIBAIOT
MHOKECTBO BEPIINH, KOTOPOE BMECTE C KarKJI0il BEPIIMHON COIEPXKUT €€ OTIA.

ITokaxkuTe, 4TO OECKOHEYHOE MOAAEPEBO BCETIa NIMEET HECKOHEUWHYIO 8EMBH
(mocsteIOBATEILHOCTD BEPIINH, B KOTOPOH KayK1asl CJIC/LyIOIasl SIBJISIeTCs Chl-
HOM TIPEABIAYINEH ); 9TO yTBEpXKIEHUE HAZBIBAIOT Aemmoti Kénuea. Tlokaxnre,
qT0 3P HeKTUBHBII BapuaHT ieMMbl KEHITa HEBepeH: CYIecTBYeT OECKOHETHOE
Pa3peIInMOoe II0JIJIEPEBO IIOJHOI'O JIBOUYHOI'O JepeBa, He MMEIOIee BBIYUCIIU-
Moit 6eckoneunoi BeTBH. (YKasanme. B3ss mapy nepevncimMbIX HEOTIETMMbIX
MHOKECTB, MOXKHO IIOCTPOUTH JIEPEBO, B KOTOPOM Ji0basi OeCKOHEUHAsT BETBb
II0BOPAYMBAET HAIIPABO B TOYKAX IIEPBOTO MHOXKECTBA U HAJIEBO B TOYKAX BTO-
poro. Ilpu 3TOM MOAIEPEBO MOXKHO CAETIATH PA3PEINIUMBIM, TaK KaK 3aIllpeT
TIOBOPOTA MOYKHO HAJIOKUTH HA IMPOU3BOJILHO BBICOKOM YPOBHE, KOTJA BbISIC-
HUTCsI IPUHAJJIE?KHOCTD OJJHOMY U3 MHOXKECTB. )

2.5. lNpocTble MHOXecTBa: koHCTpyKums [locTa

CymiecTByIOT U APYTHe KOHCTPYKIUHU [IEPEUNCINMBIX HEPA3PEIIIMBIX
MHOXkecTB. Bor ofna n3 Hux (npemnoxkennas 9. [Tocrom).

Ha30BéM MHOXKECTBO UMMYHHbLM, ECJIE OHO OECKOHEYHO, HO HE COJEP-
JKUT OECKOHEYHBIX IIEePEUNCJINMBIX IIOAMHOXKeCTB. llepedncimmoe MHO-
JKECTBO HA3BIBAIOT NPOCMbIM, €CIIA €TI0 JIONoIHeHne nMMyHHO. (OueBu/1-
HO, TaKOe MHOXKECTBO HE MOYKET OBITH PA3PEIINMBIM. )

Teopema 14. CyrmrecTByeT IpPOCTOE MHOXKECTBO.

< Ham Hy»KHO, 9TOOBI II€PEUNCINMOE MHOXKECTBO S HMEJIO UMMYH-
HOE JIOIIOJIHEHHE. DTO 03HAYAET, YTO S JIOJKHO [IEPECeKaThCsl C JIIOOBIM
GECKOHEIHBIM [IePEUNCIUMBIM MHOKECTBOM. UTOOBI rapaHTHPOBATH ITO,
IIOJIE3HO TSI KaXKJJOT'0 IEPETHCIIMOr0 MHOXKeCTBa V' J0OABUTH KAKOH-TO
ero aeMeHT B S (xorst 66 115 Geckonednsix V). IIpu srom Hato no3abo-
TUTBCSI O TOM, ITOOBI BHE S 0CTAI0Ch OECKOHETHO MHOT'O 3JIEMEHTOB. DTO
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MOXKHO TapaHTUPOBATH, €CJIU JT00ABJISTH JOCTATOYHO OOJIBIIAE dJIEMEH-
ThI (HAIIPUMED, U3 MHOXKECTBA HOMED 4 JOBABJIATH TOJBKO OJMH JIEMEHT,
upuroM O66ubIIHi 27).

O06bsiciuM KOHCTpYKIWIO Toapobuee. Ilycts W — yHuBepcaibHOE
[IEPEYNCINMOE MHOYKECTBO I1ap, cpeau cederuit W,; KOTOporo Bcrpeda-
IOTCsT BCE IMEPEYUCMMBbIE MHOYXKECTBA HATYPAJIbHBIX duces. Bymem Ha-
3piBaTh W «IIEpeUnCIUMBbIM MHOXKECTBOM HOMED i» (IPU 9TOM DA3HBIM
HOMEepaM MOXKeT COOTBETCTBOBATL OJIHO U TO YK€ MHOXKecTBO). Paccmor-
pum muoxkectso map T = {(i,z) | (x € W;) u (x > 2i)}. Dro MHO-
JKECTBO IepedncanMo (Kak rnepecederne W u paspernmmMoro MHOKECTBA
{(i,x) | © > 2i}). Ilepeuncisiss ero, GymemM oTOPaCHIBATH HAPBI, ¥ KOTO-
PBIX TEPBBI WieH yxke BcTpedascs paHee. OCTaHeTCs HEKOTOPOE Iepe-
gucauMoe noaMuokecTso 17 C T. PaccMOTpUM Tenephb MepedncInMoe
MHOXKECTBO S BTOPBIX YJIEHOB Iap, BXoAdamux B 1.

DTO MHOXKECTBO IEPECEKAETCsI C JIIOOBIM OECKOHEYHBIM HEePETUCIH-
MBIM MHOXKeCTBOM. B camom nese, ecau W,; 6eCKOHEYHO, TO OHO COJEp-
JKUT U 9ucia, 66sbime 2i, nosromy B T (a, 3uauut, u 8 T”) ecTb napbl ¢
HEepBLIM 9JICHOM 7. BTOpoil 4ien Takoit napbl u3 1" Oyaer jgexxaTh U B S,
uB W;.

C apyroit cTOpOHBI, MHOXKECTBO S MMeeT OECKOHETHOE JIOTOJIHEHNE,
OCKOJIBKY cpeau auces ot 0 710 2n — 1 MaKCUMyM 1 Pa3JIMIHBIX THCEJT
MOI'YT IPUHAJIIEKATH S (3T0 Ymciia, monasmme B S ¢ OJHON U3 NEePBbIX N
BepTUKaJell — Bce ocralbable OyiayT yxKe 6osbiie 2n). >

30. ,HOK&}KI/ITG, 9T0 OECKOHEYHOE MHO2KECTBO, HE CO/iepzKalllee OECKOHEYHBIX
Pa3permruMbIX ITIOJMHOXKECTB, UMMYHHO.

31. JlokaknuTe, 9TO CyNIIECTBYET MIEPEUNCIUMOE MHOYKECTBO, JJIsI KOTOPOTO
HpHMOﬁ Hepec'{éT (HOCJIe,ZLOBaTeJIbHOCTb JIEMEHTOB B IIOPsAJKE BO3paCTaHUA
663 HOBTOpeHI/IfI) €ro JOIIOJTHEHUA HEe OTPAHUYCH CBEPXY HUKAKOMI BCIOY OIIpe-
JeJEHHON BBIYUCIUMON pyHKImeid. JJokazkuTe, 9T0 3TO MHOXKECTBO SBJIAETCS
IIPOCTBIM.



3. Hymepauum un onepaymn

3.1. MnaBHble yHUBEpPCasbHbIE DYHKLUN

OueBUHO, KOMIO3UIMS JIBYX BBIYUCTUMBIX (DYHKIMNA BBIYUCIUMA.
[Ipu sTOoM 3TO yTBep:KIeHME KayKeTCs «d(P(PEKTUBHBIM» B TOM CMBICIIE,
YTO IO MPOTPAMMaM JIBYX (PYHKIMI MOXKHO AJITOPUTMUYECKH IOy IUTH
[IPOrpaMMy WX KOMIIO3WUIMH. B pasyMHOM si3bIKe IIPOrPAMMUPOBAHUSI
OHAa OYIET COCTOSITh U3 JABYX MOIIPOrPAMM, COOTBETCTBYIOIIUX JIBYM BbI-
YUCTUMBIM (DYHKIUSIM, ¥ TJIABHON TPOrpaMMBbl C €IMHCTBEHHON CTPOKOM
«return (f(g(x)))».

OHAKO MBI XOTUM IOBOPUTH He O Iporpammax (4robbl He BIABATHCS
B JleTaJIM A3bIKa IPOrPAMMUPOBaHUs ), & 0 HoMepax dyHkuii. Ijis sToro
y Hac ecTb cpejicTBa. VIMenno, Besikast yauBepcaiabhas dyuxnus U mjist
KJIACCA BBIYUCIUMBIX (DYHKIWI OJTHOIO apryMeHTa 3aJaéT HYMEPAIUo
9TOTO KJIacca: IUCII0 N sABJsgeTcs HomepoM byukuun Uy, : x — U(n, z).

Boobmie nymepayuet; (6osiee TOUHO, Hamypasbrol Hymepayued) Ipo-
MU3BOJIBHOIO MHOXKECTBa J HA3BIBAIOT BCIOY ONPENEIEHHOEe 0TOOpayke-
nue v: N — F, obnacTb 3HA4YEHUI KOTOPOIO €CTh BCE MHOXKECTBO F.
Ecin v(n) = f, 10 uncio n HaseiBAlOT Homepom obbekrta f. Takum
00pa3oM, BesiKasi (DyHKIUS IBYX apryMEHTOB 33J[aéT HyMepaIluio HEKO-
Toporo kjiacca MyHKIMHA OHOro apryMenTa (U sBJIseTCsd YHUBEPCAIbHOI
JUISL 9TOTO KJTACCA).

Hama nens — chopmysimpoBaTh U JI0OKa3aTh TaKOe yTBEPKICHUE:
(IpM HEKOTOPBIX YCJIOBUSIX HA HYMEDAIMIO BBIYUCIUMBIX (DyHKIMI) Cy-
MECTBYET AJITOPUTM, KOTOPBIA IO JIIOOBIM JBYM HOMEDPAM BBIYHACTHMBIX
byHKII Ta6T HEKOTOPBIM HOMED UX KOMIIO3UIIAH.

[Ipexk e Bcero Mbl moTpedbyeM, YTOOBI yHUBEpCabHAs (DYHKINS, 38~
JAIOIast HyMepanuto, Obuia BoraucauMoit. (Takue HyMepanuu Ha3bIBAIOT
soruucaumoimu.) OIHAKO ITOrO yCJIOBUs MAJIO: HaM MOTpedyeTcs, 4To0bl
HyMepalys Obljla, KaK MOBOPAT, 24a6H0l (2Edenesot).

I[Mycrs U — jaBymecTHasl BBIYUCAUMAsT YHUBEpCAIbHasl (DYHKIIUS
JLJIST KJIACCA OJIHOMECTHBIX BBIYUCIMMBIX (DYHKIMA (TepMun «k-mecTHast
dyukuus» oznauaer «byukiys k aprymentoss). Eé HaspiBaoor 24a6-
HOU YHUBEPCAJIbHON (DYHKIIMEH, eCau JjIs JII0OOH JBYMECTHON BBIUUC/IN-
Moit pyHKImE V' cyliecTByeT BCIOLy ONpee/iEHHAs BbIAUCIUMast (PYHK-
s s(m), Jys KOTopoi

V(im,z) = U(s(m),x)
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upu Bcex m U & (PABEHCTBO IOHUMAETCH, KaK OOBIYHO, B TOM CMBICJIE,
970 J1nb0 062 3HAUEHMsI He OIIPEJIeJIeHbI, JTUOO OIPE/IEIeHbl U PABHbI).

Hpyrumu ciosamu, Vi, = Ug (), TO ecTb dynknug s jaér mo V-mo-
Mepy HEKOTOpOi MYHKINN HEKOTOPBIit U-HOoMep Toi 2Ke dyukiun. Ecim
npeicTaBisaTh cebe U n V' Kak mHTEPIPETaTOPhl HEKOTOPBIX S3BIKOB ITPO-
rpammupoBanus (U(p, x) ecTb pe3ysibTaT NPUMEHEHUS IIPOIPAMMBIL P KO
BXOIy & W T.J.), TO Halle TpebOBaHue O3HAYAET, YTO Jyisl JIOOOro A3bl-
Ka MMPOrPAMMUPOBAHUs V CYIECTBYET TPAHC/SITOD S, MPeobpasyromuit
o0y V-tporpaMMy m B 9KBUBaJIeHTHY1O U-mporpaMmy s(m).

Teopema 15. CymrecTByer 1yiaBHas yHUBEPCAJIbHAST (DYHKITHSI.

< (Ilepsbiit cnoco6.) IokaxkeM, 9TO OIUCAHHOE B JIOKA3ATEIHCTBE
reopembl 6 (c. 16) mocTpoenue yHUBEPCAIBHON (DYHKIUK Aa6T TJIABHYIO
yHUBepcabHyo YyHKINIO. HATOMHUM, 9TO MBI TEPEYUCIISIIIN BCE TIPO-
IPaMMBI Pg, P1, P2, - - - KAKOTO-TO €CTECTBEHHOTO SI3BIKA TPOTPAMMHIPOBaA~
HUsI B IOPsIIKE BO3PACTAHUS WX JUIMH M nosaraiu U(n, ) paBHBIM pe-
3yJIBTATY MPUMEHEHUsI TPOrPaMMbI P, K BXoxy x. IlycTh Temeph ecThb
KaKas-TO Jpyras BblaucauMast pyHKIus V aByx aprymenToB. Ham Ha-
JI0 TIO JIIOOOMY HATYPAJBHOMY 1M MOy YATH IpOorpamMmy GyHKIuu V,y,, TO
ecTb DYHKIMH, KOTOPasi MOJIyYnuTcs, eciu B V 3adukcupoBars HepBbIit
apryMeHT DaBHBIM m. ZICHO, 4TO Takyio mporpaMmy (B GOJIBIIHHCTBE
SI3BIKOB IIPOrPAMMUPOBAHHUS) MOJIYYUTh JIETKO — HAJI0 TOJBKO B IIPO-
rpamme Jijisg V 3aMEHHTH MEPBBIi apryMEHT Ha OIPE/Ie/IEHNe KOHCTAHTHI
(WM UCIoOIB30BaTh MPOrpaMMmy i V' B KadecTBe MOZAIPOIPAMMBI, a B
OCHOBHOI1 TpOTrpaMMe BhI3BIBATH V' ¢ (DUKCHPOBAHHBIM MIEPBBIM apryMeH-
TOM).

(Bropoii crioco6.) Ho MOXKHO U HEe BIABATHCA B JETAIMA IOCTPOCHUS
YHUBEPCAJIbHON (DYHKIMH, & BOCIOJIb30BATLCS JHUIIL (PAKTOM €€ CcyIie-
CTBOBAHUSI.

3amMeTuM cHaYaJa, 9TO CyIIEeCTBYeT BhIYUCIAUMast (DYHKIUs TPEX ap-
I'YMEHTOB, yHUBEPCAJbHAS JJIsT KJIACCA BBIYUCTUMBIX (DYHKITHI JIBYX ap-
I'yMEHTOB, TO €CTb Takas (PYHKIMs 1', 94TO pu (PUKCAIUU [IEPBOIO ap-
rymenta cpeau byaxmuii T, (u,v) = T(n,u, v) BCTPEYAIOTC BCE BHIYUC-
JiuMble (DYHKIUH JBYX apryMeHTOB.

Taky1o pyHKITHIO MOKHO TOCTPOUTDH Tak. PUKCHPyeM HEKOTOPYIO BbI-
YUCIMMYIO HYMEPAIUIO Tap, TO €CTh BBIYUCINMOE B3aUMHO OJHO3HAY-
Hoe cooTBercTBHE (u,v) < [u,v] Mexxay N x N u N; uncio [u,v], co-
oTBeTcTByOIIee nape (u,v), Mbl Oy/eM Ha3bBATH HOMEPOM STOH IIapHI.
Ecmu Temeps R — aBymecTHasi BBIYUC/IMMAasi YHUBEPCaIbHAS (DYHKITUS
JIUTST BBIYUCJUMBIX OJTHOMECTHBIX (DYHKIIWIA, TO Bhraucaumas pyukims T,
oupezenénnas dhopmyioii T'(n, u,v) = R(n, [u,v]), bylaer yHEBepCAILHOI
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JJIST BBIYUCIUMBIX ABYMeCTHBIX (yHKouit. B camom gene, mycrs F —
IPOM3BOJIbHAA BBIYUCIMMAA (PYHKIHS IBYX apryMEHTOB. PaccMOTpUM
BBIMUCJIUMYIO OZHOMECTHYIO (DYHKIHIO [, OIPEIEJEHHYI0 COOTHOIICHHU-
em f([u,v]) = F(u,v). Hockonbky R yHUBEpCATbHA, HAWIETCS THUCIO N,
st Koroporo R(n,x) = f(z) npu Beex x. Iljist 3T0r0 m BBINOJHEHBI Pa-
sercrBa T'(n,u,v) = R(n,[u,v]) = f([u,v]) = F(u,v), n noromy n-oe
ceuenne dyukimu 1 coBmagaer ¢ F. Urtak, yHuBepcasbHas byHKIIH
TPEX apryMeHTOB IIOCTPOEHA.

Tenepnb UCHOIB3yeM €€ I ONPEJEIeHUs TJIABHON yHUBEPCAJILHOM
dyukmuu U aByx aprymenTob. HedopMaJbHO roBOpsi, MBI BCTPOUM
BHyTpb U BCe JApyrue BLMUCIUMbIE (DYHKIUHU JIBYX ApryMEHTOB, U TeM
cambim U craner riauaoit. @opMaibio roBops, nostoxkuMm U ([n, u], v) =
= T'(n,u,v) u uposepum, uro byuxuusa U Oyuer riaasuoii. Jlobas Bbl-
qucauMas GyHKIES V' IByX apryMEHTOB BCTPEYAETCH CPEIU CEYeHUit
dbyuxun T MoxkHO HaiiTi Takoe n, 910 V (u,v) = T(n, u,v) s Bcex u
n v. Torpa V(u,v) = U([n,u],v) aus Beex u u v u noromy byHKIUS S,
onpeesnénnas dhopmysoi s(u) = [n,ul], yaosiaersopser TpeboBaHUAM U3
OIpeiesIennsi TJIABHOM yHUBEPCAJIBbHON hyHKINU. >

Hymepanuu, COOTBETCTBYIONIME TJIABHBIM YHUBEPCAJIBHBIM (DYHK-
UM, HA3BIBAIOT 2A06HBIMU, WA 260eAe6bIMU.

Tenepb y»Ke MOXKHO JI0OKa3aTh TOYHBII BADUAHT YTBEPXKIEHHs, C KO-
TOPOTO MBI HAMAJIN.

Teopema 16. Ilycts U — aBymecTHas riaBHAsi yHUBEPCAJIbHAsS (DYHK-
U JUIA KJIacca BBIYUCIMMBIX (DYHKIMIT OJHOTO apryMmeHTa. Torma cy-
IIECTBYET BCIOMY ONpeIeIcHHas QyHKIM ¢, KOTOpagd 110 HOMEPaM P U ¢
nByx byHKIu 0JHOro aprymeHra Jaér HOMeD ¢(p,q) UX KOMIIO3UIHN:
Uc(p,q) €cTb xOMOozuius Uy, o Uy, TO ecTh

Ule(p,q),z) =U(p,U(g,x))

JUIS BCEX P, ¢ U .

<1 PaceMOTpUM JBYMECTHYIO BEIMUCIUMYIO PYHKIHIO V| 1171t KOTOPOit
V([p,q],x) = U(p,U(q,x)). Ilo onpesiesieHnio 1I1aBHOIl yHUBEPCAIBHOMN
dyHKIuM, HARIETCA TaKasd BCIOLY OIPENeJEHHAs ONHOMECTHAS BBIYHC-
muMas GyHkIws s, 9r0 V(m, z) = U(s(m),z) ans Bcex m u z. Torma
V([p,q],x) = U(s([p,q]), z) u noromy dbyHKIms ¢, OIpEAENEHHAS COOT-
nomrenueM ¢(p, q) = s([p, q]), Gyxer nckomoit. >

ITosTOPUM 3TO JOKazaTeqLCTBO HedopMasbHo. OTpe/enenue rias-
HOMl yHUBepcaIbHOM DyHKIUH TpedyeT, ITOOb JJist JTF0O0TO APYToro si3bl-
Ka, IIPOIPaMMHUPOBAHUSA, JJIsI KOTOPOIO NMEETCs BBIYHCIAMBINA HHTEPIIPEe-
Tarop V, CymecTBOBaJ Obl BEIYUCIUMBINA TPAHCAATOD S IPOIPAMM TOTO
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SI3BIKA B IPOrpaMmbl g3bika U. (s KpaTKOCTH Mbl He Pa3JindaeM IIpo-
rpaMMbl W WX HOMeEpa W PacCMATPUBAEM UHUCJIO M Kak U-mporpammy
dyukuun Uy,.)

Teneps paccMOTpUM HOBBII CIIOCOO MPOrpaMMUPOBAHUSI, MPH KO-
TopoM napa (p,q) 00bABIIAETCH NPOrPAMMOIl KOMIO3UIMK (DYHKIWIA C
U-nporpammamvu p u ¢q. Ilo ycioBuio, Takme mTporpaMMbl MOXKHO aJi-
TOPUTMUYIECKNA TPAHCIUPOBATHL B U-porpaMMbl, 9TO U TpeDOBAJIOCH
JI0Ka3aTh.

JI10601BITHO, YTO BEPHO U 0OpaTHOE K TeopeMe 16 yTBepKIeHue:

32. Ilycts U — nByMecTHasl BBIMHC/IMMAs yHUBEPCAIbHAS (DYHKIUS I
KJIACCA BBIYUCIUMBIX (DYHKIUI ofHOro aprymenTa. Eciu cymecTByer BbIYmC-
JIMMAast BCIOJLY OIIpeJie/IEHHas (DYHKIHS, KOTOPasi 10 HOMEepaM p U ¢ JIBYX (DyHK-
LU OJIHOTO apryMeHTa HaET KaKOW-Inb0 HOMEp X KOMIIO3UIUH, TO (DPYHKIU
U sBisierca rnaBHO. (YKa3aHUe: IOKAXKHUTE, UTO IO k MOXKHO AJIIOPUTMIIE-
cku nosydars U-HoMep dyHKImu z — [k, z].)

EcrecTBennbiit BOpoc: CyIIeCTBYIOT JIU BBITUCIUMbBIE YHUBEPCATIb-
Hble (DYHKIMK, HE SIBJISIIOINMECs TJIaBHbBIMU? Mbl yBUIUM JAJIbIIE, UTO
CYIIECTBYIOT.

33. lsmeHuM oIpejiesieHre TJIABHOW YHUBEPCAJIBHONW (DYHKIMH U Oyjem
TpeboBaTh CYNIECTBOBAHUS «TPAHCJISATODPA» S JIMIIb IS YHUBEPCAJIbHBIX BbI-
qucauMbix Gyuknuit Vo (a e 11s m100bIX, Kak pasbiie). Ilokaxkure, 910 HO-
BOE OIIpe/ieJIeHNe SKBUBAJIEHTHO crapoMy. (YkasaHue: Jiro0yro QyHKIUIO MOXK-
HO HCKYCCTBEHHO II€peJIe/IaTh B YHUBEPCAJIBHYIO, «PACTBOPHUB» B Heil JIIOOYIO
JIPYT'YIO yHUBEPCAIBHYIO (DYHKIIHIO. )

34. llycte U — rnmaBHas yHuBepcasbHasi dyHKnusa. /lokaxkure, 94T0 A5
s060# Bbrancaumoit dyukuuu V(m,n, ) cyuecTByeT Takas BCIOLY OIpeJe-
JiéHHas Beruucanmasi GyHnkuus s(m,n), aro V(m,n,z) = U(s(m,n),z) upu
Bcex m, n u x. (YkazaHue: 00bEJUHUTD T U N B 1APY.)

3.2. Bbluncnmmele nocnenoBaTenbHOCTM
BbIYUCTUMbBIX PYHKLWI

IIycTe mana HEKOTOpAS MOCIEIOBATEIBHOCTD fo, f1, ... BBIAUCIAMBIX
$yHKIME 0HOrO aprymMenTa. Mbl XOTUM TPHUIATH CMBICJ BBIPAYKEHUIO
«II0CJIeJIOBATEILHOCTD | — f; BBIYACAUMA». DTO MOXKHO CIAEJIATDH JIBYMS
criocobaMu:

® MOXKHO HAa3BIBATH 3Ty MOCIEIOBATEIbHOCTH BBITUCIMMON, €CIH
dyukuua F nyx aprymenrtos, 3ajgannas dopmysoi F(i,n) =
= fi(n), aBisiercs BBIYUCIUMOIL.
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® MOXKHO Ha3bIBaTbh 3Ty I[I0CJIEJ0BATEIbHOCT BBIUYUCINMOI, €CIu Cy-
MIeCTBYET BBIYUCINMAd I0CIE0BATEIbHOCTD YUCeI Co, Cl, . . . , JJIA
KOTODOIi ¢; SBJISIETCS OHUM M3 HOMEPOB (DYHKIUU f;.

Bropoe ompejenenne (B oTAUMe OT MEPBOrO) 3aBUCUT OT BHIOOpA
HyMepaIyu.

Teopema 17. Ecau Hymeparyst sIBJASIETCS BBIYUCIUMOI (TO €CTh CO-
OTBETCTBYIONIAsl YHUBEPCaJbHas (DYHKIMS BBIYUCIUMA), TO U3 BTOPOTO
ompeJieSIeHns caeayeT mepBoe. Kcam myMmeparnus sABJseTcss K TOMY Ke
TJIABHOM, TO U3 MEPBOTO OIPEJIE/IeHUsI CJIEIyeT BTOPOE.

(Bupe/ib, roBOpsi O BBIYHUCJIUMOfT TIOCJIEIO0BATEIHHOCTH BHIYUCIUMBIX
dyHKIMA, MBI OyJeM BCeria MPeanoaraTb, 9T0 HyMEpAIds SBJISETCS
[VIABHOI, TAK YTO MOXKHO IOJIb30BATHCS JIIOOBIM U3 JABYX OIIPEJIeJICHHUIA. )

<l Ecom U — Bbrumcimmasi yHuBepcabHas (DYHKIHS, & IIOCIeI0Ba~
TeJILHOCTB § — ¢; BhIYucInMa, 1o Gyuxmus F: (i, z) — fi(z) = U(c,x)
BBITUCNMA, KAK PE3Y/JIbTAT MOJICTAHOBKH OJHON BBITUCIUMOI (DYHKIINN
B JIPYTYIO.

Hamporus, ecnu dyuxmusa F BboAuc/ImMa, a YyHUBEpcaJabHas (pyHK-
nust U saBjisieTcst TyIaBHOM, TO (DYHKIMS-TPAHCISATOD, CYIIECTBYIONIAs 110
OIIPEIeJIEHUIO TJIABHOW yHUBEPCAJBHON (DYHKINHN, KaK pa3 U JaéT 10 %
OMH W3 HOMEpOB pyHKIMHA f;. >

35. Ilycrs dukcupoBaHa TyiaBHas yHUBepCagbHAas (DYHKINSA IS KJIACCA
BBIYUCJUMBIX (DYHKIUI OHOTO apryMeHTa. 1orjia BOZHUKAET HyMepallus BbI-
YUCJINMBIX ,I[eIL/'ICTBI/ITe.HbHBIX quceJl B COOTBETCTBUU C OIlIpe/ieJIeHneM Ha C. 14:
HOMEPOM YHCJIa (¢ SIBJISETCS 000t HOMED J1t000# dyHKIMM, KOTOpas MO pa-
nuoHaJIbHOMY € > (0 maér e-mpubIIIKeHne K .

(a) ITokaxkuTe, YTO CYIMIECTBYET AJITOPUTM, KOTOPBIH O JIIOOBIM JIBYM HO-
MepaM JABYX BbIYUCJ/IUMBbIX ,HeﬁCTBHTeJIBHLIX quceJi ,[La'éT (HeKOTOprﬁ) HOMED
UX CYMMBI.

(6) TTokarkuTe, 9TO HE CYMECTBYET AJITOPUTMA, KOTOPBIH 110 JIIOGOMY HOME-
Py 71106010 BBIYUCIUMOTO AEHCTBUTE/ILHOIO YHUC/Ia OTBEYAET Ha BOIPOC, PABHO
JIX 9TO YHCJIO HYJIIO.

(B) Kak Mbl Buzesim B 3amade 14, BCSIKOE BBIYUCIMMOE JI€ICTBUTEJILHOE
YUCJIO UMeEET BBIYUCIMMOE IECATUIHOE Pa3JIOZKEHHE. l—IOKa)KI/ITe7 9TO TEM HE
MeHee HET aJI'OPUTMa, KOTOPBIA IO JII0OOMY HOMEPY JIIOOOr0 BBIYUCIHMOIO
IefCTBUTEILHOIO YHCIa JaéT HOMED BBIUMCIMMON (DYHKIUH, 3a1af0Ileil ero
JAECATUIHOE PA3JIOZKEHHE.

3.3. [naBHble yHMBepCanbHble MHOXECTBA

ITo amanorun ¢ dpyuknusmu, nepeducanmoe MaokecTBO W C N x N
HA3BIBAETCS 2AABHOIM YHUBEPCANLHOLM NEPEUUCAUMBIM  MHOHCECTNEOM
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(I1s KJlacca BeexX MepedncyiuMbIX moamuozkectB N), ecsm s jio6oro
Jpyroro nepeunciaumoro MaoxkectBa V' C N x N Haitjiércs Takast BCiomy
omnpeaenénnasa Borancanmasa Gyakimsg s: N — N, aro

(n,z) eV & (s(n),z) e W

st Beex no U x. (O4eBHIHO, 9TO M3 ITOrO CBOICTBA CJlejlyeT yHUBEp-
CaJIbHOCTH. )

Kak n gy bynskimit, MoxkHO mepeiitu K HymeparusiM. Kaxtoe MHO-
xkectBo U C N x N 331861 HyMepamnuio HEKOTOPOTO CeMeNRCTBa TOIMHO-
JKECTB HATYPAJIHHOIO Psiia: GUCJI0 N SIBJISETCS HOMEPOM N-TO CeYEHUsI
U, ={z| (n,z) € U}. Ilepeancanmoe noamuozkectso MuokecTBa N X N
3a/1a8T HyMEepAIINIO0 HEKOTOPOT'O CEMEHCTBA, TePEINCIUMBIX TIOJIMHOXKECTB
HATYPAJBLHOTO Psijia; TaKue HyMepaluyd Ha3bIBAIOT 6uluuUCAUMbLMU. 1le-
peuncianmoe muozkectBo W C N x N yHuBepcasbHo, eciin ¥ TOJIBKO ecJin
BCSIKOE TIEPEIHMCINMOE ITOIMHOKECTBO HATYPAJIBHOTO psifa umeer W-Ho-
Mep; OHO SIBJISIETCS TVIABHBIM TOTJA W TOJIBKO TOTJIA, KOTJa JII00asi BbI-
qucanMast Hymeparust Vo (060ro ceMeficTBa TIEPEeUNCIMMBIX MHOYKECTB )
BBIYUCIUMO cBojiuTcs K W-nymepaiun B ToMm cmbicie, uto Vi, = W,
JIJIsT HEKOTOPOU BBIYUCIUMOM (DYHKIMK S U JIJIsT BCEX T.

Teopema 18. CymecTByeT IJIaBHOE YHUBEPCAJIHHOE IMEPEIUCIIIMOE
muokectso W C N x N.

<1 DTa TeopeMa SBJISETCS OYEBUIHBIM CJIE/ICTBHEM TAKOTO yTBEPK 16~
HUS:

Nemma. O6GrnacTp ompesesieHusI [VIABHON YHUBepcAJIbHON (DyHKINN
JUTST KJIACCA BBIYUCJUMBIX (DYHKIIUI OJTHOIO apryMEHTa, SIBJISIETCS TJIAB-
HBIM YHUBEPCAJIBHBIM MHOXKECTBOM JIJTsl KJIACCA [T€PEUUCTUMBIX [TOIMHO-
xxecTB N.

Jokaszarenbcrso jieMMbl. [lycrs U — riiaBHast yHUBepcajbHas QyHK-
nust, a W — objiacts eé onpenenenus. [lycrs V' C N x N — npoussoJib-
HOE TIEPEYUCTUMOE MHOXKECTBO. PaccMoTpuM Beraucanmyio ysrnuio G
¢ obnacteio onpeaenenus V. [lockonbky dyuknus U sBiseTcs riaaBHOM’,
HalIéTCs BCIOMY ompejenénnas BeraucanMast Gyukmmsa s: N — N, maaa
kotopoit Gy, = Uy, npu Beex n. Toryia paBubl n 06/1acTH ONpe/Iie/IeHns
bynknuit G, u Uy, T0 ectb V,, = W(y). >

36. IlocTpoiiTe raBHOE YHUBEPCATBHOE MHOYKECTBO HEIIOCPEICTBEHHO, UC-
IIOJIB3ys YHHUBEPCAJIbHOE ITO/IMHO2KECTBO N3 (HO AHAJIOTUHN C BBIIIE HpI/IBe,ZIéH-
HBIM IIOCTPOEHMEM IVIABHOI yHHUBEPCAJIbHOM (byHKIMN).

Kak u st dyHKIMiA, MBI TEIeph MOXKEM JIOKA3bIBATH, UTO PA3JIAYI-
HBIM OTIEPAIIUAIM HaJ| MHOYKECTBAMHU COOTBETCTBYIOT BBIYHCJIUMBIE IPe-
obpa3oBaHust HOMEPOB. BOT JUIb OMUH TpUMeEp TaKOTO POJa:



[m. 3] I'rasHvle YHUBEPCAADHYIE MHOIHCECTMEA 29

Teopema 19. ITycte W C NxN — riaBHOe yHUBEpPCAIBHOE TIEPEIUCIIU-
Moe MHOKecTBO. Torma mo W-HoMepaM JIByX MEpedncIMMbIX MHOXKECTB
MOKHO aJITOPUTMUIECKH TIOJIyIUTh HOMED MX [EPECEUEHUs : CYIIECTBYET
TaKasl BBIYUCIUMAsI BCIOJY ONpeaeséHHass (DYHKIMSA IBYX apryMEHTOB S,
9TO

Ws(m,n) =W, NW,

JIIsT JTIOOBIX JIBYX M W M.
<1 Paccmorpum muoxkectBo V' C N x N, onpenenénnoe Tak:

(fm,n],z) eV axe (W, NW,)

(3mech KBapaTHBbIE CKOOKU OGO3HAYAIOT HOMEp IAapbl) M IIPUMEHUM K
HeMy OIpefieIeHIe TJIaBHOTO YHUBEPCAJIBLHOTO MHOXKeCTBa. [>

Kak n mis dynknmil, HOHSITHE BBIMUCIUMOCTH 10CJIEI0BATEIHHOCTH
IIEPEYNCIUMBIX MHOXKECTB MOKET OBITH OIIPEJIe/IEHO JBOSIKO: MOYKHO CUH-
TaTh BBIYUCJIMMOI IT0C/IefI0BaTeIbHOCTD Vo, V71, ... cedeHmil IpOU3BOJIb-
HOT'O IIE€PEYNCINMOr0 MHOXKeCTBa V, a MOXKHO TpeboBaTb, ITOOBI IO §
MOKHO OBLIIO JIrOPUTMUYECKU yKa3aTh OJINH U3 HOMEPOB -I'0 WJIEHA I10-
CJI€/IOBATEIbHOCTH B IVIABHON HyMeEPAIUH. DTU OLPeJIeIeHIs] PABHOCUIb-
HbI (JI0KA3ATEIHCTBO IIOJIHOCTHIO AHAJIOIMYHO PACCYKIACHUIO [ (DyHK-
Iuit).

37. ITokaskure, 4TO [0 N MOXKHO AJTOPUTMHUYECKU HOJLyYUTh HOMED (OJUH
73 HOMEPOB) MHOXKECTBA {n} B IVIABHOI HyMepPAIluy [ePEUNCTUMBIX MHOKECTB.



4. CpoiicTBa rnaBHbIX Hymepauuii

4.1. MHoxecTBa HOMEpPOB

Hauném ¢ Takoro npumepa. PaccMoTpuM MHOXKECTBO HOMEPOB HUTIE
He OIpeIeIEHHON (DYHKIINHT JJTsi KAKOH-1100 raBHOi Hymepanuu. Bymaer
Jin oHO paspermmo? MoKHO i 10 HOMepY (DYHKIMKA B TJIABHOM HyMe-
DAL ONIPEJICJIUTh, SIBJSETCS Jii 3Ta (DYHKIUS HATJIE HE OIIPEeJIeIEHHON T

IIpexk e vem oTBedaTH HA ITOT BOIIPOC, 3AMETUM, YTO OTBET HE 3aBU-
CUT OT TOrO, KaKasd IVIaBHasd HyMepalus Bbibpana. B camom rese, eciu
€CTb JIBe pas3Hble I'JIaBHbIE HyMepalluu, TO OHU, KaK IOBOPSIT, «CBOJSAT-
cst» JPYr K APYry: 1o HOMepy (YHKIWW B OIHOI HyMepaluu MOXKHO
AJITOPUTMUYECKHU OJIYIUTh HOMED TOH ke (DYHKIMM B JAPYroil HyMmepa-
nuu. Ecim Obl B OfHON HyMepamum MOXKHO OBLIO ObI MPOBEPSATH «HU-
TJIe-He-0IPeIeIEHHOCTEY (PYHKITUN, TO 9TO MOXKHO OBLIO OBI Je/IaTh U B
Japyroii (mpuMeHuB «DyHKIUN [Iepexoas ).

Cremytomasi TeopemMa MOKa3bIBAET, ITO OTBET HA MCXOIHBINH BOIIPOC
OyJIeT OTPUIATETLHBIM.

Teopema 20. Ilycte U — mnpomsBoJibHAs IJIaBHAS YHHUBEPCAJIbHAS
dyukims. Torma MHOKECTBO TeX N, IpU KOTOPBIX dyHKIuUs U, SIBIgET-
Csl HUTJIe He OIPeJIeIEHHON, Hepa3penuMo.

<1 Ucnonp3yeM MeTOjI, HA3BIBAEMBIN «CBEJIEHUEM» — IIOKAXKEM, UTO
ecau ObI 9TO MHOXKECTBO OBLJIO Pa3peruMbIM, TO W BOOOIIE Jitoboe Tie-
PEeYUCAMMOe MHOXKECTBO ObL10 Obl paspemmMbiM. (10, KAk Mbl 3HAEM,
HEBEPHO. )

IIycte K — mpomn3BoJIbHOE ITEPEYUCTIMOE HEPAIPEITUMOE MHOXKECT-
Bo. Paccmorpum Takyio BeraucaumMyio GYHKIHIO V' ABYyX apryMeHTOB:

0, eciu n € K,
V(Tl, iL’) =
He orpejiesieHo, ecau n ¢ K.

Kak Buzano, Bropoit apryMenT 3Toit pyHKImNn GUKTUBEH, U OHA IO CYIIe-
CTBY COBIIQJIAET C TIOJIyXaPAKTEPUCTUIECKON (DyHKIMEH MHOXKEeCTBA K OT
nepBoro aprymenTa. OueBuHO, 3Ta PYHKIMSI UMEET CeUeHUsl JIBYX TH-
nos: nupu n € K ceuenne V;, siBisieTcs HyJsiepoit dbyHkuumeit, npu n ¢ K —
HUTIE He ONpPEeIeIEHHON (DyHKIHe.

Tak kax dyukimsa U sBjsercs IJIaBHOMN, CYIECTBYET BbIYHCIUMAs
BCIOy onpeneéauas pyHKius s, j1ya koropoit V(n,z) = U(s(n), )
upu Bcex n u &, T.e. V, = Ugyy. [losromy npu n € K 3mauenue s(n)
spisgercsa U-HomepoMm HyJeBoil ¢dyHkumu, a upu n ¢ K 3nauenue s(n)
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saBisercs: U-HOMepOM HUTIe He ompenesénnoit pyuknun. [losromy eciu
6b1 MHO2KeCTBO U-HOMEPOB HUTJIE HE ONPEIeIEHHON (DyHKINN pa3perra-
JIOCh Obl HEKOTOPBLIM aJrOPUTMOM, TO MbI ObI MOIVIM IPUMEHUTH ITOT
ajaroput™ K $(n) M y3HATh, IPUHAJJIEXKAT JIA YUCIO N MHOXKECTBY K
win HetT. Takum 06pasoM, MHOKECTBO K ObLIO ObI pa3pelrMbiM B IIPO-
TUBOPEYNN C HAIMM IIPEITOJIOKEHIEM. [>

B wacTHOCTH, MBI MOYXKEM 3aK/IIOYUTH, YTO HUTJE HE OMPEICICHHAS
byHKINT nMeeT OECKOHETHO MHOTO HOMEPOB B JII000# TTaBHO HyMepa-
1 (TIOCKOJIBKY JIE000€ KOHETHOE MHOYKECTBO PA3PEIINMO).

Kpome Toro, MOXKHO 3aMeTUTh, YTO MHOXKECTBO HOMEDOB HUTJIE HE
Ompee/IEHHON (DYHKIMU He TOJIPKO He Pa3pEIMMO, HO W HE [IePeUnC-
sumo. B camom 7ese, ero momosiHeHne — MHOXKECTBO BCEX HOMEDPOB BCEX
dbyuKuuit ¢ Heycroii 06/IaCThIO OLPeieIeH s — HePednucauMo. (DTo Bep-
HO JIJTsT JIIO0OM BBIYUCIUMON HYMepalluy, a He TOJbKO JJIsI TJIABHOM: Ia-
pajuiesabHO Bbluucysis U(n,x) s BCeX N U L, Mbl MOYXKEM IeJ4aTaTh
Te M, JJisi KOTOPBIX OOHAPYKUJIOCh Z, npu KotopoMm U(n,x) onpemnese-
HO.) A eciu JOIOJIHEHUE HEePA3PEIIMMOro MHOKECTBA [EPEUUCIUMO, TO
caMO MHOXKeCTBO Herepeducsumo (1o teopeme Ilocra, c. 12).

CrupaseymBo u 60Jiee o0IIee yTBepKIeHne, Ha3bIBAeMOe HHOT/IA TeO-
pemoii Ycrenckoro — Paiica. Obo3HaUNM KJIacC BCEX BBIYUCIUMBIX (DYHK-
it (oHOTO aprymenTa) yepes F.

Teopema 21. Ilycts A C F — npousBoOJIbHOE HETPUBHAILHOE CBOIi-
CTBO BBIYUCIUMBIX QYHKIUI (HETPUBUAIBHOCTD O3HAYALT, YTO €CTh KaK
dbyHKIINN, eMy YIOBJIETBOPSIONINE, TaK U (DYyHKIUU, eMy He YIO0BJIETBO-
PSIIOIITE, TO €CTh UTO MHOXKECTBO 4 HemycTo u He coBmagaer co secem F).
IIycrs U — riaBHast yHuBepcaJsbHas GpyHKIMs. Toraa He cyInecTByer aJ-
ropuTMa, KOTOPBIH 110 U-HOMEPY BBIYUCIUMON (DYHKITMH TPOBEPSLT ObI,
obsagaer jin ona ceoitcrBoM A. Ipyrumu ciosamu, Muoxkectso {n | U, €
€ A} mepaspemnumo.

<1 IlocmoTpuM, IPUHA/JIEXKUT JIX HUATJE HE ONPeeSEHHAsA (DYHKIINA
(oboznaumm eé () kaaccy A, 1 BO3BMEM IPOU3BOJIBHYIO MYHKIMIO & «C
Jpyroit croponsl» (ecau ¢ € A, to £ ¢ A u Haobopor).

HaJiee meficTByeM KaK PaHbIIE, HO TOJBKO BMECTO HYJIEBOil (DyHKIMN
BO3bMEM (DYHKIUIO &: TIOJIO2KIM

Vin.z) &(z), ecmun € K,
n,x) =
He onpejeseHo, ecau n ¢ K.

Kak u panbiie, Gyaxius V Oymer BoIYUCIUMON (15l JAHHBIX 7 U & MbI
OXKHJIaeM HOsBJEeHUs N B MHOXKecTBe K, mocsie dero soraucisieM £(x)).
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IIpu n € K dyukuua V;, cosuagaer ¢ &, upu n ¢ K — ¢ (. Takum 06-
pa3oM, 1poBepsis cBoiicTBo V,, € A (ecsim 6B 9T0 MOXKHO OBLIO CIEJIATH
BOIPEKHU yTBEPKIEHUIO TEOPEMBI ), MOKHO OBLIO OBl Y3HATH, IPUHAIIE-
JKUT JIM 9UCJIO N MHOKeCTBY K ujm Her. [>

HekoTopbIM HEZOCTATKOM 3TOTO JIOKA3ATEILCTBA SIBJISIETCS €0 He-
CUMMETPUIHOCTH (¢ OZHON CTOPOHBI OT A MbI GepéM HUIJE HE OIpeje-
JIEHHYIO (DYHKIUIO, ¢ APYroil cTOpoHbl — Jit00yi0). Bor Gosee cummer-
puuHbi BapuaHT. [Tokaxkem, 9T0 ecyim CBOMCTBO A MOXKHO pacrio3Ha-
BaTh 110 U-HOMEpaM, TO JII0ObIE JIBA HEIIEPECEKAIOIINXC ST TePEIUCTUMBIX
MHOKeCTBa, P 1 () OTIeIMMBI pa3perimMbiM MHOXKECTBOM. BbibepeM Ka-
Kue-HuOy/Ib J1Be (pyHKIUU & U 1), HAXOMISAIIUECS «II0 PA3HBbIE CTOPOHBI»
or A. Pacemorpum dyHKImoO

&(z), ecmu n € P,
V(n,x) =< n(z), ecmu n € Q,

He olpejiesieHo, eci n ¢ P U Q.

Ota QyHKIUS BHIYUCIAMA: JUTs 38JaHHBIX 1 U & OKHUIAEM, TIOKa 1 TO-
apuTcsa jubo B P, mubo B (), 10OCjIe 9ero 3allyCKaeM BbIYUCJIEHHE COOT-
BercTBeHHO &(2) mm ().

Ecim n € P, 1o V,, coBnagaer ¢ &; eciu n € @, To V,, coBuamaer
¢ 7. osromy, mposepsisi, mpuHasjexRkuT ju V, Kiaccy A, Mbl Morin
651 pasperumo otaesuTb P ot Q. Tlosmygaem nmporuBopedne, KOTopoe u
3aBepIaeT ITOT OoJiee CHMMETPUIHBIN BAPUAHT JOKA3aTETHCTBA.

Bropoit BapraHT JJoKa3aTeIbCTBA MOKA3BIBAET, YTO BEPHO CJIEAYIONIEe
YCHUJIEHHE 3TOM TEeOPEeMbI: JJIsl JIFOOBIX PA3JUYHBIX BBIYUCIUMBIX (DYHK-
nuit ¢ u ¥ u b0 rIaBHON yHuUBepcaabHON dyHKmmm U MHOXKECTBa
Bcex U-HoMepoB GyHKIMH ¢ ¥ DYHKIUH 1) HE OTJETUMBI PA3PEITAMBIM
MHOXKeCTBOM. (3aMeruM, 9TO 9TH MHOXKECTBA HE [EePEYUCIUMbI, KAK MBI
BIIOCJIEJICTBUH YBUJIUM. )

Teneps Jierko ykasarhb [IPUMED BBIYUCJIUMON yHUBEPCAJBbHON (DYyHK-
U, He siBJIsTfoIelicst riaBHoit. JlocTarouno craenarh Tak, 9TOOBI HUTIIE
He onpejieiéHHas (BYHKIMSA UMeJIa eIUHCTBEHHBI HOMEpP. DTO HECIOXK-
Ho. ITycte U(n, 2) — npousBosibHAS BBIYUC/IUMAs yHUBEPCAJIbHAsT (DyHK-
nusi. Pacemorpum muOXKecTBO D Beex U-HOMepOB Beex (PYHKIINN ¢ HEITy-
croil obJiacThio onpejesierns. Kak Mbl y2Ke NOBOPHJIM, 9TO MHOXKECTBO
[IEPEYUCUMO. PacCMOTPUM BCIOJIy OIIPEJIEJIEHHYIO BBIYUCIUMYO (DYHK-
muio d, ero nepeuncisgontyio: D = {d(0),d(1),...}. Teneps paccmorpum
dyukuuio V (i, x), ays koropoii V (0, ) He Olpeie/IeHO HU [IPH KAKOM T, &
V(i+1,2) = U(d(i), z). Apyrumu ciaoBamu, GyHKus Vo HUrIE He OIpe-
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i F(i,j)

Puc. 1. Uzobpaxkenne HyHKIMN B BUIAe TaOJIAIIBL.

Jenena, a gynxnusa Vi1 cosnanaer ¢ Uggy. Jlerko nonars, uro dyHk-
nus V' BBIYHC/INMA; OHA YHUBEPCAJIBHA 110 IIOCTPOEHUIO, U €IIMHCTBEHHBIM
V-HOMepOM HHTJIE He OnpeeséHHON (DYHKINH sBiisieTcst aucyo 0.

Ha camowm fieste cymmecTByIOT u 60oJiee 9K30THIECKIE HYMEPAIUu: Kak
nmokazasn DPpuabdepr, MOXKHO TOCTPOUTH YHUBEPCAJIBHYIO BBIUACIAMYIO
dbyHKIMO, 1 KOTOPO# KarKiasi BblYUCINMas (DYHKIHS OyeT WMeThb
poHO ouH HOMep. COOTBETCTBYIONINE HyMEPAINH HAZBIBAIOT 00H03HA -
HbLMU; OY€BUJIHO, OHU HE MOT'YT OBITH TJIABHBIMU. 3abaBHast epedopmy-
JINPOBKA: MOXKHO pa3paboTaTh TaKOH SI3bIK IPOIPAMMUPOBAHUSI, B KOTO-
POM KazK/1yIo IPOI'PAMMUCTCKYIO 3a/[a1dy MOXKHO DEIIUTD €MHCTBEHHBIM
obpazom. Mbl TpuBeIEM MOKA3ATEIBCTBO ITOH TEOPEMBI B CJIEIYIONIEM
paszesie (Kak obpasel] CyIIecTBEHHO 6ojiee XUTPOYMHOIO PACCY 2K IEHUSI,
YeM BCE TPEJBIIYIIne — 1 OOJBITUHCTBO TTOCIETYOIIHX ).

4.2. OpHO3HaYHbIE HYMepaLun

Teopema 22. CymmecrByer Bhramcanmasi Gyskius U IByX IepeMeH-
HBIX, YHABEPCAJIbHAS JJIsI KJIACCA BBIYUCIUMBIX (DYHKIIWIA OIHON Iepe-
MEHHO, J1J1sT KoTopoit Bee cedenns U, : x — U(n, ) pa3indHbl.

<l @yHKIMYU JBYX HATYPaJbHBIX apryMEHTOB yI0OHO M300parkaThb B
Bujle GECKOHEYHON (BOPABO M BHU3) TabJUILL: B CTPOKE § B IIO3UIUU
J ™Mbl numeMm 3uadenne F(i,j), cm. puc. 1. ITycroie kierouku tabiu-
1Bl COOTBETCTBYIOT MapaM YHCeJI, JJjis KOTOPBIX 3HadeHue (PyHKIUN He
OIIPEIENIEHO.

Eciun dyHKIMa BbIYACINMA, TO TaKyIO TAOJIUILy MOYKHO ITOCTEITeH-
HO 3aII0JHSATH AJITOPUTMHUYECKH: JIeJiasl MapasiesibHO BCE OOJIbIIe MIaroB
BBIUNCJIEHNsT HA BCEBO3MOXKHBIX BXOJAX, MbI BIIUCHIBAEM BCe OOHADYKUB-
IIHeCs PE3YIbTATHI B COOTBETCTBYIOMME KieTku Tabsuibl. Haobopor, aJ-
POPUTM 3aI0JIHEHUsT Tab/UIbl (BpeMsl OT BPEMsl BIIUCBHIBAIOINIMIA YUCJIA B
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F U

—

Puc. 2. Kaxxnas crpoka F-tabsmnpsl Becrpedaercsa B U-rabiurie.

KJIETKW; BIIUCAHHOE YUCJIO HEJIb3sl CTE€PETh WM U3MEHUTH) 3aa6T BbI-
YUCTUMYIO (DYHKITHIO JTBYX apryMEHTOB.

Eciu Tabsuia coorsercrByer dyukimun F, 1o €€ i-asi CTpOKa COOT-
BercrByer dynkuun Fy: x — F(i,2). B 9Tux TepMuHAX JOKA3bIBAEMOE
HAMHU YTBEPXKIEHUE MOYXKHO 11epedOPMYJINPOBATH TaK: MOYKHO aJTOPUT-
MHUYECKHU 3aIOJHATH TaOJUIy TAKUM 0Opa30M, UTOOBI J1I00asT BBIMHCIU-
Mast PYHKIUS BCTpevaIach Obl B HEKOTOPOH CTPOKE, 1 9TOOBI BCEe CTPOKH
OBLIM PA3HBIMU.

MozkHO cKa3aTh emé u Tak: MbI IVISUM, KaK KTO-TO 3aII0JIHseT Tab-
JIMILY JIJIsi YHUBEpCAJIbHOM (hyHKIMN F', 1 nmapajielbHO caMu 3aIl0JIHSI-
eM JIpyTyio Tabyniy — Jis Apyroi pyHKIUA, KOTOPYIO MbI Ha3oBéM U
(puc. 2). B upezese nam xoTesoch 6b1, 91066l B U-Tabiiulle BCTPeYaiuch
Bce cTPOKU F-Tabuiipl u 9T00b! Bce cTpoKu U-Tad uIibl ObLIN PA3HBIMA.

MozxuO 0OpMUTE ITO B BHE UTPBHI: IPOTUBHUK 3amojHseT F-tab-
sty (Ha KaxKJOM XOJy 3allMChiBasl YUCJIa B KOHEYHOM YUCJE KJIETOK,
BO3MOXKHO, HH B OJ[HOI1), MbI HAJIOINYHBIM 06pa3oM 3anosHsieM U-tab-
smity. VITpOKHU XOJAT 110 0Yepejin; UI'Pa MPOJI0JIZKAETCsSI HEOIPDAHUYEHHO.
Mpr1 BoiurpeiBaeM (B 6eckoneunoit napruu), ecau (1) yiobag cTpoka npe-
JesbHoil F-rabiunel Berpedaercs B npedeabroit U-rabmuie, u (2) Bee
crpoku (upesenbroit) U-rabiuibl pa3indabl. Tenepb ckazaHHOe BbIIIe
MO2KHO C(HOPMYJIMPOBATH TOYHEE: U3 HAAUNUA GA20PUMMULECKOT 6bili2-
poiwnoti cmpamezuu 6 5moti uepe caedyem ymeepocoenue meopemol.:

B camowm mene, mpeactaBuM cebe, YTO TPOTUBHUK 3amOHSAET F-Tabd-
JIMILYy 3HAYEHUSIME KaKo#-TO yHuBepcasibHOi dbyHKuun (1 He obpamaer
BHUMAaHUS Ha HAIM X0l B U-tabuie). II0CKOJIbKY BLIUTDBIITHAS CTPa-
TErusi MPEJIINOJIAraeTCs BEITUCJIUMON, TO U DYHKIWS B Tadsuie F Oyrer

HIpeuMyImecTBo TaKol «UIPOBOi» (DOPMYIMPOBKH B TOM, YTO TEePh MbI MOYKEM
BPEMEHHO 3a0bITh O TEOPUU BBIYUCIUMBIX (DYHKIUNA U JyMaTh JIMIIbL O TOM, KaK ra-
paHTUPOBaTH cebe BBIMI'PHIII B STOM UrPE.



[m. 2] O01o3HaUHbIE HYMEDPAUUU 35

Boraucaumoii. [IpaBusa urpel (OnpejeseHre BHIUIPHINA) TAPAHTUPYET,
9TO OHa OYIET MCKOMOIA.

OcTasioch OMMCcaTh BBIYUCIUMYIO BHIUTPBINIHYIO cTpareruio. Mol ¢ie-
JlaeM 3TO B JIBa IpHEMa: CHAYaJa Mbl ONWIIEM OOJerdéHHbI (11 Hac)
BapUAHT UI'PHI ¥ BBIUTPHINTHYIO CTPATErHI0 B HEM, & 3aTeM CKaXKeM, Kak
HAJ0 BAJOM3MEHUTDH CTPATETHIO, 9TOOBI 3aBEPIIUTH JOKA3ATETHCTBO.

Ynpowénnasn uepa. Pazpermmm cebe (TO €CTb UIPOKY, 3aII0JHAIOIIEMY
U-rabumily) «BbIYEPKUBATH> HEKOTODbIE CTPOKH. BbIUuepKHyTas CTpOKa
GOJIbIlle He YIUTHIBAETCS (BEPHYTH €€ B UTPY HEJIb3s1). YCJIOBUE BBIUTPHI-
ma (Ha IpejenbHy0 KoHbuUrypanuio) takoe: (1) sce cmpoku F-mabau-
ybl 6empenaromes cpedu nesvuepkrymur cmpok U-mabauyw, u (2) ece
nesviuepkrymoe cmpoxu U-mabauybe pasuoie. (B onucbiBaemoit nasee
CTpaTeruu BCe HEBBIYEPKHYTBbIe cTpoku U-tabsuibl OymyT Oparbcs u3
F-rabiuipl, XOTsI TO JJIsS BBINTPHINIA HE 0BS3aTEIbHO. )

Mg OyzieM peajii30BBIBATH HAILY CTPATETMIO C IIOMOIIBIO ITOMOIII-
HUKOB: HA3HAYMUM JIJIs KaXKJIOi CTPOKU F-TabJiAIibl TOMOIIHUKA, OTBET-
CTBEHHOTO 32 9Ty CTPOKY, KOTOPbIi OyieT (IIpH OIpeIeI6HHbIX yCIOBHIX)
KOIMPOBATDH JIOBEPEHHYIO eMy cTpoKy B U-tabsuiry. [lomormanku OyyT
BBOJUTBHCS B JI€JIO MTOCTEIIEHHO, HAIPUMED, CBEPXY BHU3: MOXKHO CUH-
TaTh, YTO K N-MY XOJIy B UI'DY BKJIIOYUJIUCH OTBETCTBEHHBIE 33 IIEPBBIE 7
crpok F-tabauiel. Kaxkapiii n3 IOMOIIHUKOB pe3epBUpPyeT cebe CTPOKY
B U-Tabimiie, u 1ocjie 9TOr0 Apyrue 3Ty CTPoKy He Tporaior. OH MoXKeT
3AI0JIHATH BHIOPAHHYIO (3apE3ePBUPOBAHHYIO) CTPOKY, 8 TAKXKE MOXKET
pemuThb 31y cTpoky (U-Tabiiuibl) BEIYEPKHYTH U 3ape3epPBUPOBATH cebe
Apyryio (u3 4ducia cBOOOAHBIX — TaKue BCErJa €CTh, TAK KAK KOHETHOEe
YUCJIO yKe BCTYIHUBIINX B WPy MOMOIIHUKOB MOIJIO 3ape3epBUPOBATH
WJIM BBIYEPKHYTH JIUIIh KOHEYHOE YHCJIO CTPOK ).

Ocrajioch MTPOUHCTPYKTHPOBATH OMOIHUKOB: B KAKUX CIYYasxX UM
HAJIJIE’KUT KOITMPOBATH BBEPEHHYIO UM CTPOKY F-Tabuinl B 3ape3epBu-
POBAHHYIO JIJIsI 3TO 1esu cTpoKy U-Tab/uibl, a B KAKUX BBIYEPKUBATD
3ape3epBUPOBAHHYIO CTPOKY (BMECTE CO BCEM €€ COJEPXKUMBIM) U pe3ep-
BUpPOBaTh HOBYIO. «CBepx3aiadasy TYT JIBOSIKASI:

e ccau (B mpejiesie) BBEPEHHAs HOMOIIHUKY CTPOKA OTIIMYAETCH OT
BCEX TPEJBIIYIINX CTPOK F-TabuuIsl, TO BTOpoe meicrue (Tepe-
XOJl K HOBOI CTPOKE) BBIIIOJHSIETCS] KOHEUHOE YHUCIJIO Pa3, a Mocie
9TOro OyJIeT TOJBKO KOIUPOBAHMUE;

e cciu (B IIpeiesie) BBEPEHHAsI IIOMOIHUKY CTPOKA BCTPEYAETCsI Bb-
e B F-Tabune, TO BIMEPKUBAHNE TPOU30HIET GECKOHETHO MHOTO
pa3, u B U-Tabiuiie HU4ero B UTOre He OCTAHETCS.
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Kak sroro moctmap? Kakblit MOMOITHUK TIOMHUT, CKOJIBKO Pa3 OH
Pe3epBUPOBAJl HOBYIO CTPOKY, BBIUEPKUBAZ CTapylo (yBeJmduBasi CUET-
YUK <IIEPECKOKOB» KaxKiplil pasd Ha 1). Ilycrb 3Hauenue cuérduka B 1aH-
HBIl MOMEHT paBHO M. [IOMOIIHUK CMOTPHUT Ha TEKYIIEe COIEPIKIMOE
[EPBBIX M HO3UIKHA B CBOEil CTpOKe (IIyCTh €€ HOMeD k) U BO BCEX IIPeIbl-
naymux. Eciin obHapyKuBaeTcst CTpoka BhIIIe k, T7e IepBbIe 17 MTO3UIIHA
TaKWe 2Ke, OH BRIYEPKUBAET 3aPE3€PBUPOBAHHYIO CTPOKY U BBIOMPAET HO-
Byio. Eciin Her, TO OH KOIHUpPYyeT TEKyIlee COMEePKUMOe BBEPEHHOI eMy
CTPOKH k B TEKYIIYIO 3aPEe3€PBUPOBAHHYIO CTPOKY.

JlokaxkeM, 9TO 9TH NpaBUjIa rapaHTupyior Tpedyemoe. Ilycrs B mpe-
neite k-s cTpoka F-rmabuuibl oTimdaeTcst OT BeeX Ipeblaymux. Boide-
PEM IOCTATOYTHO OOJIBITIOE 171, TOT/Ia HAYNHAS C HEKOTOPOTO MOMEHTA k-1
CTPOKa OTJIMYAETCS OT NPEIbIAYINIAX B OMHON U3 IEPBBIX 1M HO3UIUI.
(TTocmoTpuM, T7i€ €CTh OTIIMYUsT, BO3bMEM M JAJIbIIe U HOJO0XKIEM, [IOKA
BCe KJIETKU B IIEPBBIX M [MTO3UIMAX IIEPBLIX k CTPOK IIPUMYT OKOHIATE b~
Hble 3HaYeHusd.) Ternepb BUJHO, YTO IIEPECKOK HE MOXKET IIPOUCXOIUTDH
OECKOHEYHO MHOTIO pa3: BEIb B 3TOM CJIyYae PAHO WJIN MO3HO CUETIUK
[IEPECKOKOB IIPEBBICUT M U k-s1 CTPOKA OTIEIUTCS OT BCEX IPEIbIITY-
X, — IIOCJIE 9TOI'O IIEPECKOKOB YK€ OBITH HE MOXKET.

C apyroii CTOPOHBI, IIPEIIOJIOXKHUM, YTO TIOMOIIHUK COBEPIIAET JIUIIb
KOHEYHOE JHCJIO TEPECKOKOB. IlycTh m — npeebHOe 3HAUEHNE CUETIN-
ka. [Tocyie Toro Kak OHO OYJET JOCTUTHYTO, TEKyIee coiepxKumoe k-it
CTPOKU B TEPBBIX M MO3UIUAX YK€ HE MOXKET COBIIACTH C TEKYIIHUM CO-
JIEPXKUMBIM TPEIBLIYINNX CTPOK. 3HAYUT, U MpeJesibHOe cocTosiHue k-it
CTPOKH He MOYKET COBIIACTD C IIPEJIEIbHBIM COCTOSHIEM OJHON M3 IPEebI-
JIyIIUIX CTPOK. YTIPOIIEHHBIN BApUAHT UT'PHI Pa300paH.

Oxonuamenvras cmpamezus. Mbl TOJZKHBI 30aBUTHCST OT 3a9EPKU-
BaHuit. BMecTo 3auépKuBanms CTPOKU MBI OYIEM JIOTIOJHITH €€ HEKOTO-
PBIM KOHEYHBIM YHCJIOM 3HAYEHUN U OCTABJIATH B TAKOM BHJIE HABCELIA.
Hamo Tonpko 1103ab60TUTHCSA O TOM, YTOOBI 3TU KOHEYHBIE CTPOKH TOXKE
BcTpedauch B U-TabJiuile 10 OJHOMY pa3y U He ILyTaJuCh CO CKOIUPO-
BaHHBIMU CTPOKAME. DTO MOXKHO CJI€JIAThH, HAIIPUMED, C TOMOIIBIO TAKOTO
TPIOKA.

Boigenmnm cpenn Becex dyHKImit Te, y KOTOPBIX 00JIACTD OIpeesie-
HUsl KOHEYHA, U COIEPXKUT HeuémHoe KOJUIECTBO djieMeHTOB. Bynem na-
3bIBATh TaKue (DYHKIUU U COOTBETCTBYIOIINE UM CTPOKU TMYNUKOEHLLMU.
Bynem otnesbHO 3a00TUTBCST O TOM, YTOOBI KarKasl TYIHKOBasi CTPOKA
Berpermiach B U-taburie 1o pasy. Torga TynukoBbie cTpoku F-Tab/uibt
HAC HE MHTEPECYIOT, U Mbl MOYXKEM CUYATATh 0e3 OrpaHNYeHUs OOIHOCTH,
9TO B KaXKJIYIO0 CTPOKY [F'-Tab/IuIbl HOBBIE 3HAYUEHNUST TOOABSIOTCS Tapa-
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Mu (OTKJIaJbIBaeM J100aBjIeHIe [IEPBOrO JIeMEHTa Oy IyIeil napbl, IoKa
HE IIOABUTCS BTOPO#l — HA HETYHHMKOBBIX CTPOKAX ITO HE CKAYKETCH ).

MucTpyKIuy IOMOIITHIKAM OCTAIOTCS ITOYTH 0e3 U3MEHEeHU, HO BMe-
CTO 3a4épKUBaHUsI HY>KHO JIOIOJHUTH TEKYILYI0 3ape3epBUPOBAHHYIO
CTPOKY JI0 KaKOH-HUOY/Ib TYIUKOBOIl, KOTOpasl He BCTPEYIAETCSI B JPYTHUX
mecrax U-tabmumpr. OTAeIbHO HyKHO HA3HAYUTH OTBETCTBEHHOTO 32 TO,
9T00OBI BCE TYIHMKOBBIE CTPOKH Berpedasnch B U-tabsmre. On mpocMar-
pUBAET 110 OYepe BCe TYIHKOBbIE (DYHKIINU; €CJIM II0Ka TAKOW CTPOKHU
B U-tabiuiie HeT, OH €€ J100aBJIsET.

To ke camoe paccyKeHre, YTO U PaHbIIe, IOKA3BIBAET, 9TO BCE HETY-
MMUKOBBIE CTPOKU F-Tabsuilel BecTpeTdaTes B U-Tabimiie o 0HOMY pasy.
Tyuukosbie crpoku B U-rabiuie TOXKe He HOBTOPSIOTC (II0 HOCTPOe-
HUIO), U BCsKAs TYNMKOBas CTPOKA TaM eCTb. [>

38. CdhopmymupyiiTe n JOKaKUTE aHAJOTUIHOE TeopeMe 22 yTBEPXKIEHUE
JJIA IIEPEIUCIIUMBIX MHO2KECTB BMECTO BBIYUCJIMMBIX (byHKLH/II‘/JI

Ha sroM MBI 3akaHvunBaeM Hallle OTCTYILUIEHHE U BO3BPAIAEMCS K
GoJtee TIPOCTHIM (M BAYKHBIM) PE3YJIBTATAM.

4.3. HoBble HOMepa cTapbIx OyHKLMi

Teopema ¥Ycrenckoro—Palica moka3biBaeT, UTO B IVIABHON HyMepa-
[ MHOXKECTBO HOMEPOB JIFOOOI KOHKPETHOU (DYyHKITUU HEPA3PEITUMO U
noromy OeckornedHo. Celigac MbI TOKaxKeM Oojiee CIIIBHBIN (haKT: IO HO-
Mepy Jr000i (DYHKIUY B [VIABHOU HyMepaIui MOXKHO aJTOPUTMUICCKA
[TOJIYIUTh CKOJIBKO YTOJIHO JIPYTUX HOMEPOB TOii ke dyHKImH. PopMasb-
HO 9TO MOYKHO BBIPDa3WThb, HAIIPUMED, TAK:

Teopema 23. Ilycts U — rnaBHasi yHUBepcajbHas GyHKus. Torma
CYIIECTBYET BCIOMY ONpeesiéHHast (DYHKIIUS ¢ JIBYX apryMEHTOB ¢ TAKUM
cBoiicTBoM: fyis jioboro @ uuciaa g(i,0), g(i,1), ... ABIAIOTCH PA3IUIHbI-
mu U-nomepamu dyukiun U;.

< Ilman TakoB: MbI IIOCTPOUM JAPYTYIO CHCTEMY IIPOrPAMMUPOBAHMUS,
B KOTOPO#l 3aanHast pyHKIus U; nMeeT 6ECKOHEYHO MHOTO ITPOTPaMM.
3areM, OJB3ysACh TeM, 910 MyHKIMs U — ryiaBHast, Oy/IeM «TPaHCIAPO-
BaTb» 9TU IPOrpPaMMBbI U TOJIy4IaTh U-HOMepa HHTepecyIolei Hac QyHK-
nun. KoHedHo, Hy»KHBI CIIEIUAJIbHBIE XUTPOCTH, ITOOBI TAPAHTUPOBATH,
YTO IMOJIyUYUTCH OECKOHEYHO MHOI'O0 Pa3HbIX HOMEPOB: BOODIIE TOBODSI,
pasHbIe IPOrPaMMBbI II0C/Ie TPAHCAIIUr MOryT ciaurbed. (Hanpumep, ec-
JIN B HAIEH CHCTEeMe IIPOrPAMMUPOBAHUS PA3PEIIeHbl KOMMEHTAPUH, TO
HUYEr0 HE CTOUT HANTHU CKOJBKO YIOJHO PA3JIMYHBIX TPOrPaMM JIJIst Ol
HOIT 1 TO#1 7Ke (pyHKIINH, 100aBIIsist pa3Hble KOMMEHTaPHUH K ITPOrpaMMe —
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HO €CJIM TPAHCJISITOP HAYMHAET CBOIO PA0OTY C yajeHus KOMMEHTapPUEB,
TO HUYErO XOPOIIero He BLIHIET. )

Bor xak peammsyercss ommcaHHbI Bbie mwiaaH. I[lycts h — mpowus-
BoJibHast (pyHKIus. [Tokaxkem, 9TO CyIECTBYeT aJI'OPUTM, OTHICKHBAIO-
muii 6eCKOHEYHO MHOTO pasiaudHblx U-#HoMepos dyukmuu h. (B reope-
Me YTBEpKJAETCsI, YTO ITO MOXKHO CIEJIaTh He TOJBKO JIjIsi KOHKPETHOM
dbyuxnun h, HO U s Beex dyukimit U;, KaKk TOBOPSAT, «PaBHOMEPHO
1O i», HO BPEMEHHO 3a0yJeM IIpo 3T0.)

IIycts P — mepeduncanmMoe Hepas3perrmmMoe MHOKECTBO. PaceMoTpum
BBIUHUCJIUMYO (DYHKIIAIO

Vin, ) h(x), eciu n € P,
n,z) =
’ He OIIpeJIesIeHo, ecau n ¢ P.

Cpemu dyuknumit V,, BcTpevatorcs: Bcero spe: eciau n € P, o V, = h;
eciu n ¢ P, o V,, — Hurge He onpejeséanas MyHKIUA, KOTOPYIO MbI
o6o3naunm udepes (. Bynem noka caurars, uro h # ¢ (upu h = ¢ sta
KOHCTPYKIIUsI He paboTaeT U HAM HOTPebyeTcs 4yTh DoJiee CJIOXKHAS).
Tak kax U — riaBHas yHuUBepcajbHass (PYHKIHS, TO CYIIECTBYET
TPaHCJIATOP S, nepeBojsmuii V-aHomepa B U-HoMmepa. [Ipu aTom

[ nEP#US(n)ZVnZh;
(] n%PiUs(n)ZVnZC.

Takum obpaszom, ecau p(0),p(1l),... — BBIYHCIUMOE HEpeYHCIIEHUe
mHOXKecTBa, P, 10 Bee uncaa s(p(0)),s(p(1)),... Oyayr U-aomepamu
dbyuxnun h. [lokaxkem, 9To cpenu 3TUX Yncesa OGECKOHEYHO MHOIO pa3-
JIMYHBIX (M [IOTOMY MOYKHO BBIYUCJISTH MX OJHO 3a APYIUM, [IOKA He
OBHAPY>KUTCs HOBBIH, €IIE HEe MCIOJb30BaHHbIN, HOMED dyHKIUM h).

ITycrb 970 He Tak, u MHOXKecTBO X = {s(n) | n € P} koneuno. Torza
X paspemmmo. Eciu n € P, 1o s(n) € X no nocrpoennio; eciau n ¢ P,
To $(n) — Homep dyukuuu ( U MOTOMY HE MOXKET IPUHAIJIE)KATH X
(nanomuum, uro h # (). CuemoBarensro, n € P pasHocwibHO s(n) €
€ X, u nmoroMy u3 paspemuMocTu X CieayeT pas3penuMocTs P, 4To
IPOTUBOPEYUT IIPEIIOJIOKEHUIO.

DTO0 paccyzKJeHue, OJIHAKO, He [IPOXOIUT, ecjii (DYHKIMs h HUrme He
onpesesera. Xorst aucaa s(p(0)), s(p(1)), ... mo-upexuemy Oy/yT HOMe-
pamMu h, HUYTO HEe TapaHTUPYeT HAM, 9TO CPEIU HUX OECKOHETHO MHO-
ro pasjuYHBIX. B 3TOM cilydae MOCTyIMM 9yTh XATPEE W PACCMOTPUM



[m. 3] Hoevie nomepa cmapoix @yrxyut 39

Juo0yI0 BeIYUCIUMYIO (byHKIuio &, orauunyio or ¢ (Hampumep, TOXKe-
CTBEHHO HYJIEBY10). PaccMOTpUM /1Ba EPEUNCAMMBIX HEOTIEIMMbIX MHO-
xkectBa P 1 (Q ¥ BBIYUCIUMYIO (DYHKITUIO

h(z), ectu n € P,
V(n,z) =< &(x), eciu n € Q,

He onpezeseHo, ec n ¢ P U Q.

IIycts s — Tpancasarop, nepeoagamuit V-nomepa B U-Homepa. Torma
enelP=Uy=
e n€Q = Uy =¢;
en¢g PUQ = Uy =C.

Kak u panbine, aucia s(p(0)), s(p(1)),... Gymsyr HOMepamu (byHK-
nuu h. TTokaxkem, uro eciiu h # £, T0O MHOXKeCTBO X TakUX YHCE HEpas3-
pemmmmo (u oromy Geckonedno). B camom zene, eciau X paspemumo, To
MBI MOYKEeM OTJEJIUTh P 0T () pa3permMbiM MHOKeCTBOM. VIMEHHO, MHO-
xecTBO {n | s(n) € X} comepxur P (110 IOCTPOEHUIO) U HE IEPECEKACTCs
¢ @ (mockosbky npu n € @ uncao s(n) Gyaer HomepoM YHKIMA & 1
[IOTOMY HE MOKET Jie?KaTh B X ).

Takum 06pa3oM, y HAC €CTh JBe KOHCTPYKIMH, TO3BOJISIIONIIE TIOJTY-
qaTh Apyrue HoMmepa 3agannoi ¢pyukiun h. [lepBas u3 Hux 3aBe10MO T0O-
nurest (1aér 6eCKOHEeTHO MHOIO HOBBIX HOMEPOB), eCii i XOTst ObI Te-TO
OIIpe/IesIeHa; BTOPAasl 3aBeJIOMO JEUCTBYET JIJIsl HUTJE He OIPE/IeIEHHOM .
IIycre HaMm Teneps mana yHKIMs h U 3apaHee He M3BECTHO, SIBJISIETCST
JIK OHa HUTJE He onpeiesénuoi win Het. dro Torma? Torma MOXKHO TIpu-
MEHSThH TapalIeIbHO 00e KOHCTPYKIINHU, MMOKA OJIHA U3 HUX HE JTACT HAM
TpebyeMblit HOBBIIT HOMEp — MBI 3HA€M, UTO 0 KpaiiHeit Mepe OgHa U3
KOHCTPYKIIUN 00si3aHa cpaboTaTh, XOTs U He 3HAEM, KaKasl.

DTO MMO3BOJISIET HAM IIPOBECTU PACCYXKJIEHUE PABHOMEPHO 110 i. Dop-
MaJIbHO TOBOPs, HAJO NEHCTBOBATH TaK. PacCMOTPUM JIBé BBIUHUC/INMbBIE
dbyuknun V) u Vo 1ByX aprymMeHTOB, OIpeeIeHHbBIE COOTHOIIEHUSIMI

) U(i,z), eciu n € P,
Vi([i,n], z) =
He ompejesieHo, ecau n ¢ P,
U(i,x), ecnun € P,
%([ian]vx): 0, eciu n € Q,

He onpejeseHo, eciu n ¢ PUQ
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(P u Q — duUKCUPOBAHHBIE [EPEUUCIUMbBIE HEOTJEJUMbIE MHOXKECTBA,
[u,v] — Homep mapel (u,v) B (DUKCHPOBAHHON BBIYUCIMMON HyMepa-
muu nap). Iockoabky U — riiaBHasi yHuBepcajbHas (DYHKIWs, MOXK-
HO HalTH TaKue BBIYMC/IUMBIE BCIOJY ONPEIEJEHHbIe (DYHKIUKN S U 82,
aro Vi([i,n],x) = U(s1([i,n]), ) u Va([i,n],x) = U(s2([i,n]), x). ycrs
p — BCIOAYy olpejejiéHHasg (DYHKIUS OJHOIO apryMEHTa, JJig KOTOPOH
P = {p(0),p(1),...}. Uckomyio byHKIHUIO g MOXKHO OLDEIEIUTH TaK:
g(i, k) ectb k-oe (6e3 y4uéra MOBTOPEHUIT) YHUCIIO B [IOCJIEI0BATEIHLHOCTI

s1([t, p(0)]), s2([é, p(0)]), s1([¢, p(1)]),
sa([i, p(1)]), s1([i, p(2)]), s2([i, p(2)]), - . >

4.4, lsomopdu3M rnaBHbIX HyMepaLuii

JlokazaHHOE TOJIBKO ITO YTBEPIKJEHUE O II0JIyYeHUH HOBBIX HOMEPOB
UCIIOJIb3YETCs IIPH JJOKa3aTeIbCcTBa TeopeMbl Poszkepca 06 n3oMopdusme
riaBHbIX (réneseBbix) HyMepanuii. Bor eé dopmynuposka:

Teopema 24. Ilycts Uy u Uy — jiBe ryiaBHBIE yHHBEpPCAJIbHBIE (DYHK-
U JJIsT KJIacca BBIYUCJINMBIX (DYHKIUH ofHOro aprymenta. Torga cy-
IIIECTBYIOT JIBE BCIOJLy OIIpEJIeJIEHHbIE B3aMMHO OODATHBIE BBIUUCIIIMbBIE
dyHKIUM S12 U S21, JIJIsT KOTOPBIX

Ui(n,z) = Us(s1a(n),z) u Us(n,x) = Ui(s21(n),x)

IIpH JIIOOBIX N U .

DTa TeopeMa MOKAa3bIBAET, YTO TPAHCJSTOPBI, CBOJSIINE OJIHY TJIaB-
HYIO0 HYMepaIuo K JAPYyroii m HaobOpOT, MOXKHO BBIODATH B3AWMHO 00-
PATHBIMH, TaK YTO JIIOOBIE JIBE TVIABHBIE HyMepPaIluu OTIMIAIOTCS JIUIIh
BBIUUCJIUMOl [1€PEeCTAHOBKOW HOMEpOB. (3aMeTuM, 4YTO yTBEpPXKIEHUEe
IIPEIBIAYINENl TeOpeMBbI 23 fABJISETCH CJEJICTBHEM TEOPEeMBI 00 M30MOD-
dusMe rIaBHBIX HyMmepalmii. B camom jeste, j1jisi HEKOTOPBIX IJIABHBIX
HyMepaluii — HalpuMep, JJIs HyMepaluil, MOy Yalonuxcs U3 si3bIKOB
IPOrPaMMUPOBAHUS, — €CTh CIIOCOOBI TIOJIYIATh CKOJIBKO YTOTHO HOBBIX
HOMEPOB TOM Ke (DyHKINHN, IOITOMY B CHJTy H30MODP(MU3Ma TaKOH Cr1ocod
ecTb ¥ Jist JII000M JIPYrofi TJIaBHOW HyMepalluH. )

<1 Mu1 OyzieM JieficTBOBaTh IPUMEPHO TaK Ke, KaK U IIPU JI0Ka3aTe b
CTBe U30MOPGU3Ma, CUETHBIX IJIOTHBIX BCIOJY YIIOPSIOYEHHBIX MHOYKECTB
6e3 TEepBOro M IOCJIEIHErO dIeMeHTOB. [locTpoeHne MCKOMBIX OmMeKIuit
MIPOUCXOAUT 1o maraMm. Ha k-M 1mare cTpouTcss HEKOTOPOE B3aUMHO OfI-
HO3HAYHOE COOTBETCTBUE

ap <—>bl,a2<—>b2,...,ak<—>bk
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MEXKIy JBYMS KOHETHBIMU k-3JIEMEHTHBIMHI ITOAMHOYKECTBAMHI HATY PAJTh-
HOro psiaa. [Ipu 3ToM AJ1st KaXKI0ro 4 9uciia a; U b; sSBIIsOTCS HOMepaMu
OJIHOU U TO¥i Ke (DYHKIWH, TOJIHKO B Pa3HBIX HyMmepauusix (a; — OTHO-
curesibHo Uy, a b; — orHOCUTENbHO Us).

Ha kazk1om 1m1are mocTpoenust Mbl J00aBJIsieM HOBYIO TIApy Gy < by ¢
COXpaHeHUeM YKA3aHHOTO CBOHMCTBa. IIpm 3TOM MOCTETIEHHO ¢ 06enX CTO-
POH MBI BKJIIOUUM BCE HATYPAJIbHBIE YACIA. TeM CAMBIM MBI TIOJLY IUM UC-
KOMOE B3aUMHO OJIHO3HAYHOE COOTBETCTBUE, U OHO OYJIET BBIYUCIUMBIM,
pa3 Hallla KOHCTPYKIAS BBIYACIUMA.

Uraxk, kak MbI obassieM HOBYIO tapy ! Ha 4érupix marax Mbr 6epém
HaWMeHbIIlee HATYPAJILHOE YNCIIO U, He BXOJSIIEe B JIEBYIO CTOPOHY CO-
orBercrBus (He BeTpedaronieecs cpeau a;). Ono asisierca Up-HOMEpOM
nekoropoit dyaknun. Ilockonbky mymeparus U, 1uiaBHast, MBI MOXKEM
[OJIyIUTh HEKOTOPBIi Us-HOMEp TOM Ke dyHKnmun. O603Ha4IUM €ro v.
Ecin v ne Berpeuaercst cpenn b;, neso crenano: Mbl 100aBIIsIEM IIapy
U <> U K HaleMmy cooTBeTcTBHIO. Ecim BcTpedaeTcs, Mbl IOJIb3yeMCs
TeopeMoii 23 u nosydaeMm apyrue Us-Homepa Toii ke DYHKIUH JO TeX
110D, IIOKA CPeJIN HUX He OKAXKEeTCs HOBOIO, €Ilé He BCTPEYABIIEr0Cs Cpe-
au b;.

Ha mewérHBbIX mmarax Mbl JIefiCTBYeM aHAJIOTMYHBIM 0Opa30M, HO Ha-
9UHAEM C HAWMEHBIIIEr0 UUCJIa, HEe BCTPEYAIONIErocs cpemu b;. >

3ameuanue Jisi IPOrPAMMUCTOB (KOTOPOE He CJIeyeT BOCIPUHUMATH
CepBE3HO): MOCKOJIBKY, CKAYKeM, NACKAJIb U CH MOYKHO CIMTATH [VIABHBI-
MH HyMepaIusMH, TO 110 JIOKa3aHHOU TeopeMe CYIIECTBYIOT He IIPOCTO
TPAHCJIATOPDI U3 IaCKaJIsl B CU 1 HA0BOPOT, a B3auMuo obparubie. (Bipo-
YeM, OCHOBHadA YacCTh JOKa3aTeJIbCTBa IIPH 3TOM HE HCIOJIb3yeTcd, I0-
CKOJIBKY B ITACKaJjle U CH B IIPOrPAMMY MOXKHO J00aBJIATH KOMMEHTAPUM,
[OJIy9asl CKOJIBKO YTOJHO SKBUBAJIEHTHBIX [IPOIPAMM.)

AHajiornyHasi TeopeMa BEpHA U JIjIsl IJIABHBIX HyMepalluil Iepednciu-
MBIX MHOXKECTB: JIIOObIE J[BE TAKUE HyMepalu B30MOPMOHDI (OTIMIAI0TCST
BBIUUCJIUMOIL [IePEeCTAaHOBKON HOMEPOB). JloKa3aTeabcTBO Takoe JKe: CHa-
qajia HyKHO IIOKa3aTb, YTO B IVIABHOW HYyMepAaIUH II0 JI0O0MY HOMEDY
MOKHO aJI'OPUTMHUYECKHU IIOJIyYUTb CKOJIBKO YI'OJHO HOMEPOB TOI'O 2Ke
MHOXKeCTBa. 1Ipu 3TOM MPUMEHSIIOTCSI JIBA CIIOCO0a — OJIMH TOIUTCSI JIJIsT
BCEX MHOKECTB, KPOMe IIyCTOr'O, JIpDYT'Oil JIjIsl IIyCTOrO.

39. IIpoBemauTe 3TO paccyKjaeHue MmMoaApOOHO.
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4.5. [Mepeuncnumelie cBocTBa (PYHKLUIA

Mzt yxe Bujenn (Teopema 21), 94T0 HUKaKne (HETPUBHAJIBHbIE) CBOIi-
cTBa (DYHKIMI He SABJSIFOTCS Pa3peiuMbiMUu. HO HEKOTOPBIE SIBJISIOTCS
[ePEeYNCIUMBIMA (B TOM CMBICJIE, UTO MHOXKECTBO BCEX HOMEDPOB BCEX
dbynkuuii, obaagaomux 3TuM cBoicTBOM, nepedncyaunmo). Hanpumep, ta-
KOBO CBO#CTBO (DyHKIMU «OBITH TJe-TO OPEIeaeHHof» (cM. Boime). py-
roii mpumep: csoiictBo «f(19) oupeneseno u pasuo 98».

VmMeercst JOBOJIBHO TIPOCTOE ONMCAHUE BCEX MEPEIMCIUMBIX CBOMCTB.
Yt0661 ero chopMyIUpOBaATH, TOTPEOYIOTCST HEKOTOPHIE OIIPEICICHUSI.

Bynem nasbiBarh 06pasuom GYyHKIMIO ¢ HATYPAJLHBIMU APy MeHTa-
MU ¥ 3HAYEHUIMU, UMEIOILYI0 KOHEIHYIO 00J1acTh onpeaesenus. JIpyru-
MU CJIOBaMu, 00pa3er ecTb KOHEYHbII CIUCOK Hap (apryMeHT, 3HaYeHue)
(B KOTOpOM BCe aprymeHThbl pa3iudHbl). O6pasibl MOXKHO paccMaTpH-
BATh KAK KOHCTPYKTHUBHBIE OOBEKTHI (KOIUPOBATH JIBOUIHBIME CJIOBAMU,
HATYPAJILHBIMYA YACJIAMHA U T.1I.). DTO MO3BOJISIET TOBOPUTH O PA3PEIlu-
MOM MHOYKECTBEe 00pPa3IOB, IIEPEUNCIUMOM MHOYKECTBE 00PA3IOB U T. II.

Kaxmomy obpasity ¢t cooTBeTCTByeT CBOWCTBO (DYHKIIUU <IIPOIOJI-
JKaTh 9TOT 06pasely, To ecTb MHOXKecTBO I'(t) Bcex (BbIYMCIUMBIX) (DYHK-
Uil, KOTOPBIE SABJIAIOTCS MPOAOKeHusiMA t. (3amMeTnM B CKOOKax, 4To
mHOXKecTBa ['(t) o6pasyror 6a3y TOIOJOTUM HA MHOXKECTBE BCeX BBIUHC-
sumbix GyHknumit.) Jlerko npoBepurh, 9TO i JIIO0OTo t U myist Joboi
BBIYHCIUMOM Hymeparuu [ MHOXKECTBO BCEX HOMEDPOB BCEX (DYHKITHI
u3 I'(t) nepednciumo. B camom jeste, HaJ0 NapaIebHO BBIYUCIIATD
suavenus U, () [yl BceX n U T; KaK TOJbKO HAKOIUIEHHBIE JaHHbIE 1103
BOJISIIOT yTBEPKAATh, 40 U, € I'(t), nano nevarars n. (Ecau U, € T'(¢),
TO 9TO OGHAPYKUTCST HA KOHEYHOM ITIare, TakK Kak 00J1acTh OIpPe/Ie/IeHIsT
obpa3sria ¢ KOHeJHA. )

Iycrs T — upousBosibHOe MHOXKecTBO 00pasuos. Yepes I'(T) obo-
3HAYUM MHOXKECTBO BCEX BBIYUCIUMBIX (DYHKIHI, KOTOPBIE IPOIOJIKA-
10T XOTs Ol 07iuH o6paser u3 T, To ecTh 06beuHeHne MHOXKecTB ['(t) mo
BceM t € T. Teniepb MbI MOKeM ¢HOPMYJIUPOBATH OOEIIAHHDIH PE3YJILTAT:

Teopema 25. (a) Ilycrs T — 1pou3BoJIbHOE IEPEUUCTUMOE MHOXKECTBO
00pasnos, a U — BbIYucanMas yHUBEPCAJIbHAsT (DYHKITUS 15T KJIACCA BbI-
YUCAUMBIX (DYHKINN OHOrO aprymMeHnTa. 1orja MHOXKEeCTBO Bcex U-HO-
Mmepos Beex dynkimit u3 I'(T) mepeuncianmo. (6) Iycts U — ruasHas
yHUBepcasbHas ByHKIUsS (sl KJIACCa BBIYMCIUMBIX (DYHKIMA OIHOTO
aprymenta). I[lyctb G — HEKOTOpPOE MOJAMHOXKECTBO ITOrO KJacca. Feu
muO)kecTBO {n | U, € G} Bcex U-HOMEpOB Beex dyHKImiA u3 Kiaacca G
nepeuanciumo, 1o G = I'(T') 1y1st HEKOTOPOIrO IEPEYNCIUMOIO MHOYKECTBA
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obpagzmos 1.

Hanpumep, yHnoMUHABIIUFCS BBIMIE KJIACC TJIE-TO OIPEIEJEHHBIX
dbyHKIMI coOTBETCTBYET MHOXKECTBY BCEX HEIYCTBIX 00pasioB (a Tak-
JKe, CKaXkKeM, MHOYKECTBY BCeX 00pa3IOB C OJJHOJIEMEHTHOH 00JIacThio
OIIPEJIEJICHNS ).

< Yactb (a) yTBepKIEHUs JTOKA3BIBAETCS JIEIKO: HAJIO MaPAJLIEbHO
BBIUUC/ATH Bee 3Hadenus U(n,x) u nepeducyarsh Bece obpasinl u3 T
KaK TOJIbKO OOHAPYKUBAETCS, IYTO Kakas-To u3 yukimit U, saBiasercs
TPOJTOJIZKEHIEM KAKOro-To 0bpasna u3 T, ciieyer medararsb n.

CoznepkarebHOil siBjisiercs 9acThb (6), e Mbl HCHOJIb3yeM TOT (hakT,
9TO HyMepanus aBiasercs riaasHoil. HaM moramobsaTes nBe JeMMbL.

Nemma 1. Eciin Berancimmast (QyHKIWST b SIBJISIETCS TIPOJIOJI2KEHUEM
BBIYUC/INMON (DYHKIIUU ¢, TPUHAJJIEXKAIIel Kiaccy G, To u gpyHKus h
MIPUHAJIEXKUT KJaaccy §.

Nemma 2. Ecim Boraucanmas GyHKIMS ¢ IPUHAIIEKAT Ki1accy G, To
cymecrByer (byHKIMA A ¢ KOHEUHOi 06/1acThio onpenesenns (obpaserr),
MPUHAJJIEXKAINAsT KJaccy G, MPOIOJIZKEHINEM KOTOPOIi § SIBJSETCSI.

(3ameuanne B ckoOKax. B COBOKYIHOCTH 9TH JiBe JIEMMBI YTBEPKIa-
0T, 9TO JII060€ [EePEeINCIIMOe CBOHCTBO § SIBJISIETCS OTKPBITBIM B OIIA-
CaHHOM BBIIIlE€ TOIOJIOIHH. )

[Tokaxkem, Kak U3 STUX JEeMM BbITEKaeT TpebyeMoe yTBep:KICHHE.
3ameTuM, 9TO MHOYKeCTBO 1’ BCex 00pa3IoB, IIPUHAJIEKAIINX K1accy G,
nepeuncanMo. B camoMm mere, 110 00pasily Kak KOHCTPYKTUBHOMY OOb-
ekTy (T.e. 110 CIHCKY mnap (apryMeHT, 3HAYEeHHE)) MOYKHO IOJYIUTH €ro
U-nomep, nockousbky dyukius U ssisercs raasaoii. (PopMaibHo: pac-
cmorpuM dbyrknuo (t,z) — (3HaueHme obpasia t B TOYKe T) U NPU-
MEHUM OIIpe/IeJIEHUe IVIABHON yHUBEpCaabHOol dyHkimu.) TTosroMmy MHO-
2KeCTBO T’ SIBJISIETCSI TIEPEUNCTUMBIM KaK IPO06Pa3 MepeunCauMOro MHO-
kecTBa Bcex U-HOMEpOB Beex MYyHKIM n3 Kjiaacca G.

Jlemmsbr 1 u 2 rapanatupytor, uro G = I'(T'). B camom jedte, o jemme 1
mobas dyukiusa uz I'(T) npunajiexkut Kiaccy G, Tak KaK HEKOTOpast €6
qacTh npuHaaiexRut G. C apyroit CTOpOHBI, JieMMa 2 TapaHTUPYET, 9TO
Besikast pyHKIUsS ¢ u3 § MMeeT KOHEYHYIO YaCTh, IPUHAIJIEKAIYIO §
(rem cambim u T') n notomy g € I'(T).

Ocranocy mokasarb Jjiemmbl 1 u 2. Ilycrs, B mporuBopednu ¢ Jjiem-
Moit 1, HekoTOpast MYHKIMA ¢ IPUHAJJIEKAT Kiraccy G, a eé mpomoJrKe-
ure h — Her. Bo3bMEM mepedncanMoe Hepa3permMoe MHOKeCTBO K u
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PacCMOTpUM TaKylo (PYHKINIO ABYX apryMeHTOB:

h(z), ecru n € K,

V(n,x) =
g(z), eciun ¢ K.
Ota dyHKIMs BeAUCANMa. B camom Jeste, eé rpaduk, Kak JEerko mpo-
BEPUTh, MEPEINCTUM KaK 00beInHEeHne rpaduKa ¢, yMHOKEHHOTO Ha N,
n rpacduka h, ymaoxkenunoro Ha K. /Ipyrumu cjioBamu, 4TOOBI BBIUHUC-
stk V(n, ), MBI 3aIrycKaeM 1porecc nepeuncienus K, a rakxke (napasi-
JIEJIBHO C 9THUM IIpoIieccoM) Bbraucienus g(x) u h(x). Pesyibrar BegaéT-
Csl, €CJIM 3aBEPINUIIOCH Bhluncsierne g(x) (B 9TOM cilydae yxKe HEBayKHO,
siexxut i 1 B K| Tak Kak h ecThb IPOJI0JIZKEHNE ¢) WIIH €CJIHM 3aBEPIIHIIOCH
BeIUmCIIeHne h(x) U K TOMY Ke n 06HapyKUIoch B K.

ITockoubky dyukmms U siBiisieTcst TJIABHOI, CYIIECTBYET BCIO/LY OLIPe-
Jenénnast GyHKIus S ¢ TAKUM CBOWCTBOM:

e ncK=Upny=h=>Uym ¢G
e n¢ K=Usn=9=Usm €0

Tem cambiM gononnenne K K aBIseTcss MpooOpa3oM IEPEYnCIUMOrO
MHO2KECTBA HOMEPOB (PYHKINN 13 § TPU BBIYUCIUMOM OTOOPAXKEHUU S
u noromy (Teopema 5) nepednciumo. [losrydennoe nporusopeyne 3aBep-
AT JIOKA3aTEeTHCTBO JIEMMbI 1.

Jlemma 2 J10Ka3BIBAETCSI aHAJIOTMYHBIM paccyxkjeHneM. Ilycrs (Bo-
OPEKH yTBEPKJICHUIO JIeMMbI) (DYHKIUs ¢ MPUHAIJIEKUT Kjaaccy G, HO
HUKaKas €€ KOHEYHAs JaCThb HE MPUHAJIJIEKUT STOMY Kjaccy. Paccmor-
puM QYHKIIIO

g(x), ecau mocse & mwaros nepedncieHus K
V(n,z) = YHCJIO M €MIE HEe MOSBUIIOCH,

HEe oIpeaesieHo, €CJId II0ABUJIOCH.

Jlerko Bugers, uro npu n ¢ K dbyuxius V,, coBmagaer ¢ g, u mMoTOMy
npuHagiexut G, a npu n € K dyukius V,, gBasgercss KOHEIHON JaCThIO
dbyurnun g m noromy He npuHaeX)RuT §. lamee paccyxkmaem Kak B
aemme 1. >



5. Teopema 0 HemoABUXXHOI TO4Ke

5.1. HeI'IOp,BI/I)KHaH TOYKa N OTHOWEHNA SKBUNBANIEHTHOCTHN

Teopema 26. ITycts U — ry1aBHas BRIYUCINMAs YHABEPCATIbHAA PYHK-
nus I KJIacca BBIYUCIUMBIX (DYHKIUN OJHOrO apryMeHTta, a h — mpo-
U3BOJIbHAS BCIOJLY OIpEJIeIEHHAs] BBIYUCIUMAs (DYHKIIAST OJHOTO apry-
menra. Torga cymecrsyer takoe 9ucio n, 9to U, = Up(p), TO €CTb N
u h(n) — HOMepa OJ{HON DYHKIUN.

Jlpyrumu cjioBamMu, HeJib3sl HATH aJIrOpUTMA, IPeodPas3yoIero mpo-
I'PaMMbI, KOTOPBIH ObI 110 KAzKJI0H IpOrpaMMe JIaBaJl JAPYryio (He SKBUBA-
JIGHTHYIO eii). DTy TeopeMmy Ha3bIBAIOT meopemoti Kaunu o nenodsuoic-
HOT MOovKe NN Meopemoti 0 PEKYPCUU.

<! MBI 6yzieMm eiicTBOBATH IO AHAJIOTMH C IIOCTPOEHUEM BBITUCIMMON
dbyHKIINA, HE UMEIOIIEH BCIOLY OIIPEIETEHHOTO BEITUCIIMOTO ITPOIOJIZKe-
Hus (rviasa 2).

PaccMOTpuM OPOM3BOJIBHOE OTHOIIEHUE IKBUBAJIEHTHOCTH (KOTOPOE
MbI GyZieM 0603HAYATH T = YY) HA MHOXKECTBE HATYDPAJbHBIX uuces. Mepl
ITOKakKeM, UTO CJIEIYIONINEe JIBa CBOHCTBA 3TOrO OTHOIIEHUS HE MOTYT
BBIIIOJIHSITHCST OJHOBPEMEHHO:

o Jls BesikoM BhraucanMoi (pyHKIuU f CyIIecTByeT BCIOY OIpejie-
JIEHHAs BBIYHCIUMAs (DYHKIUS ¢, SABJISAIOMASCT €€ =-IIPOJI0JIZKe-
HEEM (9TO 03HavaeT, YTO ecyu f(2) Olpe/esieHo IPH HEKOTOPOM I,

o g(z) = f()).

e CymiecTByeT BCIOLY Omnpene/iéHHast BblaucanMas (GpyHKius h, He

UMEIoNas =-HeNOABIKHOI TOUKH (TO ecTh (QyHKIHUS, I KOTO-
poit n Z h(n) auys Beex n).

Eciu © = y — orHomenue pasencrsBa (r = y), TO BTOPOE CBOWCTBO
BBIIIOJIHEHO ([I0JI0KUM, HanpuMeDp, h(n) = n+1), H09TOMY He BBIIIOJIHEHO
nepgoe. Teopema 0 HEMOABUKHON TOYKE TIOJYIUTCS, €CJIA & = Y MOHU-
Marh Kak U, = Uy (dncsa @ u y — HOMepa OJHOI U TOi Ke (DyHKIMH).
B sTOM CiIy4ae BBIIOJHEHO EPBOE CBOMCTBO, KAK MBI ceiidac yOeammes,
U [IOTOMY HE BBIIIOJIHEHO BTODPOE.

IMoyemy BBINONTHEHO TIEepBOe cBOiicTBO? IlycTh f — mpouM3BOJBHAS
BbraucuMas (DYHKIUSA OJHOIO apryMEeHTa. PacCMOTPUM BBIYUCIUMYIO
dyukumio V' asyx aprymenros: V(n,x) = U(f(n),x). Ilockoabky U sB-
JIsieTCs TJIABHON yHUBEDPCAJIBHON (DyHKIHEil, HAMAETCA BCIOLY OIpele-
néunas GyHKIys s, g koropoit V(n,z) = U(s(n), z) nupu Beex n u .
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Ota byHKIMS U Oy/IeT HCKOMBIM =-IIPOJIOJI2KeHneM. B camoMm neste, ecin
f(n) oupeneneno, To s(n) Gymer APYruM HOMEPOM TOM Ke PYHKIMHU, YTO
u f(n). (Ormernm, aro eciu f(n) me oupenesneno, To s(n) Gymer oxHuM
U3 HOMEPOB HUT/IEe He ONpeIeeHHON (DyHKIMN. )

Jlyist 3aBepIieHust JTIOKA3aTeIhCTBA TEOPEMBI O HEMOIBUXKHON TOUKE
OCTAJIOCh TTPOBEPUTD, UTO YKA3AHHBIE JIBA CBOMCTBA OTHOIIEHUST SKBUBA-
JIEHTHOCTH HECOBMECTHBI. DTO JIEJIaeTCs TaK ke, Kak B Teopeme 10 (pas-
ziest 2.2), rje OTHOIIEHUEM SKBUBAJIEHTHOCTH OBLIIO PABEHCTBO. Bo3bMéEM
BBIYMCIUMYIO (DYHKIUIO f, OT KOTOPOH HUKAaKasl BbIUACIUMAas (DYHK-
sl HE MOYKET OTJIMYATHCsI BCIOAY (HAIPHMED, JMArOHAJIBHYIO (yHK-
o & — U(z,x) 7y HEKOTOPOH BBIYUCIUMON YHUBEPCAILHONW (ByHK-
muu U). Io npeaonokeHuo cymecTByeT BCIOLY OLPEIeIEHHOE BbIYUC-
Jgumoe =-upogosrkenune g dbyukiuu f. Pacemorpum dyukuuio t(z) =
= h(g(x)), rme h — BBIMUCIMMAsT BCIOMLY OTIpe/TeséHHast (DYHKINSI, HE MMe-
formasi =-aenopmwkHoi Touku. Torga ¢ 6yer BCogy oTaumdaThesi OT f.
B camom giente, ecan f(x) onpeneneno, To f(x) = g(x) £ h(g(x)) = t(z),
u noromy f(x) # t(z). Ecau xxe f(x) He onpenesieHo, TO 10T hakT cam
o cebe yxe ormmdaer f(x) n t(z). >

Teopemy 0 HENOABUKHOI TOUKE MOXKHO 11epebOPMYJINPOBATH U TAK:

Teopema 27. Ilycts U(n,x) — riiaBHasi BBIYUCIAMAsl YHUBEPCAJIbHAS
QYHKIST JIJIsT KJIACCa BBIYUCIUMBIX (DYHKIMIA OJJHOTO aprymMmenTa. IlycTs
V (n, z) — upousBosbHag BoraucaumMas Gynknus. Torma dyukuuu U u V
COBIIIAIOT HA HEKOTOPOM CedeHMN: Haiinércs Takoe p, 9To U, = V), To
ects U(p,n) = V(p,n) pna moboro n.

< Tax kax dynkiusg U sBisgercd IVIaBHOM, HalIEM TaKyO BCIOLY
ONpEJIENIEHHY 0 BBraucanMyo dyHkuumio h, aro V(n,z) = U(h(n), x) npn
Bcex n U x. OCTamoch B3ATh B KAUECTBE P HEMOJBIKHYIO TOUKY (DYHK-
uyuua h. >

(Ilpumep ciiecTBUs U3 9TOI TEOpEMbl: KaK Obl HU CTAPAJUCH Da3-
paboTUMKH, JJIsl JIIOOBIX JIBYX BEPCHUNl KOMIMIATOPA CYIIECTBYET IIPO-
rpamMma, KOTopasl OJMHAKOBO PaboTaeT B 0GEMX BEpPCHUsIX — HAIPUMED,
3AIUK/INBAETCS M TaM, ¥ TaM. BOopodeM, 3TO BCE Ke He HABEPHSKA, a
TOJIBKO €CJIU KOMITUJIATOP 3aJaT TJIABHYIO0 yHUBEPCAILHYIO (DYHKIINIO —
HO HAJI0 OYEHb MOCTAPATHC, YTOObI 9T0 ObLIO HE Tak!)

[ToyuuTenbHO pasBEPHYTH LENOYKY MPUBEIEHHBIX DACCYKJIECHUNA 1
[IPOCJIESIUTH, KAK CTPOUTCS HEMOBUKHAS TOUKA. JIJIsT HATJISITHOCTH BMe-
cro U(n,z) Ml GyneM nucarhb [n](r) u IUTATH 9TO «pe3y/bTAT LIPUMe-
HEHUS TPOrPAMMBI 1 K BXOJLY X}

Paccykenmne HAMMHAETCA C PACCMOTPEHUS «IUATOHAJIBHOW» (DyHK-
mn U(z, x), KOTOPYIO Temepb MOXKHO 3alicaTh Kak [z](x) (pe3yasbrar
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NPUMEHEHns IPOrpaMMbl T K cebe). [lasee Mbl CTPOMM €€ BCIOy Ompe-
JICJIEHHOE =-TIPOJIOJIZKEHne. DTO Jesaercd Tak. Beipaxenue [[z](z)](y)
BBIIHCIIMMO 3aBUCAT OT ABYX apryMeHToB. Mbl Bcnomuuaem, uro U ectb
rJIaBHAs YHUBEPCAJTbHAA (DYHKIHsI, N HAXOJUM TAKYIO IIPOTPAMMY ¢, YTO
[[g](2))(y) = [[=](z)](y) npu Bcex x u y. IIpu s1om [g](x) oupeneseno
JUTst BCeX . IlyCTh MBI XOTMM HAfiTH HENOJBUKHYIO TOYKY IPOTPAM-
Mbl h. Mer paccmarpuBaem komnosunumio [h]([g](x)). D10 BbIpakenune
BBIYMCIMMO 3aBHCHT OT X, U IOTOMY CYIIECTBYET IPOrPaMMa t, JJIsd
koropoii [t](z) = [h]([g](z)) mpu Beex x. DTa mporpamMma mpUMeHUMA
KO BCEM T, TIOCKOJIbKY TaKOBbI 1 M ¢. Temeph HEMOABUXKHOM TOYKOM
Gyzer [g](t). Irobel yOenuThCss B 9TOM, MBI JIOJKHBI IIPOBEPHUTH, UTO
[g](®)](z) = [[h]([9](t)](x) mas Bcex x. B camom mese, mo CBOWCTBY ¢
umeeM [[g](¢)](x) = [[t](¢)](x). Bcuomunas oupezesnenue t, 310 BbIpazke-
HEe MOXKHO nieperncaTh Kak [[h]([g](¢))](z) — uro kax pas u TpeGoBAIOCH.

5.2. lporpamma, nevaTatouias CBON TeKCT

Krnaccnaeckum mpuMepoM TPUMEHEHHsT T€OPEMBI O HEIOIBUKHOIT
TOYKE SIBJISETCS TaKOoe e€ CJIECTBHE: CYIECTBYET IIpOrpaMMa, medaraio-
mast (Ha Jr060M BXoze) CBO# cOBCTBEHHBIH TeKCT. B camom mere, ecian
OBbI Tako#l IporpaMMbl He OBLIIO, TO IIPeobpPa3OBaHIe

p +— (uporpaMma, KOTOpas Ha JIIOOOM BXOJe [eYaTaeT p)

HE UMeJIO0 ObI HEOJBUKHON TOIKH.

DOpMAaIBHO TOBOPS, 3TO CJIEJCTBAE MOXKHO BBIPDA3UTH TaK:

Teopema 28. Ilycts U(n, x) — riaBHAsi BBIYUCINMAsl yHUBEPCAJIbHAS
dbyuknua g kaacca BCeX BBIYMCIUMBIX (DYHKIUNA OHOIO apryMeHTa.
Torma cymecrByer Takoe uucio p, aro U(p,z) = p mis moboro .

B nporpamMucrckux repmunax: mycth U(p, ) — pe3ysbTaT nmpumMe-
HEHUS [IaCKAJb-IIPOIPAMMbBI P K CTAHJAPTHOMY BXOLY . (YTOYHEHHS:
(1) MBI OTOXKIECTBIIAEM YHCJIA U IOCJeg0BaTeabHOCTH Oaiitos; (2) ec-
JII IPOrpaMMa He 3aBEPINAeT pabOTbI, Mbl CIMTAEM, UTO PE3YJILTAT He
OIIPEJIENIEH, JlaxKe e€CJI Ha CTAHJAPTHBIN BBIXOJ UTO-TO MOCJIAHO.) ZcHo,
uro dbyukiua U Gyner riuasHoil ynusepcaabHoit dynkuumeii. ITosromy K
Hell MOXKHO IPUMEHUTHh CHOPMYJIUPOBAHHOE TOJIBLKO YTO YTBEPKJICHUE;
MIOJIy UM TTPOIPAMMY P, KOTOpast IpH JIO0OM BXOJIE Ha BBIXOJE JAET p.

SlcHo, 9TO ITO paCCyKIEHUE MPUMEHUMO I JIHOOOr0 A3bIKa IIPO-
IPAMMEUPOBAHHNS; TO, UTO MbI yIIOMSHYJIH S3bIK HACKAJb, POJIA HE UTPAET.

40. JlokaxXuTe, ITO CYIIECTBYET MACKAJIb-IIPOrPAMMa, KOTOPas [I€9aTaeT
CBOII TEKCT 3aJI0M HAIEPE]T.
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41. ITokarkuTe, YTO €CTH JIBE PA3IUIHbBIE TACKATIb-TIPOrpaMMbl P u () ¢ Ta-
KUMU CBOMCTBaMu: IporpaMma P medaTaer TeKCT IporpaMMbl (), a IporpamM-
Ma @ meuaraer Tekct nporpammbl P. (Ecim #e TpeGoBaTh pasimHams Mexy
P u Q, To B kauectBe P u () MOXKHO B3ATb OJIHY U Ty 2K€ IPOrpaMMYy, IedaTa-
IOIILYIO CBOM TEKCT.)

Brinumiem sBHO mporpamMmy Ha MackaJjie, MeYaTaloNIyio CBOM TEKCT.
(910 — x0opomas 3ana4ua Jja Joduresei nporpammuposanus.) s Ha-
Jajia HamuieM HeOpMaabHYIO WHCTPYKIMIO Ha, PYCCKOM sI3bIKE:

HareJyaTaTh J[Ba pa3a, BTOPOH pa3 B KaBbIUKaX, TaKOH TEKCT: «HaIle-
“ qaTaTh J[Ba pa3a, BTOPOH pa3 B KaBbIUKaX, TAKOH TEKCT:»

YT06bI HAIIICATH YTO-TO IOXOXKee Ha, IMacKaJie, MOHa 00aTCa HEKOTO-
pble IOTOJTHUTEIbHBIE XUTPOCTH, HO Wes SICHA: CTPOKOBasT KOHCTAHTA
HCIIOJIB3YEeTCs IBa pa3a. BoT oiMH U3 BO3MOXKHBIX BAPUAHTOB:
program selfprint;

var a:arrayl[l..100]of string;i:integer;

begin

a[1] :=’program selfprint;’;

a[2]:=’ var a:array[l..100]of string;i:integer;’;
a[3]:="begin’;

a[4]:="for i:=1 to 3 do writeln(alil);’;

a[5]:="for i:=1 to 11 do begin’;

al[6]:=> write(chr(97),chr(91),i);’;

al7]:=" write(chr(93),chr(58),chr(61));?;

al8]:=’ writeln(chr(39),ali],chr(39),chr(59));’;

a[9]:=’end;’;

a[10] :=>for i:=4 to 11 do writeln(al[il);’;

al11] :=’end.’;

for i:=1 to 3 do writeln(alil);

for i:=1 to 11 do begin
write(chr(97),chr(91),1i);
write(chr(93),chr(58),chr(61));
writeln(chr(39),alil],chr(39),chr(59));

end;

for i:=4 to 11 do writeln(alil);

end.

Yuras 9Ty IIpOrpaMmy, II0JIE3HO UMETb B BUJAY COOTBETCTBUEC ME2KIY
CHMBOJIaAaMHU U UX KOJaMH:

a [ 1 == = 2 4
97 91 93 58 61 39 B9
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Bumnao, aTo 3Ty mporpamMmy Jierko MOAUMDUIUPOBATH, YTOOBI OHA, CKa-
JKeM, TiedaTaja CBOM TeKCT 3aJI0M HAIlepésn — BMeCTO KOMaH] Wwrite u
writeln, meyaTarNuxX TEKCT, HAJIO HAIIUCATH KOMAH/IbI, 3AIIUCHIBAIOIIIE
ero B dair (mam B MaccuB GalTOB), & MOTOM KOMAHJIBI, NIEYATAIOIINE
910T ailal wim Maccup B 0OpaTHOM ITOPsiJIKE.

Crenas emg oJuH Iar, MOXKHO HOJYUUTh U JIOKA3aTeJIbCTBO Teope-
MBI O HemOABMKHOM Touke. [lycTh h — HeKOTOpOE mpeobpa3oBaHme mac-
KaJIb-TIPOr'PAMM, ¥ KOTOPOT'O MBI XOTUM HANTH HEITOABUKHYIO TOUKY. 10-
I8 HAIHUIEM IPOrPaMMYy HAIIOI00HE TOJIBKO UTO PUBEIEHHON, KOTOPast
Oy/ieT 3alUCHIBATH CBOU TEKCT B CTPOKY P, 3aT€M HPUMEHSITH h K P, 110-
Jiydasi HEKOTOPYIO JIDYTYIO CTPOKY ¢, & 3aTeM 3allyCKaTh HHTEPIPETATOD
Tackasga Ha crpoke q (KCHOJIB3ysl B KAYECTBE BXOJA IPOrPAMMBI q BXOJ
ucxoauoi nporpammel). Koneuno, sra nporpamma yke He Oyuer Takoil
KODOTKOIi, Tak Kak Oyzer BKIo4aTh B cebs (U Jaxke /[Ba pa3a — IEPBbIil
pa3 mpoCTO TakK, a BTOPOi pa3 B KABBIYKAX) WHTEPIPETATOD MACKAJIS,
HaIMCAHHBIN Ha I1acKaJie.

fcHo, uTo Takasi mporpamMMa OyJIeT HEIOJIBMXKHON TOYKOI mpeobpa-
30BaHus h, TaK KakK €€ BBIIOJHEHNE HAYNHAETCsI POBHO C TOTO, YTO BbI-
qucsisieTcs 3HadeHne GpyHKImn h Ha e TeKCTe, TOC/Ie 9ero 3TO 3HAUYEHUe
BOCIIPUHUMAETCS KAK MMPOrPAMMa U TIPUMEHSIETCsT K BXOJLY.

Ha camom geste 910 /10KA3aTE/IBCTBO B CYIITHOCTH ITOBTOPSIET IIPE/IBI-
JiyIee, TOJBKO B 6oJiee TPOrpaMMUCTCKIX TEPMHUHAX.

5.3. CucrtemHebIii TpIOK: eLé 0aHO A0KA3aTENbCTBO

Ecsiz nottpocuts sio0buTeseit pa3ubIx A3bIKOB IPOrPAMMUPOBAHAS Ha-
[ICATH HA CBOEM JIIOOMMOM SI3BIKE 10 BO3MOYKHOCTH KOPOTKYIO IIPOrPaM-
My, KOTOpast OblI TiedaTasia CBOW UCXOIHBIN TEKCT, TO YEeMIINOHOM, CKOpee
BCEro, OKaKeTcsi KOPOTKasl IporpaMma, Ha, Oeficuke:

10 LIST

Hemo B ToM, uTO B Oeiicuke ecTh Komana LIST, KoTopas nmedaraeT TEKCT
IIPOrPAMMBI M MOYKET GBITH 3aIlyleHa W3HYTPHU IIPOrPAMMEL. -

IIpex e Bcero, aTo xopomras mryTka. Ho MoxKHO oTHecTHCh K Heit
HEOXKHJIAHHO CEPBE3HO M MCIOJIB30BATh Ty HWJIEI0 B €IE OJIHOM JI0Ka3a-
TEJIHCTBE TEOPEMbI O HEIOJBUXKHOI TOUYKe (TOYHEe, B €Ié OJHOM Bapu-
AHTE TOTO K€ JI0KA3aTeIbCTBA).

I Ecn Kakoi-mmu60 sI3bIK JOIyCKaeT IIyCTYIO IIPOrPaMMy, KOTOPasl HIYEro He JeIa-
€T, TO 3TO OyJeT elie 6oJiee KOPOTKUM IIPHUMEPOM — IIPaB/ia, HE TAKUM IOy YU TEbHBIM.
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IIpexkie Bcero 3amMeTnM, 9TO TE€OPEMY JOCTATOYHO JIOKA3aTh JIJIS Ka-
KO¥-TO OHOI TJIaBHOI HyMeparuu. B camMoMm jere, MycTh st KAKOH-TO
JPYTOif TVIABHOW HyMepaluu CyIIecTByeT (DYHKIHS 0e3 HEemoIBUKHOMN
TOYKH, TO €CTh UMEETCs CII0cob MPeodPa30BLIBATE MIPOTrPAMMBI B 3aB€/10-
MO HEIKBUBaJIEHTHBIE. TOra C IOMOIIBIO TPAHC/ISIIUU TYIa U 00PATHO
TaKOM Crocot MOXKHO HANTH U Jisl IEPBO HyMeparuu (J1jis KOTOPOii MbI
TEOPEMY CYMTAEM JOKA3AHHOI).

Teneps paccMOTPUM SI3BIK ITPOrPAMMHUPOBAHUS, B KOTOPOM IIOMUMO
OOBIYHBIX BO3MOYKHOCTEl €CTh BCTPOEHHAs IIPOIIELyPa

GetProgramText (var s: string)

OTa mpoIeLypa MOMEIIAeT TEKCT HCXOMIHONW IMPOrpaMMbI B CTPOKY S.
HecmoTps Ha HEKOTOPYIO HEOOBITHOCTD ITOH UJIEU, BIIOJTHE MOXKHO TIPEJI-
CcTaBUTH cebe MHTEPIPETATOP ITOr0 S3bIKA — U MHTEPIIPEeTaIlds ITOM
IIPOIIELyPhl HE IPEJICTABIIAET TPYAa, TaK KaK MHTEPIPETATOPY, pa3yMe-
eTcs1, TOCTYyIeH TeKCT mporpammbl. CremaeM ermé oJinH Iar U mpejicTa-
BHUM cebe, YTO B 9TOM $3bIKE €CTh TaKKe IIPOIIE/Lypa

ExecuteProgram (s: string)

Dra nponeypa (6€3803BpaTHO) IEPeAET YIPABJIEHUE IIPOIPAMME, TEKCT
KOTOPOI HAaXOJUTCS B CTPOKE S, CUATAT BXOJOM 3TOI MPOrpaMMbl BXOJ,
UCXOJHOM TIPOrpaMMBbl (KakK CKas3aJl Obl HACTOSIIIUI IPOIPAMMUCT, <«IIepe-
JlaBasi IporpaMMe s JEeCKPUIITOP BXOJHOIO IIOTOKay ). VI B aToM ciiydae
IIOHATHO, KaK JIOJI?KEH JIefiCTBOBATh MHTEPIPETATOD A3bIKa: OH JIOJIKEH
PEKyPCHBHO BbI3BATH €05l Ha COIEP?KIMOM CTPOKH S M BXOJHBIX JTAHHBIX.
Harmr oboraménnslii 36K IPOrPaMMUPOBaHUS, Pa3yMeeTcs, JOIyC-
KaeT TPAHCJIAINNIO C HETO B OOBIYHBIE SI3BIKU (IIOCKOJIBKY MMEET MHTep-
uperaTop) u HaobOpOT (TaK KakK MOXKHO He I0JIb30BATHCA HOBBHIMU KOH-
crpykuusamu). Ilosromy 3ajaBaeMas UM HyMepaIus BEIYUCIUMbIX BDyHK-
nnit aBjstercs raasBHoit. [lycTts h — BCromy onpejieséHHAs BBITHCIIMAST
bYHKIWS, Y KOTOPOil MBI XOTHM HAWTH HEIOJBUKHYIO TOUYKY. 3aIUIIEeM
BBIYHCJISIONINI €€ aJrOPUTM B BUJIE ITPOIIE/IYPhI HAIIIETO SI3bIKA!

function Compute_h (x: string) : string;
begin

end;

(IIpu aTOM HaM J1a2Ke HEe Hy2KHbI HOBble BO3MOzKHOCTH. ) Tereps Harmiem
IIPOTPAMMY, SIBJISIIOIIYIOCS HETIOABUKHOM TOYKON (byHKIun h:
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program fixed_point;
var s: string;
function Compute_h (x:string) : string;
begin
end;
begin
GetProgramText (s);
s := Compute_h (s);
ExecuteProgram (s);
end.

Brimotnenue 3Toit mporpaMMbl €pa3y »Ke CBOJUTCS K BBITIOJTHEHUIO
IPOTrPaMMBI, MTOJIyYAaroIIeiicsi IpuMeHeHneM K Heil pyHKuu h, Tak 91O
oHa OyJeT HEMOABMKHOM TOYKOI IO TOCTPOEHUIO.

42. ITycrs h — ToxecTBenHas GyHKuys, 1o ectb h(xz) = z. (Torma, pasy-
Meercs, aobasg mporpamma OyeT eé HemoABIKHOM Toukoil.) Kakyro nmenno
IPOrpaMMy JacT HaM TOJBKO YTO onucaHHas KoHcTpykuus? (OrBer: mporpam-
My, KOTOpasl 3aIlMKJIUBAETCS Ha JIIOOOM BXOJIE.)

MBI TOSIBKO 9TO OOBSICHIIN, KAK C TIOMOIIBIO A3bIKA C JOMOJTHUTE b
HOH MPOIIEIYPOI «IIOJyINATH TEKCT IIPOrPaMMBI» MOXKHO JIOKa3aTh TEO-
peMy O HemoABUKHO Touke. Ho MoKHO paccyk7aTh U B 06paTHOM Ha-
MIPABJICHUN U OObACHUTD, TOYEMy IIPUMEHEHNE TEOPEMbBI O HETIOIBUKHOT
TOYKE 3aMEHSET TaKyIO JOIMOJHUTEIbHYIO TPOIEIYPY.

B camom neste, mycTh MBI mIMEEM IPOrpaMMy P, B KOTOPO# €CTh CTPO-
ka GetProgramText(s). 3aMeHUM 3Ty CTPOKY Ha OIE€PATOP IIPHUCBAM-
BaHuWS S := t, Tyie ¢ — HEKOTOpas CTPOKOBas KoHcTaHTa. [losryawmrcs
HOBasl mporpamma, 3asucsmag or t. Hazosém eé p(t). Coryacuo reope-
Me O HETIOJBMKHOU TOYKE, CyIECTBYeT TaKoe 3HadeHue t, TpU KOTOPOM
nporpammsbl ¢ u p(t) skBUBaJIeHTHBL. [Ipu 9TOM ¢ BBIIOJIHEHUE IIPOIPAM-
MBI { 9KBHUBAJIEHTHO BBIIIOJIHEHUIO €€ TEKCTa, B KOTOPOM B MOMEHT BBI30-
Ba nporeaypsbl GetProgramText (s) B CTPOKY S IOMeITAaeTCs TEKCT IPO-
rpaMMBbI { — Yero Mbl U XOTEJIH.

Tenepsb cTaHOBUTCs TOHSATHEE, IIOYEMY T€OPEMA, O HEITOIBUKHON TOU-
K€ Ha3bIBAETCH eIlé TeopeMoil o pekypcuu. B camom gese, pekypcust
COCTOUT B TOM, YTO Mbl BBI3bIBAEM IIPOI'PAMMY U3HYTPH €€ caMoii. 3/1ech
IIPOUCXOJUT JiarKe OOJIbIlle: MBI HE TOJIBKO MMEEM IIPaBO BHI3BATH IIPOT-
paMMYy, HO M MOYKEM TIOJIYYUTh JOCTYI K €€ TeKeTy! OObIHbIN BBI30B JIeii-
CTBUTEHHO SABJISIETCS YACTHBIM CJIYyYaeM JOCTYIA K TEKCTY, TaK KaK MBI
MOKEM BBI3BaTh IIPOIEYPY UHTepIpeTanuu Ha 3roM rexcre. (Koneuno,
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IIPU 3TOM HY?KHO BKJIIOYUTH B COCTaB IIPOIrPAMMBI TEKCT HHTEPIIPETATOPA
HAIIErO A3bIKA IIPOIPAMMUPOBAHUS, 3AIMCAHHBINA HA TOM sI3bIKE. )

5.4. Heckonbko 3ameyaHuii

BeckoHeyHoe MHOXXeCTBO HENOABUXHbIX TOYEK

Teopema 26 (0 HETIOJBUKHOM TOUKe) YTBEPXKIAET CYIECTBOBAHNE XO-
Tsi ObI OJIHOW HEIMOJBUYKHOI TOYKH. JIerKO MOHATH, 9TO Ha CAMOM Jejie
X OECKOHEYHO MHOTO: B 0DO3HAYEHUSIX TOI T€OpEMbI CyIIecTByeT Oec-
KOHEYHO MHOTO YHUCeN 1, IPH KOTOPBIX Uy, = Up(p)-

DTO MOXKHO OOBSICHUTH, HAIIPUMED, TaK: €CJIN Obl HEITOJIBUKHBIX TO-
9eK OBLJI0 ObI KOHETHOE UHCJIO, TO MOYKHO ObLIIO ObI U3MEHUTDH (DYHKITHIO A
B 9THUX TOYKAX TaK, YTOOBI HEIOJBUXKHBIX TOYEK He ocTajioch. Hejo-
CTATOK 3TOI0 PACCYKJEHWs B TOM, 9TO OHO He IMO3BOJIseT 3(PDOEKTUB-
HO II€PEYUCIIATH HEIOABUKHbIE TOUKK (yKa3aTh Jijid JaHHON (dyHKimu h
OGECKOHEYHOE TIEPEUNCTUMOE MHOXKECTBO, COCTOSIIIEE U3 €€ HEMOIBUKHBIX
To4€eK ). MOKHO CIIeJIaTh M 9TO, €CJIN BCIIOMHUTD JIOKA3aTEIHCTBO TEOPE-
Mbl 26. B HEM HENOJBMIKHBIMEM TOUKAMH OKadblBasuch dmcaa [g(t), a
GYHKIUIO g MOYKHO BBIOpATH TaK, YTOOBI BCe €€ 3HaUYeHMs ObLIN OOJIbIITe
Jo6oro Hanepés 3aJanHoro ucia (reopema 23, c. 37).

43. IIpoBeauTte 3TO paccyKjaeHue moapoOHO.

HenoaBumxHas Toyka ¢ napameTpom

Ecin npeobpaszoBaTesib IporpamMM BBIUYACIUMO 3aBUCUT OT HEKOTOPO-
ro mapamMerpa, TO U HEIOJBUXKHYK TOYKY MOYKHO BHIODATH BBIYMCJIIMO
3aBUCAINENl OT TOr0 IapaMerpa. LOYHbBI CMBICJI 3TOIO YTBEPXKICHUS
TAKOB:

Teopema 29. Ilycts U — riaBHas yHuUBepcaJibHas QYHKIUS JJIs1
KJIACCa BBIYUCIUMBIX (DYHKIUI OIHOIO apryMeHTa, a h — BCIOJy OIIpe-
JleJIEHHAs BRIYUCIUMAasi PYHKIMs ABYX aprymeHToB. Torma cymecTByer
BCIOJLy OIIPEJIeJIEHHAS BBIYUCIUMAS (DYHKIUS 7. OJHOIO apryMeHTa, KO-
TOpas 1O JTI000MY D YKa3BIBACT HEMOABUKHYIO TOUKY JJis (DYHKIUH hy,,
TaK 4T0 Up(p n(p)) = Un(p), WK, IPYTUMHU C/IOBaMHU,

U(h(p,n(p)),x) = U(n(p),z)

upu Bcex p U & (Kak 0OBIYHO, 00e 4acTu MOryT ObITh OJHOBDEMEHHO He
OIIPE/ICTIEHBI).

<I MBI Buzie/in, 9TO HEMOABUYKHASI TOYKA CTPOUTCSI KOHCTPYKTHUBHO.
ITosToMy ecm MBI HITIEM HETTOJBIZKHYIO TOUKY JJIst GYHKIN hy,, BBIYHC-
JINMO 3aBUCAIIEN OT mapamerpa p, TO U Pe3ybTaT HAIIErO MOCTPOEHUST
Oy/IeT BBIYUCIUMO 3aBUCETh OT HAapaMeTpa p.
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Konegno, Moxk#HO 66110 661 (hOPMATIBHO 3AIUCATH PACCYKIECHUE, Pea-
JIU3YIOIIee STOT IJIaH, HO OHO JIOBOJIBHO IPOMO3JKO (U BPsiJl JIU OT ITOrO
JI0KA3aTeJIbCTBO CTaHeT 60Jjiee HOHATHBIM). >

B sToil Teopeme MBI IIpejIoIarajin, 9To ceMeiicTso dynkmuit by, co-
CTOHUT U3 BCIO/y olpeesiéHHbIX dyHKIwmil. Ha camom gese aTo He 00s1-
3aTeIbHO: JJId ITPOU3BOJILHOTO BBIUYMC/INMOTO CEMEUCTBA BBITUCIIMBIX
dbyuKumMit hy, (IPyrEME CIOBAMM, /I IPOU3BOIBHOMN BHITUCINMON (DyHK-
1y h IBYX apryMeHTOB) CYIIECTBYET BCIO/LY OUPEeIEHHAS BbIYUCIUMASI
GYHKITHS N OHOTO apryMEeHTa, ¢ TAKUM CBOMCTBOM: IIPU KAXKJIOM P JIMOO
dbyukuua h, #e ompenesieHa B Touke n(p), ambo n(p) ABILETCA HEHO-
JIBUZKHOIN TOUKON byHKIHN hypy.

44. YbeauTechb, 9TO IPUBEIEHHA B IOKA3ATEIHLCTBE TEOPEMBI 29 KOHCTPYK-
IMst Kak pas u JaéT GyHKumo n(p) ¢ TAKUM CBOHCTBOM.

45. O0benuHsis CIeJIaHHBIE BBIIIE 3aMEYaHUs, MOKAXKUATE, 9TO IO JIF00O0it
BbrYMCINMON dyHKUUK h (3a7aHHON CBOMM HOMEPOM OTHOCHUTEJIHHO (DUKCH-
POBAHHOI IVIABHON yHHUBEPCAJIBHON (PYHKIMH) MOXKHO 3(h(PEKTUBHO yKa3aTh
OECKOHEYHO MHOTO UHCENT, KaXKJ0€ U3 KOTOPBIX JTHOO OyIeT HEITOABUKHON TOU-
Koit nyist dyukiuu h, 1u60 TOYKOiL, e 3Ta DYHKIUS HE ONPE/IesIeHA.

Eweé oaHo mokasaTenbcTBO

Eciu ects Beruncsimmasi GyHKIms h Ge3 HEIOJBUKHON TOUKH, TO
MOXKHO TIOCTPOUTH BBIUUCIUMYIO (DYHKIMIO JBYX apryMEHTOB, OTIIMYHY O
OT BCEX BBIUUCIUMBIX (DYHKIIA JBYX apryMEHTOB (4ero, KOHEIHO, OBITH
He mMoxker). Bor kak 3ro mesaercs (pacckazan V. Kamumysmn).

IIycers U(n,z,y) — Bbrauncanmas GyHKIUS TPEX apryMeHTOB, YHU-
BepcaJibHAs JJIsT BBITHCIUMBIX (DyHKIM AByX apryMmenToB. OHa 3aaéT
HYMEPAIUIO BCEX BBIYUCIMMBIX (DYHKIWMI aByxX aprymentoB U, (x,y) =
U(n,z,y). Kaxayio GyHKIMIO AByX apryMeHTOB MOXKHO IIPEJCTABIIATH
cebe B BUJle ABYMEDHOIT TabJIHIbl, 3AII0THEHHON (YaCTUYHO) YUCIaAME: HA
MepecevIeHnn CTPOKU & U CTOJIONA Yy CTOWT 3HAUeHWe Ha mape (I, Yy).

Mper crpoum dyHKImIO D JByX aprymMeHTOB, KOTOpasi B N-ii CTPOKE
ormuaercs or Gyaknuu U, (3TO rapaHTUpyeT, 4To B IIEJOM OHa OyJer
ormuarbed or Beex dyukimit Uy,). i 910ro Mbl paccMaTpuBaeM 1-10
cTpoky Tabsuiet U, Kak (BBIYUCIUMYIO) (DYHKIIUIO OJHOIO IIEPEMEHHOI0,
HaXOJIUM HOMED 3TOH (DYHKINU, TPUMEHsieM K HeMy (YHKIIO h 1 pas-
MeIaeM Pe3yJIbTUPYIONLYI0 CTPOKY B n-#i crpoke dyukmuu D. (Bee atu
JIEHCTBUST COXPAHSIOT BBIYUCIMMOCTD, €CJIN Hallla HyMmepanus QyHKIuni
OJIHOI TIEPEMEHHOIT TJIaBHAsI. )

46. IIpoBeauTe 3TO paccyKJIeHue MmoJIpooHO.
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HeI'IO,El'BI/I)KHaﬂ TO4YKa ONnsA NepPeHnCianMbiX MHOXKECTB

Bcé ckazannoe mourn 6e3 n3MeHeHnit IEPEHOCUTCS Ha TJIABHBIE HyMe-
PAaIlu [ePeunCJUMbIX MHOXKeCTB (ecsin W — riiaBHOE YHUBEPCAJILHOE 16~
PEUHCINMOE MHOYKECTBO, TO BCsIKAsI BBIUUCIUMAsT BCIOY OIPeIeIEHHAs
dbyHKIHUSA h UMeeT HENOABUAKHYIO TOUKY N, Ajia Koropoit Wi, = Wi, (,)).

B camom geste, ecmm W — riiaBHOe yHHBEPCAJILHOE IIE€PEUIUCIAMOE
MHOXKECTBO, TO K OTHOIIIEHUIO SKBUBAJIEHTHOCTH

a=bs W, =W,

IIPUMEHNMO DPacCyzKJeHNe U3 JOKa3aTeIbCTBa TeopeMbl 26, MOCKOJIbKY
sobast BeraucanMast GYHKIWA f UMeeT BBIMUCINMOE BCIOJY OIpeIeEéH-
HOE =-IIPOJIOJIZKEHNE.

IIpoepum 310. 119 9TOTO PACCMOTPUM MHOYXKECTBO

V ={{p,z) | f(p) oupeneneno u {f(p),x) € W}.

JIerko moHgATH, YTO ITO MHOYKECTBO [EPEUUCIUMO (HAIPUMED, OHO €CTh
obJsiacThb omnpenesieHus Bbramcsumoit dyuknuun (p,x) +—  w(f(p), ),
rjge w — BelUUCAUMas QyHKIus ¢ obsacteio onpexneienus W). Ilpu
arom V), = Wy, ecim f(p) onpeneneno, u V, = &, ecim f(p) ne
ompegiesieno. Beromunasi, aro W sBJIsieTcsl TVIABHBIM YHUBEPCAIbHBIM
MHO2KECTBOM, MbI HAXOIUM BCIOJLy OIPEIEIEHHYIO (DYHKIUIO S, JJI KO-
topoit V,, = Wy(p). Takum obpazom, Wy = Wy, ana tex p, jana
KOTODBIX f(p) oupezeneHo, 9To u TpeboBaIoCh.

47. ITycrs W — ryiaBHOe yHUBEPCAIBHOE MHOXKECTBO (JIUIsI KJIacca BCeX IIe-
PEYUCIMMBIX [TOJMHOXKECTB HATYpaIbHOro psaja). (a) Ilokaxkure, aro nHaimér-
s 9uciIo &, iiist Koroporo Wy = {x}. (6) ITokaxkure, 4T0 HaMIyTCSA pA3IMIHbIE
qucia  u Yy, 1 koropoix We = {y} u W, = {z}.

Mpumep ucnonbsosaHus

Ipocreiiniee (x0T He OYEHb TUIHMYIHOE) IPUMEHEHHE TEOPEMBI O
HETIO/IBU2KHOIN TOYKe — eIé OJTHO JIOKA3aTeIbCTBO TeopeMbl 21 o Hepas-
PEIINMOCTH CBOMCTB BBIYUCIUMBIX (DyHKIMN. B camoMm Jiese, mycTh ecThb
HETPUBUAJILHOE CBOHWCTBO A BBIYUCIMMBIX (DYHKIHE, KOTOPOE MOMKHO
pacro3sHaBaTh 10 HOMepaMm (byHKImit B riaBHoil Hymeparuu U. Ilycts
P — KaKoH-To HOMep Kakoii-To dymknum U,, obiagalomeil STUM CBOIl-
CTBOM, & ¢ — KaKo#-To HOMep Kakoii-ro dynkmnu Uy, nm He 0067121810~
mM. Torma dyHKIHsT

q, ecmu dyuknusa U, obianaer cBoiictBom A,

h(z) =

p, ecou dpyuknusa U, He obiagaer ceoiictBoMm A
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OyJeT BBIYUCIUMOI U He OyJIeT UMeTh HEeOABUXKHON TOUKH.

N30MOppuM3M yHNBEPCANBHBIX MHOXECTB

IIycts Uy u U, — nBa MHOXKeCTBa Iap HATYPaJbHBIX unces. Mbr
Oy/ieM Ha3bIBATD UX GbIHUCAUMO UOMOPPHBIMU, €CTTH MOKHO HAWTH BBI-
qucauMyio nepectanoBky (6uekimio) i: N — N ¢ rakum cBoiicTBOM:

<m,y> el & <Z(£E),Z(y)> € Us.

Teopema 30. JIrobble 1Ba TJIaBHBIX YHHUBEPCAJBHBIX MHOXKECTBA JIJIS
KJIACCA MEPEYUCTUMbBIX HOAMHOXKECTB HATYPAJIBHOI'O PsiJIa BBIMHUCIUMO
n30MOPQHBL.

< s Hagasia 00bsICHUM Pa3HUILY MEXKJy 9TOH TeopeMoil U Teope-
Moit 00 m30MOpdU3Me TIABHBIX HYMEPAIUil IIePEeIUCIUMBIX MHOXKECTB
(cM. 3amevanune B KoHie paszena 4.4). TaMm Mbl IPUMEHSIN BBIUUCIIH-
MYIO IIEPECTAHOBKY TOJBKO K HOMEpaM, HO He K dJIeMEHTaM MHOXKECTB.
B renepemnnx obo3nadenusx reopemy 06 n3oMopdu3Me TIIABHBIX HyMe-
panuii MOXKHO 3aITHCATH TaK:

(x,y) € Uy & (i(z),y) € Us.

3aMeruM, 4TO BBIUHC/IMMAs I€PECTAHOBKA 110 BTOPOMY apryMeHTY CO-
XpaHseT yHUBepcasbHOCTh: ecim U C N?2 — rimasHoe yHHBepcaabHOE
MHOXKeCTBO, a i: N — N — Bpramcimmasi mepecTaHOBKa, TO MHOYKECT-
BO map (x,y), A KOTOPBIX (2,i(y)) € U, TakKe ABIISETCS [VIABHBIM
YHUBEPCAJTBHBIM MHOXKECTBOM. [loaToMy m3 Teopembl 006 m3zomopdusme
IJIABHBIX HyMepaluil MepevncInMbIX MHOXKECTB MOXKHO BBIBECTU TaKOe
CJICJICTBUE: JIIsT BCAKON BBIYUCIUMOIN TIEPECTAHOBKM 1 HaAUAETCAd TaKas
BBIYUCIUMAS TIEPECTAHOBKA i, ITO

(r,y) € Uy & (i'(x),i(y)) € Us.

Ecan mam 1oBessio u ¢/ coBnajo ¢ ¢, TO IepecTaHoBKa i Gyjer TpeOye-
MOit. MBI XOTHM 3aMEHUTH BE3EHUE CChLIKOM Ha TEOPEMY O HEITOIBUKHOMN
Touke. Ha 9TOM 1myTH ecTh HECKOJIBKO IPEISiITCTBUI, HO BCE OHU IIPEOJIO-
JINMBI — U MBI cefidac KOPOTKO OIHUIIEM, KaK.

[Ipexkse Bcero HaJI0 BCIOMHHUTDH JIOKA3ATEIHCTBO TEOPEMBI 00 M30-
Mopdu3Me TJIABHBIX HyMEpPaluii U MOHATH, 9T0 (hyHKIud i (e HoMep)
AJITOPUTMUYIECKU CTPOUTC 10 (pyHKIUHI ¢. Jlasee MBI XOTUM COCIATHCST
Ha TeOpeMy O HEITOJIBIKHON TOYKe, HO IIPOOIEMa B TOM, 9TO 3TO OCTPOe-
HIe paboTaeT TOMBKO JJTsT Cydast, KOTa (DYHKITUS ¢ sIBJISeTCsS ONeKIineit.
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[TosTomMy MBI JOJIKHBI MOAMMDUIIMPOBATH KOHCTPYKIAIO U3 TEOPEMBI 00
M30MOPGU3ME TaK, ITOOBI OHA OBLIa TPUMEHNMA KO BCIKON BBHITUCIIMOMN
yHKIUY i U Beerna JasaJia 0bl KAaKylo-TO OMeKIHIO ¢'; TOrIa HeloIBUK-
Hasl TOYKa aBTOMaTUIeCKU OyjieT OUeKIuei.

CdopmyimupyeM COOTBETCTBYOIEE 000DIIEHNE TeOPeMbl 00 U30MOP-
dusmMe rIaBHBIX HyMmeparmit. JlaguMm mpeaBapuTesbHO OIHO BCIIOMOTa-
tesibHOe onpepenernne. [lycrs [: N — N — mpowusBosibHast GyHKIHSI.
Bynem rosopurh, uro MHOXKEeCTBO A I-coomeemcmeyem MHOXKeCTBY B,
ecim 6o B ecth 06pa3 A npu orobpaxkenuu I, mubo A ects npoobpas B
npu sToM orobparkennn. (Eciam [ — Gueknust, 9TO OHO U TO Ke.)

IIycts Uy u Uy — npou3BOJIbHbIE ITIABHBIE HYMEPAIINU IIEPEIUCIUMBIX
mHOXKeCTB, a [: N — N — Borauciumas ¢pyukius. Toraa cymecrByer Ta-
Kag BeraucanMas onexius i’ : N — N, uro npu mo6om k MHOXKECTBO ¢ HO-
MmepoM k B mymeparuu Uy [-coorBercTByeT MHOXKECTBY ¢ HOMepoM &’ (k)
B HyMepanuu Us.

D10 00001TeHTE TEOPEMBI 006 M30MOP(dU3ME TTIABHBIX HyMepaIuit 10~
Ka3BIBAETCA TaK 7K€, KaK W CaMa Teopema, u HoMep (byHKIuU i’ MOXKET
6bITh 3 DEKTUBHO MOy YeH 110 HoMepy (hyHKInu I. DT0 O3BOJISIET TPH-
MEHUTH ONMCAHHBIH IJIaH U Haiitu 6uexknuio I, npu Koropoit i’ = I, uro
" TpebOBAJIOCH. >

48. [IpoBenuTe 3TO paccy:KIeHne MOAPOOHO.

AHaJjioruYHOE yTBEPXKJEHNE BEPHO W JJIsl IVIABHBIX YHUBEPCAJIbHBIX
dyHKIWMIA.

Teopema 31. Ilycts Fy, Fo: N — N — 1Be riiaBHble yHUBEpCaJbHBIE
byHKIMA [UIsT BBIAUCIUMBIX (DYHKIUH OIHOTO aprymenTa. Torma Haii-
JETCS TaKas BBIYUCINMAs IE€PECTAHOBKA 4, ITO

Fi(z,y) = z & Fuy(i(z),i(y)) = i(2)

JI7IsT JTIOOBIX HATYPAJbHBIX X, Y U 2.

49. IIpoBenuTe MOKa3aTEJBCTBO 3TOM TEOPEMBI II0 AHAJIOTMHU C IIPENBIIY-
meit, ucmoab3yst Teopemy Pomzkepca 06 m3oMopduaMe TJIABHBIX HYMepaIiuit
(c. 40, Teopema 24).

50. Jlokakure, 9TO B JIIOOOM pasyMHOM (3a/aI0IIeM IJIABHYIO HyMepa-
I[MI0) sI3bIKE [IPOrPAMMHUPOBAHUS CYIIECTBYET IOCJIEI0BATEILHOCTD MOIAPHO
Pa3IUYIHBIX TPOTPAMM Do, P1, P2, - - . C TAKAM CBOMCTBOM: IPOTPaAMMa p; Teda-
TaeT MPOrpaMMmy pi+i. (YKa3aHUe: UCHOIb3yHTe MIPEIbIIYINYIO 3a1ady.)

51. ITycTth numeercss BbraucauMasi GyHKIWMs ¢, OlpeaesiéHHas Ha BCEX JIBO-
WYHBIX CJIOBaX U npuHuMaromas 3uadenns 0 u 1. K& MoxKHO mpeacTaBasTh cebe
KaK ITOJTHOE JBOMYHOE JIEPEBO, BEPIITHHBI KOTOPOTO PA3MEYeHbI HYJISMU U €U~
HunaMu (3HadeHue ¢ HA CJIOBE X €CTh HOMeTKa BepmHbl x). Ilokaxkure, 4ro
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MOXKHO HOCTPOHUTB IIPOrPaMMy S, IIPEJCTABIAIONLYIO 9TO XKe JIEPEBO B IPYrOM
CMBICJIE: 3HAUEHHE § Ha BXOJE 2 eCTh IOMETKa B KOPHe (TO eCTb 3HaUeHue ¢ Ha
ILyCTOM CJIOBE), a 3HaveHHst s Ha Bxojgax 0 miu 1 B TOM 2Ke CMBICJIE IIPeJICTaB-
JISTIOT JIEBOE | IIPaBoe momaepesbs (To ects dyaknun x — t(0z) u z — t(1x)).
Bonee dopmasnbho, ecin depes [p](z) 0603HAIATH IPUMEHEHNE IPOrPAMMEL D
K BXOJly &, TO yCJIOBUE 3AIMIIETCS TaK:

- [[s(z1)](x2)](x3) - . J(xn)](2) = t(z1722T3 - . . TH).

(Uuorma rosopar, aro tun T mis GECKOHEYHBIX JABOYHBIX JepeBbes ¢ 0/1-
[IOMETKaMU OmpejiesisieTcss pekypcusno coornomenunem T = T x T x {0, 1};
IporpaMMa § peaju3yeT 3Ty HJIEI0 Ha S3bIKe TEOPUY AJTOPUTMOB.)



6. m-CcBOANMOCTb M CBOWCTBA nepedncanmblx
MHOX>XECTB

6.1. m-cBOAMMOCTb

MpbI y2Ke BCTpedYasiCh ¢ TAKUM IIPUEMOM: YTOOBI JI0KA3aTh Hepaspe-
HIMMOCTH HEKOTOPOIro MHOXKecTBa X (HaIpUMep, MHOXKECTBA BCEX HOME-
POB BCEX TJe-TO OUPEIEIEHHBIX (DYHKIUN), Mbl MOKA3bIBAJIU, ITO €CJIH
ObI OHO OBLIIO PA3PEIINMO, TO U JTI0O0e TePEeIncJInMOe MHOXKECTBO K ObI-
JIO paspemuMo. JlJist 9T0oro Mbl CTPOUJIN BBIMUCIUMYIO QYHKIHMIO f Tak,
9TOOBI IPUHA/IEZKHOCTD JIIOOOTO YUC/Ia N MHOXKEeCTBY K ompejiesisiach
IPUHAJIEXKHOCTBIO uncaa f(n) MHOXKecTBY X .

Ceitgac MbI U3yYNM TaKUE CATYaIuu OoJiee moIapoOHO.

ToBopsiT, 9T0 MHOXKECTBO A HATYPAIBHBIX TUCET M-CE00UMCA K JIPY-
rOMY MHOYKECTBY B HATYPAJbHBIX YHCEJ, €CJU CYIECTBYET BCIOY OIpe-
sesiénHas BeruncianMast yaknusa f: N — N ¢ Takum cBoiicTBOM:

re€A& f(r)eB

qyist Beex ¢ € N. Takast pynkius HasbiBaercs m-ceodswett A x B. O6o-
snagenne: A <,, B.

Teopema 32. (a) Eciiu A <,,, B u B paspemumo, 10 A paspenumo.
(6) Ecim A <, B u B mepeuncianmo, 1o A nepeuncinmo. (B) Ceoau-
MOCTh pediiekcuBHa U TpausuTuBHa: A <, A; ecmm A <,,, Bu B <,,, C,
0 A<, C. (r) Ecrm A <, B, To N\ A <,,, N\ B.

<1 Bce atm cBoiictBa nmoutn ouesmunbl. Ilyers A <,,, B u MBI ume-
eM paspemaromuii aaroput™ g B. UTo0bl y3HATH, NPUHAJIECKHAT JIN
JIAHHOE T MHOXKeCTBY A, Mbl BolaucssieM f(x) u y3HAEM, UPUHAIJIEKAT
au f(z) maoxxecrBy B. Ipyrumu cinosamu, a(zx) = b(f(x)), eciiu a — xa-
pakTepuctudeckas dbyHKIus MHOXKecTBa A, a b — XapakTepucTuiecKast
yHKIUsT MHOXKECTBa, B; 1103TOMY ecii b BBIMUCIIMA, TO U @ BLIYUCIAMA,
KAK KOMIIO3UIAS BBIMUCIUMBIX (DyHKITHIA.

Takoe ke paBEHCTBO MOYKHO 3AIIUCATH IS <IIOJIyXapaKTePHUCTHIE-
CKUX» (QYHKIWI, TIO3TOMY M3 MEPEYUCTUMOCTH B clieyer nepedauciim-
MocTh A. MOXKHO cKazaTh U HHAYE: MHOXKECTBO A SIBJISIETCS TPOOOPA3OM
HEepevrCIMMOro MHOXKECTBa B IIpH BEIMUCIUMOM OTOOpasKeHuH f, U I10-
TOMY MEPEYUCIUMO.

Toxnecreennas dyuknus m-ceogur A ¥ A. Ecim dyukius f cso-
mar A x B, a byukmua g ceomur B k C, oz € A & f(r) € B &
< g(f(x)) € C, rak yro Komnosuiws byukiuit g u f ceogur A x C.
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Haxonern, dyuknus, ceoggamas A Kk B, 6ymer cBOIUTH U JONOJHE-
mne A x pononnenuio B. >

BykBa «m» B Ha3BaHWM HUCTOPUYECKH MIPOUCXOIUT U3 TEPMHUHA
«many-one-reducibility»; Brmpouem, kak ormedaer M. Curicep B cBOEM
yueOHUKE 110 TEOPHUH CJIO2KHOCTU BBIYUCJIEHUIl, BMECTO 3TOrO JIyUIIe I'o-
BopuTh «mapping reducibility» (cBomuMoCcTh ¢ TOMOIIBIO OTOGPaKeHMIH ),
coxpaHsisi OyKBY 1M B 0DO3HAYECHII.

OrmeTuM, 9TO 3TO OIpejiesieHre He CUMMETPUYHO OTHOCUTE/IBHO IIe-
pexo/ia K JAOIOJTHEHUIO, €CJIH 3TO JIEJIATCS TOJIBKO B OJITHOM U3 MHOYKECTB:
BoBce He obsi3arensio A <, N\ A, xora Becerna A <,,, A.

52. ITokaxkure, uro A €n N\ A g nepeanciumoro Hepaspemumoro A.

Ormernm, aTo MHO)KecTBA & 1 N SBISIOTCS 0COOBIMU CITyJasiMU JIJIsT
m-cBojmMocTu. Hampumep, ro6oe paspermnmMoe MHOXKeCTBO A cBOUTCST
K JII000MY MHOXKECTBY B, ecim To/ibKO B He sIBJIsIeTCs MyCThIM U HE COB-
nazaer ¢ N. B camom jiente, ecotu p € B, ¢ ¢ B u A paspemmmMo, T0 CBOjisi-
11y GyHKIUIO MOXKHO ocTpouth Tak: f(z) = if x € A then p else ¢ fi.
Ecnu xke B nycro wiu cosragaer ¢ N, To TOJBLKO IIycTOe MHOKECTBO (CO-
orercrBento N) cBogurcs x B.

53. CyIecrByer Jin MHOXKECTBO HATYPAJbHBIX YHMCEJI, K KOTOPOMY 1M-CBO-
UTCs JTI060€ MHOYKECTBO HATYPAIbHBIX YUCEs?!

6.2. M-NoJIHble MHOXECTBA

Teopema 33. Cpeu 1Iepedrc/JIMMbIX MHOXKECTB CYIIIECTBYIOT HANOO0Ib-
e ¢ TOYKU 3PEHUs M-CBOJUMOCTU, TO €CTh MHOXKECTBa, K KOTOPBIM
M-CBOJIUTCS JIIOO0E TIEPETUCTUMOE MHOXKECTBO.

<1 TakoBBIM “BJISIETCS YHUBEPCAJIBLHOE MHOXKECTBO (hOopMabHO HAIO
nepeiitu or map K ux Homepam). Ilycrs U C N x N — nepequcsnmoe
MHOXKECTBO TIap HATYPAJIBHBIX YUCEN, YHUBEPCAJIBbHOE I KJIACca rmepe-
YUCMMBIX MHOYKECTB HATypPaJIbHBIX dnces. PaccMorpum MHOXKecTBO V/
HOMEPOB BCeX T1ap, BXOAAMuX B U (J71s1 KAKOH-TO BBIUUCINMOl HyMepa-
muu nap (z,y) < [x,y] € N). Ipyrumu ciaosamu,

V ={[z,y] | (z,y) € U}.

IIycts T' — nmpousBoJibHOE mepeduncanMoe MHoOxkecTBo. lTorma 1T = U,
[IpU HEKOTOPOM 7. U TIOTOMY

zeT o zel, < (nx)elU < [nz]eV.

Taxkum obpasom, byuknus x — [n,z] ceogur T k V. >
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HawubGoJsbiime 0THOCUTEIHHO M-CBOAUMOCTH TIEPEIUCTUMbIE MHOMKE-
CTBa HA3BIBAIOT T-NOAHbMU (TOUHEE, M-NOAHMU 6 KAALCCE NEPEUUCAU-
MOUT MHOHCECTNS).

Samernm, 9ro eciin K <, A Jyist iepeducauMbix MHOKecTB K n A u
upu 37oM K SIBJISIETCST M-TIOJIHBIM, TO U A SIBJISIETCsI M-TIOJHBIM (B CHILY
TPAH3UTUBHOCTH).

Ecnu yHuBepcaibHOe MHOXKECTBO SIBJISIETCSI TVIABHBIM, TO €rO JINAr0O-
HAJIb TAKXKe M-TOJTHA!

Teopema 34. Ilycts U C Nx N — rjaBHoe yHHBEpCAJILHOE MHOZKECTBO
JUTST KJTacca MepedncanMbiXx MHOXKeCTB. Tora ero «maroHajabHoe ceve-
uue» D = {x | (z,z) € U} aBisercs m-moHbIM.

(B wacTHOCTH, MHOXKECTBO BCEX CAMOIPHMEHUMBIX [IPOIPAMM SIBJIs-
eTCsl M~TIOJTHBIM. )

<1 OueBupno, D nepeduciumo. [lycts K — Ipou3BOIbHOE ITEPEYUC-
JINMOE MHOXKEeCTBO. PacCMOTPHM TepeuncimMoe MHOXKECTBO map V. =
= K x N. Ero cegenusg V,, 6yayr jmbo ycrst (ipu n ¢ K), mmbo cora-
narb co Becem N (upu n € K).

ITockosbky mMuHOXNKECTBO U SIBASIETCSI TJIABHBIM, CYIIECTBYET BCIOJLY
onpejieiénnas GyHKnus s, 1 Koropoit Vi, = Ug(y). JApyrumu ciopamu,
Us(n) coBnagaer ¢ N npu n € K u nycro npu n ¢ K. Cuenoarenb-
1o, s(n) € Us(ny (n moromy s(n) € D) npu n € K n s(n) ¢ Uy (m
noromy s(n) ¢ D) upu n ¢ K. Takum obpasom, s ceogur K k D. >

54. JlokakuTe, 9T0 MHOXKECTBO BCEX ITPOTPAMM, OCTAHABJIMBAIONIAXCSA Ha,
BXO/J1€ 07 ABJIAETCA MM-IIOJIHBIM. ,HOKa.)KI/ITe, YTO MHOXKECTBO BCE€X IIpOorpaMM,
OCTaHaABJIUBAXIUXCA XOTA 6BI Ha OJHOM BXO/E, ABJAETCA 1M -IIOJITHBIM.

55. IIycte M — m-mosHoe nepedncianmoe MHOXKecTBO. [lokarkure, 9To cy-
[IECTBYET aJrOPUTM, KOTOPBII 110 HOMEPY JII000# BCIOLY ONpeaeIéHHON (hyHK-
1uu h yKasblBaeT Takoe 4ucio n, uro (n € M) < (h(n) € M). (Ykasanue: sTo
YTBEP2KJEHUE COCTaBJIAET COAEPzKaHU€ TEOPEMBI O HeHO,ZLBH)KHOﬁ TOYKE OJId
HEKOTOPOro OTHOIIIEHUA 3KBI/IBaJ'[eHTHOCTI/I.)

6.3. m-nonHoTa n 3pPeKTNBHAS HEMEPEHNCINMOCTb

Teopust aqrOpUTMOB MO3BOJISIET, KAK TOBOPSIT, «KOHCTPYKTHUBH3UPO-
BaThb» Pa3JIMYHbIE OlpejiesieHust. B kadecTBe mpuMepa BO3bMEM OITpejie-
JleHne HeCKOHEYIHOr0 MHOXKeCTBa. UTO Takoe GECKOHETHOe MHOXKECTBO?
DTO MHOXKECTBO, KOTOPOE COJIEPXKUT HE MEHee 1 3JIEMEHTOB JIJIsl JII0OOTO
HATYPaJbHOrO n. Temepb MOXKHO CKa3aTh TaK: MHOXKECTBO HA3BIBAETCSI
«3HEKTUBHO OECKOHETHBIM >, €CJIU CYIIECTBYET AJITOPUTM, KOTOPBIA 10
JIIOOOMY 71 YKA3bIBAET 7 PA3JIMIHBIX JIEMEHTOB ITOTO MHOXKECTBA.
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56. Ilokakure, 9TO MPOU3BOILHOE MHOXKeCTBO A siByisiercs 3hdeKTUBHO
OECKOHEYHBIM TOTJIa U TOJILKO TOI/IA, KOT/Ia OHO COJIEPXKUT OECKOHEYHOE Iepe-
YHCIIMMOE MHOXKECTBO (T. €. GECKOHEIHO, HO He SIBJISIeTCs] UMMYHHBIM, CM. C. 21).

Ceituac Hac Oymer mHTepecoBaTh 3(Pp(EKTUBHBIN BapUAHT OHSITHS
HENEPEYUCTUMOCTH. UTO 3HAYUT, YTO MHOXKECTBO A Hermepeducaumo?
1o ozHavaer (TpousM), 4To A OTIHIAETC OT JIOOOr0 EPEeUUCIUMOro
MHO>KeCTBa. EcrecTBeHHO Ha3bIBaTh MHOXKECTBO A 3¢ heKTUBHO Henepe-
YUCTUMBIM, €CJIU 0 JIOOOMY MEepPednCINMOMY MHOYKECTBY MOXKHO yKa-
3aTh MECTO, I'Jle OHO OTJINYAeTCsi OT A.

Bonee dhopmasbao, duKcHpyeM HEKOTOPOE IVIABHOE YHUBEPCAJIHLHOE
nepeducauMoe MEOKecTBO W (1 TeM caMbIM HyMEPAIUIO TIEPEIUCIUMBIX
MHOXKECTB: 4UCI0 1 Oyjer Homepom muoxkecrsa W,,). Bynem rosopurs,
9TO MHOXKECTBO A SIBJISIETCS aBPexmueHo HENePetucAUMbLM, €CITA CYTIe-
CTBYET Takasi BCIO/ly OlpeeéHHas BeraucanuMas pyukuus f, aro f(z) €
€ AA W, npu Becex z. (37ech A 03HAUAET CUMMETPUIECKYIO PA3HOCTH;
JApyrumu cyioBamu, f(z) gBisgercs Toukoi, rue A ornmuaerca or W)

3aMeTuM, 9TO TO CBOHCTBO HE 3aBUCUT OT BHIOOpA TJIABHOI'O YHU-
BEpPCaJIbHOTO MHOXKECTBA: OT HOMEPOB OTHOCUTEIBHO OJTHOTO MHOXKECTBA
MOXKHO 3(D(HEKTUBHO NEPEXOIUTH K HOMEPAM OTHOCHTEIHLHO JIPYroro.

CBoiicTBO 3 HeKTUBHON HEITEPEIUCTUMOCTH JIOIIYCKAET IIPOCTYIO Xa-
PAKTEpU3AINIO B TEPMIHAX M-CBOIUMOCTH. HauHEM ¢ TAKOTO MPOCTOrO
HaOJIIOICHNUS].

Teopema 35. Ecimn A <, B u A 3ddeKTUBHO HEIlePedrc/IMMO, TO U
B 3] dekTUBHO HEmepeYncanmMo.

<1 DTa TeopeMa ABIACTCA «3PMEKTUBHBIM BAPUAHTOM» TEOPEMBI 32,
qacth (6). To ke camoe MOXKHO CKa3aTh U 0 €€ JoKazarejbeTse. 1lycrhb
MBI XOTHM HAWTH TOYKY, B KOTOPOH B oTamdaercss OT HEKOTOPOTO Tie-
peunciauMoro Maoxkectsa X . PaccMorpuM dyHKIuio f, KoTopast m-CBo-
mut Ax B. IIpoo6pas f~!(X) nepeunciammoro MuEOKecTBa X MPH BBIUHC-
JINMOM OTOOpazkeHuH OyJeT IIepedrc/InM, [TO3TOMY MOXKHO HalTH TOY-
Ky m, B Kortopoit o oriauuaercst or A. Torma B ormimuaercs or X B
rouke f(m).

Yrobbl ¢aesaTh 3TO0 PaccyKACHUE TOYHBIM, HAM HYXKHO JIUIIh JTOKa-
3aTh, YTO HOMep TepedncaumMoro Muoxkecta f~1(X) MoxeT GBITH 3-
GEKTUBHO MOy IeH IO HOMEPY MTePEeIncIMMOTo MHOXKecTBa X . 151 aTOT0
MBI JIOJIZKHBI BOCITOJIb30BATHCS TEM, UTO HyMepallusl siBJISeTCsl TJIABHOM —
CcXeMa TYT Ta YK€, YTO U IIPU BHIYUC/IEHNH HOMEPA KOMITO3UIIAN JIBYX BbI-
YUCAUMBIX (DYHKIUI, 3aJaHHbIX cBouME HoMepamu (Teopema 16). Pac-
cMorpuM nepeuncianmoe MaokectBo V = {{(x,y) | (z, f(y)) € W} (ono
[IEPEINCIUMO, MOCKOJIBKY SIBJISIETCS MPOOOPA30M IMEPEIUCIUMOrO MHO-
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skectBa W npn BeramcanMoM otobpaxkennu (x,y) — (z, f(y))). Jlerko
BusieTh, ato V, = f~1(W,,). Tak kax mMuoxkecTB0 W sIBJIfIETCS TIABHBIM
YVHUBEPCAJIbHBIM MHOYKECTBOM, TO CYIIECTBYET BHIYUCINMAsT BCIOY OIIpe-
Aenéunas GyHKIM §, 171 KoTopoit W,y =V, = f~1(W,,) npu Beex n.
Hpyrumu ciioBamu, GyHKIMSA s 110 W-HOMepy JIFOO0T0 MTePeYUCIUMOrO
MHOXKecTBa maét W-HOoMep ero mpoobpasa mpu orobpakenun f, 910 U
TpeboBaJIOCh. >

Teopema 36. CyImecTByIOT [IEpednCINMbIE MHOYXKECTBA ¢ 3DHEKTHBHO
HEIePEeIUCIIUMBIMU JIOTIOTHEHUSIMU.

<1 BHOBB paccMoTpuM JmaroHasbHoe MHOX)ecTBo D = {n | (n,n) €
€ W}. Ero nonosnsenue 6yer 3¢bdeKTUBHO HellepeIncanMbiM. B camom
nene, muoxectsa W, u D oauHakKoBO cebsi BEyT B TOUKE 71, TIOITOMY
W, otnumdaercs ot gonosHenus K D B 9Toit Touke. Takum obpasom, 10-
nosHenne K D 3@EeKTUBHO HEMTEPEUNCTIMO, IPUIEM B KadecTBe (hyHK-
un f u3 oupejesnenns 3P GEKTUBHON HEIEPEIUCIUMOCTH MOYKHO B3STh
TOXKJIECTBEHHYIO (DYHKITHUIO. [>

U3 aByX NpeIbAyIX TEOPEM MOJIyIaeM TAKOe CJICJCTBUE:

Teopema 37. Besikoe m-1101HOE ITEPEIUCTUMOE MHOXKECTBO MMeEET -
bEKTUBHO HEIIEPEIUCINMOE JOTIOJTHEHIE.

Ha camom neste BepHo u obpaTtHOoe. UT0OBI yO€IuThCA B 9TOM, JOKa-
2KeM TaKoi akT:

Teopema 38. ITycts K — nepedncimmoe MHOKECTBO, a A 3 dekTuBHO
Henepeuncanmo. Torma N\ K <,,, A (uro pasHocmibHo K <,y N'\ A).

<1 Ha camowm jieste Ham BakHO ymerue 3bdEKTUBHO OTndaTh A Juiib
OT JIBYX MEPEIHNCIUMBIX MHOYKECTB — OT IIyCTOI'O ¥ OT BCEI'O HATYPAJILHO-
ro psaga. OmanTb A OT MyCTOro MHOXKECTBA O3HAYAET YKA3ATH JJIEMEHT
B A; OT/IMYUTHL OT BCErO HATYPAJILHOTO PSJIa O3HAUYAECT YKA3ATh JIEMEHT
BHe A. VIMeHHO 5TH JiBe BEIM UCIOJIBL3YIOTCs IPHU cBejiennu. bosee dop-
MaapHo, paccmorpuMm MuOXKkecTtBO V. = K X N. Ero ceuenus V,, nu6o
nycrel (npu n ¢ K), mu6o COBIAIAIOT €O BCEM HATYPAJBHBIM DPsZIOM
(mpu n € K). Ilonb3ysick TeM, 9TO MHOXKeCTBO W sIBJISIETCSI TVIABHBIM,
MBI HAXOJIUM BCIOJly ONpe/eIeHHyio (DyHKImIO 8, /g KoTopoit W) =
=@mpun ¢ Knu Wy, = Nnpun € K. Ilycts f — dynxmus,
obecrieamBaomias 3hGEeKTUBHYIO HellepedncanMocTs MaoKecTBa A. To-
ria f(s(n)) € Aupun ¢ K u f(s(n)) ¢ A upu n € K. Jpyrumu
cioamu, Kommosuiws dbyukmuit f u s ceomur N\ K K MHOXKecTBY A,
9TO U TPebOBaJIOCh. [>

Orciofia 0YeBUIHO BBITEKAIOT TAKNE YTBEPIKICHUS:

Teopema 39. Ilepedncimmoe MHOXKECTBO SBJISIETCS 1M-TIOJHBIM TOTIA
U TOJIBKO TOTJ[a, KOTJAa €ro JonoJHeHre 3(DMEKTUBHO HEITePEInCINMO.



[o. 4] Hszomoppusm m-noarovix mHootcecms 63

Teopema 40. MuoxkecTBO 3hHEKTUBHO HEITEPEIUCTUMO TOTIA U TOTb-
KO TOrJA, KOIJIa K HEMY 1M-CBOJIUTCS JOIOJHEHHE HEKOTOPOro (BapUaHT:
JIO6OI0) M-II0JIHOIO MHOXKECTBA.

OrmeTnM, 9TO HE BCIKOE HEIEPEYUCIMMOe MHOYXKECTBO 3(D(MEKTUBHO
HEIIEPEYNC/IMMO. DTO BUIHO, HAIIPUMED, U3 TAKOro (pakTa:

Teopema 41. JIwoboe 3pHEeKTUBHO HENEPEUNCINMOE MHOXKECTBO CO-
JIEPKUT OECKOHEYHOE IIEPEYUCIUMOE MOJAMHOXKECTBO (T.€. He SBJISeTCs
UMMYHHBIM).

< B camom geie, mycth MHOXKeCTBO A 3(hdEKTUBHO Herepedanciiu-
Mo. Torga oTIMYUM €ro OT IyCTOr0 MHOXKECTBA — TO €CTh HailIEéM B
uéMm sjement. [locje 9TOro oTIMUMM €ro OT OHOJIEMEHTHOI'O MHOXKE-
CTBa, KOTOPOE COCTOUT M3 ITOTO IJIEMEHTA — U HAWIEM JAPYTOil SJTEMEHT.
LeficTBys Tak, Mbl MOXKET AJITOPUTMUYECKN HANTH CKOJIb YTOIHO MHOTO
Pa3/IMYHBIX SJIEMEHTOB.

B sTOM paccyKaeHnn MBI HCIIOJIB30BAJIN TaKOi (PaKT: 110 KOHEIHOMY
MHOXKECTBY, 38J]AHHOMY CIIICKOM €r0 3JIEMEHTOB, MOXKHO IOJIYIUTh €ro
HoMep (TOouHee, OJIMH U3 HOMEPOB) B IVIABHOM HyMepAIUU II€PEIUCIAMBIX
muoxkecTB. [Touemy s1o Tak? Ilycts dukcnpoBana HEKOTOpast BIYUCIIH-
Mast HyMepalys KOHEYHBIX MHOXKeCTB. Bynem 0603Ha4aTh Nn-0€e KOHEYHOEe
MHOKECTBO B 3Toi HyMeparuu depe3 D,,. Torma D,, 6ymeT n-biM cede-
HUEM IIEPEUUCIUMOro (U JlaXke PasperniuMoro) MHOKECTBA

D = {(n,x) | x € Dy}.

Ocraércst BOCHOJIB30BAaThCsI OIpEJIeIeHIeM T[JIABHONH HyMepalun Iiepe-
YUCIUMBIX MHOXKECTB. >

ITpocrbie MHOXKECTBA, KOTODbIE, KAK MbI 3HAEM, CYIIECTBYIOT (Teope-
Ma, 14), SIBJISIOTCS IPUMEPAMU [IePEIUCIUMbBIX MHOXKECTB, HE sIBJISIONIIX-
Csl M-TIOJIHBIMHA. VIMEHHO TaK ¥ BO3ZHUKJIO IIOHSITHE IIPOCTOI0 MHOYKECTBA:
IlocT nckaa mpuMep MepedncJInMOro Hepa3permMoro MHOXKECTBA, KOTO-
poe He OBITO OBbI M-ITOJTHBIM.

6.4. V3oMopdn3m m-nosHbIX MHOXECTB

B srom pazzaese Mbl oKakeM, 9TO BCE 1M-IIOJTHBIE MHOYXKECTBA «yCTPO-
€HBbI OJIMHAKOBO» W OTJIUIAIOTCS JIPYT OT JAPYTra TOJIHKO BBIYUCIUMOI TIe-
PecTaHOBKOI.

Teopema 42. Ilycte A 1 B — m-10JIHBIE TIEPEIUCINMbIE MHOYKECTBA.
Torma cyiiecTByer BbIUUCIUMAA I€PECTAHOBKA (BBIYUCINMOE B3AUMHO
onuosnaunoe coorsercrsue) f: N — N, npu xoropoit A nepexogur B B,
To ectb © € A < f(x) € B npu Bcex .
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<1 MBI OyJeM MCIOIB30BATh TOT YK€ MPUEM, 9TO W B IIPUBEIEHHOM
BBIIIE JOKA3aTeIbCTBE TeopeMbl Pomkepca 06 m3omMopdusMe TIaBHBIX
HyMepanuii (cM. ¢. 40). VIMeHHO, MBI /11 HavaJ1a, JJOKaXKeM TaKyTo JIEMMY:

Nemma. Ilycte A — m-10JIHOE TTEpeYnCIMMOe MHOXKeCTBO. Torna cy-
IECTBYET CHOCO0 1O JIFOOOMY HATYPAJbHOMY YUCIY 7 AJITOPUTMUIECKU
yKa3aTh CKOJIBKO YIOIHO JPYTUX HATYPAJIBHBIX YHCE]I, KOTOPBIE TPUHAJI-
JIeyKaT WM He TpUHaIeRar A oJHOBPEMEHHO C Nn.

HoxkazarenbcTBo jgeMMbl. Kak u panbire, y Hac OyayT gBa criocoba
[0JIyYaTh HOBBIE YHCJIA, KOTOPbIE BEIYT cebs MO OTHOMIEHWIO K A Tak
ke, Kak 1 ucxonnoe. OuH u3 HuxX OyJeT rapaHTHPOBAHHO JAaBaTh HOBOE
qucso, ecan ¢ € A, apyroii — eciau x ¢ A. Ilpu 9170M MBI MOXKEM IIpU-
MeHsITh 002, He 3Hasl, KaKOil U3 CJlydaeB UMeeT MeCTO Ha CaMoM Jejie (1
MOXKEM TaK TOTO U He Y3HATh).

Ilepseiit criocob cocrout B caemymoomeMm. Ilycrs P — nepeuwnciiu-
MO€ HEpa3pEIInMOe MHOXKECTBO. PacCMOTPUM MEPEdncaInMOe MHOYKECT-
Bo map A X P. Ouno cBogurcst Kk A, Tak Kak A SBJISI€TCS M-TIOJTHBIM.
(Boobie-To B onpeziesieHuy CBOAMMOCTH IIIJIa PeYb O MHOXKECTBAX Ha-
TypaJibHBIX YHCeJ, a He Map, HO, KaK BCerJa, 3TO He UIPAeT POJU —
napbl MOXKHO BBIYHCIIMO HYMepOBaTh.) JIpyrumu cjioBamu, CyIIeCTBY-
€T BBIYUCIUMAsi BCIOY Ompejieiénnas (GyHKnust f ABYX HATYpPabHBIX
apryMeHTOB C TAKUM CBOHCTBOM:

flnym)e A< (ne A)u (m e P).

B wacrHocru, ipu m € P uuciaa n u f(n,m) 0JHOBPEMEHHO NPUHA/I-
Jiexkar wim He npuHaggrexkar A. TTostoMy, pacnoso:kus P B BBIYUCIIH-
Mmyto mocsenoBaTesbHocTh p(0),p(1),..., MBI MOXKEM BBIUUCIATH 9IHC-
aa f(n,p(0)), f(n,p(1)),... u noIyIaTh HOBBIE YUCJIA, KOTOPBIE IPUHAI-
JieXkaT WM He UPUHAZIe)RAT A OIHOBPEMEHHO C 7.

IIycts n € A. Tlokaxkem, 9T0 MHOYXKECTBO X TIOJIy9aeMbIX TAKUM 00-
pasom uncest (BCe OHU B 9TOM CJIydae ToxKe npuHasuexkar A) Oymer Gec-
koHeuHO. B camom gnene, f(n,m) € X nupu m € P (no nocrpoenuio X)
u f(n,m) ¢ X upu m ¢ P (nockoiabKy B 310M ciaydae f(n,m) ¢ A,
a X C A). Takum obpazom, dyukius m +— f(n,m) cBOAUT Hepa3periu-
MO€ MHOXKeCTBO P K MHOXKecTBY X, Tak 9T0 X HEpa3pemmMo U TOTOMY
OECKOHEYHO.

Tenepnb onurremM JIpyroi crocod, KOTOPbI rapaHTUPYeT yCIex Hpu
n ¢ A. Bo3sbMéM JBa MepeUInCIUMBIX HEOTIEJUMbIX MHOKeCTBa P u Q.
Paccmorpum nepedncimmoe muozkecrso nap (A x P)U (N x Q). Ilycrs
dyukuusa f ceogur ero Kk A. Dro ozmauaer, uro f(n,m) € A rorma
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U TOJBKO Torma, Korpa (n € Aum € P) wm m € Q. Kak u npexue,
upu m € P uucian u f(n,m) oMHOBPEMEHHO IPUHAJJIEXKAT MU HE IPU-
HaJIexkaT A, TaK 4TO Mbl MOXKEM CHOBA PACCMOTPETH IIOCJIEI0BATE b~
Hocth f(n,p(0)), f(n,p(1)),...; ocranock nmokasars, uro (pu n ¢ A) B
3TOM MOC/IEIOBATEIBHOCTH OECKOHEYHO MHOI'O Pa3IMYHBLIX UJICHOB.

ITycThb 3T0 He Tak 1 MHOXKecTBO X BCeX 4JIEHOB 3TOi IOCIeI0BATE b
noctu KoHeuno. ITo npeamosoxkenmio X He nepecekaercs ¢ A. 3amernm,
qaro f(n,m) € X upum € P (uo nocrpoenuto) u f(n,m) ¢ X upum € Q
(Tak KaK B 9TOM ciy4ae (1, m) NPUHAJJIEIKUT HAIEMY [ePeUUCIUMOMY
MHOXKecTBY 1ap u f(n, m) upunamiexxur A). Takum obpazom, npoobpas
MHOXKecTBa X Tpu oTobpaxkenun m — f(n,m) ortgensier P or Q. Ho
5T0T Tpoobpa3 paspemum (X paspemmumo, U060 KOHEYHO, & YKa3aHHOe
0TOOPaKEHHE BCIOJY OIPEIEIEHO U BHIYUCIUMO). A MbI IPEJIIOIOKIIIN,
9TO MHOXKECTBa P 1 () HETb3s OTAEIUTh PA3PENTAMBIM MHOKECTBOM.

VTak, MbI IIpUBEJIM JIBa CIIOCOOA IOIyYaTh HOBBIE 3JIEMEHTHI, KOTO-
phle IPUHAJIEXKAT WA HE TPUHAIERKAT A OTHOBPEMEHHO ¢ UCXOTHBIM.
[Ipumensis nx napaJssiebHO, MBI HABEPHAKA T00BEMCs pe3ysabraTa. Jlem-
Ma JIOKa3aHa.

ITycTs Teneps A m B — JBa M-TIOJIHBIX IIEPEYUCTAMBIX MHOYKECTBA.
JlokaxkemM, ITO OHU OTJIMYAOTCS JIUIIb BBIYACIUMON II€PECTAHOBKOM Ha-
TypaJbHOro paja. Bymem crponTs 3Ty nepectaHoBKy no maram. Ha k-m
mare Mbl IM€eM B3aMMHO OJHO3HAMHOE COOTBETCTBHE

ay < bi,ap < by, ..., ap < by,

npu KoTopoM a; € A < b; € B npu Bcex ¢. Ha uérabix marax Mbl 6epém
MHUHUMAJIbHOE YUCJIO, He BXOJMINEee B JIEBYIO YaCTh 3TOI'O COOTBETCTBUS.
Ucnonbays akt m-ceogumoctu A K B, Mbl HAXOJAUM €My KOMIIAHLOHA.
[Tpu sTOM MOKa3aHHAS HAME JIEMMA [TO3BOJISIET BHIOPATH KOMIIAHBOHA, HE
BCTPEYAIONIETOCs CPEH yKe UMEIOITUXCs CcrpaBa dj1eMenToB. Ha mHedér-
HBIX ITIarax Mbl JleJIaeM TO »Ke caMoe, TOJIbKO CIIpaBa HaJleBO.

B npenese sTor nporiecc J7a€T UCKOMYIO BHIYUCIUMYIO [IEPECTAHOBKY,
cBsi3bIBatony0 A u B. >

C TOYKU 3peHus TEOPUH AJTOPUTMOB JIBa MHOYKECTBa, OTJIHIAIONIN-
ecsl JININb BBIYUCINMOI IIepeCcTaHOBKOM, 00/IaJal0oT OJMHAKOBBIMU CBOII-
crBamu. [losTomy oKa3zaHHAs TeopeMa ITIOKAa3bIBAET, YTO IO CYIIECTBY
UMEeETCsl JIUITh OJIHO 1M~IIOJHOE IIEPEIUCIUMOe MHOXKECTBO (KMJId, 9TO TO
2Ke, JIUIIb OTHO MIEPEIUCTIMOE MHOXKECTBO ¢ 3 (HEKTUBHO HEITePEINCIIH-
MBIM JIOIIOJTHEHHEM ).
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6.5. [pofyKTNBHbIE MHOXECTBA

B sToM pasmesie MBI HCIIOJIB3yeM TEOPEMY O HEIOJBHXKHON TOUYKe
JUIS TIOJTY YeHUs TAKOro (HEOXKUIAHHOIO Ha NEPBbIi B3IJIsl) Pe3yJibTaTa:
omnpejiesienne 3pHEKTUBHON HENMEPEUNCIUMOCTH MHOXKECTBa A He m3me-
HUTCS, €CJIU Mbl OTPAHUYIMMCs JIHIIb (IePEYNCIUMBIMUI) HOJAMHOXKECTBA~
MU MHOXKecTBa A.

SadurcupyeM HEKOTOPYIO IJIABHYIO HYMEDAIINIO IEPEIUCTUMBIX MHO-
2KecTB (MHOXKECTBO ¢ HOMEPOM 7. Mbl oboznadaem W, ). Tosopsrt, 4To
MHOXKeCTBO A sBIgeTcst npodykmueHbiM, €CITH CYIIECTBYET BEITUCTUMAS
(e 06s13aTesIbHO BCIOLY OlpeieéHHast) DyHKIUs f ¢ TAKUM CBOWCTBOM:
OHa TPUMEHUMA K JTI0O0OMY HOMepPY M Jboro mogamuoxkectsa W, MHO-
xKectBa A 1 JaéT 3JIEMEHT B UX PA3HOCTU:

W, CA= f(n) e A\W,.

57. ,HOK&}KI/ITG, 9TO IPOAYKTHUBHOE MHO2KECTBO HE MO2KET OBITH UMMYHHDBIM.

dcHo, yTo TpebOBaHUsS B OIPEJEJIEHUN IPOJyKTUBHOCTH — JIUIIb
JacTh TpeboBaHUil U3 onpe;iesieHns 3(OPEKTUBHO HEIIEPEIUCTUMOIO MHO-
2KECTBa, TaK 9TO J000e 3hHEKTUBHO HEIIEPEIUCTUMOE MHOKECTBO IIPO-
JYKTUBHO. YIUBUTEJIbLHBIM 00PA30M OKA3BIBAETCS, UTO BEPHO M 00paT-
HOE.

Teopema 43. Ilycrb A — IPOIYKTUBHOE MHOXKECTBO, K — IIPOU3BOJIb-
HOE IIEPEIUCIUMOe MHOXKECTBO. Torna jjononrenue Kk K m-cBogures K A.

(113 sroro caemyer, uro A sisercs 3¢bGEKTUBHO HEIIEPEUUCIUMbBIM,
CM. BBIIIIE. )

< Ilycrs f — dbyukius u3 onpejiesieHns IPOJAYKTUBHOCTH (OHA JAET
9JIEMEHT BHE II0JIMHOYKECTBA C YKA3aHHBIM €ii HOMEPOM).

MBI mocTpouM BCIOY ONpPEIeEHHY0 BEIYUCTUMYIO (DYHKIIUIO S C Ta-
KUMHU CBOMCTBAMHU:

. x¢K=>WS(z):®§
o v K= Wy ={f(s(x))}

(BrOpoe cBoiicTBO mogpasymesaer, uto f(s(x)) onpemesneno upu x € K).
ITpex e 4eM ses1aTh 9TO ¢ IMOMOIIBIO TEOPEMbI O HEIOJIBHXKHON TOYKE,
3aMeTHM, UTO B nepBoM ciydae f(s(z)) onpenesneno n npuHayexxuT A:
[OCKOJIBKY MHOXKECTBO C HOMEPOM $(Z) IyCTO M SIBJISETCS MOJMHOMKE-
crBoM A, aucisio f(s(x)) momxuo 6erTh anementom A. Hanporus, Bo BTO-
pom cay4dae f(s(x)) ne npunagyexur A. B camom gene, ecau 661 f(s(x))
npuHajiexkano A, To MaoxkectBo Wy(,) ObLI0 OB IOMMHOKECTBOM A, 1
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noromy wucio f(s(z)) momkHO 6bLTO GBI OBITH 1eMeHTOM A, He BXOfs-
UM B 3TO TOJMHOXKECTBO — & OHO BXOJIWT.

ITosToMmy ectm HAM ymacTCst TIOCTPOUTH TAKYIO (DYHKIHIO S, TO (PYyHK-
st ¢ — f(s(x)) Gymer m-cBomuTh JONONIHEHNE MHOXKecTBa K K MHO-
KecTBy A, Kak Mbl u obemasn. Kak xe eé crponth?

Ecsin 661 Bo Bropom cBoiictee (g x € K) crosio me f(s(x)), a,
ckazkeM, pocto f(x), HuKakoii mpobiempl 6bl He ObuI0. Kak 06bI9HO,
MBI PACCMOTPEH ObI EPETUCTIMOE MHOZKECTBO TIap

V={ylreKny=flr)}

CEeYEHMs ITOTO MHOXKECTBA MUMeEJHN Obl TpeOyeMbIfl BUJ W OCTAJIOCH OBI
TOJIBKO BOCIIOJIB30BATHCS TEM, UTO HyMepalus — riaBHas. Ho B HalleM
citydae, KOrjia B IPaBoil 9acTu BToporo ceoiicra crout f(s(z)), Tak mpo-
CTO MOCTYUUTh HEJIb35: KAK B UCTOPUHU O KyPHIE U dAiIle, JJIs HOCTPOe-
Hud V HaM HaJ0 UMeThb $(z), a I mocTpoeHus s() Hajo uMerb V.

VIMEHHO TaKOro pojia TPYJHOCTH IO3BOJISIET IIPEOJIOJIEBATH TEOPEMA
0 HeNoABWXKHOI Touke. [TocTponM BCIOY ONPEIEIEHHYIO BBIYUCIUMYIO
dbyHKIUIO ABYX apryMeHTOB h ¢ TAKMMU CBOHCTBAMMU:

o ¢ K = Wh(:v,t) = J;
e r €K = Wh(z,t) = {f(t)}

(ITomo6HbIe Beny Mbl JIeJIadi MHOTOKPATHO — HOCJEAHUNA Pa3 B IIPEJIbl-
nymeM abzane. Ormerum, 9to f(t) MoXKeT ObITH U HE OIPEJIeIeHO, TOTIa
non { f(t)} Mbl noHNMaeM mycroe MHOKecTBO.) 1o Teopeme 0 HEOBUK-
HOI TOUKe (/151 TIePEIUCIUMBIX MHOYKECTB) IPU KAXKJIOM - (DyHKIUA ¢ —
— h(x,t) uMeeT HENOABUKHYIO TOYKY, U, KAK MbI FOBOPHJIA B Pa3zese
O HEIIOJIBUXKHOM TOYKE C MAapaMeTPOM, 3Ty HEMOJBUKHYIO TOYKY MOXK-
HO BBIOpPATH BLIYUCIUMO 3aBUCAIIEH OT x. TakuM 0Opa3oM, CyIIeCTBYeT
BCIOJIy OIpejieSiéHHasT BbIIucanMas (pyHKIU S, JJIs KOTOPOit

Wi@) = Wh(z,s(2))
[IPU BCEX L. DTO PABEHCTBO MOXKHO IIPOJOJIZKUTH:

@, ecm z ¢ K,

Wsm :sta: =
(o) = ) T (£ (s(2))), ecan @ € K,

KaK MBI U XOTeJH. 3ameruM, 4ro 3HadeHue f(s(z)) ompezeneHo mpu
Beex x (umave W,y = @, u f(s(z)) momxno 6biTh onpeneneno). Tem
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caMbIM, TeOopeMa O HEeIOJBUKHOU TOYKE IO3BOJIeT OTBHICKATH B3aUMHO
COIJIaCOBaHHBIE ANUI0 U KYPHUILY U 3aBepIIaeT JI0Ka3aTeJbCTBO. >

Ilepednciinvble MHOXKECTBA, JIOIOJHEHUS KOTOPDLIX IIPOILYKTHBHBI,
Ha3bIBAIOTCS KPeamueHbimuy (creative; HHOTIA 9TO CJIOBO IIEPEBOIAT KaK
«TBOpUecKue» ). HazpaHwe 0oObsICHSIETCS Tak: 9TO MHOMKECTBO (TOUHee,
ero ponojiHenue) 6osiee U3006peTATEIHLHO, YeM JII000H aJIropuTMUIECKuii
IIPOIIECC: €CJIM KTO-TO IpejiaraeT Cruocod MOpOXKIaTh HEKOTOPHIE 3Jjie-
MEHTBI U3 JOIOJHEHUS, TO B OTBET MOXKHO YKa3aTh 3JIEMEHT JIOIIOJIHEHU,
KOTODBIN HeJIb3sI MOJLYIATh TAKAM CIOCOOOM.

Kak mbI BujinM, TBOpUYECKHE MHOXKECTBA, [T€PEINCIUMbIE MHOXKECTBA
¢ 3bdEeKTUBHO HENEePEeYNCINMBIM JIOIIOJTHEHUEM M 1M-TIOJIHBIE MHOKe-
CTBa — OJWMH M TOT K€ KJIACC, U JIIOObIE J[Ba MHOXKECTBA M3 ITOTO KJIacca
B HEKOTOPOM CMBICJI€ U30MODP(MHBI (OTJIMYAIOTCS JIUIIh BHIYUCIUMOI 116
PECTAHOBKOIA ).

Ecim MHOXKECTBO TPOyKTUBHO, TO MOKHO IIOPOXKIATH €TI0 SJIEMEHTDI
CJIEYIOIIAM UHIyKTUBHBIM miporieccoM. Ha mepsoM 1mrare nmeercs mmycroe
MHOXKecTBO. [IpuMeHnB K HeMy TpOAYKTHBHYIO GyHKIWO (T.e. dyHK-
M0, CYIIECTBYOIILYIO [0 OIPEJIEJIEHUIO IPOJLyKTUBHOTO MHOYKECTBA), Mbl
[TOJIy9UM HEKOTOpPHIi 3jemenT. OH 00pa3yeT OIMHOIJIEMEHTHOE TOIMHO-
KecTBO. [IpuMeHNB K 9TOMY HOAMHOXKECTBY MPOJAYKTUBHYIO (DYHKIHIO,
[IOJIy9UM JIPYTOit 3jieMeHT. K mosrydeHHOMY ABYXJIEMEHTHOMY IOIMHO-
2KECTBY MOYKHO CHOBA IIPUMEHHUTD IIPOLYKTUBHYIO (DYHKIINIO U TAK JIAJIEE.
ITonmyunTcst GeckOHEYHAsT BBIYHCJINMAS [IOCJIEIOBATEIEHOCTD JIEMEHTOB
OPOJLyKTUBHOIO MHOXKECTBA. (DTO MBI y2Ke JeJIA/IH, KOIIa JOKA3BIBAJIM,
910 3OHEKTUBHO HEMEPEIUCTUMOE MHOXKECTBO COJEPKUT OECKOHETHOE
[EePEYUCIUMOe OAMHOXKeCTBO.) Ho 9T0T MHIYKTUBHBII IIPOIECC MOKHO
«TPaHC(UHUTHO» IPOJIOJIKUTh, 110 KpaiiHeil Mepe eIné HEMHOrO: hMes
[EePEIHNCIUMOE TIOMHOXKECTBO HAIIIETO IIPOJYKTUBHOTO MHOXKECTBA (MHO-
JKECTBO WICHOB MOC/IEJ0BATEILHOCTH ), MOXKHO HAWTH emE OJMH 3JIEMEHT
UPOJLyKTUBHOIO MHOXKECTBa (TaK CKa3aTh, JIEMEHT HOMeD w). Jlobasum
€ro K II0CJIeI0BATEIbHOCTH, CHOBA IIPUMEHUM [IPOyKTUBHYIO (DYHKITAIO,
nostyunrest (w + 1)-it sleMeHT U Tak jiaJjiee, 3aTeM [OJIYYUTCsl HOBasl [0~
CJTeJIOBATEILHOCTD, (w - 2)-if /ement, (w - 3)-i,. . ., w?-if 3/1emMenT u T. 1.

Ho, xoneuno, mosryunTs TaKUM 00pa30M AJITOPUTM, TIEPEUUCIISIONTII
POAYKTUBHOE (M IIOTOMY HEIlePeYHCIIMMOEe) MHOXKECTBO, HE YIACTCSI.

58. He mcmosib3yst TeopeMy O HENMOABMKHON Touke (m Teopemy 43), mo-
KaXKUTe, 9TO JJI BCIKOrO MPOJAYKTUBHOIO MHOXKECTBa A CyIIeCTBYeT BCIOJLY
onpeeséunast BoraucauMas dyaknus f, mis koropoit n3 W, C A cienyer
f(n) € A\ W,. (VYkazanue: gepeayiite W, ¢ IyCTbIM MHOXKECTBOM, KaK TO
JleJIaeTCs IPH J0KA3aTeIbCTBE JIEMMBI K Teopeme 42.)
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6.6. [Napbl HEOTAENNMBIX MHOXECTB

B sToMm paszmesie Mbl cchopMysImpyeM HEKOTOPbIE PE3yJIbTATEI, Kacaro-
IIUecst 1ap HEIePeCEeKAIOIXCs TePEIUCTUMbBIX MHOXKECTB. DTH PE3YJIib-
TaThI APAJIIEIbHBI TOJIBKO YTO JOKA3aHHBIM HAMU TE€OPEMaM O 1M-TI0JI-
HOTE, TPOILYKTUBHOCTH, 3(p(DEKTUBHOIN HENEPEUNCIUMOCTA U 00 M30MOP-
duzMe M-TIOJTHBIX MHOYKECTB.

ITycte A u B — /iBa HEIEPECEKAIOMUXCsI MHOYKECTBA, (HATYPAJbHBIX
quces). HamoMuuM, 94TO OHU HA3BIBAIOTCS HEOTACTUMBIMU, €C/TU HE CYIIe-
CTBYeT Pa3penInMoro MHOXKECTBA, COJIEPIKAIIEro OJIHO U3 HUX U He Iepe-
CEKAIOIIErocsl ¢ JIPYTUM. DTO OIPEIeJIeHIe MOXKHO TIepedOpMyIUPOBATh
rak: ecsm Wy u Wy, — 11Ba HellepeceKaromuXcsl NePeInCIUMbIX MHOZKE-
cTBa, cojepxamue A u B coorsercrBenHo, To obbemunenue W, U W,
COJIEPKUT He BCe HaTypasbHble unciaa. (Ham Gymer yaobHO 0603HAYATD
IepevdncanMble MHOKecTBa depes W, u Wy, canras, uro W — ruiasHoe
YHUBEPCAJILHOE MHOXKECTBO. )

Temepnb sicHO, KaK MOXKHO CHOPMYINPOBATH IPDEKTUBHBIN BAPUAHT
9TOTO oIpefiesieHusl. ByieM rOBOPUThH, UTO HEIIEPECEKAIOIINEeCsT MHOXKE-
crBa A u B afpexmuero neomdesumvt, €CId CyIIeCTBYET BBIYUCIIMAsT
dbyuxmms h ¢ Takum coiicrsom: eciit A C W, BC W, u W,NW, = @,
To h(z,y) ompemeneno u h(x,y) ¢ W, UW,.

Ornpesiesierre HEOTAEIUMOCTH MOYXKHO CHOPMYJIUPOBATH UyTh-IyTh
“Ha4e: He CYIIECTBYET BEIUYUCIUMON PYHKIINU 0, , KOTOPas ObLIa ObI BCIO-
JIy OIIPEJICIEHHOMN, BO BCEX TOUYKaXx MHOXKecTBa A paBHsIach ObI HYIIIO,
a BO BCeX TOYKax MHOXKecTBa B — emunune. (Byzem cuurarh, 4To ¢ —
raBHas yHuBepcasbhasd GyHknus.) CoOTBETCTBEHHO U3MEHUTCA U -
deKTUBHBII BapuaHT: MHOXKecTBa A 1 B cuavho aexmueno neomde-
AUMDL, €CITH CYIIECTBYET BCIO/Ly OIpeie/éHHasT BhaucanMast pyHKims h,
KOTOpasl 110 JIIO6OMY 7 YKas3blBaeT TOUKy h(n), B KOTOpo# byHKIUS ¢y,
«omubaercay. Ommbka BO3MOXKHA TPEX BUIOB: b0 ¢, (h(n)) He ompe-
nesieno, ubo h(n) € A, 1o ¢, (h(n)) ue pasuo nysmo, mubo h(n) € B, HO
©n(h(n)) He paBHO exuHUIE.

59. Ilokarxkure, 9YTO U3 CHIBHON 3PDHEKTUBHON HEOTAEIMMOCTU BBITEKAET
acdbdexTuBHAT HEOTIEIUMOCTD (ITO ONPABIBIBAECT HMCIOIB3YEMYIO HAMH TEp-
MUHOJIOTHIO) .

ObpaTHoe yTBep:KJIeHNEe TaKyKe BEpHO, HO JIOKA3bIBAETCS HECKOJHKO
CJIOJKHEE, M MBI K HEMY eIllé BEPHEMCSI.

CymrecTByoT U CHIHHO 3(MDMEKTUBHO HEOTIENMbIE [T€PEIUCTIMBbIE
muoxkecTBa? JIerko MoHsITh, 9TO CTAHIAPTHAS JUATOHAJIbLHAS KOHCTDYK-
Iyl 1aéT napy TaKuX MHOXKECTB, a UMeHHO MHOxKecTBa {x | ¢, (z) = 1}
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u {z | pz(x) = 0}, 1 KOTOPBIX B KadecTBe MYHKIMH 7 MOXKHO B3STh
TOXKIECTBEHHYIO (DYHKITHIO.

60. IIposepbTe 3T0.

IIponoszKasi Hally AHAJOTUIO (MEXKJy MHOXKECTBAMHU M IIAPAMH),
OIIpEeJIeJIUM TIOHATHE 1M-CBOJAMMOCTH JJIsi Iap. 3JeCh TOXKe Oyjer JBa
sapuanra. [lycrs (A, BY u (C, D) — nBe mapbl HEIlePECEKAIONIUXCS 116
peunciauMbix MHOXKecTB (A He nepecekaercsa ¢ B, a C — ¢ D). Byuem
FOBOPUTH, YTO BBIYUCIUMAs BCIOJY OIpeenéHHas GyHKuus [ m-ceo-
dum (A, B) x (C,D), eciu f(A) C Cu f(B) C D.

61. (a) Ilokaxwure, uro ecan f csogur (A, B) x (C,D) u C orgemumo
or D paspenmMbiM MHOXKECTBOM, TO U A OTJesimMo 0T B paspenmmbiM MHO-
sxkecrBoM. (6) ITokaxkure, uro ecsm f ceomur (A, B) x (C, D) u napa (A, B)
adbdbexkTusHO HeoTEMMA, TO U apa (C, D) addhexrusno neornemmma. (8) Io-
kaxkure, uro ecan f copur (A, B) x (C, D) nnapa (A, B) cuibHO 3D dHEKTUBHO
HeornesmMa, To 1 napa (C, D) cuiabHO 3(pdeKTUBHO HeoTAeNMA.

OrnpeiesieHne CBOIUMOCTH MOXKHO YCHJINTh, HOTPeDOBaB JOMOJIHU-
TesibHO, 4ToObl pu * ¢ A U B Bemonusiiocs f(x) ¢ C'U D (xpyru-
Mmu csoBamu, f nosmkaa csoauth A k C' u omguosBpemenno B x D). B
9TOM CJIy4dae MbI OyjieM TOBOPUTD, 4To f cuavho ceodum unapy (A, B) x
nape (C, D).

Terepb MBI MOXKEM ONPEACTUTH M-NOAHOMY U CUALHYIO M-NOAHOMY
JIJTST TAPBI HEIIEPECEKAIOIINXC ST TIEPEINCINMbBIX MHOXKECTB, TPeOysi 1mM-CBO-
JIIMOCTH (COOTBETCTBEHHO CHJIBHOMN M-CBOJMMOCTH) JIIOOOI Takoil mapsl
K JaHHOI.

62. Tlokakure, 9TO ecm mapa sBJIsAETCA CUIBHO 3hdeKTuBHO HeoTae -
MOif, TO OHa SIBJIsieTCsi CHJIbHO m-1osiHOi. (Ykazanue. Ilycrs napa (A, B) cuiib-
HO 3 deKkTUBHO HeoTAeanMa, a (K, L) — mobas napa HelepeceKalomuXcs Ie-
PEYUCIUMBIX MHOKECTB. 110 1I060My HATYpPATLHOMY YHCIY & MOYKHO TIOCTDO-
ATH BBIYUCIUMYIO DYHKITHIO 1V ¢ TAKUM CBOHCTBOM: eciu & € K, To ¢, BCiomy
olpesiesieHa U OTJIUYAETCsl OT €IMHUIIBI JIUIIbL B KOHEYHOM YHCJIe TOYEK, IIPU-
96M BCe 9TH TOYKHU MpUHAJjexXaT A; ecnu x € L, TO 1) BCIOIY ONpee/ieHa 1
OTJINYAETCS OT HYJIsI JIWITh B KOHEYHOM YHUCJIE€ TOYEK, TIPUYEM BCE STU TOUKHU
npunajgexar B; ecin © ¢ K U L, 1o ¢, paBHa Hymo Ha A u exuHune Ha B.
Yrob6sr nocTpouTsh Takyio dyHknumio, nepeuncisieM K un L; noka z mHe o0Ha-
PYKWJIOCH B OJTHOM W3 9TUX MHOXKECTB, J100aBiisieM B rpaduk i, mapbl BHIA
(a,0) u (b,1); xorma x obHapyzKuBaercs, nepecrpanBaemcs. Jlasee ocraéres
BOCITOJTB30BATBCsT CBOMCTBAMU TJIABHOW HYyMEPAIUU ( W CUJIBHOU 3hdeKTuB-
HOI HeoTeuMocTbIO A u B.)

63. TTokaxkure, 9TO BCsAKAsl M-TIOJHASI TAPa SIBJISIETCs CUITBHO 3D DEKTUBHO
HeotmesmMoit. (Ykazanue: cuibHO 3(hHEKTUBHO HEOTAECTMMAsT TTapa CyIECTBY-
€T U K Hell cBoxuTCs. )

N3 chopMmymnpoBaHHBIX B KadecTBe 3329 YTBEPKICHUI BBITEKAET,
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9TO CBOMCTBA M-TIOJIHOTHI, CUJIBHOM M-TIOJIHOTHI U CUJIBHOM 3ddhexkTnn-
HOI HEOTJIEJIMMOCTH Hap HelepeCceKaloNNXCcs MHOYKECTB SKBUBAJIEHTHBI.
Mo2KHO T0Ka3aTh, 9TO U KaxKyIeecs 6oJiee CaabbIM CBORCTBO 3D PEKTUB-
HOHM HEOTJEMMOCTH SKBUBAJEHTHO UM. PaccyKjeHune Ipu 3TOM aHaJIO-
TUYHO JOKA3aTEeJIbCTBY TEOPEMBI 43 0 TOM, UTO BCAKOE KPEATUBHOE MHO-
2KECTBO ABJISIETCS M-IIOJHBIM. 3AMETHM, 9TO PA3HUIA MeXK 1y 3ddexkTun-
HOHM HEOT/EJIMMOCTBIO U CHJIBHOU 3D HEKTUBHON HEOTIEIUMOCTHIO IPH-
MEpHO TakKasl yKe, KAK MeXKJIy IPOIyKTUBHOCTHIO U 3 (EeKTUBHON Helle-
PEYHUCIUMOCTBIO.

64. ITycts (A, B) — 3 deKTUBHO HEOTAETMMAs TTapa HEMEPECEKATONIXCS
IIEPEeIUCIIMMbIX MHOXKECTB. HOKa,)KI/ITe, YTO OHa HABJISIETCHA CUJIHLHO TN-IIOJIHOM.
(Vkazanme. Ilycrs K u L — IpOM3BOJIBHBIE HENEPECEKAIONINECs IePEUNCIII-
Mble MHOXKeCTBa. llycts h — dyHKIus n3 onpemesnenust 3bdEeKTUBHON HEOT-
nermmvoct (MHOXKECTB A 1 B). C HOMOIIBIO TEOPEMBI O HEIIOJBUKHOI TOUKe
[OCTPOIiTE BCIOJLY Olpe/ieéHHbIe Bhraucaumble dyHKimn z(n) u y(n) ¢ rakumm
cpoiicTBamu: (1) ecmr n € K, 10 Wy = A 1 Wy(n)y = B U {h(z(n),y(n))};
(2) ectu n € L, To Wy = AU {h(z(n),y(n))} u Wypny = B; (3) ecnn
n ¢ KUL, 10 Wy, = A, Wy = B. Beseaure orciona, uro npu n € K
snadenue h(z(n),y(n)) onpeneneno u npunamnexkur A, upu n € L 3nade-
uue h(z(n),y(n)) oupeneneno u npunamiexkur B, a npu n ¢ K U L 3Hadenue
h(z(n),y(n)) oupeneneno u nexxur sae AU B.)

Wrak, Bce derbipe CHOPMYIUPOBAHHBIX CBONCTBa 3KBUBAJIEHTHBHI.
IIponosmkas aHaoOrnio, MOXKHO JOKA3aTh M30MOPGMHOCTH JIIOOBIX IBYX
map 3bdOEKTUBHO HEOTIEIUMBIX MHOXKECTB, JIJIsi 9er0 IMPEIBAPUTEHHO
HAYy9IUThCS IOJIYYaTh CKOJIb YTOJHO MHOTO UHCEN, <«IKBUBAJIEHTHBIX»
JAHHOMY C TOYKHU 3PeHHs Hapbl 3(PMEKTUBHO HEOTHEIUMBIX MHOXKECTB.

BoJtee TouHO, mIycTh UMEIOTCS HEllepeceKaroluecs: MHOxKecTBa A u B.
Hazosém nBa uncia (A, B)-5KBUBAJEHTHBIMU B JIIOOOM M3 CJIEILYIOMIUX
TPEX cirydaeB: oba oHUM nmpuHaexkar A, oba onn mpuHajexkar B wim
oba onn me npunajgiexxkar A U B. (Takum oGpasom, ectb Tpu KJjacca
SKBHUBAJICHTHOCTH — MHOXKeCTBO A, MHOXKeCTBO B 1 0CTaTOK.)

65. Ilycts (A, B) — CWJIbHO M-TIOJHAS Tapa HENEPECEeKAIOIUXCs Mepe-
YUCIUMBIX MHOXKeCTB. [lokaxkure, 9To mo sr000My YUCTy Kk MOXKHO aJrOPHUT-
MHYECKHU IOJIy4YaTh CKOJIb YIOJHO MHOIO PA3JIMYHBIX YHCEJ, KOTOPBIE OyIyT
(A, B)-sxkBuBajieHTHBI k. (YKa3aHue: JefcTByHTe 110 aHAJIOTUA C JOKA3ATe b
CTBAMHU Te€OPeMBbI 23 U JIEMMBI K Teopeme 42.)

66. IIycts (A1, B1) u (A2, B2) — JBe CHJIbHO M-IIOJIHBIE IAPBI HellepeceKar-
IONIUXCA MMEPEIYUCTUMBIX MHOXKECTB. Tor,zga OHHU BBIYUCJIUMO I/I3OIVIOp(beI B CJIe-
JIyIOIIEM CMBICJIE: CYIIECTBYeT BbIUUC/IUMAs nepectaHoBka (Gmeknus) i: N —
— N, npu xoropoit i(A1) = A2 u i(B1) = Bs. (Ykazauue: neiicrByiite 1o
AHAJIOTUY C JOKA3ATEIbCTBAMU TeopeM 24 m 42.)



7. Bbraucnexus c opakynom

7.1. MawmuHbl ¢ opakyiom

Eciu muOX)ecTBO B M-CBOAUTCS K PA3pPEIIMMOMY MHOXKeCTBY A, To n
B paspernmo. Bosee Toro, eciu gaxke A u Hepa3permMo, HO y HAC €CTh
JIOCTYII K «OPaKylLy» s A, KOTOPBIH OTBEYaeT Ha BOIPOCHI O IPUHAJL-
JIEZKHOCTHU YUCEJI MHOYKECTBY A, TO MBI MOXKEM C €r0 IIOMOIIBIO OTBEYaTh
HA& BOIPOCHI O MPUHAJIEKHOCTH duce]l MHOXKecTBY B. B camom reie,
eciu f — cBoggmast (GYHKIUS U €CJIU MBI XOTHM y3HATD, TIPUHAJIJIEIKUT
JIM HEKOTOPOE YUCJIO & MHOXKECTBY B, JJOCTATOYHO CIPOCUTDH § OPAKyJIa,
upunajyiexxut au f(x) mHOoXKecTBy A.

Jlerko BHIETH, YTO M-CBOJUMOCTH HUCIIOJIB3YET BO3ZMOXKHOCTH Opa-
KyJIa JIOBOJIHO OIPAHUYEHHBIM 00Pa30M: BO-TIEPBBIX, OPAKYILy 38 aéTCst
TOJIBKO OJIMH BOIIPOC, BO-BTOPBIX, OTBET HA 9TOT BOIPOC M CAUTAETCS OT-
BETOM Ha MCXOJHBIN BOIIPOC O MPUHAJJIEKHOCTH UNCTIA T MHOXKECTBY B.
Bor mpumep, He yKIIAIBIBAIOIIUIICS B TAKYIO CXEMYy: HUMesl OPaKyJl JIJist
MHOKECTBa, A, MbI MOXKEM OTBEYATh HA BOIPOCH! O IPUHAJIEXKHOCTH TH-
cen muoxkectBy B = N\ A. Baech Bopoc mo-npexkHeMy OIUH, HO OTBET
HA HEro 3aMEHSIeTCsT HA TIPOTUBOMOIOXKHGIA. [Ipyroit mpuMep: nMest opa-
KYJI JIJTsl MHOXKECTBa A, MOXKHO OTBEYaTh Ha BOIIPOCHI O IIPUHAJIE?KHOCTH
napbl HATYPAJIBHBIX unces MHOKecTBy B = A x A. (31eck opakyiy Haso
3a/1aTh y2Ke JIBa BOIIPOCA.)

IToaToMy ecTecTBEHHO ¥KeJlaHUe OTKA3ATHCSA OT STUX OTPAHUYEHUH U
JlaTh 0DIlee OIpejiesieHne CBOIUMOCTH MHOXKecTBa B K MHOXKecTBY A.
Hanbosee obmiee m ecTecTBEHHOE OIpeeseHne TaKOBO: I cBoauTCs
K A, ecin cyIiecTByeT aJIrOpUTM, KOTODPBIA pa3perraer MHOXKECTBO B
[pA YCJIOBUH, YTO €My IIPEIOCTABJIEH JIOCTYII K OPaKyJy, OTBEYalo-
IMeMy Ha BONOPOCHI NMpo MHOXKecTBO A. B 6Gosiee mporpaMMucTCKux
TEPMUHAX: €CTh aJITOPUTM, COJEP KA BBI30BBHI BHEIIHEN (DyHKIUN
a(x:integer) :boolean (He OLMCAHHON BHYTDU AJI'OPUTMA); ITOT aj-
TOPUTM pa3peniaeT MHOXKeCTBO B, ecim Bb3OBbHI a(xX) BO3BpAITaiOT
[IPABUJIBHBIE OTBETHI IIPO MHOKECTBO A.

DTOT BUJI, CBOJUMOCTH HA3BIBACTCSI C80OUMOCTMbI0 N0 Thropuney, nam
T-cogumoctiio. Oboznauyenune: B <1 A osmadaer, uro B cBOOUTCS II0
Triopunary Kk A. Bor HECKOIBKO IPOCTHIX (PaKTOB PO 1-CBOAUMOCTD:

Teopema 44. (a) Eciiu B <, A, 10 B <1 A. (6) A <17 N\ A npu
mobom A. (B) Ecru A<y Bu B<r C, 10 A< C. (r) Ecou A <1 B
u B paspermumo, 1o A pazpemumo.

<1 Bce aTu yTBepKI€HUS TOYTH OYEBUIHBI — IOSICHIM, HAIIPUMED,
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yrBepxienne (B). Ilycts y Hac ecth ajropurm jyisi A, BKIIOYAIOMIUIL
BBI3OBBI BHENTHEH pa3peImalonieil mpomeypsl 4ist B, a TakKe aaropuTM
JUIst B, BKIIOUaoIuii BbI30BbI BHEIIHEH nporeaypbl s C. Torma Moxk-
HO 3aMEHUTDb BBI30BBI BHEIIHe#l B-IIporie/lypbl Ha 3TOT BTOPOii aJropuTM
1 TIOJIy9HUTCs pa3peniaronyuii aJrOpuTM st A, HCIIONb3yIONuii BLI30BbI
BHeIHel nponeaypsl s C. >

3ameruM, 94T0 (B OTIMYUE OT M-CBOAMMOCTH) HEIIEPEUUCIUMOE MHO-
JKECTBO BIIOJIHE MOXKET T-CBOJMTHCS K mepedncaumomy. Hampumep, mo-
MOJTHEHNE TIEPEUNCIMMOr0 HEPa3PenMoro MHOKeCcTBa K CBOUTCS K ca-
MOMY MHOXkKecTBy K.

MOo2KHO rOBOPUTB HE TOJLKO O CBOAMMOCTH K MHOXKECTBY A, HO 1 BO-
0b1me 06 aaropuTMax, IMEONIX JOCTYI K OPaKysly JJjIs MHOXKeCTBa A.
ITycTh Tako#l aJropuT™M BBIYHUC/ISET HEKOTOPYIO PyHKIUIO f. DTO O3HA-
“aeT, HATIOMHIM, 9TO ecqu f(2) OUpemeseHo, TO Ha BXOJE & aJTOPUTM
ocTaHaBIuBaeTcs U Jaét orer f(x), a ecam f(x) He ompejesieHO, TO He
ocranasyuBaercd. (IIpennonaraercs, €CTECTBEHHO, YTO OPAKYJl «HE 3a-
BHCAET» W BBIJAET OTBETHI, IPATOM ITPABUILHBIE, HA BCE 3aJJAHHBIC €My
Borpockl.) B aToM ciaygae roBopar, uro (dacrudnas) GyHKIUA f BbIYUC-
JIAMa, OTHOCUTEIHHO MHOXKECTBA, A.

B namem onpeieseHun CBOJUMOCTH BbI3bIBaeMasl BHEMIHsAS (DyHKIIUST
IPUHEMAJIA TOJNBKO JBa 3HaUeHus («Ja» W «HeT» ). Takoe orpaHUveHue
BoBce He obsizarenpHO. [lycth i N — N — mpousBosibHasi BCIOy Ompe-
nenénnast pynknms. Torma MOXKHO rOBOPUTD O (DYHKIUSX, GHIMUCAUMDBLT
OMHOCUMEABHO (v; BBIYUCIISIIONIIE UX AJTOPUTMbI BKJIIOUAIOT B Ce0s BbI-
30Bbl pyHKIMK . OIHAKO 3TO 000DIIEHNE HE SBJISIETCH CYIIECTBEHHBIM:

Teopema 45. HYacruunast pyHKIMA [ BBIYUCIUMA OTHOCUTEILHO BCIO-
Jly ONpeseIeHHON (PyHKIMKI (@ TOT/Ia U TOJBKO TOT/A, KOTJIa OHA BBHIYHC-
JIAMA, OTHOCHTEIHLHO MHOXKECTBA, SBJISIONErocs rpadpukom hyHKINA «,
TO €CTb OTHOCHTEJILHO MHOXKecTBa {(n, a(n)) | n € N}.

<1 B camowm jieste, ecim MbI MOYKEM BBI3BIBATH (DYHKITHIO (v, TO MOYKEM
1 OTBeYaTh Ha BOIPOCHI O NPUHAJJIE’KHOCTU ITPOM3BOJILHOI IIaphbl I'pa-
duky dpyuxnun «. Hanporus, ecam MBI MOXKeM paspemniaTh rpaduk o,
TO MOXKeM HaiiTu «(x) g JAaHHOIO I, 3aJaBasi 10 0YePed BOIPOCHI O
npuHazyiexknocru rpaduky map (x,0), (z,1),..., I0Ka He IIOJYyYUM I0-
JIO?)KUTEJIbHBIN OTBET. >

Omnpejiesisis BBIMUCIUMOCTE OTHOCUTENILHO (PYHKIUU (v, MBI IIPEJIIIO-
Jlarajiy, 9TO (v BCIOJY ONpejielieHa. DTO OrpaHMYeHne IPUHIUINAILHO:
JUIsL HE BCIOJY OIPENENEHHBIX (DYHKIMI MeXaHU3M OOpAIeHus K HUM
(KaK K BHENIHUM IpoleaypaM) Tpebyer yrodnenuii. JlomycTumM, Mbl Bbi-
3BasM (), & OKAa3aJI0Ch, 9T0 (DYHKIUS (¢ He onpeeseHa Ha x. O3Hadaer
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JIX 3TO, 4TO AJITOPUTM <«3ABUCAET» U YK€ HE MOXKET BBIJIATH PE3yJIbTar?
Wiz MBI MOZKEM TTapasiiesIbHO Pa3BEPHYTh KAKNUE-TO BBIYACIEHUS U B Ka-
KHUX-TO CJIy9asX BBLIATH PE3YJbTAT, He JOXKHUAasich orBera or a(z)? Mo-
JKEM JIM MBI TapaJljieJIbHO 3allPOCUTh HECKOJIBKO 3HaUYeHuil (PyHKImu o
CkazkeM, siisiercsi i dyHkuus f(x), 3ananHas GopMyIoi

0, ecsoim a(2x) mim (22 + 1) onpesesneHo,

flz) =

He OIIpe/IeJIeHO B IIPOTUBHOM CJIydae

BBIUKUCJIUMOI OTHOCUTEIbHO af Kopode roBopsi, B OTJIMYHE OT CJIydast
BCIOJIy OLPEAENEHHBIX (DYHKIMH, TYyT ecTh pasHble (M IPUTOM He SKBU-
BAJICHTHBIE) BaPUAHTHI OIPEJIEJICHUI, U BCErJa HAJ0 YTOYHATH, KaKoe
MMEHHO MTOHATHE uMeeTCst B BUIy. [109TOMY MBI, TOBOPS O BBITUCIUMOCTH
OTHOCUTE/ILHO HEKOTOPOU (PYHKITUU (v, TIPEJIOaaraeM, 9To MYHKIUI
BCIO/Ly OIIp€JieJ/ICHA.

67. IlycTts ecTp Ba pa3iaumyHbIX MHOXKecTBa X H Y. Byznem paccMarpuBaTh
MIPOrPaMMBbI, UMEIOIHE JTOCTYI K JABYM opakyaaMm jiasd X u fjist Y, u QyHK-
MM, KOTOPbIE MOYKHO BBIYHCJIUTH C IOMOIIBIO Takux nporpamm. llokarkure,
YTO 9TO OIIPesiesIeHNe He TaéT HUYEro CyIIeCTBEHHO HOBOI'O, YKa3aB TaKOe MHO-
2KeCTBO Z, 9T0 X-Y -BBIUUCINMOCTD COBIAIAECT C Z-BBIYUCIUMOCTDIO.

7.2. OTHOCMTENbHASA BbIYUCINMOCTD!
SKBUBAJIEHTHOE ONncaHune

Ceiiuac MbI JI@/IMM SKBHUBAJEHTHOE OIIPEJIEJIEHUE BBIUYUCIUMOCTH
GYHKIMM OTHOCUTENBHO (v, HE ale/UIHpyoliee K MporpaMMaM C Bbl-
30BOM OpPaKyJia.

Mpr HasbiBau 06pa3noM (BYHKIUIO ¢ HATYPAIbLHBIME apryMeHTaMU
U 3HAYEHUSIMU, ONPEJEIEHHYI0 Ha KOHEYHOM TOJMHOXKECTBE HATYPAJIb-
Horo psiza. Taxoil o6paser 3a4a6Tcsl CHIICKOM 1ap (apryMeHT, 3HAYeHNUE);
06pa3Ibl MOXKHO BBIYHCIAMO ITPOHYMEPOBATD, TIOCJIE Yer0 He Pa3/InIaTh
obpa3zer; U ero HOMEp ¥ FOBOPHUTH O Pa3peNnIiuMOM MHOYKECTBE 00pa3IoB,
[IEPEUNCIIMOM MHOXKECTBE 00Pa3IoB H T. JI.

JlBa 06pasia HA3bIBAIOTCS COBMECTNHLMU, €CIIN OObEeIMHEHIE UX I'Pa-
¢uKoB ecTh mo-nipekHeMy rpaduK GYHKIUHA, TO €CTh €CJAU HET TaKON
TOYKH, B KOTOPOit 00a 00pa3iia ObLH OBbI OMPEIEICHbI ¥ IPUHIMAJIA Pa3-
Hble 3HAYEHUS.

Iycrs umeerca muoxkectBo M Tpoek Buua (x,y,t), rae © u y —
HATYpaJIbHbIE Ynciaa, a t — obpazern. BymeMm roBopuTh, 9TO JiBe TPOIi-
ku (71,Y1,t1) 1 (T2,Y2,t2) npomueopenam JPYT APYTY, €CIM T1 = Iz,
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Y1 7 Yo, a 0Opasnwl t; u ty coBmecTHbl. MHOXKecTBO M GymemM Ha3bIBATD
KOPPEKMHbLM, €CJTU B HEM HET TPOTUBOPEYAITNX JIPYT JAPYTY TPOEK.

IIycts M — KOppEKTHOE MHOXKECTBO, & (« — HEKOTOpasi (PYyHKITHUSI.
Ot6epém B M Bce Tpoiiku Buga (x,y,t), sl KOTOPBIX ¢ SIBJIAETCS da-
cThio o (rpaduk t aBJIgeTCa OAMHOXKECTBOM rpaduka «). Bxopsiue B
HUX 00pa3Ibl COBMECTHBI, II09TOMY (B CHJLy KOPPEKTHOCTHU) CPEIU OTO-
OpaHHBIX TPOEK HET JIBYX, ¥ KOTOPBIX HEPBbIE YJIEHBI PABHBI, & BTOPLIE —
HeT. 3HAYNUT, OTOPOCUB TPEThU KOMIIOHEHTHI B OTOOPAHHBIX TPOHKAX, MBI
nosiyanM rpaduk HEKOTOpoil dbyHKIuu (BoOOIIE TOBODS, IaCTHIHON).
Bynem o6osnauars o1y dyrKImo M[a).

Teopema 46. Yacruunas dyuknus f: N — N BpramcinMa oTHOCH-
TeJIbHO Beroy onpenenéunoit dyukimu «: N — N Torma u Tosibko Torma,
KOIJIa CYIIECTBYET MEPEIUCTUMOE KOPPEKTHOE MHOYKECTBO TpoeK M, mjist
koroporo f = Mla].

< Ilycrbs uMeercst mporpaMma p, BRIYUC/ISAONMASA [ 1 BKIIOYAONIAS B
cebs1 obparrenns K BHEITHEH nporeaype «. Byaem s Bcex HaTypasib-
HBIX 1 MOJIJIMPOBATH PAbOTy ITOI MpOrpaMMbl Ha BXOJE N MO BCEM ITy-
TSIM, TO €CTh IPEYCMATPUBAasl BCe BO3MOXKHbIE 3HAYeHUs (n) I KazK-
JI0TO obpallieHnsi K BHeIIHel mporiemype. st KaxKioro n moryqaercs
JIEPEBO BAPUAHTOB — KaKJIOMY OOpAIEHHUIO K BHEITHEH Tporeaype co-
OTBETCTBYET Pa3BUJIKA CO CUYETHBIM BeTBJieHHeM. Ha HEKOTODBIX BETBSIX
9TOTO JiepeBa BLIYHCJIEHUSI 3aBEPIIAIOTCS U IPOrPaMMa BBIIAET OTBET.
Kak To/bKO MBI OOHAPYZKHMBAEM, YTO HA BXOJE T BO3MOXKEH OTBET Yy (Ha
HEKOTOPOii BeTBH), Mbl 00pa3yeM TpOiiky (x,y,t), rue t — obpa3er, co-
JIepKAINUil Bce apryMeHTBI U 3HAYeHUs] (DYHKIINU (v, KCIIOJb30BAHHBIE HA
39TOH BETBU.

[Toyuennoe MHOKECTBO TPOEK, KOTOpoe MbI obozHadum M, Oyjaer
[epevucanMbIM (OIMCAHHAS IIPOLEILYPa MO3BOJIAET BBIIUCHIBATH BCE €0
9JIeMeHTBI). B 9TOM MHOXKeCTBe HeT IIPOTUBOPEYAIIUX APYT APYTy TPO-
ek. B camom Jiesie, eciu Jijist OJTHOTO M TOTO K€ X B HErO BOIILIN TPOii-
Ku (T, Y1,t1) 1 (X, Ya,t2) C Y1 # Y2, TO OHU COOTBETCTBYIOT PA3HBIM IIyTSIM
B JIepeBe BBIUUCJIEHUIT HA OJTHOM M TOM K€ BXOJIe L. ITU IIyTU B KAKOM-TO
MeCTe PA30ILIUCh, TO €CTh HA OJIUH W TOT YK€ BOIPOC B HUX OBLIM TOJIY-
YeHBbI PA3HbIe OTBETHI. DTH OTBETHI BOILIN B 00pas3ipl t1 U ty, U IIOTOMY
3TU 006pasIpbl HecOBMeCTHBI. VTak, MHOXKecTBO M KOPPEKTHO.

[Iycts o« — Beiogy onpenenénnast dynkius. [Ipucoeguanm eé K mpo-
rpamme p. Ilocse sroro mporpamma p Boraucisier ¢yuknuio f. [Toka-
xkeM, uto f = MJa]. B camom gene, mycrs f(z) = y, T0 ecTh pabora
pOrpaMMBbl P Ha BXOJE T Jajia OTBET Y. DTa pabora BKJIOYAIA B Ce-
OsT HECKOJIBKO BBI30BOB (DYHKIIMH (v U COOTBETCTBOBAJIA HEKOTOPOI BeT-
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BU PaCcCMOTPEHHOrO BBIIIE epesa. IIycTh ¢ — obpaseln, colepzKalnuii Bee
3a/JaHHBIE TIPH 3TOM BOIIPOCHI M IIOJIyIeHHbIC Ha HUX OTBETHI. Torma t saB-
JigeTes 9acThio . Kpome Toro, Tpoiika (z, y,t) BXomur B MHOXKecTBO M.
Canenosarenbro, M[a](z) onpeseneHo u paBHO y.

Hanporus, eciim M[a](xz) = y, To cymecrByer Tpoiika (x,y,t) € M,
JUIST KOTOPOI ¢ ABJISIETCS 9aCThIO (v. DTa TPOKa COOTBETCTBYET HEKOTO-
poit BeTBU JiepeBa BbrauceHuit. [I0CKONbKY ¢ SBIISIETCS 9aCThIO (v, TIPU-
COEJIMHEHNE K TPOrPAMMe p BHENIHEH MPOIEAyphl (v IPUBEIET K TOMY,
YTO BBIYUCJICHUA IIOWIYT MMEHHO IO 3TOMY IIyTH, M IPOIPAMMa JACT
OTBeT Y.

Urak, s a060if MporpaMMbl p MbI ITOCTPOUJIA KOPPEKTHOE MHO-
KecTBO M, KOTOpoe 33JaéT Ty »Ke (DYHKIMIO, 9TO U MPOrpaMMa p, U
HepBas MOJOBUHA, yTBEPKICHUS TEOPEMbI JOKAZAHA.

Yro6bl 10Ka3aTh BTOPYIO MOJOBUHY, HMPEIIIOJOKNAM, YTO HMEETCH
KOPPEKTHOEe MHOXKeCTBO M, U MOCTPOUM SKBUBAJIEHTHYIO €My IIPOIpaM-
My p. Dra mnporpamma Oyzer (mocje NpucoeguHEeHHs K Hell opakyia,
BBIUUCJISIONIErO «¢) BhraucisaTh Gynkuuio M[«]. IIporpamma p neiicrsy-
€T TaK: IIOJIyYUB BXOJ, I, OHa IEPEYUCIAeT MHOXKeCTBO M m orGupaer
B HEM TPOMKHM, EPBBIM YJIEHOM KOTODPBIX ABJIAeTCH 2. JIjis Kaxkaoi# Ta-
KOM TPOHKM (x,y,t), BBI3bIBAs BHEIIHIOK IIPOEILYDY, (3a/1aBast BOIIPOCHI
OpaKyJly) Mbl BbICHsIEM, ABJISETCs Jid ¢ 4acThio GyHKImu «. Ecau saB-
JISIETCS, TO BLIYUCJICHUE 3AKAHINBACTCA U BBIIACTCA OTBET ¥, €CJIU HET,
Hepednc/ieHue MHOKeCTBa M IPOIOIKACTCA.

OwueBnHO, UTO 3TA MporpaMma p Bhrauciser dbyukuuo M [a]. >

68. IIpenmmosoKiM, 9TO MBI IIPOBEJIN ITO IIOCTPOEHUE B 00€ CTOPOHBL: CHA~
qaja 1m0 KOPPEKTHOMY MHOXKECTBY M MOCTPOUIN HEKOTOPYIO MPOrPaMMy, KaK
BO BTOPO# 4aCTH JOKA3aTEJbCTBA, & 3aTEM II0 IIPOrpaMMe IOCTPOUIM HEKOTO-
poe KoppekTHoe MHOKecTBo M. Moxker mu M’ ormuaarses ot M7

7.3. PenaTtusnsauyus

IIycrs dpukcupoBaHa HEKOTOpasi BCIOJLY OIpeiesiéHHast (DYHKIUS (.
Torma BCst TeOpusi BBIYUCIUMBIX (DPYHKIUNA MOXKET OBITh, KAK T'OBOPSIT,
«PEeJISTUBU30BaHA» OTHOCUTEIBHO (y, €CJIM BO BCEX OIPEIECHUSX U
GbOPMYyIMPOBKAX 3aMEHUTH BBIYUCIUMBIE (DYHKIMM Ha (OYHKIUH, BbI-
YHCJIMMBbIE OTHOCUTEIBHO (¢ (KOTODBIE Il KPATKOCTU HA3BIBAIOT TAKXKE
a-svriucaumvimy). IIpu aToM Bee cpopMyInpOBaHHbIE BBIINIE PE3YIIbTa-
ThI OCTAIOTCSI B CHJIE, U JIOKA3aTE/IbCTBA OCTAIOTCS MIOYTH TAKUMU ZKe.

B wacrHOCTH, MOYKHO OIIPEIEIUTD HOHIATHE NEPEUUCAUMOR0 OTMHOCU-
meavro « (WM Q-NepesuciuUMO20) MHOKECTBA JIIOObIM U3 IKBUBAJICHT-
HBIX CITOCODOB: KaK 00JIACTD OMPE/IEIEHIS (-BBITUCIUMON (PYHKITAN, KaK
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MHOYKECTBO 3HAYCHUIA (-BBIYUCIUMON (DYHKINU, KAK MPOEKIUI0 (-pa3-
pemmMoro (pa3perrMoro OTHOCUTENBHO () MHOYKECTBa U T. iI. MoxKHO
yKa3aTh u 60Jiee IpsiMoe OIUCAHUE KJIACCa (-TIEPEIUCTUMBIX MHOXKECTB.

ITycts E — nponsBosbHOE MHOXKECTBO Tap Buja (I, t), TJie & — JHCIIo,
a t — obpaser. Ilycteb o — HeKOTOpast BCIOIY OlpejieieHHast (PYHKIIUSI.
Orbepém B MHOXKeCTBe F Te apbl, Y KOTOPBIX BTOPbIE WIEHbI ABJISIOTCS
YaCTBIO (v IEPBbIE WIEHBI TAKUX Map 00pa3yioT MHOXKECTBO, KOTOPOE MbI
oboznaunm Efa].

Teopema 47. MuoxxectBO X SBJISI€TCS Q-TIEPEIUCTUMBIM TOTJA U
TOJIBKO TOrJa, Koryia X = Fla] mis HEKOTOPOro NepevdncinMOoro MHO-
xkecrBa E. (Bamerum, 94To B 9TOM ciiydae He TPeOyeTCss HUKAKOTO CIie-
[MAJILHOTO YCJIOBUSI TUIIA KOPPEKTHOCTH. )

< Ilycte X ecTb 00J1aCTH ONpEEIEHIS BBIYACIUMON OTHOCUTEIBHO (¥
dbyuxmun f. Torma f = M[a] 1y1st HEKOTOPOTO TIEPEUUCTUMOTO KOPPEKT-
Horo MmuoxkectBa M. OcraBuM OT Beex TpoeK B M TOJIBKO IEPBHIi U Tpe-
THIi YJIEHBI; TIOJIYYUTCS HEKOTOPOE TIepedncmMoe MuoxkecTtso F. Jlerko
nposepuTh, 4T0 Efar] Gyner obnactsio onpenesnenus dbyukuun Ma] =
= f, Tak uro Efa] = X.

Hanporus, nycts X = Ef«] mus mexoroporo a. Torga pacemorpum
MHOKeCTBO M , KOTOPOE MOJIyIUTCs, €CIU B CePEINHY KarK10# napol u3 F
106aBuThb yucyo 0. fdcno, uro MuoxkecTBOo M Oy/I€T KOPPEKTHBIM U 9TO
M]a] 6ynmer dyukuueit, onpenenénnoit na X = Efa] u npunnmaromeit
TOJIbKO HYJIEBbIE 3HAYEHUS. [>

B 06bruHOil (HEpEJATHBU30BAHHON) TEOPUU AJIOPUTMOB, BAXKHYIO
poJib mrpaer Teopema 06 yHuBepcasbHOil dhynkiuun. OHa ocraéres Bep-
HOI W TIOCJIe PEIATUBU3AIIN:

Teopema 48. [lycts o« — Bcromy onpenenénnast pynkius. CymecrByer
BBIYUCIMMAsST OTHOCUTEIHLHO v (DYHKIMS JBYX apryMEHTOB, sIBJISIIOIIAST-
Cs1 YHUBEPCAJIBHOM JIJIsT KJIACCA BBIYUCUMBIX OTHOCUTEIHLHO (v (DyHKIHH
OJIHOTO apryMEHTA.

< Kak u B Jpyrux cjaydasx, MOXKHO HOYTH 0€3 M3MEHEHUH BOCIPO-
W3BECTH JOKA3aTeIbCTBO COOTBETCTBYIONIEN HEPEISITUBU30BAHHON Teo-
pembl. PukcupyeM KaKOHW-TO 93bIK HPOrPaMMUPOBaHUs (IIPEJLyCMAaTPU-
BAIOIIUIl Ha 9TOT Pa3 BbI30BLI BHEIIHUX [IPOIEYD) U IEPEHyMepPyeM BCe
[IPOTPAMMBI, KOTOPBIE BKJIIOUYAIOT B CeOsI BBI30BBI BHEITHEH TPOIETYPhI (X
Tenepsb B KauecTBe YHUBEPCATIHHON MOXKHO B3ATh (DYHKIIUIO

U, (i, ) = (pe3ysbTaT NpUMEHEHUS -if IPOrpaMMbl K ).

Mps1 ucnosib30BaIn HUYKHAN WHIEKC, ITOOBI MOMYEPKHYTH, 9TO (DYHK-
nusa U, 3aBucur or «. Bripodem, TEKCT BLIYUCIISIONIEH €€ IPOrpaMMBbl
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OT (v HE 3aBUCUT (XOTsl, ECTECTBEHHO, COIEPKUT BbI30BbI (DYHKIUU ().

IToy4uuTesbHO IPUBECTH U JPYTOE JTOKA3ATENBCTEO, KOTOPOE ONHpa-
€TCsl Ha, OIPEJIE/IEHIE BBIYUCIMMOCTH B TEDMUHAX KOPPEKTHBIX II€PEUUC-
JIAMBIX MHOZKECTB.

PaccMOTpUM yHUBEPCATIBHOE MIEPEUUCIUMOE MHOKECTBO Z YE€TBEPOK
Buza (n,x,y,t), rue n, x Uy — ducia, a t — obpazen. L'oBops 06 ynusep-
CAJTBHOCTH, MBI UMEEM B BH/Ly, ITO IIPH PA3JUIHBIX 1 CPEJIA CEUEeHU
COZIEPXKATCS BCE TEPEUUCTNMbIE MHOYKECTBA TPOEK.

Cpes 3TUX TEepedrcIUMbIX MHOYKECTB TPOEK MOTYT ObITh U KOpP-
PEKTHBIE, U HEKOPPEKTHBbIE. Mbl XOTUM MPUHYIUTEIHHO KOPPEKTHPOBATE
HEKOPPEKTHBIE CEYeHUsl, He MEHsid KOPPEKTHBIX. JIpyruMu Cj0BaMu, Mbl
XOTUM TIOCTPOUTH HOBOE TEPETNCIMMOE MHOXKECTBO Z' ¢ TAKMMHU CBOIi-
crBamu: (1) Bce cevenust Z' KOppekTHBI; (2) ecmn cevenne Z,, TIPA HEKO-
TOPOM 7 GBIJIO KOPPEKTHO, TO OHO HE U3MeHWIoch () = Z,).

D70 Jesaercst IPoCTO: Hy»KHO HEePEeInCIsTh Z, oTbpackiBast (He mpo-
nyckag B Z') 37€MeHTbI, J00ABIeHIE KOTOPBIX JIEIAeT HEKOTOPOEe Ccede-
HUe HEKOPPEKTHBIM. I TaK, MBI IOCTPOMJIU MIEPEIUCTUMOE MHOXKECTBO 7',
YHHUBEPCAIBHOE JJTsl KJIACCA KOPPEKTHBIX TEPEUNCINMbBIX MHOYKECTB.

Temepn J1eTK0O yKa3aTh KOppeKTHOe MHOKecTBO W, 3amaroree yHu-
BEPCAJbHYI0 (-BbruncanMyo dyakmo. VmenHo, tpoiika ((n,z),y,t)
(Teneph €€ INEPBLIM YJIEHOM SIBJIETCH I1apa, TaK KaK YHUBEPCAJIb-
Hag (YHKIMs 3aBUCHT OT JBYX apryMeHTOB) npunasjexur W, ec-
mu (n,x,y,t) € Z'. Jlerko noHATH, 9T0 MHOXKeCTBO W KOPPEKTHO.
IIpn paHHON (DYHKIMEA (r TO KOPPEKTHOE MHOXKECTBO 3aJIa6T HEKOTO-
pyto a-Berauciumyo GyHKIu© U, JBYX apryMeHTOB; €6 n-oe CeveHue
ectb Z)[a], tae Z!, — n-oe ceuenne muOKecTBa Z'. Ilosromy cpeau ce-
venuii Gynkuun U, BCTPEYAOTCA BCE (-BLIYUCIUMbIE (DYHKIUH, 9TO U
TpeDOBaJIOCh T0KA3aTh. [>

B pensTUBM30BaHHON TEOPUU AJTOPUTMOB UMEETCs, KOHETHO, U aHa-
JIOT TIOHSITHSI TJIABHOM YHUBEPCATBHOMN (DYHKIMU: (-BBITUCTUMYIO (DYHK-
MO0 JIBYX apryMEHTOB HA3BIBAIOT 2AG6H0U YHUBEPCANOLHOT GYHKUUET
OAA KAGCCH Q-BVMUCAUMBEL PYHKUUT 00H020 apeyMenma, eciu OHa
Q-BBIYHUCIUMA, YHUBEPCATIbHA IS KJACCA (-BBIYUCIUMBIX (DYHKITHI
OJTHOTO apryMEHTa W JIJIsl BCSIKOH Q-BBIYMCIUMOM byHKIuu V' AByX ap-
IYMEHTOB CyIIECTBYET BCIOLy OIPEIEIEHHAS (-BbIUACUMAst (DYHKIHUS §
OJIHOTO apryMeHTa (<«TPaHCISITOD» ), Juist Kotopoit V(n,z) = U(s(n),x)
UpU BCEX N U .

O6brunoe foKazaTeabeTBO (C. 24, TeopeMa 15) mokasbIBaeT, 9TO rIaB-
HBbIE YHUBEPCAIbHBIE (DYHKIMHU JJTsl KJIACCA Q-BBIYUCIUMBIX (DYHKIUHA Cy-
MIECTBYIOT. BoJjiee TOro, MOKHO 3aMETUTD, ITO TIOCTPOEHHAS TIPH JIOKA3a-
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resbeTBe (CM. Bblme) DYHKIWSA § OYJIET He TOJbKO (-BbIYUCIMMOMN, HO U
[IPOCTO BBIYUCIUMOIL (B OJJHOM U3 BADUAHTOB J0KA3aTeIbCTBA (DYHKIIUS S
uMesa BUJ X — [n, ], TJe KBaJpaTHbIE CKOOKH 0BG03HAYAIOT (BUKCHPO-
BAHHYIO BBIUUC/IUMYIO HYMEPAIUo Tap, & 7 — HeKOTopoe (hPUKCUPOBaH-
HOE HCJIO).

V106HO, TOBOPsT 0 HOMEPAX (-BBIYUCIUMBIX (DYHKIWI, UMETH B BHUILY
WX HOMEpA B TAKUX «CHJIbHO IVIABHBIX» HyMepalusX. EcrecTBeHHAS Hy-
Mepanusl (IOpsIKOBBIE HOMepa IIPOTPaMM) SIBJISIETCS «CUJIBHO TJIABHO»
HyMepanuei.

ToBopst 0 peIATHBU30BAHHON TEOPUN AJITOPUTMOB, HHOTJIA YIIOTPEO-
JsioT Takyo Metadopy. Ilycrs A — Kakoe-TO Hepa3permMoe MHOXKECT-
BO. MoOXKeT OKa3aThCsl, YTO €CTh TaKas BHe3eMHasl IMBHJIN3AINs, KOTO-
poit MHOXKeCTBO A KayKeTCsl pa3pertuMbIM; TUIsi/isl Ha, YUCIIO X, OHU CPa3y
MMOHUMATOT, JIESKUT JIM OHO B MHOXKECTBE A WJIU HET, U 3Ta MPOBEPKA — Ta-
KO€ Ke 3JIeMEHTapHOoe JIEHCTBIE B X [IPOrpaMMax, Kak y HAC CPaBHEHME
JBYyX umces. Torjga BCS UX TeOpHsl aJTOPUTMOB Oy/IeT aBTOMATHYICCKU
PeSTUBU30BAHHOM OTHOCHTEIHLHO A, HO OHU STOrO 3aMedaTh HE OyILyT
U [OTOMY IPOYTYT HAIIM PACCYKJIEHUS BILUIOTH J0 3TOr0 pasjena (He
BKJIIOYAsl €r0) M COIJIACATCA CO BCEMH TeopeMaMu. Bojiee Toro, onu Mo-
YT MPOYECTb W ITOT Pa3jes O PeJATHUBU3AIMUA — HO TO, YTO JJIsi HUX
Gyer B-BblYucIuMbIM, J1jist Hac Oyer A- B-BbI9uc/iuMbIM (BBIYUCIUMbBIM
¢ aByMmst opakyiaamu A u B).

Brpouewm, ¥ 97101t MeTadope He CTOUT OTHOCUTHCS CJUIITKOM CEPbE3HO.

7.4. 0'-BblynCnEHNS

B srom pasgene MbI pacCMOTPHM BBIMUCJIUMOCTH OTHOCHUTEJILHO
M-TIOJTHOTO TIEPEIUCIUMOrO MHOXKECTBa. JII00bIe /1Ba TaKNX MHOMKECTBA
M-CBOAATCA APYT K APyTy, W TeM Gosee T-cBOmATCS APYyr K APYTY.
[TosToMy ecim Kakasg-TO (DYHKIMS BBIYUCIUMA OTHOCHTEIHHO OHOTO
U3 HUX, TO OHA BBIYUCJIUMA W OTHOCUTEJILHO Jpyroro. Takme yHKImMn
Ha3bIBAIOT 0 -6HUUCAUMBIMU.

Benomunasi, uyro muoxkecTBO nap {(p,x) | mporpamma p 3aBepruaer
paboTy Ha BXOJIe X} ABJISIETCs OJHUM U3 M-IOJIHBIX II€PEIUCIUMbIX MHO-
JKECTB, MOYKHO CKa3aTb, 9T0 0’-BorumcauMble (QyHKIUU BBIYHCIAIOTCS
MalIMHAMHU, KOTOPBIM HPHUJIAH CIIeNUabHBII OpaKy/, pellalomuii Ipo-
6JIeMy OCTAHOBKH: 3TOMY OpaKy/y HOCBLIAIOT IMPOrPaMMy W BXOJ, W OH
OTBEYAET, OCTAHABIMBAETCS JIM 9Ta MPOrPAMMa Ha 3TOM BXOJE WM He
ocranasiusaercd. (IIpu aT0M nocbLIaeMas Ha IKCIEPTU3Y IPOrpaMMa —
camas 0ObIYHas1, 6e3 OOpalleHuii K OpaKyJLy. )
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fceno, aTo moboe mepedncanMoe MHOXKECTBO sBJsiercss 0'-paspern-
MBIM, TaK KaK CBOIMUTCH K M~IIOJHOMY IiepeducauMomy MHoxkecTsy. (O6-
pPATHOE, OYEBUIHO, HEBEPHO — JIONOJIHEHNE K [IEPEUUCIUMOMY Hepaspe-
MIAMOMY MHOXKECTBY TakxKe 0'-paspermmmo, HO He TIePEUnCINMO. )

Nmeercs ciemyiomee npocroe onucanue 0'-Boraucgumbix HyHKIuiL:

Teopema 49. (a) ITycrs T — BCrogy onpe/ie/iéHHAsT BEIYUCTUMAst (DYHK-
s ABYX HATYPAJbHBIX apryMeHTOB. Ilepeiiném K mpemeny mo BTOPOMY
apryMeHTy, PacCMOTPeB (DyHKITHIO

t: x— lim T(z,n).
n—oo
(Dra dyukus yxe He 0bs3aHa ObITH BCIOILY OUPEIEIEHHOl, TaK KaK IIPU
HEKOTODPBIX & YKA3aHHBII Ipeziesl MOXKeT He CylnecTBoBarTh.) Oyukuus ¢
Gyner 0'-eraucsmmoit. (6) Besikast 0’-Beramciumast GyHKIms ¢ MoxkKeT
ObITH TOJIyYeHa YKa3aHHBIM 00pa30M U3 HEKOTOPOH BBLIYUCIUMON BCIOILY
onpenesiénnoit dyuknun 1.

< (a) Iycrs T — BblYmc/uMasg BCIOLY ONpeNesEHHAst (DYHKIUSA JIBYX
aprymenToB. Hazosém napy (x,n) crabuibnoii, ecau T(x,n) = T(x, m)
JUIsL JIAHHOTO X W JJIS BCEX M > N. 3aMeTHM, UTO MHOYKECTBO HeCTa-
OUIIbHBIX TAp HepedncanmMo (Habs ase mapsl (z,n) u (x,m) cn < m
u T(z,n) # T(x,m), MBI BKIIOYaeM napy (r,n) B IePEUUCIEHHE BCEX
HecTabmIbHbIX 11ap). [Tosromy MHOXKECTBO HecTabMIbHBIX 1ap 0'-paspe-
mmmo. JIpyruvum ciosaMu, 0'-aaropurs s o000 Tapbl MOKET IPOBe-
pUTDH, CTAOUIbHA JIX OHA.

PaccmoTpuM Tenepsb cieyiomuit 0'-aaropuTy BEIYUCICHUS TIPEIEb-
Hoit pynkiun t. Iloayuus BXom x, MBI pacCMaTPHBAEM II0 OYEPEIH Ia-
pol {(x,0),{x,1),... ¥ mJisg KaxKI0l U3 HUX IIPOBEPSEM, ABJISIETCS JIU OHA
crabmwibHoli. Kak Tonbko crabusibHast napa (r,n) Oyler oOHApYKeHa,
suavenue 1'(z,n) Bbmaéres B KauecrsBe pedysbrara. O9YeBUIHO, ONUCAH-
Hblit 0’-ajaropursM BuMuCIgeT QYHKIUIO .

(6) Hokazkem Tenepb obpaTHOe yTBepXKAeHue. IIycTh t — yacTuaHast
0/-pprancimmast pyHKIUSA OJHOrO apryMenTa. HaM HaI0 IIOCTPONUTD BbI-
YUCIUMYIO (B OOBIYHOM CMBICJIE) BCIOAY OIPEJEJEHHYIO (DYHKIUIO JABYX
aprymeHToB 1', JUIS KOTOPOit

t(xz) = lim T(z,n)
n—oo
upu Beex = (1 06e 4acTu 9TOro PABEHCTBA OLPEIEIEHbl OJIHOBPEMEHHO).
IIpexxme BCcero Mbl crenaeM cebe HEOOJBINOE TOCTabJIeHne, pa3peIns
dyaxmu T TPUHAMATH TAKXKE ¥ HEKOTOPOE CIIENUAIBHOE 3HAUEHNE, KO-

Topoe MblI OyjieM ob6o3HauaTh 3BE3m0uKoil. [Ipu stom lim T'(z,n) =a
n—oo
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03HAYAET, YTO IIPU BCEX JOCTATOYHO Gosibiiux n 3uadenue T'(x,n) pas-
HO a (U, B 9aCTHOCTHU, HE PABHO *).

Takoe mocsiabjienne Ha CaMOM Jiejie HeCyIEeCTBEHHO: €CJIU B MOCTIe-
JIOBATEJILHOCTH, B KOTOPOI €CTh 3BE3JI0UKH, KAXK/IYI0 U3 HUX 3aMEHUTD
HA J[BA PA3JIMYHBIX MOAPLAJ UAYIIUX djieHa (BCE PABHO KAKHX), TO IO-
CJIEJIOBATENHLHOCTD OyJIeT UMeTh UPEXKHuil mpees (Win mo-npeskHeMy He
HMETH HPeJesia).

Temepn onpeneum dyuxrmio 1. 1o mpeamono:xennto GyHKIN ¢ BbI-
YUCJIAeTCAd HEKOTOPOH IPOrpaMMOU p, UMEIOIIEH JOCTYIl K XapaKTepu-
CTUYecKoll (PYHKIMM HEKOTOPOro IepedncjuMoro muoxkecrsa K. O6o-
3Ha4YuM depe3 K, KOHEYHOEe IOJAMHOXKECTBO MHOXKecTBa K, cocrosiree
U3 TEX €ro 3JEMEHTOB, KOTOPhIE yCIen OOHAPYKUTHCS 38 7 IAroB IIe-
peuncienus muoxkecrsa K. Boruucasia T(x,n), Mbl cleigaeM 7 Maros
paboThl TPOrpaMMBbl P, MPU ITOM HUCIOJB3Yst BMecTO K €ero KoHedHoe
npubmxkenne K,,. Ecau 3a 3Tu n maro mporpamMa p He JaCT OTBETA
(aT0 MOXKET GBITH 1O Pa3HBIM IIPUYMHAM — OTBEJEHHOE el BpeMsl MO-
KeT OBITh HeJoCTAaTOYHO, K, MOXKeT OoTamdaThea oT K, ma m BooOIIe
dbyukuuga t Ha x Moxker ObiTh He ompegesena), To T(x,n) = x. Ecn
JKe 33 1 [IaroB IMporpamMma OTBET JACT, TO ITOT OTBET U Oy/1eT 3HAYCHN-
em T'(z,n) (32 OTHAM MCKIIOUEHUEM, O KOTOPOM MBI CKasKEM ITI037KeE).

ITonpoGyem gokazarb, 4T0 t(x) = nlin;o T(z,n). Iycrs t(x) pasHO

Hekoropomy a. Torga pabora nporpamMMbl p (C HIPaBUIBHBIM ODAaKY-
goMm K) 1epes HEKOTOpPOE BpeMsl 3aBEPINAETCs U IAET OTBET a. 11pu sTOM
BBIYHCJIEHAU UCIIOJIb3YeTCs JIMIIb KOHeYHOe YHCJI0 BOIIPOCOB K OPaKyJLy.
TlosToMy TIpM JOCTATOYHO GONBIIOM T MHOXKECTBO K, B 3THX MeCTax
yxe Oyzer coBnagarh ¢ K. YBeauuus n em@, ecian uago (4robbl OHO
[IPEB30IIIIO BpeMs paboThl POrPaMMbL P), Mbl MOXKEM IapaHTHUPOBATD,
YTO IIPU ITOM 1 U IPH Beex 66ubux n 3uadenue T'(z,n) Oyuer paBHO a.
Ho mam Hazi0 eImé JoKka3aTh, 9TO €CjIM IPeJIesl CYIIeCTBYeT U PaBeH d,
1o t(x) = a. 3/1eCh HAC OXKUJAET TPYHOCTh, COCTOAIIAS B CIIEYIOIIEM.
IIycre mpu mHacrosiem K paboTa mporpaMmel p He 3aBepinaercs. Ho Tem
HE MEHEe MOKET Oy IUTHCA TAK, 9TO IPU KaxKJIOM 7 HAIIE BLIMHACTCHUE
3aBEPIIATCA 38 CIET TOrO, YTO MHOMXKECTBO K, OTIMYAeTCs OT HACTOS-
mero K, n ciiydaiiHO BCe 9TU BBIYUCJIEHUS JIQJIyT OJMHAKOBBII OTBET.
Yrobbl CHpPaBUTLCA C 3TOH TPYJHOCTBIO, M3MEHHM OIpejesieHue
dyukuuu T'. A UMEHHO, JOrOBOPUMCS, UTO €CJiM npH Beraucaenun 1 (x, n)
u T(z,n — 1) upoTOKOJIBI OOpaIeHNii K OPaKy/ly ObLIM PasHbIMU (3313~
BaJINCH PA3HBIE BOIPOCHI UK OBLIN MOy YeHbl PA3HBIE OTBETHI HA OJIMHA-
KOBBI€ BOIIPOCHL), 70 T'(z,n) = *. DT0 HE MOPTUT HAIIETO [IPEJIBIILYIIEro
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paccyKIeHusI, TOCKOJIbKY TaM IpH OOJLIIAX 7 33JaBaeMble BOIIPOCHI
U JaBaeMble OTBETHI TAaKUE YK€, KaK B «HACTOAIIEM» BBIYMCICHUU. 3a-
TO Telepb MbI MOXKEM OBITb yBEPEHBI, UTO €CJIU IOCIEI0BATEHHOCTD
T(x,0),T(x,1),... nmeer upesern, To u t(z) oupenenero. B camom jede,
€CJIM OHA UMEET IpeJiel, TO COJEPKUT KOHEYHOe YUC/IO 3BE3M04UeK. Ha-
90T, IPUA BCEX JOCTATOYHO OOJIBINNAX 1 OPAKYILY 3a8al0TCS OTHU U T€ XKe
BOIIPOCHI U TIOJIYIaIOTCS OJHN U T€ K€ OTBEThI. SHAYNT, 9TH OTBETHI IIpa-
BUJIbHBI, TaK Kak B mpeaene K, crpemurca Kk K. ITosromy mHacrosinee
BBIUHCJIEHNE TAKXKe 3aBepInaercs (C TeM YKe OTBeTOM ). [>

69. Hanoxkum Ha dyHKmio T u3 3Toil TeOpeMbl JOTOJHUTETLHOE OrPAHU-
veHwue: nociegosaresasocts 1'(z,0),T(x, 1), . .. CONEpKAT TOJBKO HyJIH U €11~
HUIIbI, HAUWHAETCA C HyJId U UMEET He 6osiee m n3MeHeHuH (TIepexo0B OT HyJIst
K eIuHANE U 06paTHO), IJe M — HeKoTopas KoHcTaHTa. llpenenbHyio dyHK-
o limy, T'(z, n) GyaeM paccMaTpuBaTh Kak XapaKTEePUCTUIECKYIO (DYHKIO
HEKOTOPOro MHOXKecTBa. [TokarXKuTe, 9TO Tak MOJLyIaTCs BCE MHOXKECTBaA, KOTO-
pble [IPEeJCTAaBUMBI B BUJE CUMMETPUYIECKON PA3HOCTH 1M HEPEYUCIUMBIX MHO-
2KECTB, U TOJIBKO OoHHU. [ToKarkuTe, 9TO ¢ POCTOM ™M KJIACC BOBHUKAIOIINAX TAKAM
obpa3oM MHOXKecTB yBemmunBaercs. Cp. 3amaqn 15, 16, 26.

Bosnaukaromue B 3T0# 3aj1ate KJIACCHI MHOXKECTB HA3BIBAIOT KOHEY-
HOLMU YPOSHAMU uepaprut Epuwosa (1O-aHTIMHACKA TOBOPAT TaKkKe O
difference hierarchy).

70. IIpusenénnoe B 3a7aqe 14 (c. 14) onpeeeane BEIMUCIUMOTO JEHCTBH-
TEJILHOT'O YHUCJIa MOXKHO PEJIITUBH30BATH OTHOCUTEJIBLHO JIIOOOro MHOXKecTBa A.
IMokazkure, 9TO 4HMCIO ¢ siBAsieTcss O'-BBIYMCIUMBIM TOTJa U TOJBKO TOTAA,
KOL/[a OHO SIBJISIETCSI IIPEJIEJIOM BBITIHCJINMOI IIOCIIEI0BATEIHHOCTH PAIMOHATIb-
HBIX YUCEJI.

71. Tlokazkure, 94TO BCAKOE BECKOHETHOE Pa3PENIuMOe TOIEPEBO IOJTHOTO
JIBOMYHOTO JiepeBa (3ana4a 29, c. 21) umeer 6ECKOHEUHYIO BETBb, BHIYACIUMYIO
ornocurensHo 0.

72. IokazkuTe, 4T0 B mpeAbLLyeil 3agade 0’ MOXKHO 3aMEHUTH Ha JIH060e
MHOXKECTBO, OoTAessonee 3OHEKTUBHO HEOTAEINMbIE IEPEIUCINMbBIE MHOXKE-
cTBa, cM. pasnen 6.6. (Ykasanue. Hauas ¢ kopHs, OymeM CTPOUTH GECKOHEIHYIO
BerBb. Ha KaxK/10M mare HaJio periarb, UM Mbl HAJIEBO WJIM HAIIPaBO, U IIO-
majaTb B OeCKOHEYHOe HoZepeBo. KoHeIHOCTD mojiiepeBa — IIEPETUCIIMOe
CBOMCTBO, 1 00a IO//IEPEBa KOHEYHBIMU OBITH HE MOTYT, 3HAYWT, /I BHIOODA
MOXKHO BOCIIOJIB30BATHCS OT/IEJIUTEIEM. )

7.5. HecpaBHUMble MHOXeCTBa

Oupenenenne cogumoctu 110 Trhiopuary (HamomauM, 9to A cBoIUT-
cst 1o Teropunry K B, ecii MHOXKeCTBO A Da3periumo ¢ OpaKyJIoM Jjist B)
MOXKHO PACCMaTPUBATH KaK CII0CO0 CPABHUBATD 331291 PA3PEIeHUsT Pas3-
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JIMYHBIX MHOXKECTB «110 Tpyauoctuy. (Ecim A <7 B, To 3aia4a pasperiie-
HUsI MHOXKECTBa A B HEKOTOPOM CMBICJIE TIPOITIE, YeM 3a/1a4da Pa3perieHust
MHOXKecTBa B.)

BosHukaer MHOXKECTBO €CTECTBEHHBIX BOIIPOCOB, CBA3AHHBIX C TAKOM
rutaccudukarueii. Hanpumep, cyriecrByer jin camasi TpyIHAsI B MUPE 3a-
ada pa3pellenns, TO €CTh TAKoe MHOXKeCTBO A, uro B <7 A nys j1o6oro
muokecTBa B? OTBET, KaK JIETKO MOHATH, OTPUIATEIHLHBIN: B PEJIATHBH-
30BAaHHOM OTHOCHUTEJIHHO A MUpE eCTh CBOM HEpa3peninMble MHOYKECTBA,
(n maxke A-mepeunciaumble A-HepaspenMble MHOXKECTBA) — ITOCKOJIb-
Ky TaM BBIIOJHEHBI OObIUHBIE TEOPEMbI Teopuu aaroputmos. (MoxkHo
TaK»Ke 3aMETHUTh, IYTO TOCKOJIbKY PA3JIMIHBIX IIPOrPAMM CUETHOE UUCJIO,
TO TIpH JIIOO0M MHOXKECTBe A cemeiicTBO Beex A-paspermMbix MHOXKECTB
CY6THO. )

Hpyroii, Metee TpUBUAIBLHBII BOIIPOC TaKoOii: JIIOObIE JIN JIBA MHOYKE-
crBa cpaBHUMBI? OKa3bIBaeTCs, YTO HET, KaK IOKA3bIBAeT CJIEIYIOIIasi
TeopeMa, JiokazanHass Kimuan u [TocTom.

Teopema 50. CymmecrByior nBa Takux Muoxkectsa A u B, uro A L1 B
u B €1 A. 9Th MHOXKECTBa MOXKHO B3ATH 0'-paspenmMbIMu.

<1 MuoxectBa A 1 B JOJIKHBI YIOBJIETBOPITH TAKUM TPEOOBAHUSIM:
HUKaKas IIporpaMMa, K KOTOPOU IIPUCOeIMHEH B-0paKkyJl, He pa3periaeT
MHOXKECTBa A, U HUKaKas porpaMMa, K KOTOPOil mpucoenuuén A-opa-
KyJI, HEe pa3pelraeT MHOXKecTBa B.

Takum obpa3oM, umeercst CYETHOE 9HUCIO TpeGoBaHuUil (IIOCKOJIBKY
ecTb CuéTHOe ducsio mporpaMm). Mbl Gymem 06CiIyKUBATh MX [0 OYe-
pe/i, KaykKJoe IO OJIHOMY pPa3y — 00eCIednB BBIOJHEHHE HEKOTOPOro
TpeboBaHUsI, MbI y2Ke K HeMy Bo3Bpariarbcsi He Oymem. [Tocse kaxkoro
mara 6yner GpUKCUPOBAHO MOBEJIeHIE MHOXKECTB A n B Ha HEKOTOPBIX OT-
pe3Kax HATYPaJILHOTO PSJIa, TapAHTUPYIOIIEe BBIIIOJHEHNE YIKe PACCMOT-
pennbIx TpeboBamnuii. Ha caemgyiomem mare 3tu oTpe3kn OyayT OOJIbIIe,
U Tax jiajiee — B IIpejielie oJIydaTcs 1Ba MHOXKecTBa A u B, yioBiaeTBo-
psomye BeceM TpeboBanusiM. Best koncrpykiust 6yaer 0'-BbIMuCIMMOI,
TaK UTO pe3yJbLTUPYIOIue MHOXKeCTBa OyayT 0'-paspermmMbIivMu.

Omumem  paccyxkenne 0Oosiee moapobro. Hazosém  ¢hpazmenmonm
dyHKIMIO, KOTOpas OlpelesieHa Ha HEKOTOPOM (KOHEYHOM) Hadaslb-
HOM OTpe3Ke HATypaJibHOro psijia u npuanmaer 3naderus 0 u 1. Byxem
TOBOPHUTH, YTO MHOXKECTBO A cozaacosano ¢ HparMeHToM a, eCiau Xa-
pakTepuctuueckasi (yHKIUMsS MHOXKecTBa A mnpomosnkaer a. Apyrumu
CJIOBAMU, COTVIACOBAHHOCTH C JIAHHBIM (DPArMEHTOM OIpeeisieT oBee-
HUEe MHOXKECTBA Ha HAYAJBHOM OTPE3Ke HATYDAJBHOTO psijia.

Ecin dparment as npogoizkaer pparMeHT ai (TO eCThb OIpeIesiéH Ha,
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GoJIbIIEM OTPE3KE ¢ COXPAHEHUEM MPEXKHUX 3HAYEHUIN Ha MEHbBIIEM), TO,
OYEBHUHO, COTJIACOBAHHOCTD C HUM HAKJIAJBIBAET OOJIBbIIE OIDAHAIEHU
Ha MHOXKECTBO.

Jlemma. Ilyctb a u b — nBa dpparMenTa, a p — IporpaMma, coJiepKa-
I1ast BEI30BBI BHEIIHEl ponenyphl. Torna cyImecTByoT npooszKenus a’
u b’ 3Tmx pparMeHToB ¢ TAaKUM CBOHCTBOM: HU JJIsi KAKUX MHOXKECTB A
u B, cormacoBannbix ¢ a’ n b/, mporpamma p, nmMest IOCTYII K XapaKTePH-
crudeckoil gpyHKIuu 1y B, He Oyjer paspemarbh MHOXKECTBO A.

JlokazaB 3Ty JIeMMy, MOXKHO IIOOYEPEIHO PACCMATPUBATH BCE IIPO-
IPaMMbl ¥ TapaHTUPOBATh, YTO HU OJIHA W3 HUX He pas3periaer A OTHO-
curesibHO B. Eciu nipu aToMm yepeoBaTh A u B B IpUMEHEHUN STOH JIeM-
MBI, TO OJTHOBPEMEHHO MOXKHO TapaHTUPOBATDH, UTO HU OJHA IIPOrDAMMA
He paspeniaer B oTHOCUTENHHO A.

(Bameuanne. OveBUIHO, MOXKHO HpeaNoIaratb, 9ro ¢ u b’ muH-
Hee a 1 b — UX Bcerja MOXKHO UCKYCCTBEHHO Y IuHUTGH. Torma B mpeesie
MBI TTOJIy9UM OECKOHETHbBIE ITOC/IEI0BATEILHOCTH, SIBJISIFOIIIUECS] XapaKTe-
puctrdeckuMu (QYHKIUSIMEI IBYX MCKOMBIX MHOXKECTB. Biipodem, 310 He
00s13aTeIbHO: €CJIN B IPEJeJie BIPYT MOy IaTCs KOHEIHbIe (DpArMeHThl —
BO3bMEM JIIOObIE MHOYKECTBA, C HUMH COIVIACOBAHHBIE. )

Wrak, mjs mocrpoeHusi MHOXKeCTB A 1 B 0CTAJIOCh JTOKA3aTh JIEMMY.
(K Bompocy 0 0'-BBIYUCIMMOCTH MBI €Il BEPHEMCL. )

B dopmynuposky jiemMbl MHOKeCTBA A 1 B BXOJAT HECUMMETPUYIHO,
IIO9TOMY U paccykieHue 0ymer necummverpuaaoe. Pukcupyem HEKOTOPOE
YUCJIO T, KOTOPOE He BXOAUT B 00JIACTH OIpe/iesieHus (DparMenTa a, 1 3a-
naauM cebe BOIIPOC: CYIIECTBYET JIM TAKOe MHOXKECTBO B, corsiacoBaHHOe
¢ dparmenToM b, 9TO TOC/IE MPUCOEINHEHUsI €r0 XapaKTePUCTUIECKOMN
dyHKIMA K IporpamMMe p 9Ta IporpaMMa JaéT HA BXOJE & KAKOW-TO U3
OTBETOB «Ja» W «HET». Kcam TakKoro MHOXKECTBa HET, TO BOoOIe 3a60-
TUTHCS HE O YeM — yTBEPK/EHUE JIEMMbI Oy/IeT BEPHBIM, €CJIH IIPOCTO
oJIOKUTh @’ = a, b’ = b.

IIycTe Takoe muOKecTBO B cyimecrByer. [Ipociieaum 3a paboToit mpo-
rpaMMBbl p Ha BXOJle T JIst 3Troro MuoxkecTBa B. Ilpexe uem BbLIAaThH
CBOIl OTBeT, POrpaMMa MOYKET HEKOTOPOe KOHEYHOE UUCJIO Pa3 BbI3bI-
BaTh XapaKTEPUCTUIECKYI0 (PYHKINIO MHOXKecTBa B. Bozbmém dpar-
MeHT b, ¢ KOTOpbIiM B cOorylacoBaHO, W IIPUTOM JOCTATOYHO JJIMHHBII,
YTOOBI IOKPBITH U 3a(PUKCUPOBATH BCE T€ MECTA, K KOTOPBIM 00paInajiach
nporpamma p. Torma mporpamma p OyZeT jgaBaTh TOT YK€ CaMblii OTBET
HE TOJIBKO IS MHOXKECTBa B, HO 1 Jijist JITOOBIX MHOXKECTB, COTJIACOBAH-
ueix ¢ b'. Ocraéres obecreanTh, 9TOOBI 3TOT OTBET OBLI HEBEPHBIM, ITO
MOXKHO CZIJIaTh, BKJIIOUMB T B 00JaCTh Onpesesenns o' u BIOpas a’(x)
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MpOTUBOpEYAIMM 9TOMY OTBery. Jlemma jiokazana.

Ocrajoch JIAIIb JIOKA3aTh yTBEPXKJIEHUE TEOPEMbI, OTHOCSIIEECsS K
0/-BBIYMCIUMOCTH, I 9ero Hajo ybenanThes, 9To nocrpoenne a’ u b’ B
JIOKA3aTeIbCTBE JIEMMBI MOYKHO caesiarh 0'-asropnrvudeckum. Komrode-
BOI MOMEHT 3J1eCh — OTBET Ha CHOPMYIUPOBAHHBIIN [TPU JOKA3ATEIHLCTBE
JieMMbl Borpoc. KoHedHo, 6yKBaJIbHO IepebpaTh KOHTUHYYM BO3MOXK-
HBIX MHOXKeCTB B, coryiacoBanHbIXx ¢ (pparmenToM b, HeBo3moxkHO. Ho
9TO U He TPedyeTcss — HaJI0 MPOCTO MPOCMATPUBATH BCE BAPUAHTHI pa-
6oTel TTporpammbl p. Korma oma 3amaér BOmpoc Mpo He BXOisInee B b
9UCJI0, TIPOCMOTD Pa3BETBJISIETC Ha JIBA HAIPABJIEHUS B 3aBUCHMOCTU
oT AByx Bo3MoxkHOcTell. [losrydaercs: BeTBsiteecst 1epeBO BapUaHTOB, U
BOIIPOC COCTOMUT B TOM, IIOJIy4YaeTCsl JIN OTBET «Ja» WJIM «HEeT» XOThb Ha
KaKON-TO BETBU. A 3TOT BOIPOC MOYKHO TIepedOpMyINPOBATH KaK BOIIPOC
0 TOM, OCTAHOBUTCS JIM HEKOTOpAas Iporpamma (a UMEHHO, [IPOrpamma,
[TPOCMATPHUBAIOIIAS TIAPAJITIEIBHO BCE BETBU M OCTAHABJIMBAIOIIASCS, KAK
TOJIBKO HA OJIHOM M3 HUX MOSIBUTCS OTBET <«JIa» WJIA <HET» ).

D10 3aMedaHre U 3aBEPIIAET JTOKA3ATEHLCTBO TEOPEMbI. >

Topazmo Gosiee CI0YKEH BOIPOC O TOM, CYIIECTBYIOT JIM HE IPOCTO
0’-paspemmMble HeCpABHUMBIE TI0 THIOPUATY MHOMKECTBA, & NEPEUUCU-
Moie HecpaBHUMBIE 110 ThOpHHIY MHOXKecTBa. D1y npobseMy (HasbiBa-
emy1o npobaemoti ITocma) HE3aBUCUMO DENTMIN AMEPUKAHCKUIT MaTeMa-
tuk @puabepr (TOT camblii, YTO MOCTPOUJI OJHO3HAUHBIE HYMEPAIUU,
cm. paszen 4.2) u Aunpbepr Abpamosunu MydHIK; UHTE€PECHO, YTO s
[TOCTPOEHUsT HCKOMBIX MHOYKECTB OHU UCIIOJIHL30BAJIA OJIUH U TOT YK€ TOJI-
XOJ1, KOTOPBIIl MMOJIYYIUJI HA3BaAHUE «METOJ IPUOPUTETA>.

7.6. Teopema MyuHuka— Ppugbepra: obuwas cxema

Teopema 51. CymecTByIOT HecpaBHUMBIE 0 THIOPUHTY MEPEUNCITH-
Mble MHOKECTBA.

MpbI npuBOIUM JOKA3aTEIBCTBO ITOH TEOPEeMbl KakK IIPUMEpP OoJiee
U3OMIPEHHON TEXHUKH, UCIIOJIH3yEeMOH B TEOPUU BBHIYUCTUMBIX (DYHKITHH.
OpHako Haj0 UMeThb B Buy, 9To B 1960-e u 1970-e rospl nepesamii Kpait
9TOi 00JIACTH YIIEN JIAJIEKO 38 TOPU30HT, U IIPUBOJUMOE HIXKE PACCYK-
JEHIEe CTAJIO CKOpee 0O0pa3IoOM IIPOCTOTHI, YeM CJIOZKHOCTH.

< UTtak, MBI XOTHM TOCTPOUTD JIBA MEPEUUCIUMBIX MHOYKECTBA, HU
OIHO M3 KOTOPBIX HE CBOAUTCA K JApyromy 1o Tbiopurary. Mbr Oymem
CTPOUTH X II0 MIAraM; Ha KaXKJOM Iare Oy1eT n3BeCTHA JIUITb KOHEIHAs
JacThb Oyaymux MHO2KecTB. Ham Oyrmer ymo0Ha Takash TEpMUHOJIOTUS.

daemermom MbI OyIeM HA3BIBATH MMPOM3BOJILHYIO APy KOHEUHBIX
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muoxkecTB (A, B) HaTypajbHbIX dYmceJ. ByjeM roBOpUTb, 9TO 3jie-
ment (A’ B') npodossicaem smement (A, B), ecrm A C A’ m B C B'.
MBI TIOCTPOMM BBIMUCJIUMYIO MOCJIEI0BATEILHOCTD 3JIEMEHTOB, KaK IbIi
U3 KOTOPBIX IIPOJIOJIKAET TIPEBIAYIINN; B npejese (00beJIMHEHNH) OHI
JAJyT UCKOMbBIE [IEPEUUC/IUMbIE HECDABHUMbIE MHOXKECTBA.

Vrkasanuem Mbl OyJeM HA3BIBATH YETBEPKY KOHETHBIX MHOMKECTB
(A* A=, B* B7), B koropoit AT ne nepecekaerca ¢ A~ u BT ne ne-
pecekaercs ¢ B~. CiioBO «yKaszaHue» OObSICHIETCSI TEM, 4YTO TaKue
YeTBEPKH YKA3bIBAIOT, Yero MbI XOTHM OT 3jieMeHToB: AT — 370 uncia,
KOTODbIE JIOJRKHBI BXOJUTh B A, a A~ — 49ucja, KOTOpPbIE He JIOJIKHBI
BxomuTh B A; ananormuno gnus B. @opMaabHO, MBI TOBOPHAM, UTO 3JI€-
menT (A, B) coenacosan ¢ ykazanmem (AT, A~ BT B7), ecom AT C A,
A"NA=@, Bt C B, BN B = @&. BysieM roBopHuTb, 4TO yKa3aHue U
cusbHee YKA3aHUA U1, €CJIU BCAKUN 3JIEMEHT, COIVIACOBAHHBIN C Ug, CO-
[JIACOBAH U € U1 (TO €CTh KAXKJasi U3 YeThIPEX KOMIOHEHT yKA3AHUS U
BKJIIOYAET B ¢ebsl COOTBETCTBYIOILYI0 KOMIIOHEHTY yYKA3AHUS U1 ).

Iycrs a(X,Y) — nekoropoe cpoiicrBo napsl muoxkects X,Y C N.
C KaxKJpIM TaKUM CBOHCTBOM CBSKEM HEKOTOPYIO UTPY JBYX MEPCOHA-
ket — Pykosomurens (P) u Ucnomanrens (U). Vrpa npoucxomut Tax:
BHavase U npenbsasisier P HekoTOpOe yKazaHuWe 1y U HEKOTOPBINA 3Jie-
MEHT €(, COTJIACOBAHHBIN C Ug. MBI Oy/IeM HA3BIBATD NX HAYAJbHBIM yKa-
3aHUEM W HAYAJTHHBIM 3jeMeHTOM. (Kak MBI yBUIMM, B OKOHYATETHHON
KOHCTPYKIIUH PYKOBOJUTEJIEH OyIeT HECKOJIBKO, U HAYAJbHOE yKA3aHUE
U 3JIEMEHT JOCTAIOTCS CBEKEHAZHAYEHHOMY PYKOBOIUTEJIIO OT €ro Mpe/l-
[IECTBEHHUKOB — HO 00 3TOM Jajibiie.) P oTBed4aeT HEKOTOPBIM yKa3a-
HUEM U1, HOCJIe 3TOro V BBIOMpAET COIJIACOBAHHBIA C HUM 3JIEMEHT €7,
3areMm P BoiOupaer ug, U1 Boibupaer e; u Tak jgajee (Urpa IMpOIoJIZKAeTCst
6eckoneuno). IIpu srom:

o Kaxpiit ciemayrommit BeiOupaeMbiit U sjeMeHT [MOJIKEeH MIPOI0J-
JKaTh IPEeJbLLyIHii (1 II0TOMY BCE OHH [IPOJIOJIKAIOT HAYAIBHDIH);
OH TaK ke JTOJKeH OBbITH COIIACOBAH C MOCIETHNM YKa3anueMm P, Ho
MOYKeT He OBITh COTVIACOBAH C €r0 MPEILIIYIIUMA YKA3AHUIMHI.

e Bce ykazanus P 10/12KHbBI OBITH CUJIbHEE HAYAILHOIO yKa3aHus (HO
He 06s13aHbI ObITH CHJIbHEE ero IPEAbIIYIUX yKa3anuiil).

e Eciin ouepennoe ykazanue P BoizbiBaer mar (To ectb y U mer auie-
MEHTa, KOTOPBIN ObLI C HUM COIVIACOBAH U IIPOJIOJIZKAJI IIPEIBITY-
Ui 9JIeMEHT ), TO UIPa 3aKAHYUBAETCA U P IpourpeiBaer.
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e Eciu urpa GeckoHedHa, TO MbI cuuTaeM P mobemuresieM mpu BbI-
[TOJIHEHUH JIBYX ycJoBwii. [lepBoe U3 HUX COCTOUT B TOM, 9TO yKa-
3anus P, HaunHash ¢ HEKOTOPOrO MOMEHTa UTPbhI, HE MEHSIIOTCS.

e Hakomer, BTOpoe ycJI0BHE COCTOMT B TOM, UTO IPEIEIbHBIC MHO-
xkecrBa X u Y ynosnersopsior yciosuio «(X,Y), o xoropom
MbI TOBOPWJIM JI0 Hadaja onucanus urpbl. (Ecium i-ii smement e;
ectb (X;,Y;), 70 X 1Y ecTh 00beIMHEHNST BO3PACTAOIINX [EMOTEK
MHO)KecTB X C X1 C...uYypCYy C...)

Bynem Ha3bIBaTh yCJIOBHE 8bUPbIULHDIM, €CTH CYIIECTBYET BBLIYHC-
JuMast (peajm3yeMasi aJllOPUTMOM) CTpaTerusd Jjid P, rapaHTupyomast
ero Boirphimt. Jaabaeimuit mian geitcTBuit Takoil. Mbl mokaskemM, 910
J1J1s JII000# TPOrPAMMBI P C BBI30BAMU BHEIITHE IIPOIEYPBI YCJIOBUE <P C
OpaKyJIoM Jijig Y He paspentaer X » sBJISETCS BBIATPBINIHBIM. (DTO pac-
Cy2KJleHIe B 3HQUUTEJIbHOU Mepe IOBTOPAET paccyzKJIeHue N3 TeOpeMbl
Kumunn — Iocra, HO HECKOJILKO GoJiee CJIOXKHO.) Bosiee TOro, Mbl ycrano-
BHAM, YTO COOTBETCTBYIOIIAA CTPATETUdA BBIYUCINMO 3aBUCUT OT P.

C npyroif CTOPOHBI, MBI ITOKAXKEM, 9TO JJIsI JIIOOOT0 YUCJIa BBIMTPHIII-
HBIX YCJIOBUIl (vj, JJIsI KOTOPBIX CTPATErMH MOXKHO BBIOPATH BBIYHC/IMO
3aBUCAIIMMHI OT %, MOYKHO HailTH Hapy MePEeYUCIUMbIX MHOXKECTB, Y/IO-
BJIETBOPHAIONLYIO BCeM ycjIoBHUsM. VIMEHHO 9TO MOCJEIHEe PACCYKICHUE
OyIeT MCIIOIb30BATH WAL «IIPUOPUTETA»: Y HAC OYIET OJMH MCIIOTHU-
TeJIb U CIETHOE YNCJIO PYKOBOJUTEJIEN C PA3HBIMU yPOBHIMHU IIPHOPUTETA
(I‘JI&JLBHLH‘/’I7 MeHee TJIaBHBIN, eIlé MeHee IJIABHBIN U T. g.).

7.7. Teopema MyuHuka— Ppugbepra: BoIUrpbILIHbIE YCIOBUSA

Urak, mycrs durCcHpoBaHa IporpamMma p, KOoTopoir P xoder mome-
aTh pa3penaTb MHOXKeCTBO X OTHOCHTEIbHO MHOXKecTBa Y. Uto oH
JIOJIKEH JiJisd 9Toro nesarb? (Mbl 6yzieM OnMChIBATD BCE IIPOUCKOIALIEE €
€ro TOYKU 3PEHHS. )

B nauane P mosygaer HeKoTOpOe YKa3aHWE U HEKOTOPBIH 9JIEMEHT, C
HUM COTJIACOBaHHbIA. Bee manbHeiimnue ykazanus TO/KHbI ObITH CHJIbHEE
9TOr0 — MBI BCETIA JOJIZKHBI YKA3bIBATH BKJIIOUNATH OMPEIEIEHHBIE TUCTIA
B X u Y u He BKJIIOYATH HEKOTOPBIE ApyTue (1 TeX, U JAPYruX — KOHed-
HOe MHOXKeCTBO). KpoMme TOro, ecTb HEKOTOPBI HAYAJIBHBIA IEMEHT —
HadajbHas napa MHOXkecTB. Co BpemeneM Il yBejimumBaer 3TH MHOXKe-
CTBa IO COOCTBEHHOMY YCMOTPEHUIO; €IMHCTBEHHOE, KAK Mbl MOXKEM Ha,
9TO MOBJIMATH — JABasi YKA3aHUS.

Hrax, uro ke MbI gemaem?
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Ha mepBom mare BeiOepem Kakoe-TO YUCJIO T, HE BXOJSINEE B Ha-
qajbHOe 3HadeHne X U HEe 3aTPOHYTOe HAYAJIBHBIM yKasaHueM. B Ha-
IIeM [IEPBOM YKA3aHUHU MBI IIOIPOCUM HE BKJIIOYATH 3TO & B X, TO €CThb
J106aBUM T BO BTOPYIO KOMIIOHEHTY HAYaJIbHOI'O YKa3aHUsI, KOTOPYIO MbI
korma-to obozuadau A~. (Eciu 661 MBI XOTEMM, 9TOOBI IPOrpamMMa He
pasperiajia Y, MbI OBbI IefiCTBOBAIN CUMMETPUYIHO U JOOAB/ISIIN ObI YUC-
JIO B 9eTBEPTYIO KOMIOHEHTY, KOTOpas 0b03Hadaach B~ .)

Yro 310 HaM maér? Ecam Mbl Oyaem u gajblie J1y0IupoBaTh IIepBoe
yKa3aHue, TO Mbl JOOBEMCS, YTOOBI YUCJIO T HE IIPUHA/JIEIKATIO IIPEIEIIb-
Homy MHOXKecTBY X . Ho eciin B Kakoii-TO MOMEHT MBI IIEpeIyMaeM U 3a-
XOTHUM, 9TOOBI T TPUHAJIEKAIO X, 9TO MOKHO — JIOCTATOYHO U3bSITh &
u3z A~ u jnobaBuTh ero B AY, uro He BBIZOBET mMaTa. (3aMeTHM, YTO ITO
HOBOE yKa3aHune He OyIeT CHJIbHEee IIPEXKHEro — HO HO-IPeXHeMy OyraeT
CUJIbHEE HAYAJBHOTO, & TOJBKO 3TO M TPeOyeTcs. )

Tak wim nHade, Mbl BBIOpaAJM Takoe X, ChOPMUPOBAJIHN TIEPBOE YKa-
3aHUe U AyOJIupyeM ero, ImoKa He BUIMM IIPUYIUH U3MEHUTH CBOE MHEHUE.
[Tpuwawabr 3TH MOTYT COCTOATH B ciemymomeM. Ha n-oM X0y Urpbl Mbl
BBIIIOJIHAEM N IAroB paboThl IporpaMMbl p Ha Bxoge x. (Hamomuum, uro
p — Ta caMas [IporpaMMa, KOTOPOl MbI XOTHM He JaTh pa3pemiaTb X C
opaxysioMm st Y.) Ilpu 3TOM, KOryia mporpaMMa BBI3BIBAET BHEITHIOH
MIPOIIEIYPY JJist Y, MBI JIaéM OTBETHI B COOTBETCTBUU C TEKYIIIUM COCTO-
sareM Y (TO €CTb B COOTBETCTBUM C HOCJIEJHUM 3JIEMEHTOM, HAIIUCAH-
ubiM 11). IlpepcraBum cebe, 4ro JEHCTBUTEIHHO 32 N MIATOB IIOJLY YUJICS
KaKoii-To pe3ysabrar. Torma Mbr mpobyzK1aeMcss 1 CMOTPUM, IIPUHAITIEK-
HOCTb U HEIIPUHAJJIEXKHOCTh KaKUX IJIEMEHTOB MHOXKeCTBY Y ObLia Ipu
9TOM HCIIOJIb30BaHa, U (PUKCHUPYEM TEKYIIee IMOJIOKEHHEe eI B HAIeM
CJIEAYIONEM U BCeX mocyeayomux (6osblie OHU MEHATHCA He OyiyT)
yKazaHuax. TeM caMbiM OyZeT rapaHTHPOBAH TOT YKe OTBET IIPOrDaM-
MBI P Ha mpeieabHOM MHOXKecTBe Y. C JIpyroif CTOPOHBI, MBI MOXKEM
JOOUTHCsT, 9TOOBI 2 MPpUHAIIEXKATO0 X WM HET O YKeJaHWu (ITo0bI He
[IPUHAJIJIEXKAJI0, He HAJO JIeJIaTh HUIero, YTo0bl IPUHAJIEXKAJIO0 — Iepe-
HECEM €ro B II0JIOKUTEBHYIO 9aCTh yKasaHusi, cM. Beime). Cueaem 3To
TaK, 9T00BI OTBET MPOTPAMMBI P CTaJ HEIPABUJIHHBIM.

TTokazkem, 9T0 3Ta CTpaTerus AEHCTBUTEIHHO BLIUIPHIMNHAS. ECTh
nBa ciydasi. Ecaum Mbl B KAKOW-TO MOMEHT IIPOOYIMIINCH, TO IO IOCTPOe-
HUIO IIporpamMMa p JaéT HelpaBUJIbHBIN OTBET Ha 4Yucje . Kcim ke Mbl
TaK W HEe IPOOYIUINCH, TO IPOrpaMMa p He JA6T Ha T HUKAKOTO OTBETa
(npu npenenbHOM 3HadYeHUn opakysa). [Touemy? B camom mese, mmoboit
TaKOI OTBET 3aBUCUT OT KOHEYHOI'O UMCJIa BOIIPOCOB K OPAKYJTy U TPeOy-
€T KOHEYHOI'O YMCJIa MIAroB PabOThl — TaK 9TO HA JOCTATOYHO TAJIEKOM
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mare Wrpbl, KOrjia BCe HyKHbIE YHCIa B OPAKYJe MOSIBITCA W BPEMEHU
Ha BBIYHCIEHNE OYIeT JOCTATOYHO, MBI JOJI?KHBI OBLIH OBI TPOOYIUTHCS.

Beruncammocts Hammeli crparerun (B TOM UHCJE BBIYUCIAMAS 33BU-
CUMOCTB OT IIAPAMETPA, TO €CTh OT MPOrpaMmbl p) odeBugna. Ocrasoch
OOBSICHUTD JIUIIIb, TOYEMY YHCIO PA3IUIHBIX YKa3aHUil Oy1er KOHEIHO.
Ha camowm jiesie mx MOXKeT OBITH MAKCUMYM JIBA — €CJIU MbI KOTJIa-TO PO~
Oy K IaJIMCh, 4TOObI Jlajiee 3aCHyTh HABEKH (& eciiy He IPO0Y XK IAJINCh, TO
BOOOIIE OJIHO).

7.8. Teopema MyuHuka— Ppugbepra: metog npuoputeTa

Teneps MOXXHO 3a0bITh O KOHKDETHOH IIPUPOJIE SJIEMEHTOB U yKa-
3aHU 1 IIOKa3aThb, YTO €CJ/IM €CThb II0CJ/IeI0BATE/IbHOCTH BBIUI'DBINIHBIX
YCJIOBUN (¢1, (2, . . . , HPUYIEM BBIUTPBINIHBIE CTPATETUH JIjIsI P BBIMUCIIMO
3aBHUCAT OT ¢, TO €CTh Ilapa MEPEeYUCIUMBIX MHOXKECTB, yAOBJIETBOPSIO-
1asl BCEM YCJIOBUSAM.

st 3TOTO TIpEICTABUM Ce0sT HA MECTe UCIIOJTHUTEsI, HaJlT KOTOPbIM
€CTh IIOCJIEIOBATEIbHOCTD PYKOBOIUTEJIEN, IIPHOPUTETHI KOTOPBIX YObI-
BaoT (IEPBBI — camblil BayKHBI, BTOPOIl — MeHee BaXKHbIA U T..).
Kaxprit m3 pykoBoguTeseii oTBeYaeT 3a CBOE YCJIOBHE U WMEET CBOIO
BBIUT'PBIIIHYIO cTpaTeruio. BHavyasie Mbl HAYMHAEM UTPATDH C IIEPBBIM Py-
KOBO/JIUTEJIEM U BBIIOJHATH €ro yKasanus. Korga oHn Ha4MHAOT ITOBTO-
PATBHCS, MBI HAJIEEMCsI, ITO TEPBBIIl PYKOBOJIUTEIb yKe OOJIbIlle MEHSITH
ux He Oyzer, U nepegaéM TEKYIIUil 3J/eMEeHT U TeKyIlee yKa3aHWe B Ka-
YecTBe HaYaJbHBIX BTOPOMY PYKOBOIUTENO, U urpaem ¢ num. (Bce yka-
3aHUS BTOPOTO OYIyT CHJIbHEE BPEMEHHO CTAOMIM3MPOBABIINXCS YKa3a-
Huii nepsoro.) Korya ykazanus BTOporo Toxke cTabuin3upyoTcs, MOXKHO
MIOJIKJIIOYUTh TPETHETO U T. 1.

YTo Ke TPOUCXOJIUT, eCIN KaKOU-TO U3 PYKOBOJUTEEH HEOXKHUIAHHO
U3MEeHWI CBOE yKasanue? B aToM ciiydae MBI CJIe/lyeM ero yKa3aHuio, He
obpamast BHUMaHUS Ha yKa3aHWs MeHee IPUOPUTETHBIX, a [epel] HUMU
U3BUHSIEMCS W TOBOPUM, UTO MPUTIACUIN UX CJUIKOM pano. Ho 3aTem
MBI CHOBA IIOCTEIIEHHO IIPUIVIAIIIAEM UX 110 TOIl YKe CXeMe.

[Tokazkem, 9TO KarXKIbIil PYKOBOJIUTENb PAHO HJIM IIO3HO ITOJIYIUT
BO3MOYKHOCTH O€CCMEHHO PYKOBOJNTH. B camMoMm jiejie, mepBBIit BOOOIIE
HUYEro He 3HAET O JIPYTUX, IMOCKOJIBKY €r0 YKa3aHUs caMble BayKHbIE U
BCerJa UCIHOJIHSIOTCsI. SHAYUT, B HEKOTOPBII MOMEHT OH IIEPDECTAHET Jia-
BaTh HOBBbIE yKa3aHUs. JaIlyIeHHAs [IOCJI€ ITOrO0 MHKAPHAIUST BTOPOIO
PYKOBOJIUTES y2Ke He BCTPETUT HUKAKUX IIOMEX, IIOCKOJIbKY JIANIb U3-
MeHeHHe yKa3aHHit 1epBoro MoKeT eit oMelaTb, II03TOMY U yKa3aHUs



90 Buiwucaenus ¢ opakysom [ro. 7]

BTOPOTO CTAOMIM3UPYIOTCsI, U T. 1. IIpu 3TOM KaxK bl PyKOBOIUTED 10~
OBETCST BBITIOJTHEHUSI CBOETO CBOMCTBA.

Ternepb BuaHO, TOYEMY B OIPEIETIEHUNA UI'PHI OBLIN BaYKHBI HATAIb-
HbIE 3JIEMEHTHI U YCJIOBUS — HacTodAmuit PykoBoguTenb NOKeH 100u-
BaTbCS CBOETO, UCXOJd M3 JI00OH HavdaJbHOH curyaiuu (KTO 3HAET, JIO
9ero JIOBEJyT JeJI0 mpeibiayue!).

BoraucsiumocTb Beex crpareruii Bcex pykoBojuTesieli (IIoc BbIYuc-
JIIMasi 3aBUCHMOCTH OT HOMEDPa PYKOBOJIUTEJIsI) FADAHTUPYET BBIYMCIIH-
MOCTBH OIIMCAHHOI'O IIPOIlecca, TaK UTO IIOJIyUYaTCs IlepevuucimMble MHO-
KeCTBa, KOTOPbIe yAOBJIETBOPSIIOT BCEM yCJIOBUAM.

Teopema Myunuka— @punbepra J1oKa3aHa. >

73. [Tokaxkute, 9TO CyIIECTBYET CIETHOE UMUCIIO IIEPEIUCTUMBIX MHOXKECTB,
HUKAKWe JIBA U3 KOTOPBIX HE CPABHUMBI 110 TBIOPUHTY.

74. TlokaxkuTe, 9TO MOXKHO moCcTpouTh ABe napsl (A, B) u (C, D) nepeunc-
JINMBIX HEOTIEJIMMBIX MHOXKECTB C TAKUM CBOMCTBOM: JIIOOOE MHOXKECTBO X,
orpessiioee A or B, n mmo6oe muoxkectBo Y, ornensioniee C' or D, He cpas-
auMbl o Teopunary: X £r Y n Y €r X. (Ykazanme. Bynem neiictBoBarh
10 AHAJIOTUM C JI0KA3aTeJIbCTBOM TeopeMbl Myunnka — @pugbepra: pyKOBOIM-
TeJTb MOXKET BeJIETh BKJIIOUUTh HEKOTOPBIE 3JieMeHTHI B A, HekoTopble B B, a
HEKOTOPbIE TIOKA HUKYJA HE BKIIOUYATh; aHajgorndHo it C u D. Utobbr BI-
[IOJIHUTH YCJIOBHE <«JAHHAs MAIIUHA HE CBOAWUT HUKAKOW oruenuresnb A u B
HE K KakoMy oraesnresnio C' u Dy, DyKOBOZUTEIb PE3EPBUPYET IJIEMEHT, He
BxoJsmumii Hu B A, Hu B B, 1 CMOTPUT, BBIJACT JIM MAIIUHA HA 3TOM JIEMEHTE
KAKOW-TO OTBET, UCIIOJIb3ys B KadeCTBE OpakyJia TeKyume npudsmkenus Kk C'
n D. Kak TOJIbKO BBLIACT, pYKOBOJUTEJb [IPOCAT (DUKCUPOBATH UCIOJIb30BAH-
uble vemedThl B C u B D, a TakxKe /1e/1aeT BbIJIAHHBIA OTBET HEIPABUJILHBIM,
J106aBIIslsl 3ape3ePBUPOBAHHbIN d1eMeHT B A nim B.)

7.9. PewéTtka MepnpeneBa

B pazznene 6.6 mMbr u3ydanu m-CBOAUMOCTD 33189 OT/EJIEHUs TaPbI
MHOXKECTB (HA3bIBasI €€ 1M-CBOJAUMOCTBIO OJIHOI [apbl MHOXKECTB K JIPY-
roii mape MHOXkKecTB). C IIOMOIIBIO MAIIAH C OPaKyJIOM MOXKHO €cTe-
CTBEHHBIM 00pPa30M OIIPEJIEJIUTh U CBOJAUMOCTD 0 T hIOPUHTY TSl 3829
ornenenns. [yt TOoro, 4To0ObI OMpENEUTh TAKYI CBOIUMOCTH, YI0OHO
PacCMOTPETh AJTOPUTMUYECKHE TPOoOJIeMbl Oosiee OOIEro BUIA, HA3BI-
BaeMbI€ AA20PUMMUNECKUMU MACCOBbLMU Npodiemamu no Medsedesy. A
UMEHHO, AA20PUMMUECKOT Macco80U npobiemot 6y1eM HA3BIBATE IIPO-
U3BOJILHOE CEMECTBO BCIOJLY OIPE/IeIeHHbIX (DYHKIUI C HATYPAJIbHBIMI
apryMeHTaMU U 3HAYEHUSIMU. DJIEMEHTHI 9TOI0 ceMeiicTBa OymeM Ha3bl-
BaTh PEWEHUAMY COOTBETCTBYIOIIEH MaccoBoit mpobsemsr. Ilycroe ce-
MeMCTBO 3a1aéT MpobyeMy, He UMEIONTyIo pernerus. HampoTus, cemeii-
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CTBO BCEX BCIOMLY OINPEIEIEHHBIX (PYHKINN 3aa6T mpobieMy, JIjIsi KOTO-
poit mobast GYHKINA ABIIETCS perenneM. Ecan ceMeiicTBO COCTOUT U3
€IMHCTBEHHOM (DYHKIINY, STBJISAIONIEHCS XapaKTepUCTUIeCKOH (pyHKITmeit
JIJISI HEKOTOPOIr'o MHOXKecTBa A, mostydaem 3adauy paspeusenus MHOXKE-
crBa A. AJITOpUTMUYECKYIO MACCOBYIO IIPOOJIEMY, COCTOSILY IO U3 BCEX Xa-
PaKTEPUCTUIECKUX (DYHKIMI OTIeIUTEIell HEKOTOPOil TIapbl MHOXKECTB,
OymeM Ha3bLIBaTh 3a0dauet 0moeseHUs ITUX MHOKECTB.

TlopopsT, uTO ajaropurMmdeckas maccoBas upobdsiema A ceodumces x
AJITOPUTMUYIECKOI MaccoBOil mpobiieme B, ecim CyIecTByeT ajropuTM
C OpPaKyJIOM C TAKMM CBOMCTBOM: €C/IH B KAUECTBE OPAKysjIa eMy JaTh
JI00y10 (byHKIMIO U3 cemeiicTBa B, TO ajJrOpuTM BBIYUCIUT HEKOTOPYIO
dyukuumio u3 cemeiicrsa A. (AJIropur™m oiuH U TOT XKe i BeexX QPYHK-
nuit u3 3, HO BBIYUC/ITEMasi UM (DYHKIIUST MOXKET 3aBUCETH OT OPAaKYJIa.
Ecsiz B kavyecTBe opakysa ajJropuTMy AaTh (MYHKITHIO, HE TPUHAIEXKA-
LIy ceMeiicTBY I3, TO aJIrOpUTM MOXKET BecTH cebsi KaK YIOJIHO U He
0bs13aH ocraHaBaMBaThCd.) Ecim B kagectse cemeiicts A, B pacemorpers
33149 pa3peIreHusi, TO MOJIy9aeTcs OObBIYHAsT CBOJUMOCTD 110 T bIOpUH-
ry. Ecin B kauecTBe cemeiicts A, B paccMOTpeTh 3aa49u OT/IE/IEHUS,
TO 1oJIy4aercs 1-CBONMMOCTD 3324 OTJEJIEHIsI, KOTOPYIO MBI U XOT€JIN
OIIpEeJIE/IUTD. ZICHO, ITO ecyin OHA TTapa MHOYKECTB M-CBOJIUTCS K JIPYTOit
mape, To oHa u T-cBojuTCs K HEll.

75. (a) Hdokaxwure, 9yTo obparnoe HesepHo. (6) Bosee Toro, cymecrByior
nBe mapbl nepevucsumoir MaOKecTB A, B u C, D, JUisi KOTOPBIX TIepBas mapa
T-cBOAMTCsI, HO He M-CBOAUTCs, KO BTopoil mape. (Ykasanue. (a) MoxHO B
KavecTBe A B3ATb NEPEYUCIUMOE HEPA3PENINMOe MHOXKECTBO, W IOJIOXKUTL B
PABHBIM €ro JononHenuio, a B nape C, D cuenars Haobopor. (6) Moxkuo mo-
jgoxkuth D = A u C = B, 9ro 06ecneduT CBOJAMMOCTD 110 ThIOPUHTY, U JJIst
O6eCHequHH HE-mM-CBOOUMOCTHU HUCIIOJIBb30BaTh METO HpI/IOpI/ITeTa.)

CBOMMOCTD AJITOPUTMUYIECKUX MACCOBBIX MPOOJIEM TIO3BOJISIET CTa-
BUTb BOIIPOCHI O CBOJMMOCTH 3aJ1a4 OTIEJIeHHs K 3aJadaM pas3pelre-
Husi, u HaobopoT. Hanpumep, HETPYIHO IOHSIThH, YTO eciau A siBjseT-
cs1 T-TIOTHBIM TIEPEYUCIUMBIM MHOYKECTBOM, TO K 33jiade pasperienus A
CBOIMTCH JIIO0Aas 3a7a49a OT/E/ICHNsT HEIEPECEKAIONUXCS TIePEInCINMBIX
muoxkecTB. OOpaTHOE HEBEPHO, KAK MOKA3BIBAET CJIEIYIONAsl 33/1a9a.

76. ILycTe 3a1a4a pa3perieHust MHOYXKeCTBa A CBOJMTCS K 3aJlade OT/IeJIEHUST
Hemnepecekaonmxcs nepedncaumbix Muoxkects C, D. Torga A paspermmmo.

Boutee moapobrO 00 anropuTMudecKnx MacCOBBIX Ipobiemax mo Mer-
BeZIEBY U BO3HUKAIONIEM YaCTUYHO YIOPsIJ0Y€HHOM (OTHOIIIEHUEM CBOJIU-
MOCTH) MHOXKECTBE, Ha3bIBaeMOM pewémkoti Medsedesa, MOKHO TTPOIN-
tarb y Pomxepca [3].



8. ApndpmeTtuyeckas nepapxms

8.1. Knacchl X, n 11,

Msr y2Ke roBopmiin, 9TO MEPEYUCTUMbIE MHOYXKECTBA MOYKHO SKBHUBa-
JIHTHO OIPEJEIUTh KaK ITPOEKIINN Pa3PEInMbIX MHOYXKECTB: MHOYKECT-
Bo A C N mepedncanmo Torja U TOJBKO TOTJA, KO CYIIECTBYeT pas3-
permmoe mHOXKecTBO B C N X N, mpoekiueii KOTOpOro OHO SABJISIETCS.
Eciu 0oToXK1eCTBISITh MHOYKECTBA CO CBOHCTBAMM, TO MOYXKHO CKa3aTh,
9T0 CBOMCTBO A(Z) HATYPAJIBHBIX YUCEN HEPEIUCIUMO TOTJA U TOJIBKO
TOrJIa, KOTJIa €r0 MOXKHO IIPEJICTABUTH B BUJIE

A(z) < FyB(z,y),

rie B(x,y) — Hekoropoe paspeniuMoe CBOCTBO.

(B sTOM pasesie Mbl IPEIIIOJIAraeM 3HAKOMCTBO YUTATEIs C IIPOCTEM-
NIMMU JIOTUIECKAMU O0O3HAMEHUSIMI: KBAHTOP I IUTAETCA KaK «CyIIe-
CTBYET I'», KBAHTOD VI YATAETCS KaK «JJIsl BCEX X», 3HAK A\ IATAETCA KAk
«U» U HA3BIBAETCsI KOHBIOHKITUEH, 3HAK V UATAETCsI KAK <HJIN» U HA3bIBa-
eTcd AU3LIOHKIINEH, 3HAK — YATaeTCsl KaK «HEBEPHO, YTO» U Ha3bIBAETCH
orpunanueM. Kak u panbiie, 3HaK < 03HAYAET PABHOCUJIBHOCTD. )

BosHHKaeT €CTeCTBEHHBIH BOIPOC: 9TO MOXKHO CKa3aTh IPO JPYTHUe
Habopb! KBanTopoB? Hanpumep, kakue CBOWCTBA NMPEJICTABUMBI B BUJIE

A(z) & Fy32C(z,y, 2),

riae C' — paspemuMoe CBOHCTBO TPOEK HATYPAIbHBIX dncen? JIerko coot-
Pa3nTh, YTO 3TO HMO-IIPEKHEMY IIePeUrCIIMbIe MHOXKECTBA. B caMoM Jie-
Jie, JIBa MOAPA, WYX KBAHTOPA OJHOTO BUJA MOXKHO 3aMEHUTH OJHUM,
UCIIONIB30BaB BBIMUCAMMYIO HyMeparnumio nap (KOTOpyro Mbl 0603HATAEM
KBaJIpaTHBIMI CKoOKammu): ceoiicreo C’, mus koroporo C'(z,[y,z]) <
< C(z,y, z), rakxke paspenmmo, u A(z) < JwC’(x,w).

Ipyroit Bommpoc: Kakue CBOWCTBa MPEICTABUMBI B BUJIE

A(z) < VyB(z,y),

riae B(x,y) — HekoTopoe paspemmmoe cBoiictso? OTBeT: Te, OTpUIaHUs
KOTOPBIX II€PEYUCIUMBI (KaK MHOIJA TOBOPAT, kKonepewucaumoie). B ca-
MOM J1eJie, TTePEXOIst K OTPUIIAHUIM, UMEEM

—A(z) & ~VyB(z,y) & Jy(-B(z,y)),
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a paspenmmMble CBOMCTBA OCTAIOTCH PA3PEIIUMBIMU IIPU MEPEXOJe K OT-
PUIAHUSM.

Haaum obimee onpenesterue. CBoitcTBo A npunadiescum Kiaccy Sy,
€CJIM €r0 MOYKHO TPEJICTABUTh B BUJIE

A(z) < I Vy23ys ... B(z,y1,y2, -, Yn)

(B IPaBOI YACTH CTOMT 7 YEePEJYIONINXCsS KBAHTOPOB) JIJIS HEKOTOPOTO
paspemuMoro ceoiicta B. Eciu B npaBoii yacTu OCTABUTH 7 4€pPeLyo-
UXCs KBAHTOPOB, HAYMHAS C KBAHTOPA BCEOOITHOCTH V, TO MOy IUTCST
omnpejenenue kaacca 11, .

OrmeTuM JBa CBOMCTBA, KOTOPbIE MBI II0 CYIIECTBY YK€ JTOKA3AJIN:

Teopema 52. (a) Omnpenenenne kiacca X, [I1,] He usmenurcs, ecan
B IIPABOW YaCTU pa3pemnuTh OOJIbIlee YUCI0 KBAHTOPOB U TPeOOBATH,
9TOOBI IIEPBBIH KBAHTOP OB KBAHTOPOM CYIIECTBOBAHUS [BCEOOITHOCTH]
¥ 9IUCJIO TPYIIT OJWHAKOBBIX CTOSIIAX PAJIOM KBAHTOPOB PABHSAJIOCH 7M.
(6) Orpunanus cBOICTB U3 Kjacca X, NPUHAJIEXKAT Kiaccy 1I, u na-
060POT.

< st mokasaresibCTBa IEPBOTO YTBEPXKIEHHUS JTOCTATOYHO COEIH-
HSTH PSIJOM CTOSIUE OJMHAKOBBIE KBAHTODPHI C IOMOIIBIO HYMEDPAIUu
map. [Ijaa mqokasareabcTBa BTOPOrO HAJIO MMPOHOCUTH OTPUIAHNIE BHYTPD
(MeHsisg TUII KBAHTOPA ), HOKA OHO HE OKAXKETCs y Pa3PENIMMOro CBOHCTBA
(rze oHO poJIM HE Urpaet). >

MBI TOBOPHIIIN O CBOMCTBAX; Ha, SI3bIKE MHOYKECTB MOXKHO CKa3aTh TaK:
MHOXKECTBa KJIACCA X, MMOJIYYaKTCs U3 PA3PENIUMBIX € ITOMOIIBIO TIOCTIe-
JOBATEJILHOCTH OMEPAITAil «IIPOEKITHST — JOMOJTHEHNE — ITPOEKITHS — JTOTIOJI-
HEHUE — . . . —IIPOEKIMsI», B KOTOPOi#l BCcero n omepanuii mpoexkmnmu. Kark-
Jlasi orepals IIPOEKIUH YMEHbIIaeT Pa3MepHOCTb MHOXKECTBa (4YUCIIO
apryMeHTOB y CBOHCTBA) Ha €JMHUILY, TAK YTO HAYMHATL HAJO C paspe-
IMIMMBIX HOIMHOKecTB N1,

Teopema 53. Ilepeceuenne n oObeMHEHNE IBYX MHOXKECTB U3 KJIAC-
ca Y, TPUHAIIEKAT Y,. [lepecedernne n obbeIuHEeHNE TBYX MHOXKECTB
n3 kiacca 11, mpunamrexur I1,.

<l ¥Y100HO BBIPA3UTh ITO yTBEPKIEHNE HA JOTUIECKOM $I3bIKe, CKa-
3aB, YTO KOH'BIOHKIWS W JIU3BIOHKIUS JIFOOBIX JIBYX CBOWCTB U3 KJIac-
ca X, Jiexkar B ToM ke Kiacce (anagornguo jjist 11, ). Ha srom xke s3bike
YA00OHO MMPOBECTU U JOKA3ATEIHLCTBO: €CJIM, CKAXKEM,

A(x) & FyVzB(z,y, 2),
C(z) & IuvvD(x,u,v),
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TO

A(x) A C(z) & FyFuVzvu[B(z,y,z) A D(z,u,v)],

3aliCaHHOEe B KBaJPATHBIX CKOOKaX CBOMCTBO pa3peIuMO U OCTa&TCs
TOJIKO COEJINHUTDH Tapbl KBAHTOPOB B OJNH, KaK OOBSICHSIOCH BBIIIE.
AHaJIoruYHO MOXKHO JefiCTBOBaTH IJisi KJIACCOB X, u 1l, Ipu mpous-
BOJIBHOM N. >

Mpbr onpestenistiin KJ1acchl Y, u 11, 19 MHOXKECTB HATYPAJIbHBIX UM~
ceJl; aHAJIOTUYHBIM 00Pa30M 3TO MOXKHO CIeJIaTh U JIJIs MHOXKECTB Iap
HATYPaJIbHBIX YHCEJI, TPOEK U BOODIIIE JIFOOBIX «KOHCTPYKTUBHBIX O0bEK-
TOB». 3aMETHM, 9TO IPOEKINs MHOKECTBA Tap, IPUHAJIEIKAIIErO KJac-
cy Xy, TaKKe IPUHAJJIEIKUT Y, (HOCKOJIbKY JIBA KBAHTOPA CYIIECTBOBA~
HUsl B HaYaje MOYKHO OObeJIUHUTD B OJVH).

JobaBisist PUKTUBHBIE KBAHTOPDI, JIETKO YOSTUTHCSA, UYTO KAXKIABIN 13
JIBYX KJIaccoB X, u Il,, comep:KuTcst B KaxK/10M 13 KJIACCOB Y41 U 1l 4 1.
MozxHo HanucaTh emg Tak: X, UIl, C 3,41 N1l,41.

Teopema 54. Knaccor X, u 11, «HacaeacTBEHHBI BHU3» OTHOCUTEIHLHO
m~cBogumoctu: eciit A <,, Bu B € X, [Bell,],ron AeX%, [Ac
e I1,,].

< B camom geste, nmycte A cBomuTcs K B € TIOMOIIBIO BCIOY OIpe-
JlesIéHHOl Bbraucaumoil dyuakuuu f, To ectb x € A & f(z) € B. Ilycrs
B upuHajIeyKuT, HAIIPUMED, KJIACCY 23, TO €CTh

z € B yvVzIuR(z,y, z,u),
riae R — HekoTopoe pazperniumoe cBoiicTBo. Torma
r€ A& f(z) € B FyWVzuR(f(x),y, z,u),

U OCTAJIOCh 3aMETUTh, 4To yciosue R(f(x),y, z,u) 3a7aér paspemmmoe
MHOXKECTBO 9eTBEPOK (T, Y, 2, u)). [>

77. Jokaxkure, 9TO €CJIM MHOXKECTBO A NMPUHAJJIEIKUT KJIACCY Yip, TO MHO-
2KecTBO A X A TakKe NMPUHAJJIEKUT ITOMY KJIACCY.

78. Jlokazkute, 9T0 eciiu MHOXKecTBa A m B NpuHAJIEKAT KJIACCY Y, TO
ux pasHOCTh A \ B npuHAIIeKAT KIACCy Spt1 M Ipy1.

8.2. VHuBepcanbHble MHOXeCTBa B X, 1 11,

o cux 1mop MbI He IMOKa3aJu, 9TO KJjaccbl X, u I, meficrBureb-
HO PA3JIMYalOTCs IPU PA3HBIX 1. UTOOBI MOKA3aTh 9TO, YOEIUMCsI, 9TO B
KazKJJOM M3 9TUX KJIACCOB UMEETCS YHUBEPCAIBHOE MHOXKECTBO (JJIsl COOT-
BETCTBYIOIIErO KJIacca) U 9TO OHO He MPUHAJJIEIKUT MEHDBIIUM KJIACCAM.
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Teopema 55. Jlna moboro n B Kjaacce Y, CyIIECTByeT MHOXKECTBO,
YHUBEPCAJIbHOE JJisi BCEX MHOXKECTB KJjacca L,. (Ero monosmenune Gyer
yHUBepcaJbHbIM B Kiacce 11,,.)

Toopst 06 yHUBEPCAIBHOM MHOYKECTBE U3 KJIACCA Yip, , MbI UMEEM B BU-
JIy MHOKECTBO IIap HATYPAJIbHBIX UHCEJ, KOTOPOe IPUHAJIEXKUT KJIac-
cy X, U CPEIU CEYeHWII KOTOPOTO BCTPEUYAIOTCS BCE MHOXKECTBA HATY-
PAJIbHBIX 9HCEJI, IPUHAJIEIKAIIIE KIIACCY Yy, .

< Hns kiacca 3q (€peIrcIuMbIX MHOXKECTB) CYIIECTBOBAHUE YHU-
BEPCAJLHOIO MHOXKECTBA MBI y2Ke 00cyx)iaau. C ero moMorbio MOKHO
[IOCTPOUTH YHUBEPCAJbHBIE MHOXKECTBA U JJIsi 0OJiee BBICOKUX KJIACCOB
uepapxun. (Hauunars Hamo ¢ MEepPBOro ypoBHSI, TaK KaK Ha <HYJIEBOM»
YPOBHE He CYIIECTBYET YHUBEPCAJLHOIO PA3PENInMOro MHOKECTBA. )

ITo oupezenenuto cpoiicrBa kiacca o umeror Bux Vy3IzR(z,y, 2),
rae R — HekoTOpoe paspemumoe cBoiicTBO. Ho MX MOXKHO SKBHBAJIEHT-
HO OIpeNe]nTh U Kak cBoiicrBa Buma VyP(z,y), rme P — HekoTropoe
epevIncaInMoe CBOiCTBO. Temepsb ykKe BUIHO, KaK IOCTPOUTH YHUBEP-
caJibHOe MHOYXKeCTBO Kitacca [1y. Bo3abMéM yHUBEPCATBHOE TEPEUIUCTUMOE
cBoiicrso U (n, x,y), u3 KOTOPOro (pukcamueii pasjimuaHbiX 1 OJLY YAI0TCSI
BCe MEPEYNCIMMbIE CBOWCTBA MAp HATYPAJbHBIX duces. Torma m3 cBoii-
crBa T(n,x) = YyU(n,z,y) Upu PasInIHBIX HATYPAJBHBIX N TOJYyda-
torcst Bee Ilo-cBoiicTBa HaTypasibHbIX Yucesn. C JIpyroif CTOPOHBI, CAMO
CBOHCTBO 1’ IO MOCTPOEHUIO MPUHAIEKUT Kaaccy 1ls.

Homosinenre K yHUBEpcAJIbHOMY I[lo-MHOXKeCTBY OyJI€T, OYEBHJIHO,
YHUBEPCAJBHBIM Ylo-MHOKECTBOM.

Amnanornuso MOXKkHO geficTBOBaTH U Jist Y3- U I3-MHOKeCTB (Y106~
Hee CHAJaJIa PAcCyKIATh O >3-MHOXKECTBAaX, TaK KaK B HUX BHYTPEHHUN
KBAHTOD SIBJISIETCS KBAHTOPOM CYIIECTBOBAHUS UM 33AET MTEPEUUCTIMOE
MHOXKECTBO), U BOOOIIE i Ly, u I1,-MHOXKECTB. [>

Teopema 56. YauBepcaibHOE X,,-MHOKECTBO HE IIPUHAJIEIKUT KJIAC-
cy II,,. AnajiornysbiM 06pa3oM, yHUBEpcabHOe [1,-MHOXKECTBO He IIpH-
HAJJIEKUT KJIACCY .

< Pacemorpum yHEHBepcasbHOe Xy, -coiicTBo T'(m, x). Ilo onpenene-
HUIO 9TO O3HAYAET, YTO CPEJIU €ro ceYeHuil (I0JIy YaIoNUXCsl, eCiu 3a(uK-
CHPOBATb M) €CTh Bee L,-cBojicTBa. [lycrs T npunamiexkutr kiaccy I1,.
Torma ero gmaromass, csoiicreo D(z) = T(x,x), takxke sexur B I,
(ranpumep, toromy, uto D <, T), a eé orpunanue, csoiicrso —D(x),
MIPUHAJIEKUT KJlaccy X,. Ho aToro e moxker ObITh, TaK Kak —[) oT-
JIMYHO OT Beex cedenuii coiictBa T (OHO OTJIMYIAETCS OT TM-TO CEeUeHUsI
B TOUKe M), a T yHuBepcaJbHO. [>

W3 3T0it TeopeMbl CIeyeT, B YaCTHOCTH, 9TO JTI000H M3 KJIACCOB Y
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u II,, siBisieTcst COOCTBEHHBIM IIOJIMHOYKECTBOM JIIOOOTO U3 KJIACCOB Yy 11
u I, 1. (Mbr yBuguM Bekope, 4to jaxe obbeaunenue Y., UIL, aBisgerca
COOCTBEHHBIM IIOJIMHOYKECTBOM II€pecedeHust Y41 M 1L, 41.)

8.3. Onepauus ckauka

MbI XOTHM TIOKa3aTh, YTO KJIACC Y, COBIIAJIAET C KJIacCOM Beex A-1e-
PEYUCIUMBIX MHOXKECTB JJIi HEKOTOPOro MHOXKecTBa A (3aBucaIiero
or n, ecrecTBeHHO). UT0ObI 0OBACHUTD, YTO ITO 38 MHOXKECTBO, HAM
ITOHATOONTCS TaK HA3bIBAEMasl OIEPAIUs CKAYIKA.

IIycts X — upoussBosibroe MuHOXKEeCTBO. Cpemm X -I1epedancaInMbix
MHOXKECTB €CTh YHHBEPCAJbHOE. DTO MHOXKECTBO OyJIeT mM-IIOJHBIM B
KJiacce X-IEepeYnucaUMbIX MHOYXKECTB B TOM CMBICJIE, UTO BCE JPyrue
X-mepednciiiMble MHOYXKECTBAa K HeMmy m-cBomgarcsi. Comsrias OyHK-
I¥st, KAK MBI BUJIEJIN, IMeET BUJL & — [n, x| (1 BbraucanMa 6e30 BCAKOTO
OpaKyJia, KaK TOro u TpebyeT olpeJieJieHue m-CBOIUMOCTH ). Bymem o6o-
3HauaTh Yepes X' moboe m-11oJiHoe MHOXKECTBO B Kjiacce X -IlepedrcI-
MBIX MHOKeCTB. MOXKHO cKazaTbh, 9To X' ONpeseseHo ¢ TOYHOCTBIO JI0
M-9KBUBAJIEHTHOCTH.

Bosee dbopmanbho, 6yaem roBoputhb, 9T0 MHOKeCTBA P u () siBJIsi-
10TCsL M-9Ksusasenmmbimu, ecd P <, Q u Q <,, P. (Jlerko Bunersn,
YTO 3TO JIEfICTBUTEJILHO OTHOIIEHNe SKBHBasenTHOCTH.) Kiace sxBuBa-
JIEHTHBIX MHOXKECTB HAa3BbIBAIOT 1M-CMenervro. TakuM o0paszoM, MOMXKHO
CKa3aTh, YTO MBI JJIsI KaXKJIOr0 MHOXKeCcTBa X OIPEIeININ HEKOTOPYIO
m-crenenb X'

AmnasornaabiM 06pa3oM onpeaendioT T-cmenenu (KOTOpble Ha3bIBa-
I0OT TaKXKe MbIOPUH208DMU CMENEHAMU WA CMENEHAMY HEPA3PEULU-
MOCTU) KaK KJIAcChl T-9KBUBAJIEHTHBIX MHOXKECTB; MHOXKecTBa P u Q
HA3BIBAIOT T-9K6UBAAEHMNbIMYU, UITH IKEUBAAEHMHOMY 10 Toropuney,
ectt P <7 Q u Q <7 P, TO ecTb ecin KaxKJI0e M3 MHOXKECTB paspe-
MO OTHOCUTEJBHO npyroro. Eciu muOX)ecTBa P u () 9KBUBaJIECHTHDI
o TriopuHTy, TO K1ace P-BBITUCINMBIX (DYHKIIAM COBIAIAET C KJIACCOM
Q-BeraucanMbIx QyHKIWH (& K1ace P-IepedncanMbix MHOKECTB COBIIA-
JIAET € KJIACCOM (Q-IIepeYnc/IMMbIX MHOXKECTB). Bems mousarme T-cre-
[IEHN, MOXKHO CKa3aTbh, YTO M-CTEIeHb X ONpeaeasercs 1 -CTernenbio
MHO2KeCTBa X U TeM CAMBIM OIIPEJIEJIEHO OTOOPaYKeHe MHOYKECTBA BCEX
T-cremnenell B MHOXKECTBO BCEX M-CTEINEHENH. DTO 0TOOparKeHNE HA3BIBA~
0T onepayuetl cKawka; MHOXKECTBO (TOUHee, m-crenenb) X' HA3BIBAIOT
ckaqrkom MHOKecTBa (Tounee, T-crenenu) X.

79. MoryT sin ipm 3TOM OTOOpa’Ke€HWW pa3Hble 1-CTENEeHU MEePeXOnTh B
OJIHY U TY K€ M-CTENeHb !
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80. dokazkure, 9TO JIOOBIE JIBA M-ITIOJHBIX B KJIACCE Y, MHOYKECTBA BbI-
YUCIUMO U30MOPMHBI (OTIMYAIOTCA BBIYUCIMMON [IEPECTAHOBKOM).

81. [TokazkuTe, 9TO /17151 JIFOOOTO TIEPETUCTUMOTO MHOYKECTBA A MOXKHO yKa-
3aTh TaKoOe ,HeﬁCTBI/ITe.HbHOe HUCJIO ¢y, 9TO MHOXKEeCTBO BCE€X PallMOHaJIbHBIX
q1CeJI, MEHBIMNX (, OYJET MePeunCcJInMO U SKBUBAJIECHTHO MO THIOPUHTY MHO-
xKecTBy A.

OO0BIYHO, BIPOYEM, OIEPaIdio CKavYKa pacCMaTpUBaIOT Ha 1-crere-
HSIX, CUATast €8 pe3ynbTaToM T-CTernens, comepKantyo X' (3To 3aKOHHO,
Tak Kak T-kiaccudukaiys Gosee rpybas).

Hawm nonaznobsrcs coenyromue T-crenenu: 0 (crenenb, coeprKariast
BCe paspelmmMble MHOXKecTBa), 0’ (€8 CKavok, CTereHb M-TIOJHOTO Iie-
PEUNCIIMMOTrO HEPA3PENIMMOr0 MHOYKECTBA; MBI €€ y2Ke PacCMaTpPUBAJIH),
sarem 0 (ckagok cremenn 0), 07 1 Tak masee; BooGme 0"+ = (0™,

Teopema 57. Ilpu sobom n > 1 Kaace ¥, COBIAIAET ¢ KJIACCOM BCEX
0"~ 1) _[epednCcanMBIX MHOKECTB.

(IToka 9To MBI 3HAaEM 910 pu n = 1.)

< JlokazkeM CHaJaJIa, ITO BCE X, -MHOYKECTBA MEPEIUCTUMbI OTHOCH-
resbro 0"~V Do nenaercs uuaykimeit o n. [pu n = 1 310 us3BecTHO.
PaccmoTpum Temeph mpon3BoibHOE MHOXKECTBO X u3 Yio. Ilo ompenene-
HWIO,

z € X & VzR(x,y, 2),

rne R — paspemumoe cgoiicto. Croiictso VzR(x,y, 2) nMeer nepednc-
JIIMOE OTPHIAHUE. DTO OTPUIAHUE pa3penmMo oTHocuTeabHo 0/, Tak
KaK M-CBOJUTCS K MM-IIOJTHOMY TI€PEYUCIUMOMY MHOXKECTBY. SHAYUT, U
camo cBoiictBo VzR(z,y, z) paspemumo ornocurenbao 0. Ilosromy ero
IPOEKIMs, MHOYKECTBO X , IEPEUIUCIUMO OTHOCHTENBHO 0.

AHAJIOrUIHO MOXKHO paccykJaarh u g 66sabmux n. e X npu-
HAJJIEKUT Y3, TO

z € X & JyR(x,y),

rine R npunaminexur Iy, Orpunanne R npuHagexuT Yo (10 10Ka3aH-
HOMY ), mosToMy 0’-mrepeuncimmo, mosromy 0”-paspemmvo, mosromy ca-
Mo R Toxke 0”-paspemmunmo, a ero npoekunus 0”-mepeguncimMa.

[TepBast o/IOBUHA TEOPEMBI JTOKA3aHA.

st 1oKa3aTe/IbCTBa BTOPOI IOJIOBUHBI HaM IIOTPe0yeTcsl HEKOTO-
poe CBOWMCTBO KjiaccoB X, u 1l,. PaccMoTpuMm Kakyo-HUOYIb BHIYUCIII-
MY HyMEPAIIIO BCEX KOHEUHBIX MHOXKECTB HATypasbHbIX ducesn. O60-
3HaunM 4epe3 D, KOHEUYHOE MHOXKECTBO HOMep x. Jljis IpOM3BOJIBLHOIO
MHOX)KecTBa A paccMOTPHM MHOXKeCTBO Subset(A) Bcex KOHEUHBIX MO
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MHOXKECTB A, TOUHEe, MHOXKECTBO BCEX MX HOMEDOB:
x € Subset(A) & D, C A.

Nemma 1. Ecsin MHOXKeCTBO A IPHHAIJIEKUT KIIACCY Ly, [momm I1,], To
MHOXKeCTBO Subset(A) TakKe IPUHAIEKUT KIACCY Xy [COOTBETCTBEH-
Ho IL,,].

(VrBepxuenue 1ol jieMMbl 06061maeT chOpMyIMPOBAHHOE B 3a/1a~
1e 77 yTBepKjeHne o MHOKecTBe A X A: Terepb MBI pacCMaTpPUBaeM He
Hapel, a IPOU3BOJIbHBIE KOPTEXKM. )

JokazareabcTBo seMMbL. [IycTh MHOKECTBO A MPUHAIIEXKUT, HAIIPU-
Mep, KJIaccy 23:

€ As WVItR(x,y, 2,t),

rage R — paspemmmoe cpoiicteo. Cpoiicteo {z1,...,2,} C A MOXKHO
3aIncaTh TaK:

E|<yl7 . ,yn>v<2’1, ey Zn>5|<t1, . ,tn>[R(.731,y1, Zl,tl) AL
AN R($n7 Yns Znatn)]

Dta GopMyIia UCTIOIB3YET KBAHTOPHI 0 KOPTEKAM HATYPAJIbHBIX THCET
(epeMeHHOM JJIMHbBI), HO UX MOYXKHO 3aMEHHUTH HA HOMEpa 3THUX KOpTe-
Kell B KaKOW-HUOY/Ib BHIYUCAUMON HyMmeparuu. [Ipu aToMm cTosiimast mot
kBaHTOpaMn dbopmysia (OHA 3alUCaHa HECKOJIBKO YCJIOBHO: CUMBOJIAYIE-
CKasl KOH'BIOHKITHsI Ha CAMOM JIeJIe MMEET [EPEMEHHYIO JJINHY ) sABJIAETCS
Pa3penIuMbIM CBOMCTBOM HOMEPOB KOPTEXKEil, IIO9TOMY BCsI IIpaBast 9acTh
SABJISIETCST Y.3-CBOMCTBOM.

(Ha camom jiesie MBI JOILYCTUIIM €IIE OJHY BOJILHOCTH DEedn: [paBasi
9aCTh SIBJISIETCS CBOMCTBOM He KOHEYHOTO MHOXKECTBA {Z1,...,Tn}, a
KOpTeKa (YIIOPsZ0UeHHON MOCIIeI0BATENBHOCTH) (X1, . . ., Ly). HO mepe-
XOJI OT HOMEPa MHOYKECTBa K HOMEPY KAKOI'0-TO KOPTEXKa, COIEPKAIIErO
BCE €ro 3JIEMEHTBI, BBIYUC/IUM, TAK 9TO IPODJIEMbI TYT HeT.)

Jlemma, nokaszaHa.

82. [Tokazkure, uTo ecan A npuHayieskur kiaccy Ly, [II,], To u MHOXKeECT-
Bo Intersect(A) HOMEPOB KOHEIHBIX MHOXKECTB, IEPECEKAIONMXCA ¢ A, mpuHaI-
JeKUT Kaaccy Sp [Il,].

83. Ilycts cBoiicrBo R(x, y) Hap HATYpPAJIbHBIX YUCE IPUHAJIEIXKHUT KIIACCY
¥n. Ilokazkure, 9TO CBONCTBO

S(z) = (Vy < z) R(z,y)

npuHaJIeXRuT %y,. (Orpanundenssiit kBautop (Vy < ) 4YUTAeTCS KaK <«JJIs
BCEX Y, HE NPEBOCXOAIINX T».)
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[Tepexofist K JOMOTHEHUSIM, IOy YaEM TaKOe yTBEPXKJICHUE:

Nemma 2. Eciim A npunajgexur kiaccy %, [IL,], To muO2XKecTBO
Disjoint(A), cocrosiiiiee n3 HOMEPOB KOHEUHBIX MHOXKECTB, HE IIepeceKa-
fomuxcst ¢ A, npunagexuar 11, [Z,].

HoxkaszarenbcTBo jiemMbl. He mepecekarbest ¢ A o3HavaeT ObITH MOJ-
MHOXKEeCTBOM JomoJiaerus K A. Ocraércst BOCIOIB30BATHCS MPEILIIY e
JIEMMOI ¥ T€M, 4TO JIONOJIHEHUE K MHOYKECTBY U3 Kiacca Y, [IL,]| aexur
B kiacce II,, [2,]. Jlemma mokasana.

Tenepb MBI MOXKEM II€PEHTH K JOKA3aTEIHCTBY TOrO (hakTa, ITo BCe
MHOYKECTBA, HepedncuMble oTHocnTesrbHo 0"~ | mpumayiexar kiac-
Cy Xp. DTO TaKXKe JIOKA3BIBAETCsT MHIYKIUEH 110 7.

Hauném ¢ mepBoro HeTpUBUAJIBLHOTO CJIydast: TIOYEMY MHOYKECTBO, Tie-
peuancimmoe otHOcHTeNbHO 0/, sexkut B Yo? (3mech MOXKHO GBUIO ObI
NPUMEHUTL KpuTepuil 0'-BBIYMCINMOCTH, TIPUBEISHHBIA BBINIE, HO MBI
[IpeIIIoYnTaeM JIeficTBOBATh 110 OOIEil cxeme, KOTOPasi TOIUTCS W JIJIst
GOIBINIX 1.)

Urak, mycrb HEKOTOPOE MHOXKECTBO A MEPEYuCIuMO OTHOCHUTEJb-
o 0’. Torga OHO HMEPEYUCTUMO OTHOCHUTEIHLHO HEKOTOPOTO IIEPEYHCIIH-
MOT'0 MHOXKECTBa B, TO eCTh IIePeINCIUMO OTHOCUTEIHLHO XapaKTePUCTH-
yeckoil pyukiun b MmuoxkectBa B. CoriacHo JI0Ka3aHHOMY HAMU BBIIIIE
kpurepuio (Teopema 46, c. 75), 370 03HAYAET, YTO CYIIECTBYET [IEPEUNC-
JIIMOE MHOXKeCTBO () map Buua (x,t), rime x — 4ucio, a t — obpaserl,
JIJIsT KOTOPOTO

x € A& F[((z,t) € Q) u (b upomomxaer t)].

Be3 orpanntenust oOITHOCTH MOYXKHO CUUTATD, ITO OOpa3err t mpeIcTaB-
Jisier coboil (pyHKITUIO, OIPeIe/IEHHYI0 HA KOHEYHOM MHOXKECTBE U IIPH-
aumarortyio 3aadenus 0 u 1. (Ecau y ¢ ecTh Kakue-TO qpyrue 3HAUCHUs,
TO OH HE MOYKET ObITh YACTbIO XAPaKTEPUCTUIECKON (DYHKIIUU MHOXKE-
crBa B u ponu He urpaer.) YciaoBue «b mpojoszkaer t» B TEPMHHAX
MHOYKeCTBa B 3By4nT Tak: B CONEPKUT MHOXKECTBO T€X apryMEHTOB, Ha
KOTOPBIX ¢ IPUHUMAaET 3HaYeHre 1, 1 He TlepeceKaeTcsl C MHOXKECTBOM TeX
apryMeHTOB, Ha KOTOPBIX ¢ mpuauMaeTr 3Hadenue (. [ToaTomy BMecTo 06-
pa3IoB MOYKHO TOBOPUTH O IMapax KOHEYHBIX MHOXKECTB; TOTJa BMECTO ()
HAJI0 PACCMOTPETH IIE€PEYUCIIUMOE MHOXKeCTBO P Tpoek Buaa (x,u,v) u
HAIACATH TaK:

z € A< Juv[((z,u,v) € P) u (D, conepxurcs B B)

u (D, ue nepecexkaercs ¢ B)].
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Tenepn BMmectro «D,, comepxkurca B B» mammmiem «u € Subset(B)», a
BMmecto «D, He mepecekaercst ¢ By nanmiem «v € Disjoint(B)». Ocra-
éTCcsl 3aMEeTHTh, 9TO BCE TPU CBOMCTBA, COEJMHEHHBIE COIO30M «H» B IIPa-
BOIl YacTH, IPUHAJJIEXKAT KJIACCY Yo U JayKe MEeHbINUM Kjaccam. VImen-
HO, IIEPBBIE J[Ba, IPUHAJJIEXKAT KJIACCY X1, TaK Kak P u B 1nepeuncjanMbl
(m1st Broporo coiicrsa npumMensieM jemmy 1). Tperbe ke npuHaIeKuT
kiacey I mo jgemme 2. IlosTomy mX KOHBIOHKITHS TPUHAIEKAT KJIaC-
cy Yo, u onepaliys Ipoeknun (KBaHTOPbI Ju3v) He BHIBOAUT 3 [IPeIEeJIbI
sroro kjiacca. Ciy4aii n = 2 pa3obpaH.

Hanee, ecau Kakoe-To MHOKecTBO A mepedncinmo orHocuTeabHo 07,
TO II0 OIPEJIEJIEHUIO 9TO O3HAYAET, ITO OHO HEPETUCIUMO OTHOCUTEIHHO
HEKOTOPOro B, KoTopoe IIepedncimMo OTHOCUTENILHO 0 U MOTOMY JIeKuT
B Y. [lociie aTOrO0 BCe paccyzKIeHusT MPOXOAAT TOYHO TaK 2Ke CO CIIBUTOM
Ha 1. AHaJOrm4HO paszdbupaloTcs U BCe CJIeIyIolue 3HaYeHus n. >

W3 mokazaHHOl TeopeMbl HEMEJIEHHO BBITEKAET TAKOE CJIEJCTBUE:

Teopema 58. Ilepecedenne kiaccos ¥, N I, coBmamaer ¢ Kaaccom
paspemmmbix oraocuTerbHo 0"~ MHOMKECTB.

< B camom gerte, pensituBnsosanHast Teopema Ilocra (Teopema 2,
c. 12) yrBep:KIaer, 4TO HEKOTOPOE MHOMKECTBO SIBJIAETC X -Pa3periu-
MBIM TOTJ[A ¥ TOJIBKO TOTA, KOTJA OHO M €r'0 JOMOJTHeHue X -II€PeIUCITH-
Mbl (31ech X — [POM3BOJIBHBI OpaKyJ). >

Teopema 59. Kiacc X, UII,, aBistercst COOCTBEHHBIM ITOAMHOYKECTBOM
kiacca Y41 NIL, 4.

<1 Benomumy, garo takoe 00, Dro — cremens MuOKecTBa, X, SBIISIO-
1erocst m-mosHeIM B Kiaacce 0~V -mepeancimvbrx MuozxecTs. II0CKOIb-
Ky X sIBJIsSIeTCsl M-IOJIHBIM B yKa3aHHOM Kiacce, ono e 0("~D-paspe-
IIIMO, TO €CTh €ro JonosHenne He sipisiercss 0"~ -mepedncimMpIM.

3Ha4YnT, 10 JTOKA3AHHON TOJBKO 9TO TeopeMe X MPUHAJJIEKUT KJIac-
cy X, a ero jomnognenne — HeT. Hanporus, momnosHerne Kk X TpPUHAI-
nexur 11, Ho HE Y,,. PaccmoTpuM Tenepb «coeuHeHHE» MHOXKeCTBa X
C €ero JIOTIOJTHEHUEM, T. €. MHOXKECTBO

{2n|neX}u{2n+1|n¢ X}.

K sTomy MHOXKECTBY M-CBOISATCsT KaK X, TaK M €r0 JIOMOJIHEHUE, TI09TO-
My OHO HE MOXKET MPUHAJJIEKATb HU X,, Hu 1l,. C apyroit cTropoHs,
OHO, OYEBUJHO, PA3PEIINMO OTHOCUTETHHO X, OITOMY IO JOKA3AHHOMN
TeopeMe MPUHAIJIEHKUT U Xpy1, 1 [I1q. D>

CkoIbKO-HUOYIb TOIPOOHOE N3y UeHNE CBOWCTB OIEPAIIMH CKAIKA /1A~
JIEKO BBIXOJIUT 32 PAMKH 9TON KHUTH: CAMBIE €CTECTBEHHBIE BOITPOCHI TYT
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JAJeKo He MPocThl. MBI IMOKa He 3HaeM, HAIPUMEpP, MOTYT JIM CKAYKU
IBYX Pa3HBIX ThIOPUHI'OBBIX CTelleHel copnacTh. Ciemyromnas 3a1a4a mo-
KasplBaer, 4To MOryT (eciau B3ATb B KauecrBe A u B nepednciumbie
HEOT/IEIMMbIE MHOYKECTBA).

84. Ilycts A m B — HenepeceKalonmecs: epedrcJIuMble MHOXKeCTBa. 11oka-
JKHTe, UTO CYIIECTBYeT OT/essonee ux MaoxkecTBo C, nst koroporo C' = 0’.
(Vkazanme. [lokaxkuTe, 9T0 B JIOOOM pPa3peIIuMOM TOJIEPEBE GECKOHETHOTO
JBOUYHOTO JiepeBa ecThb 1yTh C' ¢ TakuM cBoiicTBoM. Paccmarpusasi o ogepein
BCe BBIUMCJIEHUSI C OPAKYJIOM, Cy?KaeM JePeBO: eCJIH JJIsl HEKOTOPOil 6eCKoHe -
soit BerBu C' BeramciieHne ¢ opakyToM C' MOXKET He OCTAHOBUTLCS, OCTABJISEM
TOJIbKO TaKue BETBH.)

8.4. Knaccudpmkaums MHOXECTB B nepapxuu

WaTepecHO OCMOTPETh, KAKOe MECTO Pa3Hble KOHKPETHbIE MHOXKe-
CTBa 3aHUMAIOT B ONMCAHHON HaMu mepapxuu. Hampumep, 9TO MOXKHO
CKa3aTh O MHOXKECTBE HOMEDPOB KAKOUW-TO (PUKCHPOBAHHON BBIYUCIMMON
byHKIMK B TJIABHOI HyMeparum?’

MBI y2Ke rOBOpHWJIM, YTO MHOYXKECTBO BCEX HOMEPOB BCeX (DYHKIHUI C
HEITyCTOU 00JIACTHIO OIIPEIEICHNUS IEPEINCTUMO, TO €CTh IPUHAJICYKUT
kitaccy 1. IlosTomy ero momosimenne, MHOXKECTBO BCEX HOMEDOB HUTIE
He onpezeaéHuoi dbyukuu, npuHasgexut kiaaccy 1;. (Kiaccy ;1 ono
LpUHA/JIeZKATh He MOXKET, TaK KaK Hepas3penmmMo, M. Treopemy 21, c. 31.)

85. /lokazkuTe, 9TO MHOYKECTBO HOMEPOB HUT/IE HE ONPEAETIEHHON (DYHKITII
B JII00OI TJIaBHOM HyMepalluu siBJIsA€TCdA T -1I0JIHBIM B KJIacCCe Hl MHO>KECTBOM.

A 9ro MOXKHO cKa3aTh 0 HOMepax Jpyrux ¢Gpyukimii? Hanpumep, aro
MOXKHO CKa3aTh O MHOXKECTBE HOMEPOB TOXKJIECTBEHHO HYJIEBOI (DyHK-
nun? OKa3bIBAETCS, MOYKHO TIOJYIUTh B HEKOTOPOM CMBICJIE TTOJTHBIH OT-
BET Ha 3TOT BOIIPOC.

Teopema 60. (a) IIycrs U — BbruucauMas yHuBepcasbHas (DyHKIHs
IS KJIACCa BBIYUCIUMBIX (byHKIHi. Torma MHOXKECTBO TeX n, P KO-
Topbix U, BCIOly OIpE/IeSIEHO U TOXKIAECTBEHHO PaBHO (), MIPUHAIIEIKUT
kiaccy Ip. (6) Ilycrs U — riaBHasi yHuBepcasabHast yHKims. Torma
YKa3aHHOEe MHOXKECTBO SIBJISIETCS M-ITOJITHBIM B Kitacce Ils.

3ameruM, 4T0 TpeGOBaHME IJIABHOCTU B MyHKTE (6) CYIIECTBEHHO: B
OJ[HO3HAYHO HyMepanuu (CM. ¢. 33) 9TO MHOXKECTBO COCTOMT U3 €J[MH-
CTBEHHOI'O HOMEDA.

<! Wurepecyromiee HAC CBOHCTBO YHC/Ia 7 MOYXKHO 3aIlUCATH TaK:
Is oboro k maiiaércs Takoe t, UTO 3a t IMATOB BBITHCJICHHE 3HA-
yennst U(n,k) 3akonuurcs u pacr pesyaprar 0. Beimesennas dactb
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SIBJISIETCS] PA3PENIUMbIM CBONCTBOM, a Mepes Hell CTOAT JBa KBAHTOPA
Kak pa3 HyzKHOro Buia. Vrtak, myHkT (a) goKa3aH.

Hoxkaxxem yrBepzkenue (6). IlycTb nmeercs Ipon3BoIbHOE MHOXKECT-
Bo P u3 kiacca Il,. Ilpu stom

x € P& VYy3zR(x,y, 2),

rie R — HekoTOpoe paspernuMmoe CBOCTBO. PaccMoTpuM Terepb (DyHK-
o S(z,y), BBIUACISEMYO TAKUM AJTOPUTMOM: IIepebupasi Bee IHCIa,
UINEM 9UCTIO 2, IJIg KOToporo R(x,y, 2); Kak TOIbKO (1 eciin) Takoe Iuc-
JI0 HafimeHo, BoImaéM Ha Buixo 0. fcHo, aTo z-oe ceuenme S, dyurmmm S
Oy/IeT TOXKIECTBEHHO HyJIeBOi (yHKIMEN B TOM U TOJBKO TOM CIIydae,
korga x € P. [IpumenuM cBOMCTBO IVIABHOCTH U MOJIYyYUM (DYHKIHIO S,
At Kotopoit Ug(y) = Sz Ona u Oyjer cBoquTh P K MHOXKECTBY BCeX
HOMEPOB TOXKJIECTBEHHO HYJIEBOH (DyHKIMM. >

Yro MOKHO cKa3aTh 11po apyrue Gyukiun? s ar00it BerancamMoit
yuusepcasbuoit dyukiun U u joboit Boraucanmoit dyukiun f MHO-
xkecTBO Beex U-nomepoB dbyukinnu f sapisercs [lo-mHOXKecTBOM. Bepen
Jaxke Gostee cuibHBIN akt: csoiictso U, = U, (uucia m u n saBis-
FOTCsl HOMepaMu OJIHON 1 Toil ke dyHKImnN) siBisiercsi 1ly-cBoiicTBOM
napsl (m,n), moIToMy TeM GoJiee Jioboe ero cedenue (T.e. MHOKECTBO
BCEX HOMEPOB JII000i KOHKPETHOH (hyHKIMN) ABJIgeTCs [1o-MHOXKECTBOM.
B camom gene, cBoiictso U, = U, M0OKHO cHOPMYIHPOBATH TaK: «IIJIsI
BCSIKUX & U 1 Haiimércs Takoe ty, 94TO ecyu Bbraucaerue U (m, m) 3aBep-
maercst 3a t1 maros, To Beruncaenne U(n, x) 3aBepiiaercs 3a to IMAros
C TeM 2Ke pe3yJIbTaToM, H HaobopoT». Bhlnenennas 4acTh pa3pemnma, a
1o "eé crout Ilx-ipedpukce.

MokHO Jlazke TOHATD, [ KaKUX (DYHKIUH MHOKECTBO HOMEPOB $1B-
nsercs Ilo-mmomubiM: i PYHKINH ¢ OECKOHEYHON 00JIaCThIO OIpeie-
nenus. Ecim obracth onpeseseHnst GyHKIIUA KOHEYHA, TO MHOXKECTBO
Bcex eé HoMepoB gaBJigercs 0'-paspemuMbiM (1 1oTOMY He [lo-TIOJIHBIM):
uMesi OPaKyJI Jjist pO0JIEMbl OCTAHOBKH, MOXKHO yOeauThCst, YTO (DYyHK-
Hsl OIIPEJIeJICHA BCIOMLY, TJe OHa JIOJIZKHA ObITh onpeseseHa (Iocje 4ero
IPOBEPHUTH, YTO 3HAYEHHs] IPABUJILHBI), & 3aT€M IIPOBEPUTH, 4TO HU B
OJIHO# U3 OCTABIINXCS TOYEK OHA HE ONpeiesieHa (IIPOIece TIOUCKa TOUKA
BHE JIAHHOI'O KOHEYHOI'O MHOXKECTBA, B KOTOPOIl (DYHKIMS OIpejesieHa,
SIBJISIETCS] TIEPEYUCTUMBIM ITPOIIECCOM U ITOTOMY €r0 YCIIENTHOCTh MOXKET
ObITh HpoBepeHa ¢ moMoInbio 0'-opakysa).

Ecnu xxe byukius nveer 6eCKOHEIHY IO 001aCTH OMPEIETICHNS, TO CY-
IMECTBYeT GECKOHEYHOE Pa3perinMoe MHOYKECTBO, BO BCEX TOYKAX KOTO-
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poro dyHKnus onpeesena (3amada 12, c. 14). 3areM MOXKHO UCIOIB30-
BATD 110 CYIIIECTBY TY K€ KOHCTPYKITUIO, ITO U JJIsT Hy/IeBOI (DYHKITUN, HO
TOJIBKO BHYTPH 9TOI'0 IIOJMHOXKeCTBa (He Tporasi 3JIeMEHTOB BHE HEro).

86. [IpoBenuTe 3TO paccyzK/ieHne MoIPOOHO.

87. IlokaxkuTe, ITO MHOXKECTBO BCEX HOMEPOB BCEX BCIOMY OIPEICIEHHBIX
dysxumii (B riIaBHON HyMepauuu) sBJsiercs 11o-mosHbIM.

88. B kakoM HaMMeHBIIeM KJacce apudMEeTHIeCKONH NepapXUN JIEXKUT MHO-
2KECTBO HOMEPOB Bcex DyHKIui ¢ 6ecKOHeYHOI 06/1acThIo onpesesenus? Byaer
JIL OHO M-TIOJTHBIM B 9TOM KJjiacce?

89. Iokaxkure, uro mis ool (He obasaTesbHO TyIaBHOM!) Hymeparum
MHOKECTBO BCEX HOMEPOB BCIOJLy OIPENEIEHHBIX (DYHKIMH HEIepedInCIuMO.
Bosiee TOro, oHO He MMeEET MEPEUNCUMOrO MOAMHOXKECTBA, BKJIOYAIOIIETO B
cebst XOTst OBI IO OTHOMY HOMEPY KarKIO0¥ BBIYUCIUMON BCIOZY OIMpEeIeTEHHOM
dbysxnun. (YkasaHue: UCIOAb3YHATE JMATOHATIBHYIO KOHCTPYKIIUIO. )

B knmure X.Pomxepca ([8], maparpad 14.8) mpusemeno MHOTO pe-
3yJIBTATOB TOIOOHOTO POJA JIsT MHOTHX JIPYTUX CBONCTB BBIYUCIMMBIX
bYHKINI 1 TIepedancInMbIX MHOXKecTB. Hampumep, 115t 106010 m-11oJ1-
HOrO MHOXKecTBa K MHOXKeCTBO BCEX €0 HOMePOB siBjisieTcst [lo-1mosTHbIM.
(Bmechb u jasee, roBopsi 0 HOMepAaX, Mbl UMEEM B BUJLY IVIABHYIO HyMepa-
[UIO II€PEYUCIUMBIX MHOXKECTB.) MHOXKECTBO HOMEPOB BCEX KOHEUHBIX
MHOYKECTB SIBJISIETCS Yo-TIOJTHBIM. MHOKECTBO HOMEPOB MHOXKECTB, CO-
JepsKAIUX XOTsl ObI OJIMH HOMED OECKOHEYHOI'O MHOXKECTBA, SABJISETCS
Yi3-TIOJIHBIM. MHOXKEeCTBO HOMEPOB BCEX Pa3PEIINMbIX MHOXKECTB SBJISI-
eTcsl Y3-TIOJTHBIM. MHOXKEeCTBO HOMEPOB BCEX MHOXKECTB C KOHEUHBIMH
JIOTIOJTHEHUSAMU STBJISTETCS 2.3-TIOJTHBIM.

90. JTokaykuTe IepeuncIeHHble YTBEPXKIEHUsI WU IPOYTHTE UX J0KA3a-
resiberBa B KHUre Pospkepca [8]. (IlpuBeném ykasanue K IOCJIEHEMY yTBED-
JKJIEHUIO O MHOXKECTBAX ¢ KOHeYHbIMHU gononaenusyu. Cruenys JIsioncy Ksp-
pPOJLLY, PACCMOTPUM YaeluThue, B KOTOPOM yYaCTHUKHU CUIAT BJOJb GECKOHed-
HOTO BIPABO CTOJA. BpeMsi OT BpEMEHW KTO-TO U3 YYACTHUKOB NE€PEBOPAtH-
BaeT CBOIO YaIllKy, MPOJINBas Yaif Ha CTOJI, U TOT/Ia OH M BCE CIIPABA OT HETO
CUJISAIME CABUTAIOTCSI BIIPABO: KaXKJbI CAUTCsl HA MECTO COCela ClipaBa, U
MO-TIPE’KHEMY BCE CHIAT HA IUCTBIX MecTax. JIeMMa: MHOXKECTBO HMCHadKaH-
HBIX MECT MMEET KOHEUHOE JIOTIOJIHEHUE TOTJ/Ia U TOJIBKO TOTJIA, KOTJA OJINH U3
YUACTHUKOB [IPOJIUBAeT Yaii GECKOHEYHO MHOIO Pas.)

91. PaccmorpuMm kBanTop 3°°x, KOTOPBII YnTaeTCs KaK «CyIIecTByeT Hec-
KOHEYHO MHOTO I, JJIsi KOTOPBIX». [lOKaskuTe, 94TO BCe CBONCTBA M3 KJac-
ca Il (n TonpKo OHM) mpejcTaBUMbl B BHJe 1°°z (paspelmiuMoe CBOWCTEO),
W 9TO BCe CBONCTBa M3 Kjacca L3 (M TOJIBKO OHHM) NPEJCTABAMBI B BHUJE
3°°2 Vy (paspemmmoe cBoicTBO). (AHAJOrMYHOE YTBEPXKIECHUE BEPHO U IS
crapmux Kjaccos, cM. Teopemy XVIII B paznmese 14.8 xkauru [3].)



9. MawwHbl Teroputra

9.1. 3a4eM Hy>KHbl NPOCTbIE BLIYNCINTENBHBIE MOAENN?

o cux mop HaM 6bLIO YI00HO CCHLIATHCS Ha, IPOrPAMMUCTCKUM OTBIT,
rOBOPsT 06 AJTOPUTMAX, IPOTPAMMAX, HHTEPIIPETATOPAX, TONIArOBOM BbI-
[IOJIHEHUH U T. JI. DTO [TO3BOJISIIO HAM UTHOPHUPOBATH JETAJIH TOCTPOCHUS
TeX WM UHBIX aJITOPUTMOB II0Jl T€M IPEJIOTOM, ITO YUTATE/b UX JIETKO
BOCCTAHOBUT (MJIU XOTs ObI IIOBEPUT — BCE-TAKU HE KaXKIbLl 4uTaTe/b B
CBOEll »KU3HU [IMCAJI MHTEPIPETATOP HacKaJlsd HA MacKae).

Ho B HekoTOpBIX cilydastx 3Toro Hejpocrarodno. Ilycrs, Hanpumep,
MBI XOTUM JI0Ka3aTh AJTOPUTMUYECKYIO HEPA3PEITIMOCTb KAKONW-TO 3a-
Jladd, B OLPEJEJCHIN KOTOPOH HUYEro He TOBOPUTCs O IporpamMmax (B
9TOM pasjiesie, HAIIPUMED, MbI JJOKAXKEeM HEPA3PEITNMOCTD IPOOJIEMBI Pa-
BEHCTBA CJIOB B TOJIYIPYIIAaX, 33JaHHBIX OOPA3yIOMUMU U COOTHOIIE-
HUAME). DTO OOBIYHO JlesiaeTcst Tak. Mbl HOKasbiBaeM, 4TO IpobJiemMa
OCTAHOBKH CBOJIUTCS K TOH 3a/1ate. st 9Toro Mbl MojesmpyeM paboTy
IPOU3BOJIBHOIO aJIFOPUTMa B TEPMUHAX PACCMATPUBAEMON 3a1auu (4To
9TO 3HAYMT, OyJeT BUJHO U3 IPUBOJUMOIO HUXKe rpumepa). Ilpu srom
HaM Ba’KHO, 9TOOBI ONPE/IeIEHNE aJrOPUTMa ObLIO KAK MOYKHO ITPOIIIE.

Takum obpazoM, HaII MJIAH TAKOB. MBI OMuIneM JOBOJIBLHO ITPOCTO
OTIpeJIesIIEMbBINl KJIacC MAaIluH (ero MOYXKHO BBIOMPATH IMO-PA3HOMY, MBI
OyJ1eM UCIOJIb30BATH TakK HA3bIBAEMbIE MAIIUHbBI ThIOpUHTa), 3aTeM 00b-
SIBUM, UTO BCSIKas BBIUMCINMAs (DYHKIINS MOXKET ObITH BbIUHCIEHA Ha Ta-
KOl MaIlnHe, a 3aTeM TOKaYKeM, 9YTO BOIPOC 00 OCTAHOBKE MAIIUHBI T bio-
pUHTa MOYKHO CBECTH K BOIIPOCY O PABEHCTBE CJIOB B IOJIYTDYIIIIE.

Jpyrast npuduHa, 1o KOTOPOil BayKHBI IPOCTHIE BHITUCIUTEHHBIE MO-
Jesu (Takux MoJesiell MHOTO — pa3Hble BUJIbI Maiud Thioputra, ajapec-
HbIE MAIIUHBI U T. I1.), CBA3aHa ¢ TEOPHUEH CJI0KHOCTHU BBHIYUC/ICHUN, KOTIa
HAC HAYMHAET WHTEPECOBATH BPEMs BBIOJHEHUs TporpamM. Ho aToT BoO-
[IPOC BBIXOIUT 33 PAMKHU KJIACCHYIECKON TEOPHUH aJTOPUTMOB.

9.2. MawwuHbl ThtopuHra: onpegenexne

Mawunra Toropunea nmeeT GECKOHEIHYIO BJIEBO U BIIPABO AE€HMY, Pa3-
JIeJIEHHYI0 Ha KBaapaTuku (sAuelxu). B KaxKIoil adeiike MOXKeT ObITH
3aNnCcaH HEKOTOPBIH cuMBOJ n3 (DUKCHPOBAHHOTO (JIsl JAHHOW MAaIu-
HbI) KOHEYHOI'O MHOYKECTBA, HA3BIBAEMOTO aAfasumom NAHHON MAIITHHBIL.
Opue u3 cuMBOJIOB ajiaBUTa BBIIEJIEH W HA3BIBAGTCS <«IIPOOEIOM» —
[IPEJIII0JIAraeTCs, 9TO U3HAYAIBHO BCS JIEHTA IIyCTa, TO €CTh 3AI0THEHA
IpobeTaMu.
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Marmuna ThioprHTa MOYKET MEHSITh COAEPXKUMOE JIEHTHI ¢ IOMOIIBIO
CIIeIIAAJIbHOI YATAIOMIECH U NUINYIIEH 20.406KU, KOTOpasa ABUKETCA BJOJIb
JIEHTBI. B KaxKIbIit MOMEHT T0JIOBKA HAXOIUTCA B OJTHON n3 gdeeK. Maru-
Ha ThIOpUHTA [TOJIyYaeT OT IOJIOBKM UH(POPMAIMIO O TOM, KAKO CUMBOJI
Ta BUJIUT, U B 3aBHCUMOCTU OT 3TOr0O (M OT CBOEr0 BHYTPEHHEIO COCTOsI-
HU#) PEIIAeT, YTO JIeaTh, TO €CTh KAKOll CUMBOJI 3allUCaTh B TEKYIIEil
sueiike U Ky/ia CABUHYTHCH HOCJE 3TOro (HaJIeBO, HAIIPABO UJIA OCTATHCS
Ha Mecre). [Ipu 9TOM TakKe MeHsieTCsl BHyTPEHHEE COCTOSIHUE MAIIMHBL
(MBI TIpesOIaraeM, ITO MAIMHA — HE CYMTAs JIEHTHl — MMEET KOHEed-
HYIO IIAMsITh, TO €CTh KOHEYHOE YHCJIO BHYTPEHHHX cocTosiHumit). Emé
HaJ0 JOTOBOPUTHCS, C Y€r0 Mbl HAUMHAEM U KOl KOHYaeM pabdoTy.

Takum obpazom, ITOOBI 33/1aTh MAIMUHY TBHIOPUHTA, HAJIO YKA3aTh
CJIEJIyIOIIe OO bEKThI:

® IIPOU3BOJIbHOEC KOHEIYHOE MHO2KECTBO A (aﬂgﬁaeum); €r'o 3JIEMEHTbI
Ha3bIBAIOTCA CUMBONAMU,

® HEKOTODBIHi BbIJEJEHHBIH cuMBoa ag € A (npobea, mam nycmod
CUMBOA);

® KOHEYHOE€ MHOXKeCTBO S, Ha3bIBaeMO€ MHO2KECTBOM COC’ITLO.ﬂHU’Li;

® HEKOTOPOE BBIIEJIEHHOE COCTOSHUE Sy € S, Ha3bIBacMO€E HAYAAb-
HbIM COCTOAHUCM

® Mmabauyy nepexrodos, KOTOpas ONpele/serT MMOBeJIeHNe MAaIlliHbI B
3aBUCHMOCTHU OT COCTOSIHUSA U TEKYIIEro CUMBOJIA (CM. HUXKE);

® HEKOTOpOeE IIOAMHOZKECTBO F C S, JIEMEHTBI KOTOPOIr'O Ha3bIBAaIOT-
Cd 3aKANOHYUMENDHBIMU COCTNOAHUAMU (HOHaB B TaKO€ COCTOdAHUE,
MalInHa OCTaHaBHI/IBaeTCH) .

Tabsmrra mepexoa0B yCTpoeHa CAeayIONNM 00pa30M: I KaxK 10 ma-
PBI (TeKyIIee COCTOsTHUE, TEKYIHMI CUMBOJI) YKa3aHa TPOKa (HOBOE CO-
CTOsTHIE, HOBBIH CUMBOJI, CJIBAT). 371eCh CABUT — OJIHO u3 1ucena —1 (Bie-
B0), 0 (Ha mecre) u 1 (Hampaso). Takum oO6pasoM, TabJUIA [EPEXOIOB
ectb pynknug Tuna S X A — S x A x {—1,0, 1}, oupenenéunas Ha Tex
napax, B KOTOPBIX COCTOSTHUE HE SIBJISIETCS 3aKJIIOTATETbHBIM.

Ocraéres onmcaTh MoBeAEHUE MAIIUHBL ThiopUHTa. B KaXKablid MO-
MEHT MMEeTCsd HEKOTOpas KOHPUu2ypayus, CKIaJIbIBAIONIAACT U3 COIED-
JKUMOI'O JIeHThI ((pOPMAaJIbHO TOBODs, COIEPKUMOE JIEHTHI €CTh [IPOU3-
BOJIbHOE OoTOOpazkeHue Z — A), TeKylueii O3UIUU MOJIOBKU (HEKOTOPOE
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[eJI0e YHCJI0) M TeKYIIero COCTosHus MaruHbl (srement S). IIpeoGpa-
30BaHHe KOH(MUIYPAIMA B CJIELYIONLYIO MPOUCKXOAUT II0 €CTECTBEHHBIM
[PABUJIAM: MBI CMOTPUM B TabJIAIE, YTO HAJO JeJaTh JJIs JIAHHOTO CO-
CTOSIHUSI U JIJIsT JAHHOTO CUMBOJIA, TO €CTh BBISICHsIEM HOBOE COCTOSIHUE
MAIIMHBI, MEHsIEM CHMBOJI Ha YKA3aHHBI U IIOCJIE TOTO CIBUTAEM IO-
JIOBKY BJICBO, BIIPABO HJIM OCTaBiisieM Ha Mecre. IIpn sroMm, eciau HOBoe
COCTOSIHHE SABJISAETCS OJHUM U3 3aK/IIOYHTENIBHBIX, PA00Ta MAIIMHBL 3a-
KaHINBACTCH.

Tereps HaIO JOTOBOPUTHCH, KAK MBI IOJaéM HH(MOPMAIMIO H& BXOJ
MAIIMHBI U UTO CUATAETCS Pe3YJIbTATOM eé paboThl. Byjiem cauTaTh, 4To
aaBUT MAIIMHBL, TOMUMO Ipobesia, coep:kuT cuMBoiibl 0 u 1 (a Tak-
K€, BO3MOXKHO, €IE KaKHe-TO CHMBOJIbI). BXOZOM ¥ BBIXOJOM MAIIHHBI
Oy/yT KOHEYHBIE [OCIEI0BATEIBHOCTH HyJlel U eINHAUIL (JIBOUIHBIE CJIO-
Ba). BxogHoe ¢I0BO 3ammchIBaeTCs Ha IIyCTOM JIEHTE, TOJIOBKA MAITHHBI
CTABUTCSL B €T0 HEPBYIO KJIETKY, MAIINHA OPUBOIUTCSA B HAYAJIBHOE CO-
CTOsIHUE U 3aIlyCKaeTcsl. ECiaM MalllMHA OCTAHABJIUBAETCSI, PE3YJILTATOM
CUUTAETCS JIBOMYHOE CJIOBO, KOTOPOE MOYKHO [POYECTh, HAUNHASL C O3~
I[[MU TOJIOBKHY ¥ JIBUTAsICh HAIPABO (IOKa HE MOSIBUTCS CHMBOJI, OTIHIHbIH
or 0 u1).

Takum obpasom, Jobast MaruHa ThOpuHTa 33/1a6T HEKOTOPYIO Ya-
CTUYHYI0 (DYHKIMIO Ha JIBOMYHBIX CJIOBaxX. Bce Takme (DYHKIMH ecTe-
CTBEHHO HA3BaTh SbYUCAUMbBLMY KA Mmawurar Tviopunea.

9.3. MawwHbl Totoputra: obcyxaeHue

Pasymeercsi, Haie onpeiesieHne COAEPKUT MHOTO KOHKPETHBIX JIETa-
Jielt, KOTOpbIe MOXKHO ObLI0 ObI m3MeHnTh. Hampumep, JieHTa MOXKeT ObITh
OGECKOHEYHOI TOJIBKO B OJIHY CTOPOHY. MOXKHO IPUIATH MAITHHE JBE JICH-
Thl. MOXKHO CIUTATD, 9TO MAIIMHA MOXKET JINOO HAIUCATH HOBBIA CHMBOJI,
JmbO CABUHYTHCSI, HO HE TO U Jipyroe BMecte. MOXKHO OrpaHUYIUTD aj-
daBuT, cunTasi, CKayKeM, 9YTO B HEM JIOJI2KHO OBITH pOBHO 10 CHUMBOJIOB.
MozxHO moTpeboBaTh, YTOOBI B KOHIIE Ha JIEHTE€ HUYEro He ObLIO, KpoMe
pesysibrara paboThbl (OCTAJILHBIE KJIETKU JOJKHBL ObITE mycThl). Bee 1e-
pPEeUHC/IEHHBIE U MHOTHE JIDYyTHe U3MEHEHUS He MEHSIOT KJIACCA BBIYUCIH-
MBIX Ha MarmuHax Teiopunra dyukmnuii. Kornewano, ecth n Hebe300u1HBIE
u3MeHeHust. Hampumep, eciiu 3allpeTUTh MaIllMHE JBUTAThCSA HAJIEBO, TO
9TO PAMKAJIBHO TIOMEHSET JI€JI0 — 110 CYIIECTBY JIEHTa CTAHET Oecrosies-
HOM, TaK KaK K CTAPBIM 3aIlUCAM yXKe HeJIb3si OyJeT BEPHYTHCSI.

Kak monarh, Kakne m3menenns 6e300MHBI, a Kakue HeT? Bumnmo,
TYT HEOOXOJMM OIBIT MPAKTUIECKOTO TPOrPAMMHUPOBAHUST HA MAIIIH-
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nax Tbiopunra, xors Obl HeOOJbIION. [locie TOrO y2Ke MOXKHO TIpes-
CTaBJISATH cebe BOSMOXKHOCTH MAIIUHDI, HE BBIMUCHIBAST TPOTPAMMBI II0JI-
HOCTBIO, & PYKOBOJICTBYSICH JIAIIb [PUOIM3UTEIBHBIM oOlucaHueM. B
KaJyecTBe IIPUMePa OIMIIIEM MAIUHY, KOTOPas YIBANBAET BXOIHOE CJIOBO
(usrorapiuBaer cioo X X, ecan Ha BXOJE ObLIO C10BO X ).

Ecin mamumua Buaur npobes (BXOAHOE CJIOBO IIyCTO), OHA KOHYAET
paboty. Eciiz Her, oHa 3arroMuHAeT TEKYIHU CHMBOJI M CTABUT Ha HEM
nomerky (B andasure momumo cumbosioB 0 u 1 GyayT emg ux <«mome-
YeHHBble BapuaHTbl» 0 u 1). 3aTeM OHa JIBUKETCSA HANPABO JIO ITyCTOM
KJIETKH, TIOCJIE€ U€r0 IHUIIET TaM KOIWI0 3allOMHEHHOI'O CHMBOJIA. 3aTeM
OHA JBU2KETCS HAJIEBO /10 IOMETKH; YTKHYBIIIICH B IOMETKY, OTXOJUT Ha~
3a/1, 3aIIOMHUHAET CJIEYIOIMNA CUMBOJI U TaK JaJiee, [TOKa He CKOIHUPYET
BCE CJIOBO.

WNmest HEKOTOPBIN ONBIT, MOYKHO 33 BCEMHU ITHMH (Dpas3aMu BUIETh
KOHKDETHBIE KYCKH INPOrpaMMbl JJjis MamwuHbl Tbiopunra. Hampumep,
CJIOBA «3AIIOMUHAET CUMBOJI U JBUXKETCS HAIIPABO» O3HAYAIOT, YTO €CTh
JIBE TPYIIIIBI COCTOSTHUI, OJTHA, JIJIsI CUTYAINH, KOTJIa 3AIIOMHEH HYJIb, JIPY-
rasi — KOIJ[a 3allOMHeHa eINHNIA, ¥ BHYTPHU KaXK IO IPYIIIbI 3aIIpOrpaM-
MHUPOBaHO JBUKEHUE HAIIPABO [0 EPBOil MyCTON KIETKH.

Nwmest emmig 4y Th OOJIBIIE OIBITA, MOXKHO IIOHSITh, YTO B 9TOM OIIMCAHUT
ecTh onmbKa — He MPelyCMOTPEH MEXaHU3M OCTAHOBKH, KOTJa BCE CJIOBO
OyZeT CKOMMPOBAHO, MMOCKOJIbKY KOIMKA CUMBOJIOB HUYEM HE OTJIUYIAIOTCS
OT CHMBOJIOB UCXOJIHOTO CJIOBa. ICHO M TO, KaK OIMUOKY HMCIPABUATH —
HAJI0 B KadecTBe KOIHil MHCATH CIeIUaIbHbIe CHMBOIEI 0 1 1, a Ha TIo-
CJIEJTHEM dTalle BCe IIOMETKH YIAJIUTh.

92. Tlokakure, 4TO (PYHKIMS <«OOpaIEeHNEs, IEPEBOPAYNBAIOIIAS CJIOBO
3aJI0M Hanep'é;g BbIYHCJ/IUMa Ha MallliHE TI)IOpI/IHI‘a..

Hpyroit mpumep HeDOPMATHLHOTO PACCYKICHUS: O0BICHIM, TOUIEMY
MOXKHO HE HMCIIOJIBb30BATH JOMOTHUTEIbHBIX CHMBOJIOB, KpoMme 0, 1 u mmy-
croro cuMmBoJa. [IycTs ecTh MarnHa ¢ 60JLITIM ayihaBuToM u3 N CuM-
BOJIOB. [TocTporM HOBYIO MalllnHY, KOTOpasi OyIeT MOJIEINPOBaTh PaboTy
CcTapoif, HO KayKJI0 KJIeTKe CTapoil OyJeT COOTBETCTBOBATH OJIOK u3 k
KJ1eToK HOBOI. Pasmep 6sioka (uucio k) Gyzer bukcupoBaH Tak, 4TOObI
BHYTPH 0JIOKA MO2KHO OBLIO OBl 3aKOAMPOBATD HYJISIMHU U €IMHATIAMEI BCE
cuMBOJIBI b0sbITIoro asidasurta. Vexonuse cumBosbt 0, 1 u mycroit Oymem
KOZIMPOBaTh Kak 0, 3a KOTOpbIM Uy T (k— 1) mycThix cuMBOJIOB, 1, 3a KO-
TOpbIM uiyT (k—1) MyCTBIX CHMBOJIOB, U IPYIILY U3 k MYCTHIX CUMBOJIOB.
Jlist Hagaa HaO Pa3BUHYTH OYKBBI BXOJIHOTO CJIOBA Ha paccrosHue k,
YTO MOXKHO CZIeJIaTh 0€3 JIONOJHUTE/bHBIX CUMBOJIOB (I0iiust 710 Kpaii-
Helt OYKBBI, OTOABUTAEM €€, 3aTeM JIOHIsI 10 CJIEIYIONIEeH, OTOABUTAaEM €€
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U KpaiiHIOI M TaK JaJjiee); HAJIO TOJIBKO MOHUMATH, YTO MOXKHO HIEH-
TUPUITIPOBATHL KOHEIT CJI0Ba KaK MO3UIINIO, 38 KOTOPOil caemxyer Gosee
k 1mycThIX CHMBOJIOB. ZICHO, YTO B 9TOM IIPOIECCE MBI JOJIZKHBI XPAHUTH
B [aMsITA HEKOTOPBIl KOHEYHbIN 00bEM MH(MOpPMAIUN, TaK YTO 3TO BO3-
MOkHO. [Tocsie 3Toro y»ke MOXKHO MOEJMPOBATH PAbOTy MCXOIMHON Ma-
[IMHBI O IAraM, U JJisl TOr0 TOXKE JOCTATOYHO KOHEUHO naMsTu (T. e.
KOHEYHOIO YHCJIA COCTOSHHMIA), TaK KaK HAM BAXKHA TOJLKO HEGOJIbIIAs
OKPECTHOCTh T'OJIOBKH MOJeInpyeMoit maruabl. Hakoner, Hago cKaThb
pe3ysibTaT 0bpaTHO.

VTBepKIEHNE O TOM, YTO BCsSIKasl BBIYUCIUMAsST (PYHKIUST BBIUUCIIN-
Ma Ha MamuHe TbhiopuHTra, Ha3bIBAIOT meaucom Toropunea. Konewno,
€ro CMBICJI 3aBUCHUT OT TOTO, YTO ITOHUMATH TIOJ] CJIOBAMU «BBITHC/IIMAST
dbyuknusay. Ecan nonnMars ux B paCIUIBIBYATO-MHTYUTUBHOM CMBICJIE
(«yHKIUST BBIYUCIISIETCS AJTOPUTMHUYECKH, TO €CTh [0 YETKUM, HeJIBY-
CMBICJIEHHBIM, OJTHO3HAYHBIM IIPABIJIAM» UJIM ITO-TO B TAKOM POJIE), KO-
HEYHO, HU O KAKOM JIOKA3aTeJIbCTBE Te3uca ThIOpUHTA HE MOYXKET OBITH
peun. MoXHO JIUIITb TOBOPUTH, YTO MHOTOBEKOBAas IMPAKTUKA deI0OBEYe-
crBa ot EBkimma mo Kuyra He BcTpermiach ¢ IpUMEPOM aJrOpUTMA,
KOTOPBIN HeTb3st ObLIO OBl 3amMcaTh KaK MPOrpaMMy MaIluHbI T hIOpUH-
ra u T.1. Brupouem, emé oguH (He CJIUIIKOM yOeTuTeNbHbI) apryMeHT
IIPUBEJIEH HUXKE.

Ho ecnim mormmars c0BO «BbIUmCINMAasi» B Te3nuce ThIOpUHTA Kak
«BBIYUC/IIMAsI C IOMOIIBIO IIPOrPAMMBI HA MTACKAJIE» U IPEICTABUTH Ce-
0e HA MHUHYTY, 9TO CHHTAKCHC U CEMAHTHKA ITACKAJIb-IIPOIPAMM TOYHO
OIIPEJIeJIEHBI, TO Te€3UC THIOPUHIA CTAHET YK€ YETKUM yTBEDPXKJIEHUEM,
KOTOpPO€ MOXKeT OBbITh MCTUHHBIM WJIU JIOXKHBIM U KOTOPOE MOXKHO J10-
Ka3blBaTh. KOoHEUHO, TaKoe JIOKA3aTe/JbCTBO 110 HEOOXOIUMOCTH JIOJIZKHO
HCIIOJIB30BaTh (hOPMATHHOE OIMCAHNE CHHTAKCICA I CEMAHTUKH TTACKAJIS,
U IIOTOMY HUKEM He IIPOBOAMIIOCH, HO JJIst D0JIee IIPOCTHIX BHIUUCIUTE b
HBIX MOJIeJIell 9TO IefCTBUTENIHHO MOXKHO (hOPMAIbHO J0Ka3aTh. Brpo-
YeM, TAKOI'0 POJia J0Ka3aTeIbCTBA CPOJHU JIOKA3aTEILCTBY KOPPEKTHO-
CTH JJIMHHON MPOIPAMMBI, ¥ ITOTOMY ZKEJIAIOIINX UX MHACATH U TeM OoJiee
YUTATH HEMHOTO.

B zakmiouenne obcyxk nennst mpuBeIEM OOCMIAHHBIN BBIIIE APTYMEHT B
[IOJIB3Y TOT'O, YTO JI00ast BEIYUCTUMAs (DYHKINSA BEIYUCIMNMA HA MAIIAHE
Treropunra. [Iyctb ecTb QYHKINS, KOTOPYIO 9€JIOBEK YMEET BBIYUCJIATH.
IIpu sTOM, OH, €CTECTBEHHO, JIOJI2KEH MCIIOJIH30BaTh KapaHall u 6yMa-
Iy, TaK KaK KOJUIECTBO MH(MOPMAIMN, KOTOPOE OH MOYKET XPAHWUTH <«B
yMe», orpaHndeHo. Byaem cauTarh, 9TO OH IUIIET HA OTAE/IBHBIX JINCTAX
oymaru. [lomuMo TeKyIIero Jamucra, eCTh CTOMKA OyMar cipaBa M CTOIMKA
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caeBa; B JIIOOYIO M3 HAX MOXKHO ITOJIOXKUTH TEKYIIWIl JIUCT, 3aBEPIIUB C
HUM PaboTy, a U3 JAPYroil CTONKHU B3ATH CJAEAYIOMMiA. Y UeJOBEKA eCTh
KapaHai u Jactuk. [IocKoJbKy oueHb MeJIKie OYKBbI HE BUJIHBI, IUCIIO
OTYET/INBO PA3JIMYUMbBIX COCTOSIHUII JINCTA KOHEYHO, U MOXKHO CUUTATH,
9TO B KaXKJIbIil MOMEHT Ha JINCTE 3alllCaHa OJHa OyKBa U3 HEKOTOPOI'O
KOHEYIHOrO (X0Tsl U BechbMa GoJibinoro) andasura. TesioBeK ToxKe UMeer
KOHEUYHYIO [TAMSTb, TAK UTO €r0 COCTOSHIE €CTh JIEMEHT HEKOTOPOTO KO-
HEYHOTO MHOXKeCTBa. [Ipr 9TOM MOXKHO COCTABUTH HEKOTOPYIO TAOJIMILY,
B KOTOPO# 3alHCaHO, YeM KOHYUTCS ero paboTa HaJl JINCTOM C JIAHHBIM
COJIEPKUMBIM, HaYaTas B JAHHOM COCTOAHUM (YTO OyJleT Ha JIUCTE, B Ka-
KOM COCTOSTHUU OyJIeT UeJIOBEK U U3 KAKOI Madky OyIeT B3AT CJIeIy FONuit
suacr). Terepb yzke BUJHO, 9TO IefiCTBUS Y€I0BEKa KAK Pa3 COOTBETCTBY-
10T pabore MamuHbl ThOpuHra ¢ 60JIbIIKMM (HO KOHEYHBIM) AJI(DaBUTOM
u GOBIMM (HO KOHETHBIM) IHMCJIOM BHYTPEHHUX COCTOSTHUIA.

9.4. AccounaTuBHble NCHUCNIEHUSA

Ceitgac MbI UCTIOJIB3YEM MAIUHbBI ThIOpUHTa, 9TOOBI JIOKA3ATh Hepas-
PenmMMOCTb HEKOTOPOH AJTOPUTMUYECKON MPOoOIeMbl, CBA3aHHON ¢ Tak
Ha3bIBAEMBIMU ACCONMATUBHBIMYI UCUYUCTEHUSIMU.

Hanmomuum, 9to aagasumom Ha3bIBAIOT KOHEUHOE MHOYKECTBO, dJIe-
MEHTBI €0 Ha3bIBAIOT CUMBOAAMU, NI OYKEAMU, 8 KOHEIHBIE ITOC/IEI0-
BATEJIBHOCTH OYKB — CA06AMU.

IIycts dukcuposan andasur A. Bynem HasbBaTh NPasuAOM TPOU3-
BOJIBHYIO 3ammch Buga P — Q, rae P u () — cyioBa storo andasuta (Mbl
cunTaeM, UTO caMa CTPeJIKa He siBJiseTcs OyKBoil andasura). Bymem Ha-
3BIBATD ACCOUUATNUCHBIM UCHUCACHUEM KOHedHbIH Habop npasumi. (ITo-
PAIOK npasuil B Habope He urpaer posiu.) Kaxnoe npasuio paccMaTpu-
BaeTCs KaK IPABUIIO IPeodpa3oBaHust cJioB. VIMEHHO, MBI TOBOPHM, 9TO K
cjioBy X MOKHO IIPUMEHUTH HpaBusio P — @, ecau B cjioBe X ecTb y4a-
CTOK W3 TOAPS] uAymx OyKs (110/cI0B0), conagaomnmi ¢ P. B stom
clydae ero pasperiaercsi 3aMeHuTh Ha (). Takux y9acTKOB MOXKeT ObITh
HECKOJIBKO, TaK 9TO K OJHOMY U TOMY K€ CJIOBY MOYKHO IIPUMEHHUTH OJ-
HO 7 TO K€ IIPABUJIO HECKOJIBKUMH Pa3HbIMu criocobamu. Kpome toro, B
HACYNCJIEHUN MOXKET OBITh HECKOJIbKO [IPABUJI, IPUMEHUMBIX K JTAHHOMY
CJIOBY, U TOTJ/Ia MOXKHO IIPUMEHSITH JiI0b0oe u3 Hux. Ilocjie 3Toro MoxKHO
CHOB& IIPUMEHUTH TO YK€ CAMOE WJIK JPYroe IIPABUJIO UCUUC/IEHUs], U TaK
JaJee.

[ToBropuMm 310 ompenesenue Gosee dbopmaabHo. [OBOPAT, YTO CAO-
60 X Mootcho npeobpa3osams 6 cao80 Y no npasusam ucHucsenus 1,
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€CJIM CYyIIEeCTBYET KOHECYIHAaA II0C/ICI0BATE/IbHOCTDL CJIOB
X =20,21,2,..., 21,2k =Y,

B KOTOPO# Ka2KJ10€ CJIOBO Z; TIOJIyIAeTCsl U3 IPEJIBIAYIIEro CJI0Ba Z;_1 10
OJTHOMY U3 MPABUJI UCYIUCIeHUs I, TO ecTb B I CyIecTByeT Takoe IpaBu-
a0 P — @, uro Z;_1 = RPS u Z; = RQS s HeKoTopbIx cjioB R u S.
Takum 06pa30oM, KaxKJIOMy HCUYUCTIEHUIO COOTBETCTBYET HEKOTOPOE
MHOXKECTBO Hap cJIOB — MHOXKecTBO Takux map (X,Y), aro X moxHO
mpeodpa3oBaTh B Y IO MPABUJIAM STOIO MCUMCJICHUS.
Teopema 61. /Ij151 BCAKOTO UCUUCTIEHUST ITO MHOYKECTBO TIEPEITUCTUMO.
Cy1iecTByeT UCYKC/IEHUE, /I KOTOPOrOo 3TO MHOYKECTBO HEPA3PEIINMO.
Mpsr mokazkem 3Ty TeopeMy B ciefytorneM pasjesie. [lepBas eé gyacTh
JIOKA3BbIBAETCs JIETKO: MHOXKECTBO BCEX IIOCJIEIOBATEJbHOCTENH Zj —
— Zy — ... — Zj, COIJIACOBAHHBIX C IIPABUJIAMU UCUIUCIIEHISI, Pa3PeIn-
MO U IOTOMY II€peYncaIuMO. Ecan oT KazKJI0il U3 HUX OCTABUTH TOJIBKO
HAJYaJjI0 U KOHEII, [IOJIYYUTCsl IIePEYnC/IeHIe NCKOMOIO MHOXKECTBA.
Ocraoch MOCTPOUTDH MIPUMEDP HEPA3PEITUMOTO ACCOINATUBHOIO HC-
qucseHus (MCUUCIIEHUs], [Tl KOTOPOIO YKa3aHHOE MHOYKECTBO Hepaspe-
mumMo). JIjist 3TOro MBI MOKazKeM, 9To pabory 6ot Mammabl ThiopuHTa
MOXKHO B HEKOTOPOM CMBbICJIE MOJIEJTMPOBATH C IIOMOIIBIO ACCOIUATUBHOIO
UCYUCTIEHNS, & 3aT€M BO3bMEM WCUMCJIEHUE, COOTBETCTBYIOIIEE MAITAHE
¢ Hepa3pemuMoil mpobIeMoil OCTAHOBKH.

9.5. MogennpoBaHune MawwmnH TblopuHra

Teopema 62. Ilycre M — wmamuua Tbhropunra, ajadgaBaT KOTOPOI
BryogaeT 0 u 1. Torsia MOXKHO TTIOCTPOUTH ACCONUATUBHOE UCUUCTICHIE |
C TAKUM CBOHCTBOM: JIBOMYIHOE CJIOBO Y SIBJISIETCS PE3YJIbTATOM PabOThHI
MAIUHBI Ha, BOMIHOM CJI0Be X TOT/Ia M TOJIHKO TOTIa, Koraa cyioBo [ X ]
10 TIpaBUIaM UCUUCTeHnsA | MOKHO TpeoOpa30oBaTh B CJIOBO Y.

Hamomuum, 9ro pesysbrarT pabOThl MAIUHBI MBI OIPEIE/IHIN KaK
MaKCHMAJIbHBINA OJIOK HyJIell U eIMHUIL, HAIWHASI C TTO3UIIANA IOJIOBKH. 3a~
METHM Takke, 9TO ajdaBur ucuucienns I comep:kur cumBojbl 0 u 1,
JIOIOJIHUTEIbHBIE CAMBOJIBI [ M ] 1 MOYXKeT COIepPKATh JPYTHe CHMBOJIBL.

93. I[lokaxkure, 9TO 6E3 TOMOJHUTEIBLHBIX CUMBOJIOB [ M ] yTBepXKaeHUe
TeopeMbl He Oyzer BepHbIM. (YKa3aHue: ecd Ca0BO Y MOXKHO MOJIYYUTH U3
cioBa X IO IPABUJIAM MCYHCIEHUs, TO cJI0BO PY () MOXKHO MOJIydUTH U3 CJIO-
Ba PX(Q 1o npaBujiaM MCYUCJICHUS. )

< Unesa momenmpoBaHus COCTOUT B CJeAyromeM. Byrem KoaupoBaTh
KOHMUrypanuo MamuHbl ThiopuHra (COAEpPKUMOe JIEHTBI, II0JIOXKEHUE
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IOJIOBKH, COCTOsIHUE) B Bujie cjioBa. Torya mepexos; or KoHMUrypamuu K
CJIEIYIONIE TI0 MpaBUJIaM MAIIMHBI ThIOpUHTa COOTBETCTBYET MPUMEHE-
HUIO IIPABUJIA aCCONUATUBHOIO MCUNUCIICHUS.

Konegno, mist 9Toro Hajo npaBUJIBHO BbIOpaTh KogumpoBaHue. Mbl
OyzeM fesiaTh 9TO TaK: KOH(PUTYpaIust

kojupyetrcs ciiopoM [Ps@]. Takum ob6pasoM, ajipaBuT HAIIIErO UCUUCTIE-
Hus OyJieT BKJIIOYATh Bee OyKBBI ajihaBuTa MamuHbl ThbloOpruHra, BKIIIO-
vas 1pobGest (KOTOPBI Mbl M306pazxKaeM KaK «_»), U BCE €6 COCTOSHUSI
(MBI cumTaeM, 4TO MHOYKECTBO COCTOSHHI He nepecekaercs ¢ ajbabu-
TOM), & TaKKe ClIelualbHble CUMBOJIbL [ 1 ]. 3amMeruM, 4T0 KOAUPOBAHUE
HE OJIHO3HAYTHO 34 CIET TOr0, ITO CJIOBO P MOXKET HAUMHATHLCS ¢ poberta,
a cjioBo () mMm KoHuaThcst. Hampumep, eciu a, b u ¢ — OykBoI asidasura,
a S — COCTOsiHHE, TO CJIOBO [absc] cOOTBETCTBYyET COCTOSHUIO S, JIEH-
Te ...abc. .. U TOJIOBKE HAIIPOTUB C; cjioBa [_absc] u [absc_] coorser-
CTBYIOT TOM 2Ke KoHuryparnu. Jpyrre mpuMepbl KOIUPOBAHMS KOHMHU-
ryparuii: ¢jjoBo [sabc] cooTBeTCTByeT COCTOSHUIO S, JIeHTE . ..abc. ..
¥ TOJIOBKE HAIIPOTUB a, cjoBo [abcs] — jenre ...abc... ¢ TOJIOBKOMI
cupaBa OT ¢, a ¢J0Bo [s] cooTBercTByeT IycTOl JIeHTE.

Tenepr Haj0 HamUCaTh IPABUJIA HAIIEro HCYHCIeHus. Mbl XoTnM,
4TOOBI K KOy J1I000# KOHMUryparmu 66110 IPIMEHIMO POBHO OHO IIPa-
BHIJIO M 9TOOBI IIOJIYYAIOIIEecs: PN ero MPUMEHEHNN CJI0BO OBLIO KOJOM
cienyiomeil KOoHMUryparun. IT0 MOXKHO CJIeJaTh, IIOCTPOYIHO IIePEBO/Ist
TabJINILy TIEePEeXOI0B MAIIuHbl ThIOpHHTA Ha s3bIK mnpaBmi. llycTb, Ha-
npuMep, B TabJINIE €CTh NHCTPYKIINS «HAXOJISACh B COCTOSHUU S W TUTAs
OyKBy x, IepeiiTu B cocrognue s, HanmedaraTb OyKBY &' U OCTATHCA Ha
MecTey. Tora Mbl BKJIIOYaeM B HAIlle UCUUCICHUE IIPABUIIO

sx — sz,

MuCcTpyKIUs «HAXO/ISICh B COCTOSHUU § M 4YuTast OyKBY X, IIepeiTn
B cocTosinue s, HamedaTaTh OyKBY T’ M CABUHYTLCS BJIEBO» MOPOXKIAET
MIPaBUIIA

!
asr — S OAT’

J71s1 BceX OyKB v ajipaBuTa MaITUHbI T HIOPUHTA.
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WHCTpyKIus «HAXO/SICh B COCTOSTHUY § W YUTasi OYKBY &, IEepeidTH B
cocrostHue §', HanedaTrarh OYKBY &' M CABUHYTHCS BIPABO» MOPOXKIAET
[IPABUIIO

sz — a's.

Ho na10 emé m103ab0TuThCst O CUTYalUN, KOra cjioBa P uiu @ mycThl.

lJ1st 3TOrO HY>KHBI TaKue [MpaBUJIa:

eCJii B Ta6JII/II_Le €CTb UHCTPYKIUAL. . . IIpaBuJIO

YUTasd T B COCTOSHHU S, IepeiTH B
cocTosHHe s', HaedaTaTb T’ U CIBH-
HyTBCS HAJIEBO

yuTast IPobeJ B COCTOSTHUAU S, TIepeii-
TH B cOCTosHHe s', HamedaTaTb T’ 1
OCTAThLCA Ha MECTe

ynTast HPobeJ B COCTOSTHAU S, TIepeii-

[sx — [s'_a’

s] — s'2']

as] — s'ax']

TH B cocTosHHe s', HanmedaTaTb T’ 1 [s] — [s' ']
C/IBUHYTBCS HAJICBO

ynTast IPobeJ B COCTOSTHUU S, TIepeii-

TH B cocTosHHe s, HamedaTaTb T’ 1 s] — a's']

CABUHYTBHCA HaIIPpaBO

Ocobble cityuan, pacCMOTPEHHbBIE B 3TOI TabJiniie — 9TO cirydait mpobesta
IO/ TOJIOBKOI U ITyCTOrO CJIOBa (J, & TAKKe CABUIA HAJIEBO IPHU ILyCTOM
ciose P.

[IpumMenenre 5TuX MPaBUJI IIAT 34 IMATOM MOJEJIUPYET MIPOIECC BbI-
qucsienust Marmuabl Thopuara. Ho Hamo emé «ImoiroroBUTh BXOA» U
«O9UCTUTh BbIXOM». llocse 3aBepiieHns: pabOThI MaIllMHA OKA3bIBAETCSH
B HEKOTOPOM 3aKJIIOYUTETHHOM COCTOSTHUU S, W KOJ, KOH(DUTYPAINN TMe-
er Bug [PsQ]. A Ham HAJI0 HOJIYYNUTH CJIOBO, ABJISIOIIEECS PE3YJILTATOM
paboThl MAIUHBL. 1O €CTh, 110 HAIIMM IIPABUJIAM OIPEJIETIEHUs Pe3yiIb-
TaTa, HaJ0 yIAJIUTh P U OTKPBIBAIONLYIOCSH CKOOKY, a TakxKe B () BbIIe-
JINTh MaKCHMaJIbHOe HAaYaJ0 W3 HyJell W eJIWHWI], U BCE IMOCJIeIyIoIee
yaaauTh. BoT Kak 310 menaercs. BBenéM MOMOJHATEIBHBI CUMBOJI <,
mpaBmia § — < I KaXKJIOTO 3aKJIIOYUTE]HHOTO COCTOSHHUSA S, IPABU-
Ja a<d — < s BceX OYKB o u mpaBmiio [ — . Torma cumBOJT < 1O~
SIBUTCSI Ha MECTe 3aKJIIOUUTEIHHOIO COCTOSTHUST, CheCT BCE CIeBa OT cebsl,
a B KOHIIE BCTPETUT CKOOKY U IPEBPATUTCS B HOBBI cuMBOJI . Jlj1st 9T0-
TO CHMBOJIa MBI HUCHOJB3yeM Ipasuiaa >0 — 0>, >1 — b uba — Va
(mocsieiHee IpaBWIIO — IS BeeX (v U3 asibaBuTa Marmebl, Kpome 0 u 1,
a Takxke st « = ]). CEUMBOJI > IPOILyCKAeT Pe3yJbTaT HAJIEeBO OT cebs
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U MPEBPAINAETCA B CUMBOJ V. A 5TOT CHMBOJI yHHYTOXKAET BCE CIipaBa
OT cebst U 3aTeM CAMOYHUUITOXKAETCH B [IAPe C 3aKPBHIBAIOIIENCS CKOOKOIL;
[IpaBUJIa TAKOBBL: V — V JIJIsl BCEX CUMBOJIOB (v U3 aJi(haBUTa MAIINHBI,
a takxke V] — A (A oBosHauaer mycroe cyoBoO).

OTHU IpaBUJIa MO3BOJIAIOT BBIIEIUTH PE3YIbTaT PAOOTHI MAITHHBI U3
KO/Ia 3aKJIIOYNTENbHOM KOoHdUrypanuu. Tenepb y>kKe MOXKHO CKa3aThb, 9TO
MammuHa Ha Bxojge X J1aéT pe3yabTar Y TOorjaa U TOJIBKO TOrJa, KOrja o
9TUM IpaBuiIaM u3 cjaoBa [$oX ] MoxkHO moayduTs ciioBo Y. Enuncreen-
HOe pazindne ¢ GOPMYJIUPOBKON T€OPEMbI COCTOUT B TOM, YTO TaM HET
CHMBOJIA, Sg, HO 9TO MCHPABUTH JIEKO: MOOABHM eIé OJIMH CHMBOJ [
npasuito [ — ['sg, 1 BO Beex ocTasibHBIX Tpasmiax 3amennM [ ma [/

Tenepb yrke BCE B TOUHOCTH COOTBETCTBYET (DOPMYIUPOBKE TEOPEMBI,
U JIOKA3aTeJHCTBO MOXKHO CUMTATH 3aBEPIIEHHBIM. (YBBI, aKKypPaTHOE
MIPOBEJIEHNE TOYTH OYEBUIHON HUJIEN IACTO TPEOYET MEPEUNCICHUST MHO-
rux jgerajeil, B KOTOPBIX K TOMY K€ JIEFKO IIPOIIyCTUTH KAKOW-HUOYIH
cJtydail Wi JOMyCTUTH OIUOKY.) >

Teneps y»ke MOXKHO IIOCTPOUTH ODEIAHHOE HEPA3PEITNMOe ACCOIHA-
TUBHOE HCIUCJIECHUE.

Bosbmém nepevnciimmoe Hepaspermoe MHOKecTBO K. Bo3bMmém Ma-
muHy ThlopuHra, KOTOpas Ha BXoJax u3 K ocraHaB/iuBaeTcs U JagT Iy-
CTOe CJI0BO, a Ha Bxojax He u3 K He ocraHaBIMBaeTcs (II0JyXapaKTepu-
cTudeckasi QYHKINS TePEInCJINMOr0 MHOXKECTBA, HATOMHIM, BBIYUCIIHI-
Ma, ¥ [I0OTOMY BBIYHMCJIMMa, Ha MaluHe ThiopuHra 1o Te3ucy Thropunra).

ITocTpoum acconmaTuBHOE UCYUCTIEHUE, MOJIETUPYIOIIEE STY MAITUHY
B TOJIBKO YTO OIIMCAHHOM CMbICJIe. [IJIst Hero HeT ajropuTMa, KOTOPBIi 110
mape cjioB X u Y BBISICHSIET, MOXKHO Jin1 1peobpa3oBaTh X B Y. B camom
JeJe, eciau Obl TaKoil ajrOpuTM OBLJI, TO MOXKHO OBLIO ObI IIPUMEHUTH
ero K cjoBam [X] u A (mycroe cjioBo) u y3HATh, JIEXKUT Jid ¢I0BO X B
MHOXKecTBe K HMJIH HE JIEXKUT.

9.6. [lBycTOpOHHME ncHUCNeHN

Oka3zbIBaeTCsi, 9TO PACCyXKJEHUE IPEIbIIYIIero pa3ieia MOKHO
HeMHOro ycmnuTh. HazoséMm accormaTupBHOe ucuuciaeHue (T.e. HabOp
upaBui) deycmoporHuM, €CJIE OHO BMECTE C KaxKJbIM IIpaBujioM X — Y
COJIEPKUAT W CHMMeTpUYHOe mpaBuwio ¥ — X.

Teopema 63. CyrecTByeT JABYCTOPOHHEE HUCUHUCIIEHHE, JIJIsT KOTOPOI'O
HET aJITOPUTMA, BBISICHSIIONIET0, MOYKHO JIU ITOJIYIUTH OJHO CJIOBO U3 JIPY-
TOT0 TI0 MPABUJIAM 3TOTO UCIUCTICHUS.

<1 Iyisi moKa3aTebCTBa MBI BOCIIOJIB3YEMCsI TOH 2Ke KOHCTPYKITHEH ¢
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unebosibIuMu u3MeHenusimu. st nHagasia npasmwio V] — A 3amenum Ha
upaBwio V] — % (Mbl BCKOpe yBHIUM, 3a9eM 9TO Hy:KHO). [locse sToro
IUIs. KasKJOro IpaBmia JobaBuUM obpaTHOe. DTO HoBoe ucuucjienue I’
TaK>Ke MoJIe/iupyeT ManuHy ThropuHra:

Nemma. IBouuHoe cJI0BO Y sIBJIsi€TCs PE3YJIBTATOM PAOOTHI MAIIUHBI
Ha JBOMIHOM cjioBe X TOrIa W TOJBKO TOTa, Korma cyoBo [ X ] MoxkmHO
IpeoOpa3oBaTh B CIOBO Y % IO IpaBmIaM ucauciaeHus 1.

JokazaTenbcTBO JeMMbl. Ecin mHe 100aBIATH OOpaTHBIE MTPABUIA,
To I’ HUYeM He OTJIMIAeTCsl OT paHee MOCTPOEHHOTO UCINCIeHus (KpoMe
ITOCJIETHETO IIAra, TJIe OCTAETCs 3BE3I0UKA — HO TO, OYEBUJIHO, HECYIIE-
crBenno). [losromy HAM HaO JIUIIL HOKa3aTh, 4To ecian [ X ] MoxkHO
peodpPa3oBaTh B CIOBO Y x IO IPABHJIAM MCIHUCAEHUs I', TO 3TO MOXKHO
¢/iesIaTh 6e3 IPUMEHEHUsT OOPATHBIX MPABUJ, TOJTBKO IMPSIMBIMHA.

JlokazbiBaeTcst 310 Tak. Ha30BEM «aKTUBHBIMEY CJIE/IYIOIIAE CUMBO-
Jinl asiasura ucaucaenus I': cumBost [ (KOTODBINA, HAOMHAM, 3aMEHS-
eTcs Ha [IEPBOM JKe Iare), BCe COCTOsIHUS MAIUHBL, >, <, V u . Torma B
KazKJIOM TIpaBUJIe HAIIEr0 UCYUCICHUs] CJIEBA U CIPaBa €CTh POBHO OJUH
akTUBHBIN cuMBoJI. Cite1oBaTeILHO, B JIIOOOH MOCIE0BATEIHHOCTH TIPS
MBIX 1 OOpaTHBIX paBuJI, coenunsiomneit [ X ] ¢ Y, Bce citoBa comepxkar
110 OJIHOMY aKTUBHOMY CHMBOJLY.

Tenepb 3aMeTuM, 9TO ¥ CA08Y, 68 KOMOPOM 00UH AKMUBHVIT CUMBOA,
NPUMEHUMO He boaee 001020 NPAMO20 NPasuaa. (DTO JIErKO IPOBEPUTD,
DJIsiJisl HA TPABWJIA; TPUYUHA 37I€Ch B TOM, YTO OHH MOJEJHUPYIOT pa-
60Ty JIeTepMUHUPOBAHHON MAIHMHBI THIOPHUHTA, B KOTOPOH CJIETyIOMIast
KOHMUIypalus olpe/iesieHa 0HO03Ha4HO. ) [loaroMy MOXKHO yJaiuTh Bee
obpaTHbIe ITpaBUJIa U3 MOCIe0BaTeIbHOCTH IpeobpasoBanmii [ X ] B Y.

B camom mene, paccmorpum mociieiaee BXOXKIeHHE OOPATHOTO IIpa-
BUJIA B MIOCJIEIOBATEIBLHOCTD mpeobpasoBanuit. OHO He MOXKeT OBITH ca-
MBIM MOCJIEJTHIM B TOCJIEIOBATEILHOCTH, TaK KaK 00paTHOE IMPABUJIO HE
MTOPOXKJIA€T CUMBOJI *. 3HAYNT, 38 HUM CJI€JyeT MPUMEHEHNe KaKOI'o-TO
psiMOro IpaBuiia. Ho OIHO IpsiMOe IPaBHUJIO, KOTOPOE MOXKHO IIPHMe-
HUTH, YK€ €CTh — 3TO TO, K KOTOPOMY OBbLIO 0OpaTHO Halle oOpaTHOe
npaBwio. B cuily eJMHCTBEHHOCTH JIPYTOro MPSIMOTO HPABUJIA OBITH HE
MoxkeT. [losToMy mpuMeHeHre OOpPATHOTO, a 3a HUM IPSMOTO MPABUIIA
MOXKHO B3aMMHO COKPATUTH U HOJYYHTH 0OJiee KOPOTKYIO MOCJIEI0Ba~
TEJIbHOCTh, B KOTOPO CHOBA HAWTH IOC/IEIHEE OOPATHOE TIPABUJIO U T. II.
Jlemma nokaszana.

W3 neé cpazy xke cjemyeT CymecTBOBaHUE HEPa3PeIUMbIX JIBYCTO-
POHHUX ACCOIUATUBHBIX UCIUCIEHI, KOTOPOE U COCTABJISIIIO YTBEPIKIe-
HUEe OCHOBHOI TeOpeMbl 3TOTO pasjesa. >
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Ceituac MbI 0ObSICHIM, KaK TOJIBKO UTO JOKA3AHHOE YTBEPXKJIEHUE O
JBYCTOPOHHMX aCCOITMATHBHBIX UCUYUC/IEHUSIX [TEPEBOINTCS Ha aredpan-
vyeckuit #3bIK. (Huuero HOBOro 1o cymecTBy Ipu 9TOM HE YTBEDXKIAETCS,
9TO 1pocTo 1epesoy.) HamoMmuuM HeKOTOpBIE CcBelleHns 13 ajireGphl.

Hoayepynnoti HA3BIBAETCS TPOU3BOJBHOE HEITyCTOe MHOXKeCTBO G ¢
aCCOIMATUBHON OTepaIieil, 3aluchbIiBaeMOil KaK YMHOXKEHUE, ITPUIEM Cy-
IIECTBYET €JIMHUYHbBIN 3j1eMeHT 1, 1y1st KoToporo 1 X ¢ = o X 1 = x a4
Becex © € G. (Ilomyrpynmsl Ge3 eIMHAYHOTNO 3JeMeHTa HaM He IMOTpe-
oytorcs.) Iycrs G — Hekoropas HoJyrpylia. [OBOPAT, 9TO MHOXKECT-
Bo A C G gBAAETCS MHOMCECTNGOM 00pasytowux s Noayrpynnsl G,
€CJTM BCSIKMIT 9JIEMEHT TOJIyTPYIIIhl MOYKET OBITh IMOJIyUeH KaK MPOU3Be-
JleHne 06pasyommx (BO3MOXKHO, IyCTOE — TaKoe MPOU3BE/IeHNe CUUTa-
ercst paBHbIM 1). TTo/ryrpyiina Ha3BIBACTCA KOHEwHO NOPOHCIENHOT, eCIn
OHA MMEEeT KOHETHOE MHOXKECTBO 00Pa3yIOIIiX.

IIyers A = {aq,...,a,} — andasur. Torma MHOXKECTBO BCEX CJIOB
B andasure A obpasyer MOJyrpyIiny. YMHOXKEHUE B Hefl — 9T0 Koh-
KameHayus CJIOB, TO €CTh MPHUIICHIBAHUE OJHOTO K Jpyromy. Eamnmd-
HBIA 3jleMeHT — TrycToe cjioBo. OUeBUIHO, a1, ..., a4, SBJISIOTCSI 0Opa-
gytomumu 1ot mosyrpymnmbt. (Touree cmemoBano 661 roBOPUTH 06 O
HOOYKBEHHBIX CJIOBaX KaK 0Opa3ymoIIuX.) DTa MOJyrpyIna Ha3bIBAETCS
€60600H0T MoAY2pYynNot C OOPA3YIOIIUME A1, . . . , Gy, . DyIeM 0003HAYATH
eé F(ag,...,an).

[Iycts G — npousBoJibHAS MOJIYTPYIIA, U g1, - - . , §p — JIFOOBIE €€ 3J1e-
MeHTHI. Torja CymecTByeT eJIMHCTBEHHBIH TOMOMOPGMU3M h TOJIYrpyI-
ust F(ay,...,a,) B moayrpyuuy G, mis koroporo h(a;) = g;. (Iomo-
MOPPHU3MOM TIOTYTPYIIN HAZBIBAIOT OTOOpayKeHue, Mpu KOTOPOM 0bpas
[IPOM3BE/IEHNs] PaBEH IIPOM3BEJIEHUIO O0Pa30B M €JMHUIIA [IEPEXOIUT B
enuuauiy.) OH IIEPEBOJUT CJIOBO U3 CUMBOJIOB (; B IPOMU3BEIECHUE COOT-
BETCTBYIONIUX 9JIEMEHTOB ¢;; 0OPA30M IIYCTOTO CJIOBA SIBJISIETCS €JIUHIYI-
HbIi 951emMenT. OueBnIHO, 06PaA3 3TOro roMoMOpGU3Ma COBIAIAET CO BCEl
nostyrpymoi G TOrjia U TOJILKO TOTJIA, KOTJA JIEMEHTBI g1, . . . , §n, AB-
JISIIOTCST 00pa3yomuMu Irpynst G.

Coommnowerusmu Mbl 6yjieM Ha3bIBaTh paBeHCTBa Bujga X = Y, rie

X nY — anemenTs! cBOGOHON osyrpyisl F(ay, . . ., Gp), TO €CTh CJIOBA
B anidasure A. T'oBopsit, uro coorHorerrne X = Y BBINOJHEHO B IIOJIY-
rpynne G ¢ BbIIEJIEHHBIMA 3JIEMEHTAMUA (1, . - - , n, €CTU 00pa3bl cJioB X

u Y 1pu OmuCcaHHOM TOMOMODP(dU3ME, TO €CTh IPOU3BE/ECHUsT COOTBET-
CTBYIOIIUX IJIEMEHTOB ¢;, paBHbBL. IlycTh nMeercs: HEKOTODPHBIH HAOOP CO-
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ornomennit X1 = Y7,..., Xy = Yi. Bynmem paccmarpuBarh pazinaabie
moJtyrpynnbl G ¢ BBIJIEJTEHHBIME 72 9JIEMEHTAME, B KOTOPBIX BBITIOJTHEHDI
BCE 3TH COOTHOIIEHUs, © B KOTOPBIX BbIJIEJIEHHBIE JIEMEHTHI SIBJIAIOTCS
obpazyronmmu. (Hanpumep, nosyrpyiia u3 e IMHCTBEHHOTO eIMHAIHOTO
9JIeMEeHTa TaKKe BXOJUT B uX 4uciio.) Cpean Takux MOJIyrPyNi, KaK Mbl
ceifyac yBUINM, €CTh «MAKCUMAJIbHAS», B KOTOPOH BBIMOJTHEHO MEHBIITE
BCErO COOTHOIICHU.

Beeném na cioBax asdabura A OTHOINEHNE SKBUBAJIEHTHOCTH, CUM-
Tas, 9ro P = @, eciim P MOXKHO 11peobpa3oBaTh B () B JIByCTOPOHHEM ac-
COIMATUBHOM UCYUC/IeHUN ¢ Ipasmwiamu X; < Yy, ..., Xi < Yi. (dpy-
CUMH CJIOBAMH, B JTIOOOM CJIOBE Pa3peIraeTcs 3aMEeHUTD €ro MOJICI0BO X;
Ha, 10JICJI0BO Y; u Hao60poT.) OUeBUIHO, TO OTHOIIECHUE JeHiCTBUTE b
HO OyJIET OTHOIIEHWEM SKBUBAJEHTHOCTH. 3aMeTuM, 4To ecqu P = @),
To PR = QR u RP = RQ nyis npousBosibHOIO cioBa R (B 1emnouke upe-
00pa30BaHMil MOXKHO JONUCATH KO BCEM CJIoBaM R CieBa WU CIpaBa).
Paccmorpum Ki1acehl 9KBUBAJIEHTHOCTH 9TOrO OTHOIIEHUs. Ha HUX MOXK-
HO OIPEJIE/IUTD OMEPAIAI0 MPOU3BEJICHNS, CANTAas ITPOU3BEIEHNEM JIBYX
KJIACCOB, coflepaKarux cioBa P u (), Kitacc, comeprKaiuii nx KOHKaTeHa-
o PQ. OTMedenHoe CBOWCTBO OTHOIIEHNST SKBUBAJIEHTHOCTH TAPAHTH-
pyer KOPPEKTHOCTH 3TOTO OIpeJiesieHusl (KIacC-IIPOU3BE/ICHUE He 3aBU-
CHT OT BBIGOpA NpEJICTaBUTENell B COMHOXKUTESAX). TeM caMbIM MbI [O-
sygaem nosxyrpynmny (G, B KOTOPO# €IMHUYIHBIM 3JIEMEHTOM Oy/IeT KJtacc
[yCTOrO CJIOBA, a KJACCHl §; = [a;] 9KBUBAJIEHTHOCTU OJHOOYKBEHHBIX
cs10B OyayT obpasyrorumu. Eé oboznadaor

]—"(al,...,an)/(Xl :Yl,...,Xk:Yk)

U HA3BIBAIOT NOAY2PYNNOU ¢ 00Pa3YI0OWUMY A1, . . . , G U COOTNHOWEHU-
amu X1 = Y1,..., X = Y. dcuo, aro B mosyrpynme G BBIIOJHEHDI
HUCXOJIHBIE COOTHOITeHUsT X; = Y;. JIerko moHsITh Tak»ke, 9TO B Hell HET
HUKAKHUX JPYTUX COOTHOIIEHU, KDOME CJIEJICTBUIl UCXO/HBIX:

Teopema 64. Ecin coornomierrie X = Y BBIIIOJIHEHO B HOJIYTPYIIIE

Flay,...,an)/(X1 =Y1,..., Xt =Y%),

TO OHO BBIIIOJIHEHO B Jit00OI mosyrpyiie (G ¢ BbIIEJIEHHBIMUA 3JIEMEHTa~
MH §1, - - -, Jn, B KOTOPOI BBIIIOJIHEHBI BCE COOTHOIIEHUA X; = Y;.

< B camom gene, ciioBam X u Y COOTBETCTBYIOT WX KJIACCHI 9KBU-
BAJIEHTHOCTH II0 OIUCAHHOMY OTHOIIEHUIO, TAK ITO u3 X MOYKHO IIOJIy-
9UTh Y TO MPaBUJIaM JIBYCTOPOHHErO aCCOMUATUBHOrO mcUucaenus. Ho
BCe 9TH IIpaBUJIa He MEHSIOT 3HaUYeHHe 3JIeMEHTa B JI000il IoJIyrpyIIie,
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B KOTOPO# BBIIIOJTHEHBI COOTHOIIEHUST X; = Y;, W IMOTOMY B Ji00O# Ta-
Koit mosyrpytmme cioBaM X u Y OyHeT cOOTBETCTBOBATH OJWH W TOT K€
JIEMEHT. >

94. PaccMoTpuM TOJIyTPYIIITY € ABYMsi OOPa3yOIMUMU G1 U G2 U COOTHOIIIE-
HusaMu aiaz = A, aza; = A. Yro 3To 3a nonyrpynmna?

95. PaccMoTpuM HOJIYTPYIITY € AByMsI OOPA3yIOMMMU 41 U G2 ¥ COOTHOIIIE-
HUEM 102 = d2a1. JTO 9TO 3a mosjyrpymmna’

96. PaccmoTpuM HOJIyTpyIITy C ABYMsI OOpa3yIOUMMHI (1 U Q2 U COOTHOIIE-
HUSME a1a1 = A, azaz = A, a1a2 = aza1. Yro 310 3a noxyrpymma?

97. PaccMoTpuM TOJIyTpPYTIITY € ABYMsi OOPa3yOIMIUMU G1 U G2 U COOTHOIIIE-
HuaMu ai1a1 = A, azazaz = A, a1az = azaza;. Yro 3ro 3a nomyrpynma?

Temrepb MBI MOKEM CHOPMYIUPOBATH YTBEPKICHHUE O CYIIIECTBOBAHUT
HepPa3peNNMbIX JIByCTOPOHHUX aCCOIMATUBHBIX UCUYUCIEHUN B TEPMUHAX
MTOJIYTPYIIIL.

Teopema 65. CyrrecTByeT moJIyrpymima ¢ KOHEYHBIM YUCJIOM 00pas3y-
FOIUX U KOHEYHBIM YUCJIOM COOTHOIIEHUiT, B KOTOPO#l 3a/a4a POBEPKH
paBeHCTBA ABYX CJIOB, COCTABJIEHHBIX U3 00PA3YIOMNX, AJITOPUTMATECKHT
HepaspemuMa (HeT aJropuTMma, KOTOPBI 110 ABYM CJIOBaM TAKOIro BHIA
y3HaBaJl, PABHBI OHU B 9TOH [OJIyTPYIIIe WM HE PABHBI).

<1 CoryiacHO OIIPeJIeJIEHUIO, PABEHCTBO JBYX CJIOB, COCTABJIEHHBIX U3
00pa3yoImx, 03HAYAET BO3MOYXKHOCTH TPEOOpa30BaTh OMHO W3 HUX B
Jpyroe 1o IpaBWaM JBYCTOPOHHEIO HCYUCJIEHUS, TAK UTO 3TA Teope-
Ma IpeJicTaBisieT coboii nepedopMyupoBKy Teopemst 63 (c. 113) >

ra Teopema ObuIa Jokazana B 1947 roxy neszasucumo [Tocrom u Aujpeem
Annpeesnuem MapkoebiM (Miaamum); Bekope mocste sroro 11érp Cepreesuy
HoBukoB ycmaunm €€, IocTpouB mpuMep Ipynmbl (4 HE TOJIBKO MOJIYTpynib!)
C KOHEYHBIM YHCJIOM OOPA3YIOIUX U COOTHOIIEHMH, JIJIT KOTOPO# mpobiema
PaBEeHCTBa JIBYX CJIOB U3 00pa3yIoNmX Hepa3peniuMa.



10. ApMPMETUYHOCTL BBIYUCANMBIX (OYHKLA

10.1. lNporpaMMbl C KOHEYHBIM YUCIOM MEPEMEHHbIX

Mpbr xoTHM MOKa3aTh, 9TO rpadUK BCAKON BBIYUCIUMON (DyHKIIUN
ABJIsIETCST ApUPMETHIECKIM MHOXKECTBOM, TO €CTh BbIpa3uM (hOpPMYJIOit
apudmernru. /s aToro ymobHo mnepeiit oT MaiuH ThiOpUHTA K JIPY-
roii MOJIEJI, KOTOPYIO MOXKHO yCJIOBHO HA3BATh MAIIUHAMK C KOHEYHBIM
YUCJIOM PErUCTPOB.

IIporpamma jutst TaKOil MAITAHBI UCIOJIB3YET KOHEYHOE YHUCJIO TIepe-
MEHHBIX, 3HAYEHUSIMHU KOTOPBIX SIBJIAIOTCS HATYPAJbHBIE YUCIA. JuCia
9TU MOT'YT OBITH TPOU3BOJBLHOTO PazMepa, TaK ITO MAITHHA PEATHLHO IMe-
eT IMaMATh HeorpaHH4IeHHOro 0O0béMma. IIporpamMma cocTouT U3 HyMepo-
BaHHBIX TI0 MOPsiIKY KoMaH[. Karkiaasi KoMaH1a MMeeT OJIUH U3 CJIeTy-
FOIUX BUJIOB:

e a:=0
e a:=

e a:=b+1l
e a:=b-1

e goto (HOMED)
e if a=0 then goto (Homepl) else goto (HOMep2)
e stop

st Tex, KTO He CTAJIKABAJICS ¢ KOMAH/IOW goto, MOSICHUM, 9TO UMEETCs
B By B KOMaHje if: eciu 3HadYeHHE MEPEMEHHON a paBHO HYJIO, TO
JlaJ1ee UCIIOJIHAETCS KOMAHa ¢ HOMEPOM, YKa3aHHBIM Iocjie then (sTor
HOMEDP — KOHKPETHOE HATYPAJIbHOE YUCJIO, HE MIPEBOCXOISINEE TUCIIA KO-
MaHJI B IIPOIPAMMe); eCJ & He PABHO HYJIIO, TO JAJIbIIE BBIIOJIHAETCS
KOMaHIa ¢ HOMepOM, yKazaHHBIM mociie else. Komamga goto 6e3 ycio-
Bl BCEr/[a BBIIIOJIHAET IEPEX0/l K KOMaH Ie C YKa3aHHBIM B HEll HOMEPOM.

ITocko/ibKY MBI cUMTaEM, 9YTO 3HAYEHUs] [IEPEMEHHBIX — HATYPaJIbHbIE
(Llesible HEOTPUIATEIBHBIE) YUCJIA, YCJIOBUMCS CYATATh pasHocTh 0 — 1
pasHoii 0 (BIpoUeM, 3TO He TaK BaXKHO — MOXKHO ObLIO OBl CYMTATH ITO
apapueit).

Hoiinsa 1o KoMaHpl Stop, IporpaMMa 3aKaHINBaeT PaboTy.
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Kak n mra mamuna Treiopunra, moJjie3na HEKOTOpas TPAKTHUKA ITPO-
rpammupoBanus. s TPEeHWPOBKH HAIUIINEM IIPOTPAMMY CJIOXKEHUsT
aByx uncesr. OHa MOMeNaeT B C CYMMY 9HCes, KOTOpble ObLIN B Iepe-
MeHHBIX a U b. Takast mporpaMma Ha TackaJje nMmesa Obl BUT

c:=a;
{uHBapmaHT: oTBeT=CyMMa TeKyLUX 3HAYeHW# C u b}
while b<>0 do begin
1=c+1;
b:=b-1;
end;

NMuTupys 1UKJII ¢ ITOMOIIBIO OIEPATOPOB MEPEXO/IA, TTOJIYIaeM IIPOrpaM-
My JJIsl Hallleil MalllMHbL:

1 c:=a

2 if b=0 then goto 6 else goto 3
3 c:=c+l

4 b:=b-1

5 goto 2

6 stop

Teneps JerKo MOHSATH, KAK HAIMCATH TPOTPAMMBI JIJIsi BBIYATAHUS,
YMHOXKeHUsI (KOTOPOe PeAM3yeTcs KaK IUKJ C IOBTOPHBIM CJIOYKEHU-
€M), JIeJIEHUs C OCTATKOM (KaK y9UuII emé JHTesbe B 3a0BbITON HbIHE KHI-
re «/InasieKThKa NMPHUPOJBI», JeJEeHHE eCTh COKPAIIEHHOE BBIYUTAHUE),
BO3BEJIEHUsI B CTEIE€Hb, ITPOBEPKU IIPOCTOTHI, OTBICKAHUS 1-TO ITPOCTO-
ro 4mcja u T.11. BooOIe 1mo CpaBHEHHUIO ¢ MaIluHaMu ThIOPUHTA STOT
A3BIK 0OJIee TPUBBIYEH U IIOTOMY JIErde MMOBEPUTH, 9TO HA HEM MOXKHO
3aIpPOrpaMMHUPOBATH BCE AJITOPUTMBI.

Enuncreennoe, dero B HEM peayibHO He XBaTaeT — 3TO MAaCCHBOB.
Ho 310 sterko 060iiTH, MOCKOJBKY €CTh YHCJIa IIPOU3BOJIBHOIO pa3Me-
pa ¥ HAC HE MHTEPECYeT YHUCJIO onepaiuii (Kak 9TO MPUHITO B OOIIEi
TeOpHHU aJropuTMOB). BMecTo MaccuBa GUTOB Mbl MOYKEM XPAHUTH YUC-
JIO, IBOUYHOM 3aIIMChI0 KOTOPOTO OH SIBJISI€TCS, & JIJIsi MACCHBOB HHCEJI
BOCIIOJIB30BATHCs, CKayKeM, OCHOBHOI TeopeMoil apudMEeTUKI U XPAHUTH
HOCﬂeAOBaTeﬂLHOCTb<a,b,c,d,e>KaK,qH0ﬂr)2“3b567d11€.fhnlaTON[one—
paruu alil :=b u b:=a[i] 3amensroTcs Ha HEOOJIBINE TPOTPAMMBI, KO-
TOpBIE COAEPXKAT MEePEeMEHHbIE a, b, 1 U eIé HEeCKOJIBKO MePEeMEHHBIX.
(JacTpio 9TUX MPOrpaMM sIBJISETCS HAXOXKIEHHUE IPOCTOrO YUCJA C 3a-
JIAHHBIM HOPSIJIKOBBIM HOMEPOM. )
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JIerko ompee/uTh MOHATHE BEIYUCIUMON (B 910l Mojiesn) Dy HKIUH.
ITycTs ecTb nporpammMa ¢ JBYMsl HEPEMEHHBIMUA X Uy (1, BO3MOXKHO, JIPY-
rumn). [TomMecTum B X HEKOTOpOE YHCJIO N, & B OCTAJIbHBIE II€DEMEHHbIE
[IOMECTUM HyJIU. 3allyCcTUM IporpamMmy. Ecjin oHa He OCTaHOBHUTCS, TO
BBIUKC/IsieMast el (pyHKIUs B TOUKE M He olpejeseHa. Kcau ocTaHOBAT-
Cs1, TO COJIEPXKUMOE IIEPEMEHHON ¥ II0CJIe OCTAHOBKH U Oy/eT 3HaYeHUeM
dyukuuu, BerauncisieMoit Hameit nporpaMmMoii (B Touke n). PyHKuus Ha-
3BIBAETCS BHIYUCJIUMOIL (B 9TON MOJENN), eCiId CYIIECTBYET BBIUUCIISIO-
mas e€ IporpaMma.

Kak Bcerja, mpu onpeiesieHnn Mbl (PUKCHPOBAJIN PA3JIUIHBIE JIeTa N,
GOJIBIITUHCTBO U3 KOTOPBIX HE SIBJISIIOTCsI CYIeCTBEHHBIMU. MOXKHO OBLIO
Obl 06aBUTH HEKOTOPBIE KOMAHIBI (CJIOKEHNE, HAIIPUMED) — MJIU JarKe
UCKJIIOYUTH (Hanpumep, 6e3 KONUPOBaHUS MOKHO OOONTHCH € IIOMOIIBIO
HeOOJIBIIION XUTPOCTH).

98. [lokazkuTe, 9TO KJIACC BHIYUCTUMBIX (DYHKIIAN HE U3MEHUTCS, €CJTH UC-
KJIIOYUTH U3 OIIpeNeJICHUSI KOMAaH/y KOIIMPDOBAHUA a:=b.

Heckounbko Oostee yIMBUTEIHHO, YTO IUCIIO IIEPEMEHHBIX MOXKHO Or'Pa-
HUYUTDH, CKaKeM, COTHEe!l — HO M 3TO He TaK YK CTPAHHO, €CJId BCIIOM-
HUTb, YTO MBI MOXKEM XPAaHUTb B OJHOU IIepEeMEHHOU ITeJIbIif MacCuB.

99. IIposepsbTe 3T0.

10.2. MawwuHbl TblopyHra n nporpamMmbl

ITocTpoennas BeraucnTeIbHAST MOJIESIb He ciabee MarmuH ThiopuHTa
B TOM CMBICJIE, 9ITO JTIOOYIO BEIYUCAUMYTO MaIuuoit Thiopuara QyHKITNIO
MOXKHO BBIYHCJIUTDH [IPOTPAMMO#l ¢ KOHEYHBIM YUCJIOM II€PEMEHHBIX.

Teopema 66. Besikast dynkmus, peraucinMasi MamuHoit Thropunra,
MOXKET OBITh BBIYUC/IEHA C IOMOIIBIO TPOrPAMMBI OIMCAHHOTO BUJIA.

Cremyer yTOYHATH, ONHAKO, 9TO MBI MMEEM B BUMY, TaK KaK IJIs
MarmuH ThIOPUHTa UCXOIHOE TAHHOE U PE3Y/IbTAT ObLIN [IBOUIHBIMA CJIO-
BaMU, & JIJIs IPOrPAMM — HATYPAJbHBIMH YNACIAME. MBI OTOXJIECTBIITEM
Te U JIPYTHE 110 €CTECTBEHHOMY IIPABUILY, IIPH KOTOPOM cJjioBa A (mycroe),
0, 1, 00, 01,. .. coorsBercrByior unciaam 0, 1, 2, 3, 4... (4T00bI HOTYIUTDH
U3 YUCTIA CJIOBO, MPUOABUM K HEMY E€IWHUILY, IEPEBEIEM B JIBOUIHYIO
cucTeMy U OTOPOCHM €JIMHUILY B CTApPIIEM DPa3psJe).

< Kak u pambIiie, Mbl IPUBEIEM JIAIIH IPUOIU3UTEIHHOE OIIUCAHNE
TOro, KaK 110 MallliHe ThIOPUHIa CTPOUTCS ITPOTPaMMa, ¢ KOHETHBIM YUC-
JIOM TIePEMEHHBIX, BBIYUC/IAONMast Ty ke dpyHknuto. [Ipexe Bcero Kon-
duryparnuu mamuHbl ThIOpUHTA HATO 3aKOAMPOBATH yucjaaMu. MoxKHO
CZe/1aTh 9TO, HAIIPUMED, IIOCTABUB B COOTBETCTBUE KaKI0# KOH(MUTYpa-
U YeThIPe YHCJIa: HOMED TEKYIIEro COCTOsIHUsI, HOMED TEKYIIero CUM-



[m. 2] Mawunve Toropunza U Npo2pammvl 121

BoJia (B g9eiike, TJie CTOUT I'OJIOBKA MAINUHDI ), KO, COJAEPXKUMOrO JICHTDI
cJIeBa OT TOJIOBKH UM KOJI COJIEPZKIMOTO JIEHTHI CIIPaBa OT T'OJIOBKU.

Yro6b! permuTh, Kak yaIo0Hee KOJUPOBAThH COAEPKUMOE JIEHTHI CJAEBa
U CIIpaBa OT TOJIOBKU, 3aMETUM, UTO MaIluHa ThopuHTra obparnaercs ¢
JBYMs TTIOJIOBUHAMH JIGHTAMU CJIEBA U CIIPABa OT T'OJIOBKUA KAaK CO CTEKa-
mu. (CTeKoM Ha3BIBAETCA CTPYKTYPA JAHHBIX, HAIIOMUHAIONIAA CTOIKY
JmncToB. B HE€ MOXKHO IHOJIOKHUTB JIUCT HABEPX, B3ATh BEPXHUIl JIUCT, &
TaKKe IPOBEPHUTD, €CTh JIU €IIE JUCTHL.) B caMoM Jiesie, Ipu JIBUKEHUN
TOJIOBKM HAIPaBO U3 IIPABOI0O CTeKa OEPETCs BEPXHUIl JIEMEHT, a B Jle-
BBIIl CTEK KJIAJETCS; TP JBIKEHUN HaJieBO — Haobopor. CTeku Jierko
MOJIEJIUPOBATEL C TOMOIIBIO YHCEJI: HAIIPUMED, €CJH B CTEKE XPAHSITCS
cumBosibl 0 u 1, To m00aB/IeHNEe HYJIsT COOTBETCTBYET ONEPAINH T — 2,
nobaBiieHne eUHUIBI — onepanud T — 2T + 1, BEpXHUIl 9JIeMEeHT eCTb
OCTATOK IIPH JleJIEHNU Ha 2, a y/lajleHle BEPXHEro 3JIeEMEHTa €CTh JleJIeHIe
Ha 2 (¢ orGpaceiBaHIeM OCTATKA). JIpyrIMu CJIOBAME, MBI BOCIIPHHIMAEM
JBOUYHYIO 3aIIMCh YHCJIa KaK CTEK, BEPITUHA KOTOPOTO HAXOIUTCS CIIPa-
Ba, Y MJIaJIIero pa3psaa. ToaHo Tak yKe MOXKHO UCIOJIB30BATD N-UIHYIO
CHCTEMY CUHCJIEHHUS W MPEJCTABUTH CTEK C 7 BO3MOYKHBIMHU CHMBOJIAMHI
B KaKJI01 MO3UIIUN.

Temepb OCHOBHO# TIMKJ/I MAaIIUHBI THIOPUHTA MOYXKHO 3aIHCATH KakK
[IPOrPAMMY, OLIEPUPYIOILYIO ¢ YKA3aHHBIMU Y€ThIPbMS YUCIAMU (CUMBOJI,
COCTOAHUE, JIEBBIII CTEK M IpaBbIi CTCK) — 6e3 ocobbIx xuTpocteit. Ho
HECKOJILKO BeIell BCE-TaKH HaJI0 UMETH B BHY.

Bo-niepBbIx, cTeKN KOHEYHBI, & JeHTa OECKOHEYHA — MBI JIOJI2KHBI 0~
FOBOPHUTBCS, UTO €CJIM CTEK OIIyCTOIIaeTCs, TO B HEro aBTOMATHYECKU
JnobaBiisiercst cuMBOJT 1Ipobesia. Tem camMbiM GECKOHEUHBIH IIyCTOil XBOCT
JICHTBI IPUCYTCTBYET B CTEKE, KAK TEIePb I'OBOPAT, «BUPTYAJIbHO>.

Bo-BTOpBIX, HATOMHUM, YTO MBI JIOTOBOPHUJIUCH OTOXKIECTBJISTH JIBO-
UYHBbIe CJIOBa (KOTODBIE MOZAIOTCA HA BXOJ, MAIIUHBI THIOPDUHrA) U UX
KOZBbI (KOTOpBIE XPAHSATCS B [IEPEMEHHBIX Haleji mporpaMmbr). [losro-
MY, TOJIYYHB KOJ BXOJIHOT'O CJIOBA, HAJO €ro pa300paTh IO CUMBOJIAM
U TIOJIOKUTH 9TU CAMBOJIBI OJIUH 33 JAPYTUM B CTEK (OCHOBAHUS CHCTEM
CUHUCJICHUS Pa3Hble, TAK YTO [POCTO TaK IEPEIUCaTh ITO HeJb3sd). AHa-
JIOTWYHBIE TPOOJIEMbl BO3HUKAIOT U [IPH IPEBPANIEHUH BBIXOJa (YacTu
COJIEPKUMOI'0O [IPABOIO CTEKA) B COOTBETCTBYIONIEE HUUCJIO, HO BCE OHU
JIETKO TIPEOJIOTUMBI, U MBI He OyJieM BJIaBaTbCA B MOAPOOHOCTH. >

Bepro u o6paTHOe yTBEpKIEHUE:

Teopema 67. Besikast byHKIUS, BRIAUC/IAMast MPOTPAMMOil ¢ KOHEU-
HBIM YHCJIOM [I€PEMEHHBIX, BBIUUCIUMA HA MAIUHE 1 bIOPUHTA.

<! Ham Ha/10 MOZIEIMpOBATh MOBEIEHNE IPOrPAMMBI C ITIOMOIIBIO Ma-
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muHbl ThlopuHTa. Bysem cunTarh, 9TO 3HAYEHUS EPEMEHHBIX 3aIIACa-
Hbl Ha JieHTe (B JBOUYHON CHCTEME) M Pa3JesIeHbl CIeNUAJbHBIM Das3-
JIeJINTEIbHBIM CUMBOJIOM. Torja MarmmmHa MOYKeT HaiiTu Jo0yio Iepe-
MEHHYIO, WJd OT HadaJja JIEHTbl W CUYUTas pa3/ieJUTeJIbHble CUMBOJIBI,
clleJiaTh YTO-TO C 9TOIl IIEPEMEHHON U 3aTeM BEPHYThCS OOPATHO B Ha-
qaso. (Her HeoOXomuMOCTH 3aIuChIBATL Ha JIEHTE€ HOMEP HCIIOJIHAEMOl
KOMaH/Ibl, IIOCKOJIbKY KOMaH/i KOHEYHOE YHCJIO U MallluHa MOXKET IIOM-
HUTb HOMED TeKyIleil KOMaH/Ibl KaK 4acTh CBoero cocrosuusd.) Onepa-
nuy TpUOABIEHUS U BBIYUTAHUS €IMHUIIBI TAKXKE JIETKO BBIIIOJHUMBI B
JIBOMYHON 3ammcu (eciau MJITH copasa Hajeso). Hajo ToJIbKO HMETh B
BH/LY, 9YTO Pa3Mep YHUCJIa MOXKET YBEJMYUThCH, U TOTa HY2KHO JIjIsl HETO
OCBOOOUTH MECTO, CABHHYB BCE CHMBOJIBI CIIPABA OT TOJIOBKU Ha OJHY
nosunuio. (IIpu yMmeHblnenun Hy»KHO CABUHYTH BJjIeBO.) flcHo, 4To 310
TaKKe JIETKO BBIIIOJIHUTH C IOMOIIBIO MAIIUHBI T hIOPUHTA.

Ecnu Mb1 3amuceiBaeM 4mcsia B IBOUYHOI CHCTEME, TO HIPOOJIEMBI C
[EePEKOIMPOBAHUEM TIPU BBOJIE-BBIBOJIE MUHUMAJIBHBI (HAJIO JIUIIH JOTH-
caTh HYJIU JJIs 3HAYEHUN OCTAJIbHBIX TEPEMEHHLIX B Hadaje PabOThI U
BCTaTh B Hy?KHOE MECTO JICHTHI B KOHIIE). [>

10.3. ApndpMETUYHOCTL BBIYNCINMbBIX (DYHKLNIA

Ceituac MBI JJIOKayKeM, 9T0 (DYHKIUU, BBIYUCIUMBIE TTPOIPAMMAMHA C
KOHEYHBIM YHUCJIOM IEPEMEHHBIX, apu(METHIHbI, TO €CTh UX IpadUuKkn
SIBJISTFOTCSI apU(PMEeTUIECKMMI MHOKeCTBaMu. B 3TOM pasjiesie Mbl BHOBb
IIpeIoiaraeM HEKOTOPOe 3HAKOMCTBO IUTATEJIsI C JIOTHIeCKUMU 0003Ha~
YEHUAMU, U OyJIeM PACCMATPHUBATH apudmemudeckue Gopmyavl, COOep-
JKallye MepeMeHHbIe 110 HATYPAIbHBIM YUCJIaM, PABEHCTBO, KOHCTAHTHI ()
u 1, onepanuu CjIOXKeHUs ¥ yMHOXKeHus, jorudeckue casku (U, WJIN,
HE) u kBaHTOPBI «JyId BCex» U «cyinecTByer». PopMasbHO TOBOPSI, MBI
paccMaTpUBaeM CUTHATYPY, COIEPXKAILYI0 €IUHCTBEHHbBIH BYMECTHBIN
UPeMKATHDIH CUMBOJI (PAaBEHCTBO), nBe KoncTanThl 0 u 1 u 1Ba AByMecT-
HbIX (DYHKIMOHAJIBHBIX CUMBOJIA (CJIOKEHHME U yMHOXKeHue). ['oBops 06
UCTUHHOCTU TAKUX (POPMYJI, MBI UMEEM B BHJy WX UCTHHHOCTH B CTAH-
JIApTHON WHTEpIpeTaI, HOCUTEJIeM KOTOPOIl SBJISEeTCS MHOYXKeCTBO N
HATyPaJIbHBIX YUCEJI.

Mmnozkectso A C NF nassiBaercs apugmemuneckum, € CymecTBy-
er apudmMernieckasi GOPMyJIa ( ¢ TAPAMETPAMHE L1, - . . , Tk, KOTOPasi €ro
UPEJICTABJIAET B CJIEIYIOMEM CMBICTE: (N1, . . ., Nj) IPUHAJJICIKUT MHOZKE-
cTBY A TOTJA 1 TOJIBKO TOT/IA, KOTIa (hOPMYJIa (v HCTUHHA TIPU 3HAYCHUIX
apaMeTpoB T1 = Ny,..., Tk = Nk.
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Teopema 68. I'paduk 110601 bDyHKIINN, BEIYUCIIEMON TPOrPAMMOii ¢
KOHEYHBIM YUCJIOM MEPEMEHHBIX — apU(MMETHIECKOe MHOYKECTBO.

< IIyers f: N — N — dyukIius, BoraucjanMast HEKOTOPOU TPOrpam-
Moit P ¢ KOHEUHBIM YHUC/IOM TTIEPEMEHHBIX k1, . . . , ky. Bymem cauraTsb, 9To
BXO/IHOI1 IIepeMeHHOi siBjIsieTcst k1, & BBIXOIHOM — k9. Ham Hy2KkHO Haru-
carb GOPMYJTy C IByMs IEPEMEHHBIME I, Y, KOTOpasi ObLia Obl NCTUHHA,
Toryia U TOJIBKO Torua, Korga y = f(z). CocrosgHue mporpaMmbl ¢ KO-
HEYHDBIM YHCJIOM II€PEMEHHBIX IOJHOCTHIO OIMCHIBAETCS 3HAYSHUSIMHE TIe-
PEMEHHBIX U HOMEPOM TeKyIIeil KOMaHbI (B IMPOIECCOPax COOTBETCTBY-
FOIUI PErucTp YacTO HA3BIBAIOT program counter, mo-pyccKu CYETUUK
KOMaH[1). JIerko MOHATH, 9TO COOTBETCTBUE MEXKJY ABYMS IIOCJIEI0BA-
TEeJIbHBIMU COCTOAHUSMHU MTPOTPAMMBI ¢ KOHEIHBIM YHCJIOM ME€PEMEHHBIX
apudmerndHo. Mbl nMeeM B BHIY, ITO MOXKHO HAIMKMCATH apudMeTmIe-

cKy1o popMyTy
Step(sla ---» SN, D, 5/17 teey Slepl)a

¢ 2N + 2 nepeMeHHBIMH, KOTOPas YTBEPKIAET, YTO JAHHAS IIPOIPAM-
Ma P #3 cOCTOSHMS, IJIe IEPEMEHHBIE PABHBI S1, ..., SN, & CYETUYUK KO-
MaHJ paBeH p, 3a OJMH IIAr IIEPeXOJNT B COCTOSIHUE, TJe IepeMeHHbIe
paBHBI S}, ..., S, a caéTank KomaHy paseH p’. (JJorosopumcsi, 9410 3Ha-
genne p' = 0 coorBercTByer ocraHoBKe mporpammbl.) Takas dbopmysa
ABJIAETCA KOHBIOHKIMEH OTIEJbHBIX yTBEPKICHUI, COOTBETCTBYIONIMX
KaXKJIOM CTPOKE IPOrpaMMbl. IlycTh, HAIpUMED, CTPOKA 7 HPOrPAMMBI
nmeer Buz Ko :=ks. Torja B KOHbIOHKIMK Oy/eT WIeH BUa

(p=T7)= ((sh =s1) A (sh=s3)A(s5=153)A...

1 CTPOKU € YCJIOBHBIMH IIEPEXOJaMU THIIA
3 1if ks=0 then goto 17 else goto 33
B dbopmyiie Oy/eT 1Ba KOHBIOHKTUBHBIX WIEHA (Ha J[Ba CJIydas IePeXo/ia)

((p=3) A (35 = 0))=((s} = 51) A... A(shy = s3) A () = 17))

(p=3)A(s5 #0)=((s1 = s1) A... A(sly = sv) A (0 = 33)).

Hano emé nobasuth yrBepkiaenne o ToMm, uro upu p = 0 pabora mpe-
KpaIlaeTcsl, TO €CTh YTO MEePEMEHHbIE Ha CJEIYIONEM IIMare COXpPaHSIOT
cBOM 3Ha4YeHus, U p’ ocTaéTca paBHBIM 0.
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Takum 06pazoM, apudPMETHIHOCTDH OTHOTO IHara padoThl IPOTPAMMBbI
JI0Ka3aTh Heca0:kKHO. OcTaéres IVIAaBHBIA BOIPOC: KAk 3allicaTh B BHJE
dopMyJIbl TOT PaKT, UTO CYLIECTBYET NOCAECIOBAMEALHOCTY TIATOB, KO-
TOpasi HAYMHAETCS C UCXOJIHOTO COCTOSIHUSI, 3aKAHIMBAETCS B JIAHHOM U
B KOTOPOU KaXKIblif ITar npaBujieH. TpyJIHOCTb B TOM, 9TO 3/1€Ch HYKHO
Kak Obl HAITMCATH EPEMEHHOE YNCJI0O KBAHTOPOB CYIIECTBOBAHUS — WJIN
KBAHTOP «CYLIECTBYET KOHEUHA II0CJIEI0BATEIbHOCTD HATYPAIbHBIX TH-
ceny.

DT0 Jesaercsi ¢ IOMOIIBI0 IPUEMA, TPAJIUIMOHHO HA3BIBAEMOI'O
«B-dpyukmueit [€nenss». Bor uro umeercs B Buy.

Nemma 1. [ist siroboro k& MOXKHO HAfTH CKOJIb YTOIHO OOJIBIIIOE TIEJI0e
IIOJIOXKUTEIbHOE YUCJIO b, IPA KOTOPOM II€pPBbI€ Kk HJIEHOB IIOCJIEI0Ba-
tespHOCTH b+ 1,26+ 1,30+ 1,... monapHO B3aUMHO IIPOCTHI.

HoxkazaTenbcTBo. JI1000it 06Nt MPOCTON [AeUTeNb ABYX U3 ITUX
quces OyJIeT JeJUTeJeM UX Ppa3HOCTH, TO ecThb uucia (b mpu 0 < [ < k;
B3sB b KpaTHBIM k!, MBI TapaHTHPYEM, 9TO OH OyJIeT JIeJIUTeIeM Yucia b,
HO BC€ WIEHBI Hallell I0C/IeI0BaTeIbHOCTH B3aMMHO IPOCThL ¢ b. Jlemma
JIOKa3aHa.

Jlemma 2. st 110600t 1TOCTIEI0BATEABHOCTH L(, L1, - - - , Ly, HATYPATIb-
HBIX YMCEeJI MOYXKHO HAWTH TakKue 4ucjia ¢ U b, 9TO T; eCTb OCTaTOK OT
nenenns a Ha b(i + 1) + 1.

Hoxkazarennbcrso. CoracHo npepiayeii semme, geauren b(i+ 1)+
+1 MOKHO B34Th B3AUMHO IPOCTHIMU (U CKOJIb YTOAHO GOJIBIIIMU ), OCTa~
éTCsl BOCIIOJIB30BAThCH «KUTACKOI TeopeMoii 00 OCTaTKax». JTa Teope-
Ma yTBEPXKJIAET, 9TO €CJIM IeJIble TI0JIOXKUTEIbHbIE Yncia dy, . . . , d; B3a-
UMHO TIPOCTBI, TO IIPHU JEJEHWH IeJI0Or0 U Ha HUX MOXKET IOJIYIUThCS
Jr000it 3a1aHHbI HAOOp ocTaTKOB. B caMom jeite, Takux HabOOpOB Oy-
net dyds . .. dy (110CKOJILKY 1pu jeseHun Ha d; BOBMOXKHBI OcTaTku oT
1o d; — 1). Ilpu pesennn aucen u = 0,1,...,dids ... dy — 1 mosyuaiorcs
pasHble HAbOPbI ocTaTKoB (ecm apa unciaa «' u u’ AT OTUHAKOBBIE
OCTaTKM, TO WX PA3HOCTH JIEJIATCS Ha BCE d;, YTO HEBO3MOXKHO B CHJIY
B3aMMHON 1pPoCcTOTHI). TI03TOMY YHCEI CTOJBKO K€, CKOJBKO HADOPOB
OCTATKOB, M JOJI2KHBI IOABUTLCS BCe HAOOPLL. JlemMa 2 mokazaHa.

OTa JeMMa IOKa3bIBAET, YTO IIOCJIEI0BATEILHOCTD IIPOU3BOILHOMN
JUIMHBL MOXKHO 3aKOJMPOBATh TPeMsl YUCIaMu a, b u n (HocjenHee duc-
JIO — JUIAHA TIOCJIEIOBATENbHOCTH ). TakuM 006pa3oM, yCJIOBHO TOBODS,
MOXKHO 3aMEHUTH «(DOPMYJLY >

Hxo, .. yxn) (Vi <n)[... ;... ]

(KoTOpas HA caMOM JieJie He siBJIseTCsl apudMeTHIecKoil (hopMyIIoii, Tak
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KaK COJEPKUT KBAHTOP 110 KOHEYHBIM II0CJIEJ0BATELHOCTAM) Ha HOp-
MYJLy

Ja3b3n (Vi < n)|... (ocrarok or merenus a wa b(i+ 1) +1)...].

Mpr1 6y/1eM 3anmcbIBATbL OCTATOK OT Jesenust a a b(i+1)+1 xak B(a, b, 1)
(orcroma n HasBaHue «Gera-dyHKIU» ).
Bosspamasich K Hameii nporpaMme P ¢ KOHEUHBIM IHCAOM II€PeMeH-

HbIX k1, ..., kN ¥ BeraucisieMoii eif pyHKIuu f, MOKHO 3aIlucaTh yTBEp-
KueHue Bua f () = y Tak: CymeCTBYIOT TAKOe YHCJIO IIArOB 1 U TaKue
quciaa ai, by, as,bs,...,an,by,a,b, 9TO

e ((ay,b1,0),...,8(an,bn,0) sIBISIOTCS NPABHJIBHBIMUA HAYAIBHbI-

MU 3HAYEHUSMU IIEPEMEHHBIX ([ePBOE PABHO X, OCTAJIbHBIE PaB-
uet 0); B(a,b,0) ecTh paBUIbHOE HAYAIBHOE 3HAUEHUS CICTUMKA
KOMaH/I, TO €CTh 1;

e st Kaxxgoro ¢ ot 0 1o n — 1 umeeT MecTo

Step(ﬁ(alablvi)v- .. 7ﬂ(aNabNai)76(a’a bvi)a
6(a17b17i+ 1)a"'76(aN7bNa7:+ 1)7ﬂ(a’abai+ 1))7

TO €CTb Ka}Kﬂ‘beI mepexo/ COOTBETCTBYET IIPpOI'paMMe;

e ((ag,by,n) =y (3HaYEHUE BBIXOJHOI IIEPEMEHHOM ko B KOHIIE Bb-
qucienus pasuo y) u (a,b,n) = 0 (3HaveHne cIETIMKA KOMAHJ B
KOHIIE BBIYUC/IEHUsT paBHO 0, 9TO MO HAIEH JTOrOBOPEHHOCTH COOT-
BETCTBYET OCTAHOBKE MAIIMHBI).

Urak, apudMeTHIHOCTh BBIYUCIUMbIX (Ha MAIIXHAX C KOHEYHBIM UHC-
JIOM TIepeMeHHBIX) DYHKIMH oKa3aHa. >

Bcernomunast reopemy 66, MBI 3aKJII0Ua€M, UTO BCIKAsS BBIYHCJIAMAS
na mammie Tbiopunra GyHKIwms apudmernydna. [Ipuraumas Tesuc Thio-
PUHTa, MOXKHO CKa3aTh, YTO I'padUK JIFOOOH BHIYUCIUMOIN (PYHKIUU SB-
JisteTcst apudPMEeTHIECKUM MHOXKECTBOM.

10.4. Teopemsbl Tapckoro u [€nens

[TockonbKy rpaduKu BBYUCIUMBIX (DYHKIMI apudMeTHIHbI, Ode-
BHUHO, Pa3peNIuMble U MEePEednC/IMMble MHOXKECTBA TOXKe OyayT apud-
MeTH4YecKUMH. TeM caMbIM MBI MOXKEM OIpPaBIATh Ha3BaHUe <aprudme-
TUYIECKasT UEPAPXUAy JJIsI KIACCOB 2y U 11,;:
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Teopema 69. IIpu sr000M 1 JTEO6OE MHOXKECTBO U3 Kjiacca ., win 11,
apudmeTndHo (ecTb GopMyiia apudMeTUKE, BhIPAXKAIONIas IPUHAJIEK-
HOCTBb 9TOMY MHOYKECTBY ).

< Ilocme Toro, Kak MblI JOKa3au apu(pMETHIHOCTH BBIYUCIAMBIX
dyHKIWMIA, BCE SICHO — MHOXKECTBa M3 KJIACCOB X, u 1l, mosydarorcs
HABEIMBAHNEM KBAHTOPOB HA PA3PEINMbIE MHOYKECTBA, 8 PA3PEIINMOe
MHO2KECTBO apudMETHIHO. [>

Bepno u obparmoe:

Teopema 70. Bcesikoe apudmerntdeckoe MHOMXKECTBO JIEKUAT B KJac-
ce X, mawm 11, 1yist HeKOTOpOro n (U, eCTECTBEHHO, JJIsl BCeX OOJIBIIUX N).

< @opmyity, 3a/IAI0MLYI0 apUMMETHIECKOE MHOYKECTBO, HIPUBEIAEM K
upeBapEéHHON HOPMaJIbHOI popMe (BbIHECS KBAHTODBI HAPYKY). fcHo,
9T0 GECKBAHTOPHAS YACTh 38Ja8T Pa3pernMoe MHOKECTBO, TI03TOMY UC-
XOHOE MHOYKECTBO ITPUHAJJIEXKUT KAKOMY-TO U3 KJIACCOB X, wiw I1,,.

MoKHO U He HCIIOJIb30BATh IIPEIBAPEHHON HOpMAaJIbHON (POPMBI, a
IPUMEHUTH WHJIYKIUIO IO JiyinHe (DOPMYJIBI U COCJIATBCS HA TO, UTO IIe-
pecedenne, 00beIUHEHNE U JIOTIOJHEHUE, & TAKXKE IMPOEKITNS HE BBIBOIST
3a 1pe/iesibl apudMeTHIecKol nepapxun (00beIMHEeHNsT BCeX KIACCOB Yy,
ull,). >

Paccmorpum Teneps MHOXKecTBO 17, 3JIEeMEHTaAMU KOTOPOT'O SIBJISIFOTCSI
Bce ucTuHHBbIE apudmerndeckue ¢hopMyIibl 6e3 mapaMerpoB (TovHee, ux
HOMEpPA B KAKOW-TO BBIYHUCJIAMON HyMepamun BceX pOPMYJ — 3TO 3Ha-
9uT, 9T0 10 (HOPMysIe MOXKHO AJTOPUTMUIECKU [OIYIUTH €€ HOMED U
Hao60poT).

Teopema 71. JIioboe apudmeTniaecKkoe MHOKECTBO 1M-CBOJTUTCI K MHO-
kecTBy T

<l DTO yTBEpXKIEHUE MOYTH OYeBHJHO. IlycTh A — NpOU3BOJILHOE
apudmernaeckoe MHOKeCTBO. IIycrs a(x) — dbopmysta ¢ ofHOl IepemMeH-
HOW, KOTOpast BBIPAXKAET IMPUHAJIEKHOCTh MHOXKECTBY A. D10 03HAUAET,
9T0 (N) UCTUHHO LPU TEX U TOJBKO TeX 7, KOTOPble MpHHAJIe)RaT A.
Torna seraucanMast GyHKIst 7 — (HOMep GOPMyYIIbI, KOTOPAsi SBJISAETCS
Pe3yJIbTATOM IOJCTAHOBKH KOHCTaHTHI 1 B (x)) m-cogut A x T. >

Teopema 72. MuoxectBo 1 He apudMETHIHO.

< Iocste mpoBe€HHOI HAMK TIOJITOTOBKY 9TO YTBEPKICHUE OIEBU]I-
HO: ecyir 661 T’ 6610 apuMMETHIECCKUM, TO OHO JIEYKAJIO ObI B HEKOTOPOM
KOHKPETHOM KJIacCe Y. IIOCKOJIbKY BCSKOEe aprudPMeTHIeCKOe MHOYKECT-
BO cBoguTcs K 1), To 1o Teopeme 54 Bce apudMeTHIECKHEe MHOXKECTBA
Jiexkasim Obl B 3TOM Kjacce. Ho Mbl 3HAEM, 9TO MHOXKECTBa U3 60Jiee BbI-
COKHX KJIACCOB MEPAPXUU TOXKE apU(PMETUIHBI, HO B X, HE JIeXKAaT. [>

Ota Teopema HazbIBaeTCst meopemoti Tapcrozo. Fé MoKHO TpoUIeCcTh
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TaK: MHOXKECTBO apU(MPMETUICCKNX UCTUH He apudmMeTndno. Vim: momHs-
THe apuOMETUIECKON NCTUHBI HEBBIPA3UMO B apUPMETHKE.

Teopema 73. MuoxkectBo T’ apudMeTHIeCKUX NCTUH HEITEPEIUCITIMO.

<1 B camom pieite, 11060€ epevncanMoe MHOXKECTBO apudMeTndHo. >

DTO0 yTBep:K/ieHNe HA3bIBaeTCst meopemoti I édeas o nenoarnome. Ero
MOKHO TIepedOpMyInpoBaTh TaK: BCAKOE WMCUHUCTCHUE, MOPOXKIAIOINIEE
dopmysbl apudmernku (T.e. AJrOPUTM, IIEPEUUCIIAIONIMNA HEKOTOPOe
MHOKeCTBO Takux dhopMyir) jubo rneadexsammo (IIOPOXKAeT HEKOTOPYIO
JOXKHY0 HOpMyILy ), Jub0 Henoaro (He MOPOXKIAeT HEKOTOPOH HCTHHHOM
dopmyibr).

100. ITokaxkuTe, 9TO JJIs1 JTFOOOTO HATYPAJIBHOTO YUCIa N MHOYKECTBO BCEX
WCTUHHBIX 3aMKHYTBIX apudMeTndecKux (hopmyii, comepxkammux He 6osee N
KBAHTOPOB, apu@MeTHIHO.

101. ChopmynupyiiTe U JOKaKUTE aHAJOTUIHOE yTBEDPKIAEHUs JJisd pop-
MyJI OIPAHMYEHHON KBAHTODHOM IVIyOUHBI (MHCJIO BJIOJKEHHBIX KBAHTOPOB) M
JJIsL d)OpMy.H C OrpaHUYE€HHBIM YHUCJIOM II€peMEH KBaAHTOPOB B Hpe,ﬂBapéHHOﬁ
HOpMAaJIbHOM (opMe.

10.5. lNpsimoe pokasaTenscTBO Teopem Tapckoro u [épens

B namem uznoxkennn teopemsl Tapckoro un ['€ernst momyaninch Kak
MIPOCTHIE CJIEJICTBUS OMpejieieHnii 1 haKTOB, CBA3AHHBIX ¢ TEOPHUE aji-
roputMoB. C OJTHON CTOPOHBI, TO MO3BOJISAET JIYUIIIe MOHATH MECTO ITUX
TeopeM B ODITEM KOHTEKCTE MATEeMATUIECKON JIOTUKHU ¥ TEOPUH AJITOPUT-
MOB. C Jpyroii cTOPOHBI, BOHUKAET €CTECTBEHHOE YKeJIaHUE PA3BEPHYTh
[EMOYKY U MOJIy9IUTh 0oJiee MpsiMble JI0KAa3aTe/IbCTBa. 1aKOBbIE MbI Ceii-
Jac W TIPUBEJIEM.

Hauunast oka3eiBaTh TeopeMy TapCKOro, MPeIoIoKIM, 9TO MHO-
JKECTBO HOMEPOB BCEX MCTUHHBIX apudmerndeckux (opmyn (6e3 mapa-
merpos) apudmernyno. I[Tycrs T — 310 MHOXKECTBO, a T() — cOOTBET-
crByforas dopmyrna. [lepenmymepyem takke Bce POPMYJIBI C OTHUM IIa-
pamerpoM z; nycthb F), () — dopmysia, numeromast HoMep 1 B 9TOH HyMe-
pamuu. PaccMoTpuM (DOpMyILy C €IMHCTBEHHBIM [APaMETPOM I, YTBEP-
JKJIAIOIIYI0, YTO Pe3yJIbTaT IMOJACTAHOBKU KOHCTAHTHI T B L-yI0 (DOPMYJLY
C TTapaMeTpoM JIOKEH. DTy (POPMYJTy MOXKHO HAIACATH TaK:

3z(—7(2) A Subst(z, z, z)),

rue Subst(p, ¢, ) — dopmysna ¢ TpeMs napaMeTpaMu, BHIPAYKAIOIAs Ta-
KO€e CBOMCTBO: «p ecTb HOMeD (B Hymepanuu Bcex hopMmyst 6e3 napamer-
POB) TOii (bOPMYJIBI, KOTOPasi HOJLYIUTCs, €CJIH B ¢-10 (DOPMYILY € OIHUM
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IapaMeTpoM TOJCTABUTH KOHCTAHTY T BMECTO TOTO ITapaMerpay. 3aliu-
CAHHOE B KABBIYKAX CBOMCTBO OMHUCHIBAET I'PAGUK HEKOTOPOH BBIYUCIIH-
MOit pyHKIUY (COOTBETCTBYIOIIEH IIPOCTHIM CHHTAKCHIECKUM AeHCTBUSIM
U TIEPEXOly OT OJIHOM HyMepaluu K JPYroi), U MOTOMY CYIIECTBYeT BbI-
pazkaroriast ero hopmya.

Wrak, MbI HaIIICAIN HEKOTOPYIO (DOPMYJITY C €IUHCTBEHHBIM [TAPAMET-
pom x. ITycth omna nmeer HekoTopsrit Homep N. [logcraBum aToT HOMEp N
BMecTO e€ mapamerpa. [loyaurcsa HekoTopas dpopMmyaa 6e3 mapamMeTpos.
W3 nocrpoenusi BuHO, 4TO 3Ta (HPOPMYJIa UCTUHHA TOIJIA U TOJBKO TO-
i, KOIJIa Pe3yJbTar HojcTaHoBku unciaa N B dopmyny Homep N (To
ecThb caMa 3ra (opmynal) JoKeH.

Tlomygerroe mpoTUBOpEdNEe 3aBEPINAET IPAMOE JTOKA3ATETbCTBO TEO-
pembr Tapckoro. Mbr BuanMm, 9T0 HaM TOTpebOBaIaCh BBIPA3UMOCTH B
apudMeTnKe He JIOObIX BBIYUCIUMBIX (DYHKINNH, a OTHOM BIOJIHE KOH-
kperHoii. Ilpu HOCTATOYHOM TEpIIEHUU COOTBETCTBYIONLYIO (DOPMYJIY
MOXKHO-TAKU HAIUCATH, U TEM CAMBIM JOKA3aTeJbCTBO CTAHET COBCEM
«OCSI3a€MBIM».

Temneps mM3I0)KUM B TOM Ke CTHJIE JIOKA3aTEHCTBO TeopeMbl [ ée-
sst. Kak Mbl yzKe TOBOPUIIM, UCYUCIIEHHE — 9TO MeXaHHU3M (&JIIOPUTM),
KOTOPBIil ITO3BOJISIET TOPOXK/IATh HEKOTOPhIE (DOPMYJIBI SI3bIKA apudme-
TUKH ()15 IPOCTOTHI OyIeM CIUTATD, YTO MOPOXKIAIOTCSA TOJIBKO POPMY-
Jibl 6e3 mapaMeTpoB). TakuM 00pa3zoM, BO3HUKAET HEKOTOPOE Hepednc-
JINMOE MHO?KECTBO, KOTOPOE OOBIMHO 33/]aI0T KAK IIPOEKIINI0 PA3PEITNMO-
ro MHOXKeCTBa. VIMEHHO, BBOJSAT HEKOTOPOE MOHATHE J0KaA3AMEALCMEA.
IIpu sToM J10Ka3aTEIBCTBA SIBJIAIOTCA CJIOBAMU B HEKOTOPOM aJjihaBuUTe.
MHOKECTBO JT0Ka3aTeIbCTB PA3PEINMO, TO €CTh €CTh AJITOPUTM, OTJIH-
YAl HACTOSIIUE TOKA3ATEILCTBA OT TEKCTOB, KOTOPBIA TAKOBBIMU
He gBJsOTCA. Kpome Toro, ecth (TakKe pas3penrmMoe) CBOHCTBO IBYX
CJIOB T U Y, KOTOPOE TJIACHUT, 9TO X €CTh JOKA3ATEIHCTBO (POPMYJIBI Y.
IIepenymepoBas Bce JoKa3aTeabCTBa U (POPMYJIBI U BBIPA3UB YKa3aHHbBIE
paspeliuMble CBOWCTBA B sI3bIKe apU(PMETHKM, Mbl IIPUXOIUM K (POPMY-
sie Proof (z,y), Koropast ucTunHa, KOTrJa & €CTh HOMED JIOKA3aTeIbCTBA
bOpPMYJIBI C HOMEPOM Y.

Teneps nanurem GopmMysy ¢ OJHUM MapaMeTpoM T, KOTOPasi TOBO-
PUT, YTO PE3yJIbTAT IOJCTAHOBKH YHCJIa & BMECTO IIapaMerpa B I-yIO
dOpMyITy ¢ OHIM ITapaMeTpOM He MMeeT J0Ka3aTeIbCTBa!

—3JzIp[Subst(z, z, ) A Proof(p, z)]

Ora dbopMysa uMeeT eAMHCTBEHHBIH mapaMerp (z); MycTb eé HOMeD B
nymeparuu Takux ¢opmyna pasen N. IToactaBum N BMecTo mapameTpa.



[o. 5] IIpamoe doxazamesvcmeo meopem Tapckozo u I'édens 129

Tlosyaurca dopmyna 6e3 mapamerpos . Ilo mocrpoenuto dopmyrna ¢
WCTUHHA, KOTJa pe3yabrar moiacTaHoBku N B N-10 GOPMYyIy C OTHUM
mapamMeTpoM HeJoKazyeM. A 3TOT pe3ysbTaT ecTh caMa (DOpMyJia ¢, Tak
YTO OHA UCTUHHA TOIJIa M TOJBKO TOIJA, KOTJA HeJ0Kasyema. SHAUWT,
HAIlle UCYMCJIeHNe b0 MO3BOJIET JI0KAa3aTh JIOKHYIO dopmyiry ¢ (ec-
JII @ JIOXKHA; B TAKOM CJIydae ero Ha3bIBAIOT HEAJEeKBATHBIM), JU0O He
[IO3BOJIET JTOKA3aTh UCTUHHYIO (DOPMYIIY ©.

SaMeTI/Il\’I, 9TOo 063. 9TUX JI0Ka3aTe/JIbCTBa HaIlIOMHHAIOT KaK IIOCTPOe-
HU€ HEIOBUXKHOM TOUYKHU, TaK U KJIACCHIECKUI APAIOKC JIZKEIA:

’yTBEP)KLLEHI/IE B PAMKE .HO)KHO‘

Bonee Tonknmit anasn3 1mo3BosisieT yCTAHOBUTD, UTO JIJIst JIIOOOI 110-
crarouno Goraroii dhopmasbHON cucTeMbl (CKaxKkeM, iist (HbOPMAILHOM
apudMeTHKU WM TEOPUU MHOXKECTB) MHOXKECTBO JIOKa3yeMbIX (hOpMyJI
(TeopeM) u MHOXKECTBO OILIPOBEPXKUMBIX (OpMyJ (OTPUIAHUS KOTOPBIX
ABJIAIOTCS. TEOPEMaMN) ABJIAIOTCS IEPEUNCIUMBIMA 3(DMOEKTHBHO HEOT-
JIeJIUMBIMU MHO2XKecTBaMu (cM. paszzgen 6.6). Dro meaercs MPUMEPHO
Tak. PaccMoTpuMm J1Ba MPOM3BOJIBHBIX HEIIEPECEKAONUXCS T€PEINCTTHI-
MBIX MHOXKecTBa A 1 B u BhraucjanMyo GyHKIMIO f, KOTOpas HA BCEX
9JIeMEHTaX MHOXKecTBa A paBHA HYJIO, a HA BCEX 3JIEMEHTAX MHOXKe-
crBa B pasua 1. IlockonbKy Hamma popMasibHas CUCTEMA «I0CTATOYTHO
Goraray, B Hell (1yIsi JIFOOOrO JAHHOIO YKCJIA 1) MOYXKHO HammcaTh Ghop-
mysny F,, yreepxkpatomtyio, uro f(n) = 0. Ilpu srom gys n € A dop-
mysa F,, Gymer mokazyeMmoil (poTokosi paboThl f Ha JAHHOM 9HUCIE 7,
3aBepIaIuiics moaydenneM orsera 0, MOXKHO IPEBPATUTH B JIOKA3a-
TesIbeTBO TOro, uro f(n) = 0), aupu n € B dopmyia F,, Gyuer onposep-
KUMO# (OCKOJIBKY MOXKHO J10Ka3aTh, uro f(n) = 1). CuenosarensHo,
napa (A, B) m-coguTcs K nape (gokasyeMble (OpMyIIbl, OIIPOBEPKUMBIE
dopmyiIbl), U IOTOMY TIOC/EHsAs Tapa aBjgeTcd d(POEKTUBHO HEOTIe-
JIIMOIL.

Emgé om0 TI000BITHOE YTBEPAKIEHUE, CBA3BIBAIOIIEE TEOPUIO AJIIO-
puTMOB ¢ (POPMaJILHBIMU CHCTEMAaMU, TAKOBO. ByjieM roBopuTh, 4To JBE
IPOrPAMMBI  JOKA3YEMO PA3AUNHBL, €CTU MOKHO (DOPMAJIBLHO JIOKA3aTh
(ckazkeM, B popmasibHOI apudMeTHKe), YTO CYIIECTBYeT BXO/, Ha KOTO-
POM OHU JIAIOT Pa3HbIE PE3YJIbTATHIL.

OkasbIBaeTCst, 9TO MOXKHO IOCTPOUTH IIPOIPAMMY P C TAKUM CTpPaH-
HBIM CBOMICTBOM: HUKAKGA NPOZDAMMA § HE ABAAEMCA J0KA3YEMO PA3AUY-
1ot ¢ p. IIporpammy p MOXKHO OBLIO OBl HA3BATH AOCOJIOTHO HEITO3HA-
BaeMoii: Be/ib (POPMATHHO JTI0KA3aB JI000€ CBOMCTBO (v 9TOI MPOrpaMMBbI,
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MOXKHO OBILIO OBI JIOKA3yeMO OTJIMYATH P OT IPOTPAMMBI ¢, He objaja-
fomeii arum cBoiicrBoM. (Mpbl mpejmiosiaraem, 4ToO MOXKHO HPEIbIBUTDH
HEKOTOPYIO [IPOrPaMMy ¢, IPO KOTOPYIO MOXKHO (POPMAJIBHO JIOKA3aTh,
9TO OHA He 00JaJaeT CBOHCTBOM «.)

Cy1iecTBOBaHIE HEITO3HABAEMON IIPOIPAMMEBI P JIETKO CJIEIYET U3 TeO-
pPeMBbI O HEMOABUXKHON TOUuke. B caMoM jiesie, pacCMOTPUM CJIE Ty IOTIHI
IpeodpPa30BaTeb IPOrPAMM: MIOJIYINB HA BXOJ, IPOTPAMMY U, MBI II€pe-
OupaeM Bce IIPOrPAMMBI U U BCE JIOKA3ATEIbCTBA B (DOPMAJILHON TEOPUH,
II0Ka He HallIEM HEKOTOPYIO IIPOIPaMMy v, JIOKa3yeMO PA3JIMIHYIO C U.
OTa mporpamMmma v u OyIeT pe3yJibraToM mpeobpasoBanusi. Fcim 6b1 HEo-
3HABAEMOIl IIPOrPaMMbI HE CYIIIECTBOBAJIO, TO STOT IIPeobpa30BaTe b ObLI
OBl BEIYUCIUMON (DYHKIIMEI, HE NMEIOMIel HeIOABUKHON TOUKH.

(KoneuHo, 310 paccyzK/ieHue HesiBHO HCIIOJIb3YeT MHOIOYUC/IEHHbIE
cBoiicTBa (POPMAJIHLHON TEOPUU, KOTOPBIE MBI HE TOJIBKO HE TOKA3aJIH, HO
Jazke u He cpopmynuposaau. Hanmpumep, Mbl HESTBHO MCIIOJIH30BAJH, ITO
JIOKA3yeMO Pa3JINYHbIe TPOTPAMMBI JIEHCTBUTEIHHO PA3JIUYIHBI, TO €CTh
YTO BBIBOJMMBIE B HAIEH TEOPUU YTBEPKJIECHUSA O PA3JIUIAU ITPOTrPAMM
UCTUHHBI, & TAKYKE MHOTOe JPYyToe. )

MokHO OTMETHUTD €eI€, YTO «HA CAMOM JieJie» HAIA HEeITO3HABaeMast
porpaMMa HUIJIe He OIpeJieieHa, IIOCKOJIbKY €cju Obl OHA JaBaJjia pe-
3yJILTAT HAa KAKOM-TO BXOJIe, TO ObLIa ObI JOKa3yeMO OT/IMYIHA OT IPO-
rpaMMBbI, JIAIONIEN APYTOi pe3ysIbTaT Ha TOM 2Ke Bxojie. [lomy1aaercs ma-
PasoKC: MBI Bpofe Obl JIOKa3ajd, 9TO Hallla (DYHKINS OTJIUIAETCS OT
(ckazkeM) BCIOJLY HyJI€BOI (DYHKIMM, B TO BPeMsl KaK HEIO3HABAEMOCTb
KaK pa3 M O3HAYaeT HEBO3MOXKHOCTH TAKOI'O JOKa3aTeabCTBa. Pasrai-
Ka 3TOr0 TapajioKCca COCTOUT B aHAJIU3E TEX CAMbBIX HESBHO CIACTAHHBIX
PEIIOJIOKEHU T (B 9aCTHOCTH, O KOPPEKTHOCTH (POPMAJILHON CHCTEMBbI:
M3BeCTHasl «BTOpas Teopema L Eémesst» TOBOPUT, UTO CpeacTBaMu hop-
MAaJIbHON CHCTEMbI HEJIb3s JI0KA3ATh €€ HelPOTUBOPEYUBOCTD ).

10.6. ApndpmeTuyeckas nepapxust n Hucno
nepeMeH KBaHTOPOB

Mpbr ycTanoBmIH, 9TO KJIACC apuPMETHIECKUX MHOMKECTB €CTh 00Db-
eINHEHNE BCeX KJaccoB Y, u II,. [locmorpuMm mompobHee, Kak CBsI3aH
HOMEP KJIacCa C YUCJIOM IIEpeMeH KBaHTOPOB B (hOpMYyJIe.

Yro06BI ciesiaTh 3TO, HAJO YTOYHUTDH, Kakue (pOPMYJIbI Mbl CAUTAEM
6eckBaHTOPHBIMU. EcC/iM MpeICTaBIsITh CIOXKEHWE U YMHOXKEHUE TIPe -
KATHBIMHU CHMBOJIAMU, TO OECKBAHTOPHBIE (DOPMYJIBL OYIYT JOTHIECKUMUI
KOMOUWHATAMI QOPMYJTT T; + T; = T U T; X T; = Tp; IPH ITOM y¥xKe
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st 3ammcu popMyJsisl ¢ + b + ¢ = d HaM TOHAI00UTCS KBAHTOD: OHA
sannceiBaercst kKak Ju((a+b = u) A (u+c = d)). Mbl ke, Kak 910 0OBIYI-
HO JleJTaeTcsi, Oy/IeM CUNTaTh CJIOXKEHUE U yMHOXKeHue (hyHKIMOHATbHbI-
MU CUMBOJIAMHM U T€M CAMBIM PAa3PEIUM HCIIOJIb30BATH IIPOU3BOJIbHBIE
MHOT'OYJIEHBI € IEJBIMU KOIDDUImeHTaMu B OECKBAHTOPHBIX (POPMYJIax.
IIpu sTtom GeckBanTOpHBIME (DOpMyIaAMUA OYIAYT JOTHIECKUE KOMOWHA-
nuu BeIpaxkeruit Buna P = Q, roe P u () — npon3BoJIbHbIE MHOTOYJICHBI
¢ menbiMu Koaddurnmentamu. Torma BepHa Takas TeopeMa

Teopema 74. Muoxkecrso A C N npunajexur kiaccy X, (n > 1)
TOrJa U TOJIBKO TOTJIA, KOIJia MPUHAJJIEXKHOCTD €My BhIpazkaercs: pop-
MYyJIOi B IPEIBapPEHHON HOPMAJIBHO (DOpMe, HAYNHAIOIIEHC s ¢ KBAHTOPA
CYIIECTBOBAHUS U COJEPIKAIIEH 7 TPYII OJHOUMEHHBIX KBAHTOPOB.

(Ilepexomsi K IOIOJIHEHUIO, BUIUM, YTO MHOXKECTBO IIPHHA/JIEZKUT
kJaccy 11, Toraa m TosbKO TOrIA, KOTIa IIPUHAIEKHOCTD €My BhIPparKa-
ercsl B IIPeIBApEHHOI HOPMAJIBHON (OpME C 1 IPYIIIAMUA OJTHOMMEHHBIX
KBAHTOPOB, HAYXHAIOIIEHCA ¢ KBAHTOPA BCEOOITHOCTH. )

<! Mbr moKaxkeMm 3Ty Teopemy Jinib ordacTu. st Havama 3ameTnmM,
9TO eCJIM MHOXKECTBO 33/1aércst (GOopMyJsIoi B MpeaBapEéHHON HOPMAJIb-
HOIT opMe ¢ N IPYIIAMA KBAHTOPOB, TO OHO MPUHAJJIEIKUT KJIACCY Ly,
(nrm II,, — B 3aBUCHMOCTH OT TOTO, KAKOH KBAHTOD IEPBHIii) — HAIIOM-
HUM, 9TO K TIPS UAYIIUX OJHOUMEHHBIX KBAHTOPOB MOXKHO 3aMEHUTH
Ha OJIMH C IOMOIIBIO BhIMHCIMOi 6uekimu Mexxay NP u N.

Bonee cioxxno mokaszarh obpartHoe yTBepkKaenune. OCHOBHYIO TPYII-
HOCTH TpejicTaBisier ciaydait n = 1. B 1970 romy FO.B. Marusiceuy,
pemras 10-ro mpobstemy I'miibbepTa, mMoKaszag, ITO BCSIKOE MEPEIUCTUMOE
MHOXKECTBO €CTh MHOXKECTBO HEOTPUIIATE/IbHBIX 3HAYEHUI MHOrOYJIeHA
OT HECKOJIBKUX ITEPEMEHHBIX C IEJIBIMU KO DUITMEHTaMU IIPU HATY PAJIb-
HBIX 3HAYEHUSAX [IEPEMEHHBIX. A 9TO CBOUCTBO, OUEBUIHO, 3AITUCHIBACTCS
B Buie (hOpMYJIBI ¢ KBAHTOPHON ITPUCTABKON U3 KBAHTOPOB CYIIECTBOBA~
ausg. Tem caMbiM ciry4ait n = 1 ObLT pa3obpaH.

Eciin cunrarh pesynbrar MarusiceBuda U3BECTHBIM, TO IOKA3ATE b
CTBO 3aKAHIMBAETCSI, IOCKOJIBKY KaXKJIbI CJIETYIONIHIT KIaCC Oy IaeTCs
U3 MPEJBIIYINEro HABEIIMBAHUEM OYEPEJIHOTO KBAHTOPA.

[MocmoTpuM, OHAKO, YTO MOXKHO HW3BJI€Yb M3 MPUBEJEHHOTO HAMHU
JI0Ka3aTeIbCTBA apUPMETUIHOCTH BBIYUCAUMBIX (yukmuii. [Iycts ma-
HO IIPOU3BOJIBHOE IEPEYMC/IMMOE MHOXKECTBO. EIro MOXKHO IIpe/ICTaBUTh
KaK 00JIacTb OIpeJie/IeHs] BEIYUCIUMOlN (DYHKITIH, BCE 3HAYEHUS] KOTO-
poil paBHBI HYJIIO, U TPUMEHHUTH OIUCAHHYIO HAMU IPOIEIypy. Lorma
nosygurcsd hopMysia, HAYMHAIOMIALACA ¢ KBAHTOPOB CyIIECTBOBaHU (Cy-
MMECTBYIOT YHCJIA, KOJUPYIOINIHE TTOC/IEI0BATEILHOCTY 3HAYEHUN KaXK 0N
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[ePEeMEeHHO B cMblcie (-KopupoBanus 110 [éneno). 3areM HIET KBAHTOD
BceoOIHOCTH (110 HOMEPY Iiara paboThl IPOrPAMMBL: Ha KAXKJIOM IIare
MEepEexXOJT JIOJIZKEH COOTBETCTBOBATH Mporpamme). 3ateM uiet (hopmysa,
KOTOpasi ObLIa OB OeCKBAHTOPHOI, ecain ObI He cojepXkaJia B cebe ocTar-
KOB OT JIeJIEHUsI OJTHOI'O BbIpazkeHus Ha jipyroe. Ho ux MOXKHO yCTpaHUTB,
J106aBUB €II¢ KBAHTOPHI BCEOOITHOCTH: YTBEPKICHUE THUIIA

Vi [...ocrarok or genenust P Ha Q.. ],

rae P u () — HEKOTOpble BBIDAXKEHUs, COJEpIKAIlue NepeMeHHble (u3
OlIpe/ieJIeHNs S-KOAUPOBAHMUSI) MOXKHO 3aMEHUTh 110 OIIPEJIEJIEHIIO OCTaT-
Ka Ha

VivuVo [([P=uQ +v) A(v < Q)] =[...v...].

CrenoBaresbHO, MBI MOXKEM IIPEACTABUTH JIOD0OE MEPEIUCTIMOE MHO-
2KecTBO B Bujie 3. .. 3V ... V-bopmyssl. Tem cambiM s11060€ MHOYKECTBO U3
KJIACCA Y, MOYKHO MPEJCTABATE (POPMYJIOH B IIpeIBapEHHON HOPMAJTLHOM
dopme ¢ n + 1 rpynmnamMu KBAaHTOPOB, HAYMHAIOIIENCS ¢ KBAHTOPOB Cy-
IECTBOBaHUS, a JIFo00e MHOXKECTBO U3 Kjacca I, MOXKHO IpeicTaBUTh
dopmysoit ¢ n + 1 rpynnaMu KBAHTOPOB, HAYMHAIOMIEHCH ¢ KBAHTODA
BeeobaocT. (Mbl nostyunian 6ostee caabblil pe3yJIbTaT, B KOTOPOM YHC-
JIO IIepeMeH KBaHTODOB Ha €JIMHUIly OoJIbIlle, 3aTO 6€3 HCIIOJIb30BAHUSA
TeopeMbl Matwusicepuya.) >



11. PexkypcusHble dyHKLUY

11.1. NprMNTMBHO peKypcuBHbIE PYHKLMN

[IporpaMmbl ¢ KOHEIHBIM YUCIOM IEPEMEHHBIX HAIIOMUHAJIN ACCEM-
671ep; paccMaTpUBaeMble B 9TOM pas/iesie PEKypCUBHbIE (DYHKIMHI CKOPee
HAIIOMUHAIOT (PYHKIMOHAJIBHOE IIPOIPAMMUPOBAHUE, KOTJIA OJHU (PYHK-
[IUU OIIPEIEJISIIOTCs depe3 apyrue. Mbl OyaemM paccMaTpuBaTh (QYHKIIUN
C HATYPaJbHBIMUA apryMeHTaMU U 3HadeHusiMu. Boolire roBopsi, MyHK-
U7 MOTYT OBITH HE BCIOAY OMpPEIEIeHHBIME, TAK ITO TOBOPs O PYHKIIUN
n aprymenToB (dbyskuuu u3 N B N, n-mectHoil dyHKIMN), Mbl uMeeM
B BUly (DYHKIIMIO, OIIPENIEJIEHHYIO Ha HEKOTOPOM IojMHOXKecTBe N™ co
snadeHusiMu B N.

IIycts mmeercsa k-mectHast GyuKINs f U k MITYK N-MECTHBIX (DyHK-
it g1, ...,gk. Torma m3 HUX MOXKHO CPOPMHUPOBATL OJHY N-MECTHYIO

dyHKIMIO
(X1, oy xn) — flgr(x1, s xn), s gr(T1, o Tp))-

loBopsaT, 4To ompemenéunas TakuM o0OpaszoM (YHKIHSA MOTydeHA U3
dyHKIMA f U g1,...,gr C IOMOIIBIO OIIEPAIUU NOJCTNAHOGKU.

Ipyrasa oneparnus, Ha3blBaeMas OIepaIUeil pexypcuu, WIn NpuMu-
muerotll pexypcuu, npuMensercs K k-mectuoit ynkuuu f u (k+2)-mecr-
uoit dyukuuu g. Eé pesynasrarom Gyzer (k + 1)-mecras dyuruus h,
oTIpeJiesIsieMasi TaK:

h(z1,...,25,0) = f(z1,...,28);
hzy, .. zp,y+1) =gy, ... 25,y h(21, .., 28, Y)).

B mnociemosarensuoctu  h(x1, ..., %n,0),A(21,. .., Tpn,1),... Kaxkzgoe
3HAYEHUE OIPEIESIeTCs Iepe3 MPeJIbIIYINee, MOITOMY €CIH KAKOE-TO
73 3HAYEHUIT HE ONPEJIeJIEHO, TO He OIPEIeJIeHbl U BCE TOCIE Ty OTIHe.

st equHOOOpasust OyjileM CUATATb, YTO HYJIb-MECTHbIE (DYHKIMH
(byukiuu 6e3 apryMeHTOB) CyTh KOHCTAHTLL; ITO IIO3BOJIAET PEKYPCHUB-
HO OIPee/IATh (DyHKINU OHOI IepEeMeHHOiI.

HpumumueHo pexypcusHvLMU HA3BIBAIOT (DYHKIIUH, KOTOPBIE MOXKHO
[IOJIYYUTDH C MOMOINBIO ONEPAIyii IMOJCTAHOBKY W PEKYPCUU U3 CJIELYTO-
mux 6asuchuir GYHKIWA: KOHCTAHTBI (), onepanun npubaBIeHUs! €IUHE-
upl §: & — = + 1 u cemeiicTBa OYHKIMI TPOEKITUU: STO CEMENUCTBO JJIst
KaxkI0ro k comep:kuT k mTyK k-MEeCTHBIX hyHKINH w,i (x1,...,2) = ;.
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QyHKIUT TPOEKITUN MO3BOJISIOT BBIMOJTHATH «HEOJIHOPOJHBIE» TIOJI-
cranoBku. Hanpumep, ¢ uX MOMOIIBIO MOXKHO HOJYyIUTH (DYHKITIIO

(z,y) — f(g(x),h(y,z,y),x)

u3 Gpyukuit f, g u h, KOMOUHUPYS UX ¢ (PYHKIUSIMU [IPOEKIINN: CHAYAIA
nostydaem bynxkimio (x,y) — g(x) (mojcranoska 73 B g), 3aTeM QyHK-
nmio (z,y) — h(y,z,y) (nojcTanoBKa 75, 5, T3 B h), 3aTeM HOJIyIeHHbIE
nBe GyHKIMH BMecTe ¢ ByHKIMed T3 HOACTaBIsgeM B f.

Iloacrasnss koucranty 0 B QYHKIHIO TPUOABIEHNS €IUHUIIBI, [TOJIY-
yaeM KOHCTAHTY ((DYHKIWIO Hyssl apryMeHToB) 1. 3areM MOXKHO IOJLy-
YUTHh KOHCTAHTHI 2, 3 U T. 1.

11.2. TMpumMepbl NPUMUTUBHO PEKYPCUBHBIX (PYHKLWIA

Kak ¥ ¢ ApyruME BLIYUCIUTEJLHBIMU MOJIEISME, BasKHO HAKOIHTh
HEKOTOPBIl IPOrPAMMUCTCKUIT OITBIT.

Cnoxetne. @yuxius (x,y) — sum(z,y) = & + y HOIyIaeTCA C TIOMO-
IBIO PEKYPCUHU:

sum(z,0) = x;
sum(z,y + 1) = sum(zx,y) + 1.

Hamo, KOHETHO, IPEICTABATH MIPABYIO 9aCTh BTOPOTO DABEHCTBA KAK Pe-
3yabTaT nojacraHoBku. PopmasnbHO ToBOpst, h(x, Yy, 2) B OIpeeseHnn pe-
KyPCHUH HAJI0 TOJIOKUTH PABHBIM $(2), e § — byHKIuUs IpubaBIeHus
€JIMHMUIIBL.

Vmuoxerue. Oyuxnust (x,y) — prod(x,y) = Ty 1oIydaeTcs ¢ IOMO-
HIBIO0 PEKypCHUU (C UCIOJIB30BAHUEM CJIOXKEHUS ):

prod(z,0) = 0;
prod(z,y + 1) = prod(z, y) + «.
AnanoruaaeIM 06pa3soM MOXKHO IIEPEATH OT YMHOMKEHHS K BO3BEJIE-
HUIO B CTEIEHb.
VceuénHoe BblduTanme. Mbl TOBOpUM 00 «yCEIEHHOM BBIYUTAHUMY T -
y=x—yupux >yux-=y=0upu x < Y, HOCKOJIbKY Mbl UMEEM
JIEJIO TOJIBKO € HATYPAJBHBIMU (TIETBIMA HEOTPUTIATETHHBIMA) THCIIAM.

O tHOoMecTHAsT (DYHKITUS YCEUEHHOTO BEITUTAHWS €IMHUATIBI OIIPEIEIISTeTC S
PEKYyPCUBHO:

0=1=0;
(y+1)=1=y.
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(Pexypcust 31ech popMasibHa, TaK KAk IIPEeAblayliee 3HAYCHUEe He UC-
nosb3yercs. ) [locise 3T0ro yceuéHuoe BoIYUTAHNUE JIJIsI IPOU3BOJILHBIX ap-
TYMEHTOB MOKHO OIIPEJICJIUTDH TaK:

z=0=u;
r=(y+1)=(z+y) =1

11.3. lpMMNTNBHO peKypCUBHbIE MHOXECTBA

Byznem Ha3bBaTH MHOMKECTBO NPUMUMUEHO PEKYPCUSHBIM, ECTTH €TO
XapakTepucTuaeckasi (GyHKIUS TPUMATHBHO PeKypcuBHa. (Bapmant: ec-
JI OHO SIBJISIETCSI MHOXKECTBOM HYyJIEH IPUMUTHUBHO PEKYDPCUBHOM (byHK-
[MU; 3TO TO K€ CAMOE, TAK KAK MOXKHO CJIEJIATh MOJICTAHOBKY B (DYHK-
o x — 1= x.)

Iepecevenne m 0ObeIMHEHNE TPUMATHBHO PEKYPCUBHBIX MHOMKECTB
IPUMATHBHO PEKYPCUBHBI (CI0ZKUM UJTA TIEPEMHOKUM (DY HKIIUH, MHOZKE-
CTBaMHU HyJefl KOTOPBIX OHU SABJISIOTCS). JIOMOSHEHNE PUMUTHBHO De-
KyPCHBHOTO MHOKECTBa IPUMUTHUBHO peKypcuBHO. OTOXKIECTBIIAS MHO-
JKECTBA CO CBOMCTBAMHU, MOZKHO CKA3aTh, 9TO KOH'BIOHKIIUH, I3 bIOHKITUA
U OTPUIAHUS TPUMUTUEHO PEKYPCUBHBIX CEOWCTE Oy Iy T IPAMUTHBHO Pe-
KYPCHUBHBIL

CpoiicTBa = y U & # Yy IPUMHUTUBHO PEKYDCUBHBI (T = Yy TOrya U
TOJIBKO Torja, Korga (x —y) + (y — z) = 0).

Dynknust f(x), 3a]aHHAS COOTHOIIIEHUEM

f(z) = [if R(x) then g(x) else h(z) fi ],
Oy/1leT IPUMUTHUBHO PEKYPCUBHOM, eciu TaKOBbI (DYHKINU g U h U CBOIi-
crBo R. B camom gene, f(xr) moxuo sanucars kak r(z)g(z) + (1 =
r(x))h(z), roe r — xapakrepucrudeckas pyHKIusa cBoiicrBa R.

Temepb MOXKHO 3amucaTh (hOPMYJLY [JIsl TPUGABICHUS €IUHUIBI 10
MOZYJIIO 1 (J1JIsT IUCEesI, MEHBIIUX N):

z+1modn=[ifx+1=nthenOelse x+1fi]
ITocte sroro dynknmio  mod n (OCTATOK OT JIEJEHAS HA T) MOZKHO OIIpe-
JICJIATD PEKYPCUBHO:
0 mod n = 0;
(x + 1) mod n = (z mod n) + 1 mod n.

ITokakeM, UTO OrpaHUIEHHBIE KBAHTODHI, NIPUMEHEHHbIE K PUMU-
TUBHO PEKYPCHBHBIM CBOHCTBaM (MHOXKECTBaM), JIAIOT CHOBA IPUMUTHB-
HO PEKYDCHBHBIE CBOICTBA. DTO O3HAIAET, HAIPUMED, ITO €CJIU CBOI-
crBO R(Z,y) UPDUMUTHBHO PEKyDPCHBHO, TO CBOMCTBA

S(x,2) = (Fy < z) R(z,y) w T(x,2) = (Vy < 2) R(z,y)
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TaKKe MPUMHATHBHO PEKYPCHBHBI. UTOOBI yOemuThCS B 3TOM, 3aMETHM,
gTo 1t PYHKIUA OrpaHUYEHHBIH KBAHTOP COOTBETCTBYET MEPEMHOYKE-
HUIO WIA CYMMHUPOBAHUIO: eCjin CBOiicTBO R(x,y) paBHOCWIBHO T(T,Yy) =
=0, To

S(z,z) & Hr(m,y) =0

A npousBejieHme JIETKO ONPEIETUTH PEKYPCUBHO:

0
H r(z,y) =r(x,0);
y=0

t+1

HT(.%,Q)Z H’I‘(l‘7y) 'T(x’t+1);
y=0 y=0

¢ CyMMHUPOBaHUEM MOXKHO IIOCTYIIMTh AHAJOTUIHBIM 00Pa30M.

ITocte 3TOro JIErKo 3aMeTUTh, YTO CBOMCTBO «OBITH HPOCTBIM» IIPH-
MUTHBHO PEKYDPCUBHO (IHCIIO GOJIBINE eIUHUIBI, U JIIOH0E MEHBIIIee YUCIIO
WJIA MEHbIIE 2, UM He SBJISIeTCS JeJTUTENEM ).

ITokaxkem Terepb, UTO eciu rpaduk HEKOTOpoi (hyHKInu f mpuMm-
THBHO PEKypPCUBEH U e¢ 3HaYeHMsl OIPAHUYEHbI CBEPXY HEKOTOPOIi IpH-
MUTUBHO PeKypCUBHOI yHKImeil g, To cama pyHKIus f TPEMUTHBHO
peKypcuBHa. B caMoM jiesie, ecam 1 — XapaKTepUCTHYecKas (DyHKIS
rpaduxka, To ectb r(x,y) = 1 upu y = f(z) u r(z,y) =0 upu y # f(z)
(17151 TPOCTOTHI MBI PACCMATPUBAEM CJIydail (QYHKIMH OJJHOTO apryMeH-
Ta), TO

f(l‘) = Zy ' r(x,y),
y=0

a CyMMMPOBaHHE MOXKHO OIDAHUYATH CBEPXY BbIpazkeHueM ¢(r) u BOC-
110JIb30BAThCA IPUMUTUBHON PEKYyPCUBHOCTHIO OTPAHUYEHHON CYyMMBI.

Orciofia JIerKO BBIBECTH CJIEIYIONIEe YTBEPKICHHE: eCJIu (DYHKIUS g
u cBoiictBo R(x,y) NIPUMUTHBHO PDEKYPCUBHBI, TO (DYHKIHS

x +— f(x) = manmensmee y < g(x), Anst Koroporo R(z,y)

(ecsu y1si HEKOTOPOTO T TAKOI'O Y HET, TO MOJIAraeM 3HaYeHue (PyHKIUN
paBHbBIM, cKaxeM, ¢(x) + 1) Oymer npuMATUBHO PEeKypcuBHOI. B camom
neite, rpaduk QyHKIUA [ JErKo OMUCATH C MOMOIIHIO OTPAHUICHHBIX
KBaHTOPOB.
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Taxoit crtocob ornpeiesieHns (DYHKITUN HA3BIBAIOT 02PAHUYEHHHIM OTe-
DPAMOPOM MUHUMUZAGUUY — B OTJINIHAE OT HEOIPDAHUIEHHOTO, I/ HET 3a-
panee u3BecTHOi rpanunpl g(z). Kak Mbl yBUAUM, B HEOrDaHHYEHHOM
clydae ToJiydatonasicst PyHKIUs He 00s13aHa ObITh IPUMHUTUBHO PEKYP-
CUBHOI1.

OrpaHudeHHbBIN ONIEPATOP MUHUMUI3AINN MOXKHO UCIIOJIB30BaTh, ITO-
6b1 yOeauTbes, 4ro GyHKIM & — (MEHEMAJIbHOE IIPOCTOE YUCIIO, GOJIb-
IIee ) IPUMUTHBHO PEKypCUBHa (paccykerne EBkinia o 6eCKOHETHO-
CTM MHOYKECTBa IPOCTHIX YHUCEJI YCTAHABJIUBAET, 9TO 9TO YUCJIO HE IIpe-
BocxomuT z! + 1, a dakTopuas NpuMUTUBHO pekypcuseH). [locie 3Toro
dyuknug n — (n-e HpocToe UUCIIO) JIErKO ONPEJeIsieTcsd ¢ IIOMOIIBIO
peKypcuu.

11.4. Ipyrue Bugbl pekypcum

CiioBa «peKypcuBHOE orpejiejierre (QYHKINU» MOXKHO MOHUMATh W
B 6oJiee IMUPOKOM CMBICJIE, HEXKEIU Mbl 9TO Jejiaju (CM. BBIIIE OIpe-
JleJIeHre PEKYPCHU, UK IIPUMUTUBHON PEKyPCUH) — Kak Jiioboii crocob
3a/1annst (DYHKIUU, KOTOPBIA CBS3bIBaeT 3HadeHne (BYHKIUU B JAHHON
TOYKE C JIPYTUMU €€ 3HAYeHUSMHU. Kak Mbl yBUIUM HUXKe IIPU 0OCYKIe-
Hun GyHKIME AKKepMaHa, €CTh TaKHe CXEMbl PEKYPCUBHBIX OIPeJIesie-
HUIi, KOTOPBIE BBIBOJSAT U3 KJIACCA IPUMUATHBHO PEKYPCUBHBIX (DYHKITHA.
Ho ecTb 1 Takme, KOTOpbIE MOXKHO CBECTU K PACCMOTPEHHOM HAME CXEMeE.

Mpr npuBeiEM J[Ba IIPUMEpa MOCJIETHEr0 THUIIA: COBMECTHOE OIIpeie-
JIEHUE HECKOJIbKUX (DYHKIIUI U UCIIOJIb30BaHUE IIPOU3BOJIbHBIX MEHBIINX
3HAYEHU apryMeHTa.

CoBmecTtHas pekypcus. Ilycrs e ompomectHble DyHKIUU f U g 3a-
JIAHBI COOTHOTIIEHUSIMU:

f(0) = a,

9(0) = b,
f(n+1) = F(n, f(n),g(n)),
g(n+1) = G(n, f(n), g(n)),

rje a u b — HeKoTopbIe uncia, a GyHkimn F 1 G — NIPpUMATHBHO PEKYP-
cuBHbBIE (DYHKIIUU TPEX aprymMeHToB. IlokaxkeMm, uTo Torma GpyHKIuud f
¥ g IPUMHUTUBHO PEKYPCUBHBI.

Yrobbl mOKa3aTh 3TO, HAM MOTPEOYETCS NMPUMHUTHBHO PEKYpPCUBHAS
HyMepalus nap — Takasd Qydkousg (x,y) — [x,y] (HOMep mapbl Mb
0003HaYaEM KBaJIpATHBIME CKOOKaMU), KOTOpas Oblia 6bl IPUMUTHBHO
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PEKYPCHUBHA BMECTE C JIByMsl OOpATHBIME (DYHKIUAMU (JIAIONUME 110 HO-
Mepy Hapbl €& IepBblil U BTOPOil ujienbl). Torja Mbl CMOYKEM HAIUCATE
pekypcuBHOe onpegenenne s byakuun h(n) = [f(n), g(n)]:

h(O) - [aab]a
h(n +1) = [F(n, p1(h(n)), p2(h(n))), G(n, p1(h(n)), p2(h(n)))],

rie QYHKIMY P U Po JAKOT 110 HOMEPY Iaphl IEPBBIil 1 BTOPOi €€ 4JIeHBbI.
Eciu dyukups h npuMuTuBHO peKypcusHa, TO U dbyHkmun f 1 g (KoMm-
nosuruu h ¢ GYyHKIUIAMEA P1 U Do) TaKKe IPUMUTUBHO PEKYDPCUBHBL.

Ocraoch 06bSICHUTD, KaK HANTH MPUMUTHBHO PEKYPCUBHYIO HyMe-
pamuio map. MoOXXHO 3aMeTUTh, ITO €CTh MHOTOWIEH BTOPOTO MOPSJI-
Ka C JByMsl IIePEMEeHHBIMH, 3aJIaf0IIHNii B3AaMMHO OJHO3HAYHOE COOTBET-
crBue N X N — N. 970 coorBeTcTBUE BUIHO U3 TAOIUIILL:

6

3 7

1 4 8
0 2 5 9

[TpuMUTHBHYIO PEKYypPCHUBHOCTH OOPATHBIX OTOOPaXKEHU P U Po MOXKHO
YCTAHOBUTH, BOCIIOJIb30BABIIINCH OIPAHNYEHHON MUHUMMU3AIINe, TaK KaK
p1(n) ectb MuHMMANBHOE T < M, IJIF KOTOPOro Haiijuérca y < m, upu
KOTOPOM [z, Y] = n.

Menee cuMmMmeTpudHAsS HYyMEPAIHs Tap MOXKET OBITH 3aaHa (hOPMYy-
ot [a,b] = (2a+1)2° — 1. MoxKHO Tak»Ke 3aMeTHThb, YTO HaM He HY»KHO,
9TOOBI BCE YHC/Ia OBbLIM HOMEPAMHU KAKHUX-TO IIap, W BOCIIOJIb30BATHCS
HyMepanueit [a, b] = 2¢3°.

3aMeTuM B 3aKJIIOYEHUE, 9TO AHAJIOTMYHAS KOHCTPYKIUST TPUMEHM-
Ma JIjIst GOJIBIIETrO YUCJIa OJTHOBPEMEHHO OIIPEJIEIAeMbIX (DYHKIINI U J1JTst
byHKIMNE OT 6OBIIEr0 IUCIa aPTyMEHTOB.

BosspaTHasi pekypcus. Ciiemytoriee yTBEpXKJIeHNE IIOKA3BIBAET, UTO
[P PEKYPCUBHOM OIIPEJIEJIEHUN MOYKHO HUCIIOJIb30BATH HE TOJBKO 3HAUE-
HUE B IPEJBLIYINEeil TOUKe, HO U JII000e MPEIIecTBYONee 3HAYEHE.

Teopema 75. Ilycts dyHKINS ¢ OMHOrO apryMeHTa IPUMUTHBHO DPe-
KypcusHa, npuuéM g(x) < x upu x > 0; nycrb F' — UPUMUTUBHO PEKyp-
cuBHasi PYHKIMS JBYX apl'yMEeHTOB; IIYCTb ¢ — IIPOU3BOJIbHAS KOHCTAH-
ta. Torna dyHKIus h, onpeaeaéHHasi COOTHOIIEHUSIMEI

h(0) =¢; h(xz) = F(z,h(g(x))) npu z > 0

IIPUMHUTHUBHO PEKyPCHUBHA.
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<1 YToGBI IOKA3aTh 3Ty TEOPEMY, UCIOIb3YyeM CJEAYIONIYIO HyMe-
paluio KOHEYHBIX MOCJIEJ0BATEILHOCTe HATYPAJbHLIX YHCET: HOMe-
POM IIyCTOIl II0C/IeI0BATeIbHOCTH CIATAaeM YHCIO 1, HOMEpOM OJHO3JIe-
MEHTHOI! 1oc/Ie/joBaTe bHoCTH (a) cantaem ducio 2971 nocienosarenn-
HocThb (a,b) mveer mHomep 291131 nocnenoarensHoCT {a, b, ¢) mMeer

momep 2°9F130F15¢+1 y rak nmasmee (ocHOBaHHA CcTemeHell — HPOCTBIE
qucia). Bynem obosnauars HOMep nocsegoBareaboctu (a,b, ..., z) de-
pe3 [a,b,...,z]. DTa Hymepammss B HEKOTOPOM CMBICJE MTPUMHUTUBHO

pekypcuBHa. KoHedno, 6yKBaJIbHO 9TO MOHUMATD HEJIB3sI, TAK KAK HyMe-
paIysl mpeJICTaB/IsieT cobON «(YHKIIUIO € IEPEMEHHBIM YHCJIOM apryMeH-
ToB». Ho pa3Hbie cBsi3aHHBIE C Hell PYHKIINN TPUMUTUBHO PEKYPCUBHBI.
B gactHOCTH, TAKOBBI DYHKITAN

e Length(z) = muuna mocjien0BaTeIbHOCTH ¢ HOMEPOM T
e Select(i, x) = i-if WieH MOCJEI0BATETHLHOCTU C HOMEPOM T3

e Append(z,y) = HOMep 1I0OCJIE[0BATEILHOCTH, KOTOPAs HOJLy9aeTCsl
MIPUNUCHIBAHUEM YHUC/IA Y K TTOCTETOBATETHLHOCTH C HOMEPOM X.

Bce a1y dyukiuu (v gpyrue aHAJIOTUYHbIE) CBOJATCS K PA3IMIHBIM OIle-
paL[HHl\l C HpOCTbH\H/I YUuCJIaM 1 MHO2KHUTEJISAMU, KOTOpre MBI B CyHIHOCTI/I
y2Ke pasompaJin.

Tenepb MBI JIOKaXKeM, 4TO (OYHKITHS

>

x = H(z) = [1(0), h(1), ..., h(z)]

IPUMUTHUBHO peKypcusHa. B camom nene, H(0) = [¢], a

H(k+1) = Append(H (k), F(k + 1, Select(g(k + 1), H(k)))). >

11.5. MawwuHbl ThtoprHra n NpUMNUTUBHO
PEKYPCUBHbIE (DYHKL MM

MBI pacecMOTpesn HECKOJIBKO PA3JIMIHBIX TPUEMOB TIOCTPOEHUS TIPHU-
MUTHUBHO PEKypPCUBHBIX (DyHKIMA. TeM He MeHee OCTAETCsi He BIIOJIHE
SICHBIM, HACKOJIBKO 3TOT KJjacc mupok. Celdac MBI MOKazKeM, 4TO OH
BKJIIOYAET B ce0si BCE JOCTATOYHO OBICTPO BBHIYUCIUMBIE (DYHKITIH.

Teopema 76. JIrobast byHKIMSI, BEIYUCIUMAs HA MaIlinHe TbIOpUHTa,
He Gojiee 4eM 3a IPUMUTHBHO PEKypPCUBHOE (OT JJIMHBI BXOJA) BpeMs,
NIPUMHUTHUBHO PEKYpPCUBHA.
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< HamomumM, 9TO MBI CUUTaeM BXOJOM U BBIXOJIOM MAaIMUHBI Tbio-
punra cyoBa u3 myJeit u equauIl. [IoCKOIbKY aprymMenTaMu U 3HAYEHUSI-
MU IPUMATHBHO PEKYPCUBHBIX (DYHKIMIA SIBJIAIOTCA YUCTA, TeopeMa Oy-
JeT UMeThb CMBICJI, TOJIbKO €CJIU MBI JIOTOBOPUMCS OTOXKJECTBJISATDH UUCIIA
u cjoBa. Kak y2Ke rOBOPUIOCH, MBI OTOXKJIECTBJISIEM YHUCJIO 1 CO CJIOBOM,
KOTOPOE TOJTy9aeTCsl TIOC/Ie yIaJIeHns crapiiero oura 1 B JBOMYIHOM pas3-
JIOYKeHUn Jucia n + 1.

IIpu umuTamun paboThl MaImuH THIOPUHTA C TIOMOIIHIO TTPOTPAMM MBI
KOJIPOBAJIU COCTOSIHUE MAIIUHbBI YeThIPbMs YiCIaMy (KOJ, JIeBOI YacTu
JIEHTBI, KOJ| IIPaBOii 9aCTU JIEHTBI, COCTOAHUE M OYKBa II0J] 'OJIOBKOI).
IIpu sTOoM ymoOHO OBLIO TaKOe KOAWPOBAHWE: JIEBYIO YACTh JIEHTHI MBI
CUUTAJN 3allUChIO0 YHUCJa B CHCTEME CUYNCJIEHUdA, B KOTOPOIl OCHOBaHUE
PaBHO YHCILy CUMBOJIOB B ayipaBUTE MAIIUHBI, & IPOOE CIUTAETCS Hy-
JIEM; C NIPAaBO#l YACTHIO JIEHTHI MBI [IOCTYIIAJIN TaK K€, TOJBKO B 00paT-
HOM TIOpsifike (Muiazue pas3psiibl y 1ooBknu). IIpun stom nobasieHune
WIA U3bSTHE CUMBOJIA Y TOJIOBKA COOTBETCTBOBAJIO IPOCTOH apudme-
TuYecKkoil oneparuu (yJajieHue — ITO JieJIeHHe HAIleso, AobaBieHue —
YMHOYKEHUE HA OCHOBAHUE CUCTEMbI CUUCJIeHUs U cioxkenue). [Ipu Takom
KoJupoBaHuu (BYHKIMA repexona (derbipe MyHKIMU YeThIPEX apryMeH-
TOB, ITOKA3BIBAIOIIINE CJIE/IYIONIEE COCTOSTHIE KaK (PYHKITUIO TTPEJIbIIYIIE-
r0), 3aIUCHIBAIOTCS IPOCTHIMU (DOPMYJIAMU U IIPUMUTUBHO PEKYPCUBHBI.

Temeps paccMOTpPUM UTEPUPOBAHHYIO (DYHKIINIO HEPEXOJIa, KOTOPast
TOBOPHUT, KAKOBO Oy/IeT COCTOSIHWE MAINAHBI | BIOPUHTA MOCJE © MIAaros.
Tounee, TyT UMeOTCH YeTbIpe (DYHKIUHU OT IISATH apryMeHTOB (IepBbIe
YeTbIpe apryMeHTa KOJUPYIOT COCTOsIHUE, IATBIA IPEeJICTaBIIsgeT CcOoOOn
qucsio maros). VIX ompesesieHne UMeeT BHJ COBMECTHON DEKyDPCHH, KO-
TOPYIO MBI TOJIBKO 9TO pazobpasu. [losromy 9mu dpyHKIIUN TPUMUTABHO
peKypcuBHBI. Bynem cauTarh, 9TO MOC/IE MOSABICHUS 3aKTIOIUTETLHOTO
COCTOSTHUY KOH(MUTYPAIUs MAIIUHLI He MeHsercs. Ecin Mbl 3HaeM, 9TO
YHCJIO MIAroB paboThl OIPAHUYEHO IPUMUTHBHO PEKYPCUBHOM (DyHKIINEN,
TO JIOCTATOYHO TOJICTABUTH €6 HA MECTO ISITOro apryMeHTa (ducia mma-
roB), 9TOOBI yOEIUTHCS, UTO 3aKJIIOUUTE/IbHAS KOH(DUTYPAIUS MAITUHBL
SABJISETCSl TPUMUTHBHO PEKYPCUBHON (DYHKIHEH OT €€ HAYaJbHON KOH-
duryparuu. Ciie1oBaTeIbHO, PE3YILTAT PADOTHI SIBJISIETCS TPUMUTHBHO
pPeKypcuBHON (GyHKIMI HAYATHLHOTO JAHHOTO.

DT0 paccyzKJeHne HesIBHO UCITOJIb3yeT IPUMHUTUBHYIO PEKYPCUBHOCTD
pas/IMIHbIX (DYHKINIA, CBSI3aHHBIX C IIEPEXOIOM OT OJHOI'O IIPEJICTABJIE-
HUA JAHHBIX K Apyromy. Hampumep, Bxom MamuHbl THIOpUHTA SBISETCS
JBOUYHBIM CJIOBOM, KOTOPOE MBI JOTOBOPUJIUCH OTOXKJECTBJIATH C HEKO-
TOPBIM YUCJIOM . DTOMY BXOJY COOTBETCTBYET HadaJbHAs KOHMUTrypa-
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us MaImHbl ThIOPUHTA, KOTOPYIO MBI KOIUPYEM UeTBEPKOit umncesr. Ham
BaKHO, YTO 9Ta YE€TBEPKA TPUMUTHUBHO PEKYDPCUBHO 3aBUCUT OT X. DTO
JIETKO IOHSATH, TAK KaK IIPE0OPA30BaHUE CBI3AHO C IEPEXOIOM OT OIHOMN
CHCTEMBI CUUCJIEHUsT K JPYTrofi (OJHO M TO ¥Ke CJIOBO KOJMPYET pa3Hble
qucIa B PA3HBIX CHCTEMAX CUYMCJICHMs); IPUMUTUBHYIO PEKYPCUBHOCTD
TakuxX (QYHKINN JIETKO YCTAHOBUTD C ITOMOIIBIO OMMMCAHHBIX BBIIIIE METO-
noB. Kpome Toro, Ham Ha0 13 BBIXOIHONU KOHMUIYDPAIUU TPUMUATHBHO
PEKyPCUBHO WM3BJI€Yb PE3YIbTAT M TaKKe IePEKOIUPOBATH €ro, a TaK-
K€ TI0 BXOJY IMOJIyYUTh ero JUInHy (Y4TOOBI MOJCTABUTH B IMPUMHUTUBHO
PEKYPCUBHYIO (DYHKIMIO, OIPAHUYUBAIONLYIO 9uc/Io maros). Ho Beé aro
TaKKe He BBIXOJUT U3 KPyra PazoOpPaHHBIX BBIIIE IIPUEMOB, U TOIPOOHO
OCTAHABJINBATHCST HA 9TOM MBI He Oyaem. [>

OTa TeopeMa yOeKIaeT HAC B IPUMUTUBHON PEKYPCUBHOCTH MHOTUX
JOBOJIBHO CJIOXKHO ompefensieMblx dyukimii. Hanpumep, pacemorpum
bysKIMIO N = (N-I JecATUYHBIN 3HAK uncaa 7). VI3BeCTHO, 9TO BBIIHC-
JIEHBI MUJIJTHOHBI TAKUX 3HAKOB, [I03TOMY €CTh BCE OCHOBAHMUS I10JIATaTh,
9TO U3BECTHBIE AJITOPUTMBI pabOTAIOT HE CJIUIIKOM J0JI0 — OBLIO OBl
OYEHb CTPAHHO, eciau Obl BpeMsi ux paboTbl (Jazke yduTbiBas HEyI00-
cTBO MaruHbl ThIOPUHIa JJIsd IPOrPAMMUPOBAHHUS) HE OLEHUBAJIOCH Obl,
ckakeM, QyHKImeit ¢ X 2" npu JOCTATOIHO OOJIBIIOM ¢. A Takast OIeH-
Ka IIPUMUTHBHO PEKYPCUBHA, YTO IIO3BOJISIET COCJIATHCS HA TOJIBKO UTO
nokazannyio Teopemy. (Ha camom mesie TyT GOJILINIONH 3amac — cyiie-
CTBYIOT IIPUMUTHBHO PEKYPCHUBHBIE (DYHKIMH, KOTOPBIE PACTYT rOpa3io
6bicTpee 2™.)

Hpyroe ommcanne Kjaacca MPUMUTHBHO PEKYPCUBHBIX (DYHKIHM, 6O-
Jiee TIOHATHOE MPOTPAMMUCTAM: 9TO (DYHKIINN, KOTOPBIE MOYKHO BBIYUUC-
JISITH IIPOrpaMMoii, comepxxkarreii if-then-else-sersyienus u for-mukibr, HO
He conepxkamue while-1ukiios (u Tem Gosiee go to U pasHBIX APYrUX Ia-
KOCTeil TUIIA U3MEHeHHus napamerpa for-nukia BHYTPHU IUKJIA).

102. CdopmynupyiiTe u JOKaKUTE COOTBETCTBYIOIIEE YTBEPK ICHIUE.

11.6. YactuyHo pekypcueHble PyHKLUN

OmnepaTopbl IPUMUTHUBHON DEKYPCHH U IIOJCTAHOBKH HE BBIBOIAT
HAC U3 KJacca BCIoLy ompeaenaéuubix ¢pyukimit. He tak obcrout jmeso ¢
ONEPAMOPOM MUHUMUAUUY, O KOTOPOM MBI yxKe yrnomuHaaun. OH mnpu-
mensierca K (k+ 1)-mecrnoit dyakuuu [ u qaér k-mMectHyio QyHKIUIO g,
omnpejessgeMyo Tak: ¢(x1,...,ZT) €CTb HAHMEHbIIEE Y, IS KOTODO-
ro f(x1,...,xk,y) =0.

CMbICIT BBIZEIEHHBIX CJIOB SICEH, ecau (DYHKIW f BCIOLY OmIpeseste-



142 Pexypcusnvie pyrxyuu [ror. 11]

Ha. Ecm HeT, TO MOHMMATH WX HANO Tak: 3HaUeHue ¢(Ti,...,Tx) PaB-
HO Yy, ecsiu f(x1,...,2k,y) OUPENEJEHO U DABHO HYJIO, & BCE 3HAUE-
must f(z1,...,Yk,y’) 1pu y' < Yy ONPEEIEHBI U HE PABHBI HYIIIO.

YacTo ucno/b3yercs 0603HadeHne

g(x1,. o) = py (f(z1,. .., 28, y) = 0),

U IIOTOMY OIlepaTOp MUHUMU3AIAYN TaKzKe HA3bIBAIOT [L-ONePamopoM.

fcro, 9aTO Takoe ompeaeaeHne 00ECIIeINBAET BHIYUCIUMOCTD (, €CJIN
Borunciauma f (Mbl epebupaeM B MOPsiJKE BO3PACTAHHS BCE Y, OKUIAsI
HOsIBJICHNs HYJIEBOI'O 3HAYEHUS ).

103. IlokakuTe, 9TO eCiM M3MEHUTDH OIPEJICJIEHNE [I-OTIePaTOpa U pasdpe-
muth f(Z1,...,Tk,y’) OBIT He oNpelenéHHbIM Tipu Yy < y, To MYHKIMA g
MOXKET OBITH HEBLIYMC/IMMOM IIPY BBIYUCIUMONR f.

DyHKmY, HOJIyYaonmecs U3 6a3ucHbiX (HyJisd, IPOEKIUN U IPUOaB-
JIEHUSI €JJMHUIIbI) C IIOMOIIBIO OLIEPATOPOB MOJCTAHOBKY, IPUMUTHBHOMN
PEeKypCUM 1 MUHUMU3AIINN, HA3BIBAIOTCI 4GCMUYHO PEKYPCUSHLIMU. Fc-
JTU Takasi QYHKIINST OKA3bIBAETCSI BCIOJLY OIIPEIeEHHOM, TO €€ HA3bIBAIOT
obueperypcusHol MOYHKIMEI.

Takasi cTpaHHas TEPMUHOJIOTHUsI, BUIUMO, CJIOXKUJIACH B PE3yJibTaTe Ie-
pPeBozoB ¢ aHrauiickoro. Ilo-anrnmiicku 6bLIM “primitive recursive functions”
(npuMmuTHBHO peKypcuBHbIe QyHKIMN). 3aTeM 6bLI0 JaHO Gostee obiee (110-aH-
rmiickn “general”) MOHATHE BBIMUCIUMOI BCIOZY ONPEIEJEHHON (QPYHKIMU, U
Takue (yHKIUM ObLIM Ha3BaHBI “general recursive functions”. 3arem craym
paccMarpuBarTh M dactuuHble (partial) Beramcammble yHKIMU, Ha3bIBasi UX
“partial recursive functions”. B pycckom ke st3bike cioBo “partial”’ momasio me
Ty/a, ¥ BMECTO YaCTUYIHBIX PEKYPCUBHBIX (DYHKIMI CTAJIM TOBOPUTH O YACTUY-
HO PEKYyPCUBHBIX (QYHKIMAX. Ta ke ydacTh mocrurya u ciaoBo “general”’, Ko-
TOpPOE CTPAHHBIM 06PA30M BOIJIO B IPHUJIAraTeIbLHOE <«OOIIEPEKYypPCUBHAA> U
O3HA4aeT, 9To (DYHKIMS BCIOAY OIpEJesIeHa.

Teopema 77. Besikas dyHKIHNs, BBIYHCIAMAS C TOMOIIHIO MAIIH-
Hbl ThIOpUHTa, SBJISIETCS YACTHIHO PEKYPCUBHOIA.

< Ilycers f — BeIYECAMMAs ¢ TOMOMLIBIO Marmuubl Thopunra (0603Ha-
quM 9Ty MammHy depe3 M) dyHKIWA ofHOrO aprymenTta. PaccMorpum
csoiicteo T'(z,y,t), cocrosimee B ToM, uro MamuHa M Ha BXoze x Ja-
ér oTBeT Y 3a BpeMms He Gosree deM t. Kak MBI Buzieu BBIIIE, IO BXO/LY
MarmuHbl ThIOpUHTa W [0 BpeMeHH ¢ MOXKHO IPUMHUTHUBHO PEKYPCHUBHO
BBIUHCJIATE €€ COCTOSIHHE B MOMEHT t; SICHO, UYTO MOYKHO TaKKe Y3HATh,
3aKOHYUJIA JiK OHA paboTy, U eciu Ja, TO ObLT i OTBeT paBeH y. Urak,
¢BOIICTBO T’ IPUMHUTHBHO PEKYPCUBHO.
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Tenepb 06beMHUM APIYMEHTBI ¢ W ¢ B Hapy C IMOMOIILIO TPUMU-
TUBHO PEKYyPCUBHON HYMEpPAIUH; MOy IUTCS TPUMUTHBHO PEKYPCUBHAS
byuxmus T, nist koropoit T'(x, [y, t]) = T(z,y,t); Tenepb MOXKHO Ha-
mucars f(x) = p1(pzT’(z,2)), tae p1 AaéT O HOMEPY HAphI €8 epPBBIit
qJIeH, a [tz O3HAYAET «HAMMEHbBIIee z, JJIsi KOTOpOro. . .». Takum obpa-
30M, (byHKIUs f SABJISIETCA YACTUIHO PEKYPCUBHOA. [>

Bepno u obpaTHoe:

Teopema 78. Besikash 4acTUYHO PEKYPCUBHAsSL (DYHKIUST BBIUUCTAMA,
Ha MammHe ThlopuHTa.

<1 Jlerko Hammcarh IPOrpamMMy € KOHEYHBIM YHUCJIOM I[E€PEMEHHBIX,
BBIUUCJISIONLYIO JIIO0YI0 9aCTUYHO PEKYPCUBHYIO (DYHKIMIO (II0ICTAHOBKA
CBOJIUTCS K TIOCJIEJIOBATETLHOMY BBITIOJTHEHUIO TPOIPAMM, PDEKYPCUST — K
muKay tuna for, MunnMmu3anus — K nukiry Tama while; oba Buma uKIoB
JIETKO PEaT3yIOTCsl € TIOMOIIBIO OIIEPATOPOB MEPEXOIa).

[Tocste 3TOrO OCTAETCS TOTBKO COCIATHCS HA TO, 9TO BeIKast Py HKIHS,
BBIYHUC/IIEMAs TPOrPAMMON ¢ KOHEUHBIM YUCJIOM PETUCTPOB, BHIUUCIAMA,
na Mammue Thropunra (Kak Mbl Bujean B paszese 10.2, reopema 67). >

ITosToMy ecyiu MBI BEpUM B «T€3UC T HIOPUHTA», TJIACSINUN, YTO BCs-
Kasl BIYUCTUMAst (PYHKIMS BEIYUCIAMA Ha MamuHe ThIoprHra, TO J0JIK-
HbI BEpUTH U B «Te3uc Yépuay (Beakas BIYUCUMAs QYHKIMS YACTHUIHO
PEKYPCHBHA), TaK YTO ITU TE3UCHI PABHOCUJILHBL.

Ha camowm neste ucropust 3/1eCh CJIOYXKHEE M IPUMEPHO MOYKET OBITH OIMCAHA
Tak. OnpesiesieHne TPUMUTABHO PEKYPCUBHOM (DYHKIINU OBIIO JAHO BETUKUM
gorukoM Kyprom ['€mesieM m MCHoIb30BAHO KaK TEXHUYECKOE CPEJICTBO IIPH
OKa3aTe/IbCTBe TeopeMbl [€meist 0 HenosiHOTe, B Hadajge 1930-x romos. On
2Ke JIaJl ONpeJIeJIeHne ObImepeKypenBHOi HyHKIn (He COBIAJAIONIEE C IIPUBe-
JEHHBIM HAMH, HO 9KBUBAJIEHTHOE eMy). AmepukaHckuii joruk Asonzo Yépu
chopMyIUpPOBaJI CBOiT TE3UC JIjIsi BCIOLY OIPEIEJEHHBIX (DYHKIUM, TPEJIIT0JI0-
2KWB, YTO BCSIKASI BBIUUC/IMMAs BCIOMLY ONpe/Ie/IEHHAsT (DYHKITUST SABJISIETCS 00IIIe-
PeKypCuBHOIi. 3aTeM aMepUKaHCKUI MaTeMaTukK KJIMHU IpeIIoXKua pacipo-
CTPAHUTDb STOT TE3UC HA (PYHKIUU, HE SIBJISIIONIUECS BCIO/Y OIPEIeIEHHBIMMU.

IlapasnnenbHo aHIMICKUT MaTeMaTUK T HIOPUHT 1 AMEPUKAHCKHUI MaTeMa-
TuK [TocT mpeIoKuIm ¢BOM MOJIE/IN aOCTPAKTHBIX BBIYUCIATEIBHBIX MAIIUH
(mammubl Teiopunra u ITocta), OTIMYAKOIIAECs U HEKOTOPBIME JIETAJISIMH,
¥ BBICKA3aJI IPEJIIIOJIOKEHNE O TOM, UTO TaKHWe MAIIUHBI MOKPBHIBAIOT BECh
KJIACC aJITOPUTMUYECKHUX IIPOIECCOB. BCKOpe CTajIo SICHO, YTO BBIYUCIUMOCTD
byHKIUM Ha TaKUX MAlIHAX PABHOCHIIbHA YacTHUIHON pexypcusHocTh. (Mc-
TOpHYECKHE TIOPOGHOCTH MOXKHO y3HaTh n3 Kauru Konan [4].)

Tak wim wHave, ceifyac BbIpaXKeHWsT «Te3uc ThbIOpUHTa», «Te3uc Uépuas,
«te3uc [locTay u T. 1. OGBITHO YIIOTPEOISIIOT KAK CHHOHUMBI: 9TU TE3UCHI yTBEP-
KJAIOT, YTO UHTYUTHUBHO ITOHMMAEMBbIH KJIACC BBIYMUCIMMBIX YACTUIHBIX PYHK-
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1Mt COBITAAeT ¢ (POPMAILHO OMPEIEIEHHBIM KJIACCOM YACTUIHO PEKYPCUBHBIX
dyukmit (Tesuc Yépua), BEIYUCANMBIX Ha MalIMHax ThiopuHra GyHkuuii (Te-
3uc Thropunra) u T. 1. IIpu TaKOM MOHMMAaHWU MOXKHO JIOKA3aThb PABHOCHJIb-
HOCTb BCEX 9THX TE3WCOB, TAK KAK BCE M3BECTHBIE (POPMAJIBHBIE ONPEICICHIS
BBIUUCJIUMOCTH (MaCTUYHAs PEKYPCUBHOCTD, MAIINHBL THIODUHTA U T. JI.) IPHU-
BOJST K OJTHOMY M TOMY YKe KJiacCy (PyHKITHIA.

(Bamernm B cKOOKax, UTO emE ONHA BBIYUCIUTEILHAS MOJEIb — HOD-
MAALHBE an2opuPmol, wm aszopumms, Maprosa, 6butn ipesyioKenbl AHipe-
eM AnapeesuueMm MapKoBbIM-MIaImIuM — chiHOM Anjpes Anjapeesudaa Map-
KOBA-CTapIIero, B YeCTh KOTOPOT'O HA3BAHBI MAPKOBCKHUE IEMHA M MapPKOBCKUE
nporecchl. 910 6610 yke B 1950-e rompl. MapKOB mHUCAJ CJIOBO aA20pUPM
qepe3 «@». COOTBETCTBYIOIINI TPUHIINAN «BCSIKUI aaropudM KBHBAJEHTEH
HOpMaJIbHOMY» MAapKOB HA3BIBAJI NPUHUUNOM HOpMasudayuu. B ero paborax
HOpMaJIbHbIE AJITOPUMMBI UCIOJIB30BAJIUCH JJIsl IIOCTPOEHUST HEPA3PEIINMOro
ACCOIMATUBHOIO UcYucaeHusd, cM. pasaen 9.4. Kpome toro, Mapkos peajbHO
BBIIHUCAJT BO BCEX JIETAJISAX KOHCTPYKITUIO YHUBEPCATBHOTO AJITOPUTMA U IIPOBEST
TOYHOE JJOKa3aTeJILCTBO €10 KOPPEKTHOCTH; KayKETCs, 3TO JOCTHKEHHE OCTAET-
Csl HIKEM He MTOBTOPEHHBIM — HHU y KOTO OOJIbIIle HE XBATUJIO HACTONYIUBOCTH,
9TOOBI /111 KAKOTO-TO SI3bIKa ITPOrPAMMUPOBAHNUS HAIMCATH HA 9TOM SI3bIKE €T0
uHTEpIpeTaTop U GOPMAILHO JOKA3ATh €0 KOPPEKTHOCTD. )

Harme nokaszareabcTBo TeopeMm 77 u 78 MO3BOJIAET TAKXKE MOJIYIUTH
TaKOe CJIEJICTBHE, HA3bIBAEMOE UHOTIA meopemoti Kaunu o Hopmasvrot
dopme:

Teopema 79. Besikast yacTudHO pekypcuBHasi QyHKIWS f IpejacTaBu-
Ma B BUIE

£(@) = a(pz(b(x, 2) = 0),
rie a u b — HeKOTOpble IPUMUTHUBHO PEKYPCUBHBIE (DYHKIIUN.

< B camom geste, jr0basi YaCTMYHO PEKypPCUBHAs (DYHKIIUST BBIYUC-
JimMa Ha, MamrHe ThIOpUHTa, & CJIeI0BATEILHO, IIPEJICTABIMA B HYKHOM
HAM BHUJIE, KAK BHUHO U3 JI0KA3aTeIbCTBA TeopeMbl 77 (B KadecTBe a Oe-
pérca dbyHKIWMs, JAOMKIl IEPBbIH YJIeH Hapbl [0 eé HoMepy). >

Mpbr cchopMyIupoBaIn 3Ty TEOpeMy IS CIydas OJTHOMECTHON PyHK-
nuu f, HO AaHAJIOTUYHOE YTBEPKIEHIE BEPHO U JJIsl (DYHKIMIT HECKOJIbKIAX
apryMeHToB (U JOKA3aTeJIbCTBO MOYTH HE MEHSIETCH).

104. IlokaxxkuTe, YTO OJTHUM U-OIIEPATOPOM, IIPUMEHSISI €r0 MOCJIEIHUM, He
00OUTHCH: HE BCsKAasl YaCTUIHO PEKYPCHUBHAs (DYHKIMS IIPEJICTaBUMa B BUJIE

f(@) = pz(b(z, 2) = 0)

rae b — HeKOTOpasi IPUMUTUBHO PEKYypPCUBHAS (DYHKITAS.
13 reopembr Kimman o HOpMasibHON OpME BBITEKAET TAKOE yTBEP-
KJICHTE:
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Teopema 80. Besikoe mepeanciuMoe MHOZKECTBO €CTh IMPOEKIUS TIPU-
MHTHBHO PEKYPCHBHOTO MHOZKECTBA.

< Ilepeunciimmoe MHOXKECTBO €CTh 00JIACTD OIPEEIICHIs PEKYPCUB-
HOl (DYyHKIMH; TIPEJICTABUB €6 B HOPMAJILHOI (hopMe, BUJIUM, 9T0 06J1aCTh
OlIpeJIeJIeHNs eCTh NPoeKIus MHOKecTBa {(x, 2) | b(z, z) = 0}. >

11.7. BbluncnumocTb ¢ opaky/sioM

OmnpesiesieHne KIacca YaCTUIHO PEKYPCUBHBIX QYHKIINIA JIETKO MOJIH-
dunmposaTh I ciaydast BBIYUCIUMOCTH ¢ opakysioM. llycTp mmeercs
HEKOTOpas BCIoiy onpeenaénnasa Gyuknus «. Pacemorpum kiace Flal,
KOTOPBIit cOCTONT n3 Oa3UCHBIX (PYHKINNA, DYHKINA @ U BCEX IPYTUX
dyHKINA, KOTOPbIE MOT'YT OBITH U3 HUX IIOJYYEHBI C IOMOIIBIO IIOJICTa~
HOBKU, IPUMUTHBHON PEKYPCUM U MUHUMUBAIIAN.

(DopMaTIbHO MOXKHO CKa3aTh Tak: F[a] ecTh MHHIMAJILHBIA KIacc,
KOTODBIN COMEPKUT Oa3ucHbie DYHKIMH, DYHKIUIO (v U 3aMKHYT OTHO-
CUTEJIbHO TOJCTAHOBKHU, IPUMUTUBHON PEKYPCHN U MUHUMU3Aum. Ta-
KOl MUHUMAJILHBIH KJIACC CYIIECTBYET — JIOCTATOYHO B3SATH II€PECEUeHre
BCEX KJIACCOB C 9THMHU CBOHCTBAMU. )

Teopema 81. Kiace Fla] cocrout u3 Beex QyHKIMH, BEIYHCINMBIX
¢ opakysoM « (TO eCThb C IIOMOIIBIO IIPOTPAMM, BBI3BIBAIONIMX (¢ KK
BHEITHIOK IPOLELYDY ).

< IIpex e Bcero 3ameruM, uro Bee byHKIMU U3 Kiacca F[a| Bbrauc-
JINMBI C TIOMOIIBIO TAKAX TPOIPAMM. DTO MOXKHO OObSICHUTD, HAIIPUMED,
Tak. [IporpaMMbl ¢ KOHEIHBIM YUCJIOM IT€PEMEHHBIX BBITHCIISIIIN BCE Ua-
CTUYHO-peKypcuBHbIe (yHKIMu. Ecin 106aBUTh K HUM HPUMHUTUBHYIO
OTIEPAINIO BHIYUCIEHUS 3HAUCHUS (DYHKITUU (v B 33/ IAHHOI TOYKE, TO OHU
TOYHO TaK Ke OyIyT BBIYUCIIATH Bee (byHKuuu u3 Kiaacca Fla).

Boutee conepkaTebHO 06paTHOE yTBEPXKIEHIE: MBI XOTHM JI0Ka3aTh,
9TO €CJIM HEKOTOpast (dacTUIHAst, BOOOIIE roBOpsi) (DYHKIUSA BLIYUC/IAMA
OTHOCHTEJIFHO (v, TO OHA MOXKET OBITH IOJydeHa U3 0a3uCHBIX (DyHKIMN
¥ U3 (¢ C IIOMOIIBIO MTOJICTAHOBKY, PEKYPCUU U MUHUMUI3AIIIN.

J1J1s1 3TOr0 BCIIOMHUM KPUTEPHUI OTHOCUTEIHHONM BEIYUCIUMOCTH, JTAH-
HBIIl HAMU Bblile B pasjeste 7.2 (teopema 46). Ilycrs dyukius f Beraumc-
JINMa OTHOCHUTEJBLHO BCIOJy onpenenéunoit dynknnn «. Torma, Kak Mbl
3HAEM, CYIIECTBYET MEPEUUCIUMOe MHOXKecTBO W Tpoek Buma (r,y,t),
rje © U Y — HATypaJbHble YnCia, a t — obpasipl (DyHKIMU ¢ KOHEU-
HOIl 06JIACTBIO OIIpEJIesIeHH sl ), KOTOPOe SIBJISIETCS KOPPEKTHBIM (TPOiKM
C OJIMHAKOBBLIM I, HO PA3HBIMU Y COAEPXKAT HECOBMECTHbIe 00pAa3Ibl) U
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JIJIsI KOTOPOI'O
f(z) =y < 3t ((x,y,t) € W u t ectb uactb byHKIUH ).

Mer ceifuac moKazkeM, 9TO CBOMCTBO «t €CTh 9acThb (DYHKIIUN (v» SIBJISIETCST
IIPUMUTUBHO PEKYPCHUBHBIM OTHOCHUTEIBHO (i €r0 XapaKTEePUCTUIECKAsT
GYHKIMS TOMydaeTcss U3 0a3UCHBIX (PYHKIWI 1 U3 (v ¢ TIOMOIIBIO OIIe-
panuii nmojcraHoBKY U pekypcun. (HamomuuMm, 94T0 MBI OTOXK/IECTBIIsIEM
06pasIpl ¢ UX HOMEpaMU B KaKO#-TO HyMepalun; o eé BBIOOpe CM. HUXKe. )

Ilocne sroro ocramercs 3ammcatb W Kak MPOEKIWIO IPUMUTHBHO
pekypcuBHoro muoxkecrsa ({(x,y,t) € W < Ju (v(z,y,t,u) =0), rae
¥ IPUMHUTUBHO PEKYDCHUBHA), U 3aMETUTH, YTO

f(@) =pi(pz'(2,2) = 0).

3mech v/ — NPUMHUTHBHO PEKyPCHBHAsI OTHOCHTEJBHO v (DYHKIUS, JJIsT
koropoit v'(z, [y, t,u]) = 0 Torga u Toabko Torna, korga v(z,y,t,u) =0
n t ecTh 4acTh MYHKIUH v, & PYHKINS P BBIJIEJAET U3 HOMEPA TPOUKU
[y, t,u] €€ mepBbIii YiIeH Y.

Ocrajioch MoKaszaTh, YTO MHOXKECTBO {t | o6paser] ¢ HOMEPOM ¢ eCcThb
9acTh (DYHKIMU (¢} ABJAETCS NPUMHUTHBHO DEKYDCHBHBIM OTHOCHTEb-
HO «v. Ilpn sokasarenberBe Mbl Oy/IeM IIPEIIOIAraTh, 9TO HyMEDPAIus
06pasIoB TAKoBa, UTO CJeayonue HYHKIMH TPUMATHBHO PEKYPCHBHBI
(oHU OIpe/IeTIeHBI JIs 00PA3IOB € HEILyCTOM 00JIACTBIO OIIPe e/ IeHHST; JIIs]
mycToro 06pasna JOONPEIeMM X KaK yTOIHO):

o last-x(t) — naubosbiiiee U3 Ymces1, Ha KOTOPOM OILPeEJEJIEH obpaser]
C HOMEPOM {;

o last-y(t) — snauenue GpyHKIUU-06pa3La ¢ HOMEPOM ¢ B MAKCUMAJIb-
HOI TOYKe CBOel 00JIACTU OIpPeIeICHUsT;

e all-but-last(t) — Homep o6pasiia, KOTOPLIii IIOJIYyIUTCsT U3 06pa3ia
C HOMEpOM ¢, ec/id yJIaJuTh MaKCUMAJbHYIO TOYKY O0JIACTU OIIpe-
JeJICHUS.

Torma MOXKHO 3aIUCaTh TAKOE PEKYPCUBHOE OIPEJIesICHNe: 00pasers, ¢
HOMEPOM t eCTh JacThb (PYHKIIUN (v, €CJU JTUOO ITOT 0Opaserr mycT, Jrbo
a(last-x(t)) = last-y(t) u obpazer; ¢ Homepom all-but-last(t) ecrb gacTb
dyukIMH Q.

D10 ompeeeHne UCHOIb3YeT <«BO3BPATHYIO PEKYPCUIO», KOTOPast
pasobpana B Teopeme 75 (c. 138); 3mauenue byHKIMU OUpPEE/IIET-
cs1 PEKyPCUBHO 4epe3 €€ 3HAUYeHUs] B MEHBIINX TOYKax. Hajo TOJbKO
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BLIOpaTh HyMepaluio o6pa3nos Tak, 4robbl all-but-last(t) 6bu10 MeHb-
me ¢t ayg BeeX t. DTOro HECJIOXKHO MOOUTHCA: HAIPUMEDP, MOXKHO Hy-
MEpOBaTh O0pAa3Ibl C MOMOIILIO IIPOCTBIX YHUCEN, CYUTas, 9TO Obpa-
zer| {(a,b),..., (e, f)} umeer HoMep pngrl) .. .pngrl), rie p; — IPOCToe
YUCI0 ¢ HOMEPOM 4 (Tak 4ro pg = 2, p1 =3, pa = 5,...). >

BameTum, 9TO JOKA3aTENHCTBO CTAJIO OBl HEMHOTO IIPOIIE, €CJIN HC-
MOJTE30BATH TOJBKO «CILIONTHBIE 00Pa3Ibl» (0BIACTHIO OMPEIETEHN KO-
TOPBIX SIBJISIETCsT HEKOTOPBII HATAIBHBIH OTPE30K HATYPAIBHOTO PAJIA) —
TOIJIa MOXKHO HAYATH C TOIO, YTO yCTAHOBUTDH IIPUMUTUBHYIO PEKYPCUB-
HOCTH (oTHOCUTEIBHO o) dyukimu n — [a(0), a(l),. .., a(n)]. Jlerko no-
HSATb TAKKe, YTO B OIPEJICICHUNA OTHOCUTEIBHOM BBIMUCIUMOCTH MOXKHO
OIPAHUYHUTHCA TOJBKO CILIOMIHBIMA OOPA3IAMHA.

11.8. OueHku ckopoctu pocta. PyHkuus AkkepmaHa

Ob6parumcst Terepb K BOIIPOCY, KOTOPbI MOXKHO OBLIO OBI 33/1aTh yKe
JIABHO: CYIIECTBYIOT JIM ODIIEPEKYypPCUBHbBIE, HO HE MPUMHUTUBHO DPEKYP-
cuBHble GyHKIIU? MbI TpUBEIEM JIBa JOKA3aTEIHLCTBA CYIIECTBOBAHUS
TAKOBBIX. [lepBoe MCXOaUT U3 OOIMUX COOOPAYKEHMI:

Teopema 82. CyrmecTByer BCIOZY OIpPeNe/IEHHAS BBIYUCINMAs (PYHK-
1usl JBYX apryMeHTOB, YHHBEpPCAJbHAsS JJIsl KJIacca BCEX TPUMHUTHBHO
PEKYPCUBHBIX (DYHKIUN OTHOTO apryMeHTa.

OueBngao, uro ecaun U — Ttakas dyskims, 10 GYHKIWA d, s KO-
Topoit d(n) = U(n,n) + 1, 6yzeT BCIOLy ONpeIeaéHHON, BEITUCINMON 1
OyJer OTMYaThCs OT JIH00OH IPUMHUTUBHO PEKypCUBHON (dyHKimu (0T
n-ifi — B TOUKE N).

<1 Besikast npuMUTHBHO peKypCUBHAsT (DyHKITUS [TOJIyIaeTcs u3 ba3uc-
HBIX C TIOMOIIBI0 HEKOTOPOH MOC/IE0BATEIHHOCTH OMEPAIIUl [T ICTAHOB-
KU ¥ peKypcun. $ICHO, 9T0 TaKyIO MOC/Ie0BATEIbHOCTD MOYKHO OIMCATD
CJIOBOM B KOHEYHOM aJihaBUTE — TaK CKa3aTh, IPOIPaMMOil (B KOTOPOIi
[IOCJIEIOBATEJILHO OIPEIEISIOTCS Pa3/IMIHbIe IPUMUTUBHO PEKYPCUBHbBIE
bYyHKIMY U I KaXKI0i HAIMCAHO, U3 KAKUX JPYTHUX OHA TOJIy9IaeTCs U
C IOMOIIBIO KAKUX orepaimii). VI3 Bcex nporpamMm 0T6epéM IIporpaMMbl
JIJIsT OJIHOMECTHBIX (DYHKIWI (padyMeercs, B KA4eCTBE IIPOMEXKYTOUHBIX
GYHKITHI MOXKHO HCIIOJIH30BATH (DYHKIIMK C JIIOOBIM YIUCJIOM apryMeH-
ToB). MHOXKECTBO TaKMX MPOTPAMM DAa3PENINMO, UX MOYKHO IIPOHyMe-
poBaTh BBIYUCAUMBIM oOpasoMm. @yHKIws (n,x) — (pe3yiabrar npume-
HeHus (QYHKINU, 33JaHHON IPOrpaMMOil HOMEDP n, K YHCILy ) Oyuer
BBIYUC/IMMA U TI0 MMOCTPOEHUIO OYJIeT YHUBEPCATHLHON JIJIsi KJIacca MpH-
MUTHBHO PEKYPCUBHBIX (DYHKIHIA. >
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O 1HAKO MHTEPECHO yKa3aTh W 00J1e€ KOHKPETHYIO IPUIHHY, MEIIaio-
IIyI0 HEKOTOPHIM BEIYHCIAMBIM (DYHKIASAM OBITH IPUMATABHO PEKYPCUB-
HbeIMU. BOT 0/1Ha 13 BO3MOXKHOCTEIH: IIPUMATHBHO PEKYPCUBHBIE (DYHKIIUH
He MOT'YT OBICTPO PacTh. DTa ujesd BOCXOIUT K AKKepMaHy, KOTOPBIit
HOCTPOMJI (PYHKIMIO, PACTYILyI0 OBICTPee BCeX NMPUMHUTHBHO PEKYPCHB-
HBIX — ynryuto Axxepmana. Ceifirac MbI M3JI0KAM 3Ty KOHCTPYKIHIO
(X0Tsl JIeTaiu OCTPOeHUs Oy/LyT UHBIMH).

OrmpefesiuM  TOCJIEI0BATEILHOCTh (DYHKIUH (g, A1, ... OT OJHOTO
aprymenTa. (Bce stu dynkuuu 6yayr Bciogy onpenesnéunbivu.) IToso-
xuM ap(x) = x + 1. Oupenensist o, Mbl OyJieM HCIOJIB30BATH TaKoe

obozmarenne: f"(z) osmawaer f(f(...f(z)...)), rae bynxmms f wuc-
o/Ib30BaHa 1 pa3. Tak BOT,

a;(z) = al™ ()

(nouemy yj106HO MPUMEHATH (PYHKIUIO (v;_1 POBHO T + 2 paza, Mbl yBU-
JIAM IyTh TO33KE).
Ouerugnbie croiicTBa ((pOpMaJLHO WX MOYKHO JOKA3aTh MO MHIYK-

nun):
e o;(x) > x npu; Bcex i U ;

(z)
e «;(x) BO3pacTaer ¢ BO3pacTaHUEM I;
(2)

e «;(x) Bo3pacraer ¢ BospacTanueM i (npu GUKCUPOBAHHOM I);

o a;(x) =2 a;—1(ai—1(x)).

Terepb MOYXKHO OIIEHUTH CKOPOCTH POCTa JII0O0i TPUMUTHBHO PEKYP-
CUBHON (DYHKIUH.

Teopema 83. Ilycts f — mpuMuUTHBHO peKypcuBHas (PYHKIIUST 1 ap-
rymenToB. Torma maiinérca takoe k, 9TO

flz1, ... z,) < ag(max(xq1,...,2,))
IPH BCEX L1, . . ., Loy
< Upess mpocta — MOXKHO OINEHHTH CKOPOCTh DPOCTa KOMITO3HITHI

dYHKIMIA, 3HAsT ONEHKU JJIs KaXKJIO M3 HUX; aHAJOTMYHO JIJIS PEKyp-
cun. PopMasbHO TOBOPH, JTOKA3ATE]bCTBO UCIOIB3YET <«UHIYKIUIO 10
TOCTPOEHUI0» TPUMUTUBHO PEKYPCUBHBIX (PYHKITHIA.

g 6a3ucHbix QyHKIHN yrBep2KIeHne ovueBuaHO. [locmoTpum Ha
moIcTaHoBKYy. IlycTh

f(@) = g(ha(x), ..., hi(2))



[o. 8] Ouenku ckopocmu pocma. DPynkuyus Axkepmana 149

(711 KpATKOCTH MBI IHIIEM OfHY OYKBY &, UMest B BUJy BEKTOD Iepe-
MmenHbIX). ITycTs o omenuBaer Bee dbyukimu hy, ..., hy 1 GyHknuo g
cBepxy, T0 ecTb h;(x) < ay(max(x)) upu Bcex i u x, a Takke g(y) <
< an(max(y)) (3mech max(u) o3HAUAET MAKCUMAJIBHBII JIEMEHT B Ha-
6ope u). Torna f(x) He mpeBocxoaUT

ay(max(hi(z),...,h(2))) < an(an(z)) < ant1(z)

(MBI TIOJIB3yeMCsl YKa3aHHBIME BbIIIe CBOMcTBaMu MYHKIUHA ;).
IMoxoxke (HO HEMHOrO CJIOXKHEE) €0 obcTouT ¢ pekypeueit. Ilycrs
dyuknus f onpenensercs PeKypCUBHO:

f(ZE,O) = g(x);
flz,n+1) = h(z,n, f(x,n)).

(Bmecy = Takxke obo3HauaeT HaOOpP HECKOJBKHUX HepeMeHHBIX.) IlycThb
dyuknuu g u h onenuBaroTcs cBepxy dyHKIumeil oy . Torma

f(xv 1) = h(x,O, f((E,O)) < aN(max(x,O,f(x,O))) <
< ay(max(z, 0, ay(max(x)))) < an(ay(max(z)))

(B mocsiesiHEM TIEpEXoJie MBI TOJIb3yeMcsi TeM, 4To ay(t) > t). Anaso-
ruano f(z,2) < ay(any(ay(max(z)))) u Boobie

F(w,i) < ol (max(2)) < a1 (max(i, max(x))),

9T0 U TPEOOBAJIOCH HOKA3aTh. >

3aMeTuM, 9TO KarKJIblil OIepaTop HOJACTAHOBKHU WJIM PEKYPCUH yBEJIH-
qUBaeT HOMED BepPXHeil OIeHKM Ha 1, Tak 4TO DYHKIWS, B OIPEIeJIEHUN
KoTopoii He 6ojiee 100 orrepaTopoB, pacTér He ObICTpee (101-

OueBUIHBIM CJIEJICTBUEM IIOJTyY€HHON OIEHKU SIBJISIETCS TAKOE YTBEP-
KIeHue:

Teopema 84. @yukuusa A(n) = a,(n) pacrér 6picrpee J06OI IPUMU-
THUBHO PEKYPCHUBHOU (PYHKITUU.

Ormernm, uTo onpenesnenne GyHKnun Akkepmana (Tounee, dyHK-
n (n, ) — oy, (r)) BHOIHE MOKHO HA3BATH PEKYPCUBHBIM — OJIHO 3HAa-
qeHue 3ToN (PYHKIIUU OIPEJIEJISIeTCs Yepes3 JIpyTrue, ¢ MEHBITUM TePBbIM
aprymeaToM. OHO SBJISIETCS MPUMEPOM PEKYPCHUBHOTO OIPEIeJIeHNs, He
CBOJIATIETOCS K TPUMHUTHUBHOM PEKYPCHH.

105. ITokaxkuTe, 9TO NPsIMOi IIEPECUET (B BO3PACTAIOIIEM HOPsiIKe) GeCKo-
HEYIHOI'O IPUMHUTUBHO PEKYPCUBHOTI'O MHOXKECTBa MOZKET He 6I>ITI) IIPUMHUTUBHO
PeKypCUBHOI dyHKIIHAEH.
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106. [Tokarkure, 9T0o DyHKIMSA, OOpPATHAST K IPUMUTUBHO PEKYPCUBHON OU-
exkmuu ¢: N — N, MoxkeT He ObITh IPUMUATHUBHO PEKYPCUBHOIL.

107. Ilokaxxure, 94TO JJIs1 JIFOOOI OJHOMECTHOM MPUMUTUBHO PEKYPCUBHOM
byukimu h u 17151 110001 TPEXMECTHON MPUMUTUBHO PEKYPCUBHON DYHKINH ¢
PEKYPCHUBHOE OIIPE/IEICHIE

f(2,0) = h(z);
fla,i+1) = g(z, i, f(2,4))

3a71a€T IPUMUTHBHO PEKYPCUBHYIO (DYHKIIHIO.
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